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preface 



APPROACH 

Thisbookisdesignedtoserveasafirstcourseinanelectricalengineeringor 

anelectricalengineeringandcomputersciencecurriculum,providingstudents 

atthesophomorelevelatransitionfromtheworldofphysicstotheworldof 

electronicsandcomputation.Thebookattemptstosatisfytwogoals:Combine 

circuitsandelectronicsintoasingle,unifiedtreatment,andestablishastrong 

connectionwiththecontemporaryworldsofbothdigitalandanalogsystems. 

These goals arise from the observation that the approach to introduc- 
ingelectricalengineeringthroughacourseintraditionalcircuitanalysisisfast 
becomingobsolete.Ourworldhasgonedigital.Alargefractionofthestudent 
populationinelectricalengineeringisdestinedforindustryorgraduatestudy 
indigitalelectronicsorcomputersystems.Eventhosestudentswhoremainin 
coreelectricalengineeringareheavilyinfluencedbythedigitaldomain. 

Becauseofthiselevatedfocusonthedigitaldomain,basicelectricalengi- 
neering education must change in two ways: First, the traditional approach 
toteachingcircuitsandelectronicswithoutregardtothedigitaldomainmust 
bereplacedbyonethatstressesthecircuitsfoundationscommontoboththe 
digitalandanalogdomains.Becausemostofthefundamentalconceptsincir- 
cuitsandelectronicsareequallyapplicabletoboththedigitalandtheanalog 
domains, this means that, primarily, we must change the way in which we 
motivatecircuitsandelectronicstoemphasizetheirbroaderimpactondigital 
systems. Forexample,althoughthetraditionalwayofdiscussingthedynam- 
icsoffirst-orderRCcircuitsappearsunmotivatedtothestudentheadedinto 
digitalsystems,thesamepedagogyisexcitingwhenmotivatedbytheswitching 
behaviorofaswitchandresistorinverterdrivinganon-idealcapacitivewire. 
Similarly, wemotivatethestudyofthestepresponseofasecond-orderRLC 
circuit by observing the behavior of a MOS inverter when pin parasitics are 
included. 

Second, given the additional demands of computer engineering, many 
departments can ill-afford the luxury of separate courses on circuits and on 
electronics. Rather, theymightbecombinedintoonecourse.iCircuitscourses 



1.lnhispaper,“TeachingCircuitsandElectronicstoFirst-YearStudents,”inlnt.Symp. Circuits 
andSystems(ISCAS), 1998, Yannis Tsividis makes an excellent case for teaching an integrated 
courseincircuitsandelectronics. 
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treat networks of passive elements such as resistors, sources, capacitors, 
and inductors. Electronics courses treat networks of both passive elements 
and active elements such as MOS transistors. Although this book offers 
a unified treatment for circuits and electronics, we have taken some pains 
to allow the crafting of a two-semester sequence — one focused on cir- 
cuits and another on electronics — from the same basic content in the 
book. 

Usingtheconceptof“abstraction,” thebookattemptstoformabridge 
between the world of physics and the world of large computer systems. In 
particular, itattemptstounifyelectricalengineeringandcomputerscienceasthe 
artofcreatingandexploitingsuccessiveabstractionstomanagethecomplexity 
ofbuildingusefulelectricalsystems.Computersystemsaresimplyonetypeof 
electricalsystem. 

Incraftingasingletextforbothcircuitsandelectronics, thebooktakes 
theapproachofcoveringafewimportanttopicsindepth,choosingmorecon- 
temporary devices when possible. For example, it uses the MOSFET as the 
basicactivedevice, andrelegatesdiscussionsofotherdevicessuchasbipolar 
transistorstotheexercisesandexamples. Furthermore, toallowstudentsto 
understandbasiccircuitconceptswithoutthetrappingsofspecificdevices, it 
introducesseveralabstractdevicesasexamplesandexercises.Webelievethis 
approachwillallowstudentstotackledesignswithmanyotherextantdevices 
andthosethatareyettobeinvented. 

Finally, thefollowingaresomeadditionaldifferencesfromotherbooksin 
thisfield: 

The book draws a clear connection between electrical engineering and 
physics by showing clearly how the lumped circuit abstraction directly 
derivesfromMaxweH’sEquationsandasetofsimplifyingassumptions. 

The concept of abstraction is used throughout the book to unify 
the set of engineering simplifications made in both analog and digital 
design. 

The book elevates the focus of the digital domain to that of analog. 
However, ourtreatmentofdigitalsystemsemphasizestheiranalogaspects. 
Westartwithswitches, sources, resistors, andMOSFETs,andapplyKVL, 
KCL,andsoon. Thebookshowsthatdigitalversusanalogbehavioris 
obtainedbyfocusingonparticularregionsofdevicebehavior. 

The MOSFET device is introduced using a progression of models of 
increasedrefinemenF- theSmodel,theSRmodel,theSCSmodel,and 
theSUmodel. 

The book shows how significant amounts of insight into the static and 
dynamic operation of digital circuits can be obtained with very simple 
modelsof MOSFET s. 
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Variouspropertiesofdevices,forexample,thememorypropertyofcapaci- 

tors,orthegainpropertyofamplifiers,arerelatedtoboththeiruseinanalog 

circuitsanddigitalcircuits. 

The state variable viewpoint of transient problems is emphasized for its 

intuitiveappealandsinceitmotivatescomputersolutionsofbothlinearor 

nonlinearnetworkproblems. 

Issuesofenergyandpowerarediscussedinthecontextofbothanalogand 

digitalcircuits. 

Alargenumberofexamplesarepickedfromthedigitaldomainemphasizing 

VLSIconceptstoemphasizethepowerandgeneralityoftraditionalcircuit 

analysisconcepts. 

With these features, we believe this book offers the needed foundation 
for students headed towards either the core electrical engineering majers 
includingdigitalandRFcircuits, communication, controls, signalprocessing, 
devices, andfabrication— orthecomputerengineeringmajors — including 
digitaldesign, architecture, operatingsystems, compilers, andlanguages. 

MIThasaunifiedelectricalengineeringandcomputersciencedepartment. 
This book is being used in MIT’s introductory course on circuits and elec- 
tronics.Thiscourseisofferedeachsemesterandistakenbyabout500students 
ayear. 



OVERVIEW 

Chapter 1 discusses the concept of abstraction and introduces the lumped 
circuit abstraction. It discusses how the lumped circuit abstraction derives 
fromMaxwell’sEquationsandprovidesthebasicmethodbywhichelectrical 
engineeringsimplifiestheanalysisofcomplicatedsystems. Itthenintroduces 
severalideal,lumpedelementsincludingresistors,voltagesources,andcurrent 
sources. 

Thischapteralsodiscussestwomajormotivationsofstudyingelectronic 
circuits — modelingphysicalsystemsandinformationprocessing.ltintroduces 
theconceptofamodelanddiscusseshowphysicalelementscanbemodeled 
usingidealresistorsandsources.ltalsodiscussesinformationprocessingand 
signalrepresentation. 

Chapter 2 introduces KVL and KCL and discusses their relationship to 
Maxwell’s Equations. It then uses KVL and KCL to analyze simple resis- 
tivenetworks. Thischapteralsointroducesanotherusefulelementcalledthe 
dependentsource. 

Chapter3presentsmoresophisticatedmethodsfornetworkanalysis. 

Chapter4introducestheanalysisofsimple,nonlinearcircuits. 
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Chapter5introducesthedigitalabstraction,anddiscussesthesecondmajor 

simplificationbywhichelectricalengineersmanagethecomplexityofbuilding 

largesystems .2 

Chapter6introducestheswitchelementanddescribeshowdigitallogic 
elementsareconstructed.ltalsodescribestheimplementationofswitchesusing 
MOS transistors. Chapter 6 introduces the S (switch) and the SR (switch- 
resistor) models of the MOSFET and analyzes simple switch circuits using 
thenetworkanalysismethodspresentedearlier. Chapter6alsodiscussesthe 
relationshipbetweenamplificationandnoisemarginsindigitalsystems. 

Chapter 7 discusses the concept of amplification. It presents the SCS 
(switch-current-source)modeloftheMOSFETandbuildsaMOSFETamplifier. 

Chapter8continueswithsmallsignalamplifiers. 

Chapter9introducesstorageelements, namely, capacitorsandinductors, 
anddiscusseswhythemodelingofcapacitancesandinductancesisnecessary 
inhigh-speeddesign. 

Chapter 10 discusses first order transients in networks. This chapter also 

introducesseveralmajorapplicationsoffirst-ordernetworksjncludingdigital 

memory. 

Chapter 1 1 discusses energy and power issues in digital systems and 
introducesCMOSIogic. 

Chapter12analyzessecondordertransientsinnetworks.ltalsodiscusses 

theresonancepropertiesofRLCcircuitsfromatime-domainpointofview. 

Chapter13discussessinusoidalsteadystateanalysisasanalternativeto 

thetime-domaintransientanalysis.Thechapteralsointroducestheconceptsof 

impedanceandfrequencyresponse.Thischapterpresentsthedesignoffilters 

asamajormotivatingapplication. 

Chapter14analyzesresonantcircuitsfromafrequencypointofview. 

Chapter15introducestheoperationalamplifierasakeyexampleofthe 

applicationofabstractioninanalogdesign. 

Chapter16discussesdiodesandsimplediodecircuits. 

The book also contains appendices on trignometric functions, complex 
numbers, andsimultaneouslinearequationstohelpreaderswhoneedaquick 
refresheronthesetopicsortoenableaquicklookupofresults. 



2. The point at which to introduce the digital abstraction in this book and in a corresponding 

curriculumwasarguablythetopicoverwhichweagonizedthemost.Webelievethatintroducing 

thedigitalabstractionatthispointinthecoursebalances(a)theneedforintroducingdigitalsystems 

asearlyaspossibleinthecurriculumtoexciteandmotivatestudents(especiallywithlaboratory 

experiments), with(b)theneedforprovidingstudentswithenoughofatoolchesttobeableto 

analyzeinterestingdigitalbuildingblockssuchascombinationallogic.Notethatwerecommend 

introductionofdigitalsystemsalotsoonerthansuggestedbyTsividisinhis1998ISCASpaper, 

althoughwecompletelyagreehispositionontheneedtoincludesomedigitaldesign. 



PREFACE 



xxiii 



COURSE ORGANIZATION 

Thesequenceofchaptershasbeenorganizedtosuitaoneortwosemester 

integratedcourseoncircuitsandelectronics.Firstandsecondordercircuitsare 

introducedaslateaspossibletoallowthestudentstoattainahigherlevelof 

mathematicalsophisticationinsituationsinwhichtheyaretakingacourseon 

differentialequationsatthesametime.Thedigitalabstractionisintroducedas 

earlyaspossibletoprovideearlymotivationforthestudents. 

Alternatively, the following chapter sequences can be selected to orga- 
nizethecoursearoundacircuitssequencefollowedbyanelectronicssequence. 
Thecircuitssequencewouldincludethefollowing:Chapter1(lumpedcircuit 
abstraction), Chapter2(KVLandKCL),Chapter3(networkanalysis),Chapter5 
(digitalabstraction),Chapter6(SandSRMOSmodels),Chapter9(capacitors 
and inductors), Chapter 10 (first-order transients), Chapter 11 (energy and 
power, andCMOS),Chapter12(second-ordertransients), Chapterl 3(sinu- 
soidalsteadystate), Chapter14(frequencyanalysisofresonantcircuits), and 
Chapterl 5(operationalamplifierabstraction— optional). 

Theelectronicssequencewouldincludethefollowing:Chapter4(nonlinear 
circuits), Chapter7(amplifiers, theSCSMOSFETmodel), Chapter8(small- 
signalamplifiers), Chapterl 3(sinusoidalsteadystateandfilters), Chapterl 5 
(operationalamplifierabstraction),andChapter16(diodesandpowercircuits). 



Supplementarysectionsandexamples.Wehaveusedtheicon in 

thetexttoidentifysectionsorexamples. 

Instructor’smanual 

AlinktotheMITOpenCourseWarewebsitefortheauthors’course, 

6.002CircuitsandElectronics.Onthissiteyouwillfind: 

Syllabus. Asummaryoftheobjectivesandlearningoutcomesfor 
course6.002. 

Readings. ReadingassignmentsbasedonFoundationsofAnalogand 
DigitalElectronicCircuits. 

LectureNotes.Completesetoflecturenotes,accompanyingvideo 
lectures, anddescriptionsofthedemonstrationsmadebythe 
instructorduringclass. 



XXIV 



PREFACE 



Labs.Acollectionoffourlabs:Thevenin/NortonEquivalentsand 

LogicGates,MOSFETInvertingAmplifiersandFirst-OrderCircuits, 

Second-OrderNetworks,andAudioPlaybackSystem.lncludesan 

equipmenthandoutandlabtutorial.Labsincludepre-labexercises, 

in-labexercises,andpost-labexercises. 

Assignments. Acollectionofelevenweeklyhomeworkassignments. 
Exams.TwoquizzesandaFinalExam. 

RelatedResources.OnlineexercisesinCircuitsandElectronicsfor 

demonstrationandself-study. 
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“Engineeringisthe 

purposefuluseofscience.” 

steve senturia 



1.1 THE POWER OF ABSTRACTION 

Engineeringisthepurposefuluseofscience.Scienceprovidesanunderstanding 
ofnaturalphenomena.Scientificstudyinvolvesexperiment,andscientificlaws 
are concise statements or equations that explain the experimental data. The 
lawsofphysicscanbeviewedasalayerofabstractionbetweentheexperimental 
dataandthepractitionerswhowanttousespecificphenomenatoachievetheir 
goals, without having to worry about the specifics of the experiments and 
thedatathatinspiredthelaws.Abstractionsareconstructedwithaparticular 
set of goals in mind, and they apply when appropriate constraints are met. 
Forexample, Newton’slawsofmotionaresimplestatementsthatrelatethe 
dynamicsofrigidbodiestotheirmassesandexternalforces.Theyapplyunder 
certainconstraints, forexample, whenthevelocitiesaremuchsmallerthanthe 
speedoflight.Scientificabstractions,orlawssuchasNewton’s,aresimpleand 
easytouse,andenableustoharnessandusethepropertiesofnature. 

Electricalengineeringandcomputerscience, orelectricalengineeringfor 
short, is one of many engineering disciplines. Electrical engineering is the 
purposeful use of Maxwell’s Equations (or Abstractions) for electromagnetic 
phenomena. To facilitate our use of electromagnetic phenomena, electrical 
engineering creates a new abstraction layer on top of Maxwell’s Equations 
called the lumped circuit abstraction. By treating the lumped circuit abstrac- 
tion layer, this book provides the connection between physics and electrical 
engineering. It unifies electrical engineering and computer science as the art 
ofcreatingandexploitingsuccessiveabstractionstomanagethecomplexityof 
building useful electrical systems. Computer systems are simply one type of 
electricalsystem. 

The abstraction mechanism is very powerful because it can make the 
taskofbuildingcomplexsystemstractable.Asanexample.considertheforce 
equation: 



F=ma. 



( 1 . 1 ) 
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Theforceequationenablesustocalculatetheaccelerationofaparticlewith 
agivenmassforanappliedforce. Thissimpleforceabstractionallowsusto 
disregard many properties of objects such as their size, shape, density, and 
temperature, thatareimmaterialtothecalculationoftheobject’sacceleration. 
Italsoallowsustoignorethemyriaddetailsoftheexperimentsandobserva- 
tionsthatledtotheforceequation, andacceptitasagiven. Thus, scientific 
lawsandabstractionsallowustoleverageandbuilduponpastexperienceand 
work.(Withouttheforceabstraction,considerthepainwewouldhavetogo 
throughtoperformexperimentstoachievethesameresult.) 

Overthepastcentury, electricalengineeringandcomputersciencehave 
developedasetofabstractionsthatenableustotransitionfromthephysical 
sciencestoengineeringandtherebytobuilduseful.complexsystems. 

The set of abstractions that transition from science to engineering and 
insulate the engineer from scientific minutiae are often derived through the 
discretizationdiscipline.Discretizationisalsoreferredtoaslumping.Adiscipline 
isaself-imposedconstraint.Thedisciplineofdiscretizationstatesthatwechoose 
to deal with discrete elements or ranges and ascribe a single value to each 
discreteelementorrange. Consequently, thediscretizationdisciplinerequires 
ustoignorethedistributionofvalueswithinadiscreteelement.Ofcourse,this 
disciplinerequiresthatsystemsbuiltonthisprincipleoperatewithinappropriate 
constraintssothatthesingle-valueassumptionshold. Aswewillseeshortly, 
thelumpedcircuitabstractionthatisfundamentaltoelectricalengineeringand 
computerscienceisbasedonlumpingordiscretizingmatter.i Digitalsystems 

usethedigitalabstraction,whichisbasedondiscretizingsignalvalues. Clocked 
digital systems are based on discretizing both signals and time, and digital 
systolicarraysarebasedondiscretizingsignals,timeandspace. 

Buildinguponthesetofabstractionsthatdefinethetransitionfromphysics 
to electrical engineering, electrical engineering creates further abstractions to 
manage the complexity of building large systems. A lumped circuit element 
is often used as an abstract representation or a model of a piece of mate- 
rialwithcomplicatedinternalbehavior. Similarly, acircuitoftenservesasan 
abstract representation of interrelated physical phenomena. The operational 
amplifier composed of primitive discrete elements is a powerful abstraction 
thatsimplifiesthebuildingofbiggeranalogsystems.Thelogicgate,thedigital 
memory, thedigitalfinite-statemachine,andthemicroprocessorarethemselves 
asuccessionofabstractionsdevelopedtofacilitatebuildingcomplexcomputer 
and control systems. Similarly, the art of computer programming involves 
themasteryofcreatingsuccessivelyhigher-levelabstractionsfromlower-level 
primitives. 



I.NoticethatNewton’slawsofphysicsarethemselvesbasedondiscretizingmatter.Newton’slaws 

describethedynamicsofdiscretebodiesofmatterbytreatingthemaspointmasses.Thespatial 

distributionofpropertieswithinthediscreteelementsareignored. 
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Nature 

Laws of physics 
Lumped circuit abstraction 
Digital abstraction 
Logic gate abstraction 
Memory abstraction 
Finite-state machine abstraction 
Microprocessor abstraction 
Assembly language abstraction 
Programming language abstraction 

Doom, mixed-signal chip 




Figuresl .landl .3showpossiblecoursesequencesthatstudentsmight 
encounterinanEECS(ElectricalEngineeringandComputerScience)oranEE 
(ElectricalEngineering)curriculum, respectively, toillustratehoweachofthe 
coursesintroducesseveralabstractionlayerstosimplifythebuildingofuseful 
electronicsystems.Thissequenceofcoursesalsoillustrateshowacircuitsand 
electronicscourseusingthisbookmightfitwithinageneralEEorEECScourse 
framework. 

1.2 THE LUMPED CIRCUIT ABSTRACTION 

Consider the familiar lightbulb. When it is connected by a pair of cables to 
abattery, asshowninFigure1.4a, itlightsup. Supposeweareinterestedin 
findingouttheamountofcurrentflowingthroughthebulb.Wemightgoabout 
thisbyemployingMaxweirsequationsandderivingtheamountofcurrentby 
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FIGURE 1.1 Sequenceof 

coursesandtheabstractionlayers 

introducedinapossibleEECS 

coursesequencethatultimately 

resultsintheabilitytocreatethe 

computergame“Doom,”ora 

mixed-signal(containingboth 

analoganddigitalcomponents) 

microprocessorsupervisorycircuit 

suchasthatshowninFigurel .2. 



FIGURE 1 .2 Aphotographof 

theMAX807Lmicroprocessor 

supervisorycircuitfromMaxim 

IntegratedProducts.Thechipis 

roughly2.5mmby3mm.Analog 

circuitsaretotheleftandcenterof 

thechip,whiledigitalcircuitsareto 

theright.(PhotographCourtesyof 

Maxim IntegratedProducts.) 
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FIGURE 1 .4 (a)Asimple 

lightbulbcircuit.(b)Thelumped 

circuitrepresentation. 
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a careful analysis of the physical properties of the bulb, the battery, and the 
cables.Thisisahorrendouslycomplicatedprocess. 

Aselectricalengineersweareofteninterestedinsuchcomputationsinorder 
todesignmorecomplexcircuits,perhapsinvolvingmultiplebulbsandbatteries. 
Sohowdowesimplifyourtask?Weobservethatifwedisciplineourselvesto 
askingonlysimplequestions.suchaswhatisthenetcurrentflowingthrough 
thebulb, wecanignoretheinternalpropertiesofthebulbandrepresentthe 
bulbasadiscreteelement. Further, forthepurposeofcomputingthecurrent, 
wecancreateadiscreteelementknownasaresistorandreplacethebulbwith 
it.2WedefinetheresistanceofthebulbRtobetheratioofthevoltageapplied 

tothebulbandtheresultingcurrentthroughit.lnotherwords, 



R=V/I. 

Noticethattheactualshapeandphysicalpropertiesofthebulbareirrelevant 
provideditofferstheresistanceR.Wewereabletoignoretheinternalproperties 
anddistributionofvaluesinsidethebulbsimplybydiscipliningourselvesnot 
toaskquestionsaboutthoseinternalproperties.lnotherwords,whenasking 
about the current, we were able to discretize the bulb into a single lumped 
element whose single relevant property was its resistance. This situation is 



2.Wenotethattherelationshipbetweenthevoltageandthecurrentforabulbisgenerallymuch 

morecomplicated. 
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analogoustothepointmasssimplificationthatresultedintheforcerelationin 
Equationl .1 .wherethesinglerelevantpropertyoftheobjectisitsmass. 

AsillustratedinFigure1.5,alumpedelementcanbeidealizedtothepoint 
whereitcanbetreatedasablackboxaccessiblethroughafewterminals.The 
behavior at the terminals is more important than the details of the behavior 
internaltotheblackbox.Thatis,whathappensattheterminalsismoreimpor- 
tantthanhowithappensinsidetheblackbox.Saidanotherway.theblackbox 
isalayerofabstractionbetweentheuserofthebulbandtheinternalstructure 
ofthebulb. 

Theresistanceisthepropertyofthebulbofinteresttous. Likewise, the 
voltageisthepropertyofthebatterythatwemostcareabout. Ignoring, for 
now, any internal resistance of the battery, we can lump the battery into a 
discreteelementcalledbythesamenamesupplyingaconstantvoltageV , as 
showninFigurel .4b. Again, wecandothisifweworkwithincertaincon- 
straintstobediscussedshortly, andprovidedwearenotconcernedwiththe 
internalpropertiesofthebattery,suchasthedistributionoftheelectricalfield. 
Infact, theelectricfieldwithinareal-lifebatteryishorrendouslydifficulttochart 
accurately.Together,thecollectionofconstraintsthatunderliethelumpedcir- 
cuitabstractionresultinamarveloussimplificationthatallowsustofocuson 
specificallythosepropertiesthatarerelevanttous. 

Notice also that the orientation and shape of the wires are not relevant 
to our computation. We could even twist them or knot them in any way. 
Assumingfornowthatthewiresareidealconductorsandofferzeroresistance,3 
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FIGURE 1 .5 Alumpedelement. 



wecanrewritethebuIbcircuitasshowninFigurel ,4businglumpedcircuit 
equivalentsforthebatteryandthebulbresistance,whichareconnectedbyideal 
wires. Accordingly, Figure 1 .4biscalledthelumpedcircuitabstractionofthe 
lightbuibcircuit.lfthebatterysuppliesaconstantvoltageVandhaszerointernal 
resistance, andiftheresistanceofthebulbisR,wecanusesimplealgebrato 
computethecurrentflowingthroughthebulbas 



l=V/R. 



LumpedelementsincircuitsmusthaveavoltageVandacurrentldefined 
fortheirterminals.4 Ingeneral, theratioof Vandlneednotbeaconstant. 

Theratioisaconstant(calledtheresistanceR)onlyforlumpedelementsthat 



3.lfthewiresoffernonzeroresistance,then,asdescribedinSection1 .6,wecanseparateeachwire 
intoanidealwireconnectedinserieswitharesistor. 

4. Ingeneral, thevoltageandcurrentcanbetimevaryingandcanberepresentedinamoregeneral 
formasV(t)andl(t).Fordeviceswithmorethantwoterminals,thevoltagesaredefinedforany 
terminalwithrespecttoanyotherreferenceterminal, andthecurrentsaredefinedflowinginto 
eachoftheterminals. 
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obeyOhm’slaw.5Thecircuitcomprisingasetoflumpedelementsmustalso 

haveavoltagedefinedbetweenanypairofpoints,andacurrentdefinedinto 

any terminal. Furthermore, the elements must not interact with each other 

exceptthroughtheirterminalcurrentsandvoltages.Thatis,theinternalphysical 

phenomenathatmakeanelementfunctionmustinteractwithexternalelectrical 

phenomenaonlyattheelectricalterminalsofthatelement. Aswewillseein 

Section1.3,lumpedelementsandthecircuitsformedusingtheseelementsmust 

adheretoasetofconstraintsforthesedefinitionsandterminalinteractionsto 

exist.Wenamethissetofconstraintsthelumpedmatterdiscipline. 

Thelumpedcircuitabstraction Cappedasetoflumpedelementsthatobeythe 

lumpedmatterdisciplineusingidealwirestoformanassemblythatperforms 

aspecificfunctionresultsinthelumpedcircuitabstraction. 

Noticethatthelumpedcircuitsimplificationisanalogoustothepoint-mass 
simplificationinNewton’slaws.Thelumpedcircuitabstractionrepresentsthe 
relevant properties of lumped elements using algebraic symbols. For exam- 
ple, we use R for the resistance of a resistor. Other values of interest, such 
as currents I and voltages V, are related through simple functions. The 
ease of using algebraic equations in place of Maxwell’s equations to design 
and analyze complicated circuits will become much clearer in the following 
chapters. 

The process of discretization can also be viewed as a way of modeling 
physicalsystems.Theresistorisamodelforalightbulbifweareinterestedin 
findingthecurrentflowingthroughthelightbulbforagivenappliedvoltage. 
ltcaneventellusthepowerconsumedbythelightbulb.Similarly,aswewill 
seeinSectionl .6, aconstantvoltagesourceisagoodmodelforthebattery 
whenitsinternalresistanceiszero.Thus,Figure1 .4bisalsocalledthelumped 
circuitmodelofthelightbuIbcircuit.Modelsmustbeusedonlyinthedomain 
inwhichtheyareapplicable. Forexample, theresistormodelforalightbulb 
tellsusnothingaboutitscostoritsexpectedlifetime. 

The primitive circuit elements, the means for combining them, and the 
meansofabstractionformthegraphicallanguageofcircuits.Circuittheoryisa 
wellestablisheddiscipline.Withmaturityhascomewidespreadutility.Thelan- 
guageofcircuitshasbecomeuniversalforproblem-solvinginmanydisciplines. 
Mechanical, chemical, metallurgical, biological, thermal, and even economic 
processesareoftenrepresentedincircuittheoryterms,becausethemathematics 
foranalysisoflinearandnonlinearcircuitsisbothpowerfulandwell-developed. 
Forthisreasonelectroniccircuitmodelsareoftenusedasanalogsinthestudyof 
manyphysicalprocesses.Readerswhosemainfocusisonsomeareaofelectri- 
calengineeringotherthanelectronicsshouldthereforeviewthematerialinthis 



5.0bservethatOhm’slawitselfisanabstractionfortheelectricalbehaviorofresistivematerialthat 

allowsustoreplacetablesofexperimentaldatarelatingVandlbyasimpleequation. 
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bookfromthebroadperspectiveofanintroductiontothemodelingofdynamic 

systems. 

1.3 THE LUMPED MATTER DISCIPLINE 

Thescopeoftheseequationsisremarkable, includingasitdoesthefundamen- 
taloperatingprinciplesofalllarge-scaleelectromagneticdevicessuchasmotors, 
cyclotrons, electroniccomputers, television, andmicrowaveradar. 

— halliday and resnick on maxwell’s equations — * 

o 

Lumped circuits comprise lumped elements (or discrete elements) con- + 
nectedbyidealwires.Alumpedelementhasthepropertythatauniqueterminal 
voltage V(t) and terminal current l(t) can be defined for it. As depicted in figure 
Fiaurel.6, foratwo-terminalelement, Visthevoltageacrosstheterminals element. 
oftheelement,6 andlisthecurrentthroughtheelement.7 Furthermore, for 

lumpedresistiveelements,wecandefineasinglepropertycalledtheresistanceFt 

thatrelatesthevoltageacrosstheterminalstothecurrentthroughtheterminals. 

The voltage, the current, and the resistance are defined for an element 
onlyundercertainconstraintsthatwecollectivelycallthelumpedmatterdis- 
cipline(LMD).Onceweadheretothelumpedmatterdiscipline,wecanmake 
severalsimplificationsinourcircuitanalysisandworkwiththelumpedcircuit 
abstraction.Thusthelumpedmatterdisciplineprovidesthefoundationforthe 
lumpedcircuitabstraction,andisthefundamentalmechanismbywhichweare 
abletomovefromthedomainofphysicstothedomainofelectricalengineer- 
ing.Wewillsimplystatetheseconstraintshere,butrelegatethedevelopment 
oftheconstraintsofthelumpedmatterdisciplinetoSectionA.IinAppendixA. 
SectionA.2furthershowshowthelumpedmatterdisciplineresultsinthesim- 
plificationofMaxweirsequationsintothealgebraicequationsofthelumped 
circuitabstraction. 

Thelumpedmatterdisciplineimposesthreeconstraintsonhowwechoose 

lumpedcircuitelements: 

1 . Chooselumpedelementboundariessuchthattherateofchangeof 
magneticfluxlinkedwithanyclosedloopoutsideanelementmustbe 
zeroforalltime.lnotherwords,chooseelementboundariessuchthat 

dB 

=0 

at 

throughanyclosedpathoutsidetheelement. 



6. Thevoltageacrosstheterminalsofanelementisdefinedastheworkdoneinmovingaunit 
charge(onecoulomb)fromoneternninaltotheotherthroughtheelennentagainsttheelectrical 
field.Voltagesaremeasuredinvolts(V),whereonevoltisonejoulepercoulomb. 

7. Thecurrentisdefinedastherateofflowofchargefromoneterminaltotheotherthroughthe 
element. Currentismeasuredinamperes(A),whereoneampereisonecoulombpersecond. 



— | | G 

V 

1 .6 Alumpedcircuit 
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2. Chooselumpedelementboundariessothatthereisnototaltimevarying 
chargewithintheelementforalltime.lnotherwords.chooseelement 
boundariessuchthat 

dq 

at =o 

whereqisthetotalchargewithintheelement. 

3. Operateintheregimeinwhichsignaltimescalesofinterestaremuch 
largerthanthepropagationdelayofelectromagneticwavesacrossthe 
lumpedelements. 

Theintuitionbehindthefirstconstraintisasfollows.Thedefinitionofthe 
voltage(orthepotentialdifference)betweenapairofpointsacrossanelement 
istheworkrequiredtomoveaparticlewithunitchargefromonepointtothe 
otheralongsomepathagainsttheforceduetotheelectricalfield.Forthelumped 
abstractiontohold, werequirethatthisvoltagebeunique, andthereforethe 
voltagevaluemustnotdependonthepathtaken. Wecanmakethistrueby 
selectingelementboundariessuchthatthereisnotime-varyingmagneticflux 
outsidetheelement. 

If the first constraint allowed us to define a unique voltage across the 
terminalsofanelement,thesecondconstraintresultsfromourdesiretodefine 
auniquevalueforthecurrententeringandexitingtheterminalsoftheelement. 
Auniquevalueforthecurrentcanbedefinedifwedonothavechargebuildup 
ordepletioninsidetheelementovertime. 

Underthefirsttwoconstraints,elementsdonotinteractwitheachother 

exceptthroughtheirterminalcurrentsandvoltages.Noticethatthefirsttwo 

constraintsrequirethattherateofchangeofmagneticfluxoutsidetheelements 

andnetchargewithintheelementsiszeroforalltime.8ltdirectlyfollowsthat 

the magnetic flux and the electric fields outside the elements are also zero. 
Thus there are no fields related to one element that can exert influence on 
the other elements. This permits the behavior of each element to be ana- 
lyzedindependently.9Theresultsofthisanalysisarethensummarizedbythe 



8. AsdiscussedinAppendixA,assumingthattherateofchangeiszeroforalltimeensuresthat 
voltagesandcurrentscanbearbitraryfunctionsoftime. 

9. Theelementsinmostcircuitswillsatisfytherestrictionofnon-interaction,butoccasionallythey 
willnot.Aswillbeseenlaterinthistext,themagneticfieldsfromtwoinductorsincloseproxirnity 
mightextendbeyondthematerialboundariesoftherespectiveinductorsinducingsignificantelectric 
fields in each other. In this case, the two inductors could not be treated as independent circuit 
elements. However, theycouldperhapsbetreatedtogetherasasingleelement,calledatransformer, 
iftheirdistributedcouplingcouldbemodeledappropriately. Adependentsourceisyetanother 
exampleofacircuitelementthatwewillintroducelaterinthistextinwhichinteractingcircuit 
elementsaretreatedtogetherasasingleelement. 
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relationbetweentheterminalcurrentandvoltageofthatelement,forexample, 

V=IR.Moreexamplesofsuchrelations,orelementlaws,willbepresentedin 

Section1.6.2.Further,whentherestrictionofnon-interactionissatisfied,the 

focusofcircuitoperationbecomestheterminalcurrentsandvoltages,andnot 

theelectromagneticfieldswithintheelements.Thus,thesecurrentsandvoltages 

becomethefundamentalsignalswithinthecircuit. Suchsignalsarediscussed 

furtherinSectionl.8. 

Letusdwellforalittlelongeronthethirdconstraint.Thelumpedelement 
approximationrequiresthatwebeabletodefineavoltageVbetweenapairof 
elementterminals(forexample,thetwoendsofabulbfilament)andacurrent 
throughtheterminalpair.Definingacurrentthroughtheelementmeansthat 
thecurrentinmustequalthecurrentout.Nowconsiderthefollowingthought 
experiment. Applyacurrentpulseatoneterminalofthefilamentattimeinstant 
t and observe both the current into this terminal and the current out of the 
other terminal at a time instant t+dt very close to t. If the filament were 
longenough, orifdtweresmallenough, thefinitespeedofelectromagnetic 
wavesmightresultinourmeasuringdifferentvaluesforthecurrentinandthe 
currentout. 

Wecannotmakethisproblemgoawaybypostulatingconstantcurrents 
and voltages, since we are very much interested in situations such as those 
depictedinFigure1.7,inwhichatime-varyingvoltagesourcedrivesacircuit. 

Instead, we fix the problem created by the finite propagation speeds of 
electromagneticwavesbyaddingthethirdconstraint, namely, thatthetimescale 
of interest in our problem be much larger than electromagnetic propagation 
delaysthroughourelements.Putanotherway,thesizeofourlumpedelements 
mustbemuchsmallerthanthewavelengthassociatedwiththeVandlsignals.io 

Underthesespeedconstraints.electromagneticwavescanbetreatedasif 

theypropagatedinstantlythroughalumpedelement.Byneglectingpropagation 




FIGURE 1 .7 Resistorcircuit 
connectedtoasignalgenerator. 



10.Moreprecisely,thewavelengththatwearereferringtoisthatwavelengthoftheelectromag- 

neticwavelaunchedbythesignals. 
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effects, thelumpedelementapproximationbecomesanalogoustothepoint- 
masssimplificationjnwhichweareabletoignoremanyphysicalpropertiesof 
elementssuchastheirlength, shape, size, andlocation. 

Thusfar,ourdiscussionfocusedontheconstraintsthatallowedustotreat 
individualelementsasbeinglumped.Wecannowturnourattentiontocircuits. 
Asdefinedearlier,circuitsaresetsoflumpedelementsconnectedbyidealwires. 
Currentsoutsidethelumpedelementsareconfinedtothewires.Anidealwire 
doesnotdevelopavoltageacrossitsterminals,irrespectiveoftheamountof 
currentitcarries. Furthermore, wechoosethewiressuchthattheyobeythe 
lumpedmatterdiscipline,sothewiresthemselvesarealsolumpedelements. 

Fortheirvoltagesandcurrentstobemeaningful,theconstraintsthatapply 
tolumpedelementsapplytoentirecircuitsaswell.lnotherwords.forvoltages 
betweenanypairofpointsinthecircuitandforcurrentsthroughwirestobe 
defined, anysegmentofthecircuitmustobeyasetofconstraintssimilarto 
thoseimposedoneachofthelumpedelements. 

Accordingly, thelumpedmatterdisciplineforcircuitscanbestatedas 

1 . Therateofchangeofmagneticfluxlinkedwithanyportionofthecircuit 
mustbezeroforalltime. 

2 - Therateofchangeofthechargeatanynodeinthecircuitmustbezero 
foralltime.Anodeisanypointinthecircuitatwhichtwoormore 
elementterminalsareconnectedusingwires. 

3. Thesignaltimescalesmustbemuchlargerthanthepropagationdelayof 
electromagneticwavesthroughthecircuit. 

Noticethatthefirsttwoconstraintsfollowdirectlyfromthecorrespond- 
ingconstraintsappliedtolumpedelements. (Recallthatwiresarethemselves 
lumpedelements.)So,thefirsttwoconstraintsdonotimplyanynewrestrictions 
beyondthosealreadyassumedforlumpedelements.il 

Thethirdconstraintforcircuits, however, imposesastrongerrestriction 
onsignaltimescalesthanforelements,becauseacircuitcanhaveamuchlarger 
physical extent than a single element. The third constraint says that the cir- 
cuitmustbemuchsmallerinallitsdimensionsthanthewavelengthoflightat 
thehighestoperatingfrequencyofinterest.lfthisrequirementissatisfied,then 
wavephenomenaarenotimportanttotheoperationofthecircuit.Thecircuit 
operatesquasistatically,andinformationpropagatesinstantaneouslyacrossit. 
Forexample,circuitsoperatinginvacuumorairat1kHz,1MHz,and1GHz 
wouldhavetobemuchsmallerthan300km, 300m, and300mm, respectively. 



1 1 .AsweshallseeinChapter9,itturnsoutthatvoltagesandcurrentsincircuitsresultinelectric 
andmagneticfields,thusappearingtoviolatethesetofconstraintstowhichwepromisedtoadhere. 
Inmostcasesthesearenegligible. However, whentheireffectscannotbeignored, weexplicitly 
modelthemusingelementscalledcapacitorsandinductors. 
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Most circuits satisfy such a restriction. But, interestingly, an uninterrupted 
5000-km power grid operating at 60 Hz, and a 30-cm computer mother- 
boardoperatingatlGHz, wouldnot. Bothsystemsareapproximatelyone 
wavelengthinsizesowavephenomenaareveryimportanttotheiroperation 
andtheymustbeanalyzedaccordingly.Wavephenomenaarenowbecoming 
importanttomicroprocessorsaswell.Wewilladdressthisissueinmoredetail 
inSection 1.4. 

When a circuit meets these three constraints, the circuit can itself be 
abstractedasalumpedelementwithexternalterminalsforwhichvoltagesand 
currentscanbedefined. Circuitsthatadheretothelumpedmatterdiscipline 
yieldadditionalsimplificationsincircu itanalysis. Specifically, wewillshowin 
Chapter2thatthevoltagesandcurrentsacrossthecollectionoflumpedcir- 
cuitsobeysimplealgebraicrelationshipsstatedastwolaws:Kirchhoff’svoltage 
law(KVL)andKirchhoff’scurrentlaw(KCL). 

1.4 LIMITATIONS OF THE LUMPED CIRCUIT 
ABSTRACTION 

We used the lumped circuit abstraction to represent the circuit pictured in 
Figure 1 .4a by the schematic diagram of Figure 1 .4b. We stated that it was 
permissibletoignorethephysicalextentandtopologyofthewiresconnecting 
theelementsanddefinevoltagesandcurrentsfortheelementsprovidedthey 
metthelumpedmatterdiscipline. 

The third postulate of the lumped matter discipline requires us to limit 
ourselvestosignalspeedsthataresignificantlylowerthanthespeedofelec- 
tromagneticwaves.Astechnologyadvances,propagationeffectsarebecoming 
hardertoignore. Inparticular, ascomputerspeedspassthegigahertzrange, 
increasingsignalspeedsandfixedsystemdimensionstendtobreakourabstrac- 
tions,sothatengineersworkingontheforefrontoftechnologymustconstantly 
revisitthedisciplinesuponwhichabstractionsarebasedandpreparetoresort 
tofundamentalphysicsiftheconstraintsareviolated. 

Asanexample, letusworkoutthenumbersforamicroprocessor. Ina 
microprocessor, theconductorsaretypicallyencasedininsulatorssuchassil- 
icondioxide.Theseinsulatorshavedielectricconstantsnearlyfourtimesthat 
of free space, and so electromagnetic waves travel only half as fast through 
them. Electromagnetic waves travel at the speed of approximately 1 foot or 
30cmpernanosecondinvacuum,sotheytravelatroughly6inchesor15cm 
per nanosecond in the insulators. Since modern microprocessors (for exam- 
ple, theAlphamicroprocessorfromDigital/Compaq)canapproach2.5cmin 
size,thepropagationdelayofelectromagneticwavesacrossthechipisonthe 
orderof1/6ns.Thesemicroprocessorsareapproachingaclockrateof2GHz 
in2001.Takingthereciprocal,thistranslatestoaclockcycletimeof1/2ns. 

Thus, the wave propagation delay across the chip is about 33% of a clock 
cycle.Althoughtechniquessuchaspipeliningattempttoreducethenumberof 
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elements(andthereforedistance)asignaltraversesinaclockcycle,certainclock 

orpowerlinesinmicroprocessorscantravelthefullextentofthechip.andwill 

sufferthislargedelay.Here,wavephenomenamustbemodeledexplicitly. 

Incontrast, slowerchipsbuiltinearliertimessatisfiedourlumpedmatter 
disciplinemoreeasily.Forexample,theMIPSmicroprocessorbuiltin1984was 
implementedonachipthatwas1cmonaside.ltranataspeedof20MHz, 
whichtranslatestoacycletimeof50ns.Thewavepropagationdelayacross 
thechipwas1/15ns,whichwassignificantlysmallerthenthechipcycletime. 

Asanotherexample,aPentiumllchipbuiltin1998clockedat400MHz, 
but used a chip size that was more or less the same as that of the MIPS 
chip — namely, about1cmonaside.Ascalculatedearlier,thewavepropaga- 
tiondelayacrossa1-cmchipisabout1/15ns.Clearlythe2.5-nscycletimeof 
thePentiumllchipisstillsignificantlylargerthanthewavepropagationdelay 
acrossthechip. 

NowconsideraPentiumlVchipbuiltin2004thatclockedat3.4GHz,and 

wasroughly1cmonaside.The0.29-nscycletimeisonlyfourtimesthewave 

propagationdelayacrossthechip! 

Ifweareinterestedinsignalspeedsthatarecomparabletothespeedof 
electromagneticwaves,thenthelumpedmatterdisciplineisviolated,andthere- 
fore we cannot use the lumped circuit abstraction. Instead, we must resort 
to distributed circuit models based on elements such as transmission lines 
and waveguides .12 In these distributed elements, the voltages and currents 

atanyinstantoftimeareafunctionofthelocationwithintheelements.The 

treatmentofdistributedelementsarebeyondthescopeofthisbook. 

The lumped circuit abstraction encounters other problems with time- 
varyingsignalsevenwhensignalfrequenciesaresmallenoughthatpropaga- 
tioneffectscanbeneglected.LetusrevisitthecircuitpicturedinFigurel .7in 
whichasignalgeneratordrivesaresistorcircuit.ltturnsoutthatundercertain 
conditionsthefrequencyoftheoscillatorandthelengthsandlayoutofthewires 
mayhaveaprofoundeffectonthevoltages.lftheoscillatorisgeneratingasine 
waveatsomelowfrequency,suchas256Hz(MiddleCinmusicalterms),then 
thevoltagedividerrelationdevelopedinChapter2(Equation2.138)couldbe 
usedtocalculatewithsomeaccuracythevoltageacrossB .Butifthefrequency 

ofthesinewavewere100MHz(1 x108Hertz),thenwehaveaproblem.As 
wewillseelater,capacitiveandinductiveeffectsintheresistorsandthewires 

(resultingfromelectricfieldsandmagneticfluxesgeneratedbythesignal)will 



12.lncaseyouarewonderinghowthePentiumlVandsimilarchipsgetawaywithhighclock 

speeds, thekeyliesindesigningcircuitsandlayingthemoutonthechipinawaythatmostsignals 

traversearelativelysmallfractionofthechipinaclockcycle. Toenablesucceedinggenerations 

ofthechiptobeclockedfaster,signalsmusttraverseprogressivelyshorterdistances.Atechnique 

calledpipeliningisthekeyenablingmechanismthataccomplishesthis.Thefewcircuitsinwhich 

signalstravelthelengthofthechipmustbedesignedwithextremecareusingtransmissionline 

analysis. 



1.5 Practical Two-Terminal Elements chapter one 



15 



seriouslyaffectthecircuitbehavior,andthesearenotcurrentlyrepresentedin 

ourmodel.lnChapter9,wewillseparatetheseeffectsintonewlumpedele- 

mentscalledcapacitorsandinductorssoourlumpedcircuitabstractionholds 

athighfrequenciesaswell. 

Allcircuitmodeldiscussionsinthisbookarepredicatedontheassumption 

thatthefrequenciesinvolvedarelowenoughthattheeffectsofthefieldscanbe 

adequatelymodeledbylumpedelements.lnChapters1through8,weassume 

thatthefrequenciesinvolvedareevenlowersowecanignoreallcapacitiveand 

inductiveeffectsaswell. 

Arethereotheradditionalpracticalconsiderationsinadditiontothecon- 
straintsimposedbythelumpedmatterdiscipline?Forexample,arewejustified 
inneglectingcontactpotentials,andlumpingallbatteryeffectsinV?Canwe 
neglectallresistanceassociatedwiththewires,andlumpalltheresistiveeffects 
inaseriesconnectedresistor? DoesthevoltageVchangewhentheresistors 
are connected and current flows? Some of these issues will be addressed in 
Sections1.6and1.7. 

1.5 PRACTICAL TWO-TERMINAL ELEMENTS 

Resistors and batteries are two of our most familiar lumped elements. Such 
lumped elements are the primitive building blocks of electronic circuits. 
Electronicaccesstoanelementismadethroughits terminals. Attimes, ter- 
minalsarepairedtogetherinanaturalwaytoformports.Theseportsofferan 
alternativeviewofhowelectronicaccessismadetoanelement.Anexampleof 
anarbitraryelementwithtwoterminalsandoneportisshowninFigurel .8. 
Otherelementsmayhavethreeormoreterminals,andtwoormoreports. 

Mostcircuitanalysesareeffectivelycarriedoutoncircuitscontainingonly 
two-terminalelements.Thisisdueinparttothecommonuseoftwo-terminal 
elements, andinparttothefactthatmost, ifnotall, elementshavingmore 
than two terminals are usually modeled using combinations of two-terminal 
elements. Thus, two-terminal elements appear prominently in all electronic 






FIGURE 1 .8 Anarbitrary 
two-terminalcircuitelennent. 
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circuit analyses. In this section, we discuss a couple of familiar examples of 
two-terminalelements— resistorsandbatteries. 



1.5.1 BATTERIES 





(b) 



FIGURE 1 .9 Symbolforbattery. 





FIGURE 1 .10 Cellsinseries. 



Cellphonebatteries, laptopbatteries, flashlightbatteries, watchbatteries, car 
batteries, calculator batteries, are all common devices in our culture. All are 
sourcesofenergy,derivedineachcasefromaninternalchemicalreaction. 

Theimportantspecificationsforabatteryareitsnominalvoltage,itstotal 
store of energy, and its internal resistance. In this section, we will assume 
thattheinternalresistanceofabatteryiszero. Thevoltagemeasuredatthe 
terminals of a single cell is fundamentally related to the chemical reaction 
releasing the energy. In a flashlight battery, for example, the carbon central 
rod is approximately 1 .5 V positive with respect to the zinc case, as noted 
in Figure 1.9a. In a circuit diagram, such a single-cell battery is usually rep- 
resented schematically by the symbol shown in Figure 1.9b. Of course, to 
obtain a larger voltage, several cells can be connected in series: the positive 
terminalofthefirstcellconnectedtothenegativeterminalofthesecondcell, 
andsoforth,assuggestedpictoriallyinFigure1 .lO.Multiple-cellbatteriesare 
usually represented by the symbol in Figure 1.10b, (with no particular cor- 
respondence between the number of lines and the actual number of cells in 
series). 

Thesecondimportantparameterofabatteryisthetotalamountofenergy 
itcanstore,oftenmeasuredinjoules.Flowever,ifyoupickupacamcorderor 
flashlightbattery,youmightnoticetheratingsofampere-hoursorwatt-hours. 
Letusreconciletheseratings. Whenabatteryisconnectedacrossaresistive 
loadinacircuit,itdeliverspower.ThelightbulbinFigure1.4aisanexample 
ofaresistiveload. 

The power delivered by the battery is the product of the voltage and the 
current: 



Power is delivered by the battery when the current I flowing out of the 
positivevoltageterminalofthebatteryispositive.Powerismeasuredinwatts. 
AbatterydeliversonewattofpowerwhenVisonevoltandlisoneampere. 

Power is the rate of delivery of energy. Thus the amount of energy w 
deliveredbythebatteryisthetimeintegralofthepower. 

lfaconstantamountofpowerpisdeliveredoveranintervalT,theenergyw 

suppliedis 



w=pT. (1 ' 3) 

Thebatterydeliversonejouleofenergyifitsuppliesonewattofpower 
overonesecond.Thus,joulesandwatt-secondsareequivalentunits. Similarly, 
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ifabatterydeliversonewattforanhour,thenwesaythatithassuppliedone 

watt-hour(3600joules)ofenergy. 

AssumingthatthebatteryterminalvoltageisconstantatV, becausethe 
powerdeliveredbythebatteryistheproductofthevoltageandthecurrent, 
anequivalentindicationofthepowerdeliveredistheamountofcurrentbeing 
supplied. Similarly, the product of current and the length of time the bat- 
tery will sustain that current is an indication of the energy capacity of the 
battery.Acarbattery, forinstance, mightberatedatl 2Vand50A-hours. 
Thismeansthatthebatterycanprovidea1-Acurrentfor50hours,ora100-A 
currentfor30minutes.Theamountofenergystoredinsuchabatteryis 

Energy=12x50=600watt-hours=600x3600=2.16x106joules. 



example 1.1 a lithium-ion battery ALithium-lon(Li-lon) 

batterypackforacamcorderisratedas7.2Vand5W-hours.Whatareitsequivalent 

ratingsinmA-hoursandjoules? 

Sinceajoule(J)isequivalenttoaW -second, 5W-hoursisthesameas5x3600 

18000 J. 



Sincethebatteryhasavoltageof7.2V,thebatteryratinginampere-hoursis5/7.2= 
0.69. Equivalently, itsratinginmA-hoursis690. 



example 1 .2 energy comparison Does a Nickel-Cadmium 

(Ni-Cad)batterypackratedat6Vand950mA-hoursstoremoreorlessenergythan 

aLi-lonbatterypackratedat7.2Vand900mA-hours? 

Wecandirectlycomparethetwobyconvertingtheirrespectiveenergiesintojoules.The 
Ni-Cadbatterypackstores6x950x3600/1 000=20520J,whiletheLi-lonbattery 
packstores7.2x900x3600/1 000 = 23328J.ThustheLi-lonbatterypackstores 

moreenergy. 



Whenabatteryisconnectedacrossaresistor,asillustratedinFigure1.4, 
wesawthatthebatterydeliversenergyatsomerate.Thepowerwastherate 
of delivery of energy. Where does this energy go? Energy is dissipated by + 
theresistor,throughheat,andsometimesevenlightandsoundiftheresistor v 
overheats and explodes! We will discuss resistors and power dissipation in 
Sectionl.5.2. 

Ifonewishestoincreasethecurrentcapacityofabatterywithoutincreas- 
ingthevoltageattheterminals, individualcellscanbeconnectedin parallel, 
as shown in Figure 1.11. It is important that cells to be connected in paral- figure 1.11 ceiisinparaiiei. 
lelbenearlyidenticalinvoltagetopreventonecellfromdestroyinganother. 
Forexample,a2-Vlead-acidcellconnectedinparallelwitha1 .5Vflashlight 
cellwillsurelydestroytheflashlightcellbydrivingahugecurrentthroughit. 
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FIGURE 1 .12 Discreteresistors 
(above), andDepositsintegrated- 
circuitresistors(below).Theimage 
onthebottomshowsasmall 
regionoftheMAX807Lmicro- 
processorsupervisorycircuitfrom 
Maxim IntegratedProducts, and 
depictsanarrayofsilicon- 
chromiumthin-filmresistors.each 
with6pmwidthand21 7.5pm 
length, andnominalresistance 
50k.(PhotographCourtesyof 
Maxim IntegratedProducts.) 
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The corresponding constraint for cells connected in series is that the nom- 
inal current capacity be nearly the same for all cells. The total energy 
stored in a multicell battery is the same for series, parallel, or series-parallel 
interconnections. 

1.5.2 LINEAR RESISTORS 

Resistors come in many forms (see Figure 1.12), ranging from lengths of 
nichromewireusedintoastersandelectricstovesandplanarlayersofpolysili- 
coninhighlycomplexcomputerchips,tosmallrodsofcarbonparticlesencased 
inBakelitecommonlyfoundinelectronicequipment.Thesymbolforresistors 
incommonusageisshowninFigurel .13. 

Over some limited range of voltage and current, carbon, wire and 
polysiliconresistorsobeyOhm’slaw: 



that is, the voltage measured across the terminals of a resistor is linearly 
proportionaltothecurrentflowingthroughtheresistor.Theconstantofpro- 
portionality is called the resistance. As we show shortly, the resistance of a 
pieceofmaterialisproportionaltoitslengthandinverselyproportionaltoits 
cross-sectionalarea. 

InourexampleofFigurel .4b,supposethatthebatteryisratedat1 .5V. 
FurtherassumethattheresistanceofthebulbisR=10.Assumethatthe 
internalresistanceofthebatteryiszero.Then,acurrentofi=v/R=150mA 
willflowthroughthebulb. 



example 1.3 more on resistance InthecircuitinFigurel .4b, 
supposethatthebatteryisratedatl .5V.Supposeweobservethroughsomemeansa 
currentof500mAthroughtheresistor.Whatistheresistanceoftheresistor? 

Foraresistor,weknowfromEquation1.4that 



FIGURE 1 .13 Symbolfor 
resistor. 



Sincethevoltagevacrosstheresistorisl .5Vandthecurrentithroughtheresistoris 
500mA, theresistanceoftheresistoris3. 



The resistance of a piece of material depends on its geometry. As illus- 
trated in Figure 1.14, assume the resistor has a conducting channel with 
cross-sectional area a, length I, and resistivity p. This channel is terminated 
atitsextremesbytwoconductingplatesthatextendtoformthetwoterminals 
oftheresistor. Ifthiscylindricalpieceofmaterialsatisfiesthelumpedmatter 
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Area a 




FIGURE 1 .14 Acylindrical-wire 
shapedresistor. 



disciplineandobey’sOhm’slaw,wecanwritei3 

I 

R=pa - 



(1.5) 



Equationl .5showsthattheresistanceofapieceofmaterialisproportionalto 
itslengthandinverselyproportionaltoitscross-sectionalarea. 

Similarly,theresistanceofacuboidshapedresistorwithlengthl 5 widthw 5 

andheighthisgivenby 



R=P wh 

whentheterminalsaretakenatthepairofsurfaceswithareawh. 



( 1 . 6 ) 



example 1.4 resistance of a cube Determinetheresistance 

ofacubewithsidesoflength1cmandresistivity10ohm-cms,whenapairofopposite 

surfacesarechosenastheterminals. 

Substitutingp=10-cm,l=1cm,w=1cm,andh=1cminEquation1 .6,weget 

R=1Q. 

example 1.5 resistance of a cylinder Bywhatfactoris 

theresistanceofawirewithcross-sectionalradiusrgreaterthantheresistanceofawire 

withcross-sectionalradius2r? 

A wire is cylindrical in shape. Equation 1 .5 relates the resistance of a cylinder to its 
cross-sectional area. Rewriting Equation 1 .5 in terms of the cross-sectional radius r 
we have 



I 

R=prrr 2 ' 

Fromthisequationitisclearthattheresistanceofawirewithradius r isfourtimes 
greaterthanthatofawirewithcross-sectionalradius2r. 



13.SeeAppendixA.3foraderivation. 
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example 1.6 carbon-core resistors Theresistanceofsmall 
carbon-coreresistorscanrangefrom1to106 . Assumingthatthecoreofthese 

resistorsis1mmindiameterand5mmlong,whatmustbetherangeofresistivityof 

thecarboncores? 

Givenal-mmdiameter, thecross-sectionalareaofthecoreisA « 7.9x1 0-7 m 2 . 
Further, itslengthisl=5x10-3m. Thus, A/l«1 .6x10-4m. 

Finally, usingEquationl .5, withl < R < 1 06 , itfollowsthattheapproximate 
ranqeofitsresistivityisl .6x10-4m<p<1 .6x102m. 



example 1.7 poly-crystalline silicon resistor 

Athinpoly-crystallinesiliconresistorisl pimthick, 1 0pmwide,and1 OOpmlong, 
where 1 pm is 10-6 m. If the resistivity of its poly-crystalline silicon ranges from 

1 0-6mto1 02 m,whatistherangeofitsresistance? 

Thecross-sectionalareaoftheresistorisA=1 0-i 1 m,anditslengthisl=1 0-4m. 

Thusl/A = 1 07 m-i . UsingEquationl .5, andthegivenrangeofresistivity, p , the 
resistancesatisfiesl 0<R<1 09. 



example 1.8 resistance of planar materials on 
a chip Figure 1 .15 shows several pieces of material with varying geometries. 
Assume all the pieces have the same thickness. In other words, the pieces of material 
areplanar.Letusdeterminetheresistanceofthesepiecesbetweenthepairsofterminals 
shown. Foragiventhickness,rememberthattheresistanceofapieceofmaterialinthe 
shapeofacuboidisdeterminedbytheratioofthelengthtothewidthofthepieceof 
material(Equation1 .6).AssumingthatRoistheresistanceofapieceofplanarmaterial 



FIGURE 1 .15 Resistorsof 
variousshapes. 




M6 



M7 
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withunitlengthandwidth,showthattheresistanceofapieceofplanarmaterialwith 
length LandwidthWis(L/W)Ro. 

From Equation 1 .6, the resistance of a cuboid shaped material with length L, 
widthW,heightH,andresistivitypis 



WearegiventhattheresistanceofapieceofthesamematerialwithL=1andW=1 

isR 0 lnotherwords, 



Ro=pH1_. (1.8) 

SubstitutingRo=p/H inEquationl .7,weget 

R= WLRo. (1.9) 



Now,assumeRo =2kforourmaterial.RecallthatOhmsaretheunitofresistance 
andarewrittenas.WedenotealOOO-valueaskilo-ork.Assumingthatthe 
dimensionsofthepiecesofmaterialshowninFigure1.15arein|i-m,ormicrometers, 
whataretheirresistances? 

First, observethatpiecesMI ,M2,andM6musthavethesameresistanceof2kbecause 
theyaresquares(inEquation1 .9,noticethatL/W=1forasquare). 

Second, M3andM7musthavethesameresistancebecausebothhavethesameratio 
L/W=3.Therefore,bothhavearesistanceof3x2=6k.Amongthem,M 4has 
thebiggestL/Wratioof12.Thereforeithasthelargestresistanceof24k.M5hasthe 
smallestL/Wratioof1/3,andaccordinglyhasthesmallestresistanceof2/3k. 

Becauseallsquarepiecesmadeoutofagivenmaterialhavethesameresistance(provided, 
ofcourse, thepieceshavethesamethickness), weoftencharacterizetheresistivityof 
planarmaterialofagiventhicknesswith 



Rp=Ro, 



( 1 . 10 ) 



whereRoistheresistanceofapieceofthesamematerialwithunitlengthandwidth. 

Pronounced“Rsquare,”Rpistheresistanceofasquarepieceofmaterial. 



example 1.9 more on planar resistances Referring 

backtoFigurel .15,supposeanerrorinthematerialfabricationprocessresultsineach 
dimension(LandW)increasingbyafractione.Bywhatamountwilltheresistancesof 
eachofthepiecesofmaterialchange? 
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RecallthattheresistanceRofaplanarrectangularpieceofmaterialisproportionalto 
L/W.lfeachdimensionincreasesbyafractione,thenewlengthbecomesL(1+e )and 
thenewwidthbecomesW(1+e).Noticethattheresistancegivenby 



R= WL(1 (1++ ee))Ro= 
WLRo 



isunchanged. 



example 1.10 ratio of resistances Referring again to 

Figurel .15,supposethematerialfabricationprocessundergoesa“shrink”todecrease 
each dimension (this time around, increasing the thickness H in addition to L and 
W)byafractiona (e.g., a = 0.8). Assumefurther, thattheresistivity p changesby 
some other fraction to p. Now consider a pair of resistors with resistances iR and 
R 2 ,andoriginaldimensionsLi ,Wi andl_ 2 ,W 2 respectively, andthesamethickness 
H. By what fraction does the ratio of the resistance values change after the process 
shrink? 

FromEquationl .7,theratiooftheoriginalresistancevaluesisgivenby 

S=pt 1 7pf=W 



LettheresistancevaluesaftertheprocessshrinkbeR andF^ Sinceeachdimension 
shrinksbythefractiona,eachnewdimensionwillbeatimestheoriginalvalue.Thus, 
forexample,thelengthLiwillchangetoaLi.UsingEquation1 .7,theratioofthenew 
resistancevaluesisgivenby 



paLi/(aWiaH) = L 1 /W 1 
R2 = paL 2 /(aW c$) L2/W2 



In other words, the ratio of the resistance values is unchanged by the process 
shrink. 

The ratio property of planar resistance — that is that the ratio of the resistances 

ofrectangularpiecesofmaterialwithagiventhicknessandresistivityisindependent 

oftheactualvaluesofthelengthandthewidthprovidedtheratioofthelengthandthe 

widthisfixed — enablesustoperformprocessshrinks(forexample,froma0.25-[im 

process to a 0.18-|im process) without needing to change the chip layout. Process 

shrinksareperformedbyscalingthedimensionsofthechipanditscomponentsbythe 

samefactor,therebyresultinginasmallerchip.Thechipisdesignedsuchthatrelevant 
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FIGURE 1 .16 Asiliconwafer. 
(PhotographCourtesyofMaxim 
Integrated Products.) 




FIGURE 1 .17 Achipphotoof 
lntel’s2-GHzPentiumlVprocessor 
implementedinO.1 8pm-technology. 
Thechipisroughlyl cmonaside. 
(Photographcourtesyoflntel 
Corp.) 



signalvaluesarederivedasafunctionofresistanceratios,i4 therebyensuringthatthe 
chipmanufacturedafteraprocessshrinkcontinuestofunctionasbefore. 

VLSIstandsfor“VeryLargeScalelntegration.” Silicon-basedVLSIisthetechnology 
behind most of today’s computer chips. In this technology, lumped planar elements 
suchaswires, resistors, andahostofothersthatwewillsoonencounter,arefabricated 
onthesurfaceofaplanarpieceofsiliconcalledawafer(forexample,seeFigures1 .15 
andl .12). AwaferhasroughlytheshapeandsizeofaMexicantortillaoranlndian 
chapati(seeFigure1 .16).Theplanarelementsareconnectedtogetherusingplanarwires 
to form circuits. After fabrication, each wafer is diced into several hundred chips or 
“dies,” typically, eachthesizeofathumbnail. APentiumchip, forexample, contains 
hundredsofmillionsofplanarelements(seeFigure1.17).Chipsareattached,orbonded, 
topackages(forexample,seeFigure1 2.3.4), whichareinturnmountedonaprinted- 
circuitboardalongwithotherdiscretecomponentssuchasresistorsandcapacitors(for 
example, seeFigurel .18)andwiredtogether. 



14.Wewillstudymanysuchexamplesintheensuingsections, includingthevoltagedividerin 
Section2.3.4andtheinverterinSection6.8. 
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FIG URE 1.18 Aprinted-circuit 

boardcontainingseveralinter- 

connectedchippackagesand 

discretecomponentssuchas 

resistors(tinybox-likeobjects)and 

capacitors(tallcylindricalobjects). 

(PhotographCourtesyofAnant 

Agarwal,theRawGroup.) 




As better processes become available, VLSI fabrication processes undergo periodic 
shrinks to reduce the size of chips without needing significant design changes. The 
Pentium III, for example, initially appeared in the 0.25-pm process, and later in the 
0.18-pm process. The Pentium IV chip shown in Figure 1.17 initially appeared in a 
0.18-pm process in the year 2000, and later in 0.13-pm and 0.09-pm processes in 
2001 and2004, respectively. 



Therearetwoimportantlimitingcasesofthelinearresistor:opencircuits 
and short circuits. An open circuit is an element through which no current 
flows, regardlessofitsterminalvoltage.ltbehaveslikealinearresistorinthe 

limitARshort— ►^circuit, isattheoppositeextreme.ltisanelementacrosswhichno 
voltagecanappearregardlessofthecurrentthroughit.ltbehaveslikealinear 
resistorinthelimitR— ►O.Observethattheshortcircuitelementisthesame 
asanidealwire.Notethatneithertheopencircuitnortheshortcircuitdissipate 
powersincetheproductoftheirterminalvariables(vandi)isidenticallyzero. 

Mostoften,resistancesarethoughtofastime-invariantparameters.Butif 
thetemperatureofaresistorchanges, thensotoocanitsresistance. Thus, a 
linearresistorcanbeatime-varyingelement. 

Thelinearresistorisbutoneexampleofalargerclassofresistiveelements. 

In particular, resistors need not be linear; they can be nonlinear as well. In 
general, atwo-terminalresistorisanytwo-terminalelementthathasanalge- 
braicrelationbetweenitsinstantaneousterminalcurrentanditsinstantaneous 
terminalvoltage.Sucharesistorcouldbelinearornonlinear,time-invariantor 
time-varying. For example, elements characterized by the following element 
relationshipsareallgeneralresistors: 



Linearresistor: v(t)=i(t)R(t) 
Linear, time-invariantresistor: v(t)=i(t)R 
Nonlinearresistor: v(t)=Ki(t)3 
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However, as introduced in Chapter 9, elements characterized by these 
relationshipsarenotgeneralresistors: 



v(t)=Ldidt(t) 



v(t)= Cl 



i(t)dt 



What is important about the general resistor is that its terminal current 
andvoltagedependonlyontheinstantaneousvaluesofeachother. Forour 
convenience, however, anunqualifiedreferencetoaresistorinthisbookmeans 
alinear,time-invariantresistor. 



1.5.3 ASSOCIATED VARIABLES CONVENTION 



Equationl ,4impliesaspecificrelationbetweenreferencedirectionschosenfor 
voltageandcurrent.ThisrelationisshownexplicitlyinFigurel ,19:thearrow 
thatdefinesthepositiveflowofcurrent(flowofpositivecharge)isdirectedinat 
theresistorterminalassignedtobepositiveinvoltage.Thisconvention, referred 
toasassociatedvariables,isgeneralizedtoanarbitraryelementinFigure1.20 
andwillbefollowedwheneverpossibleinthistext. Thevariablesvandiare 
calledtheterminalvariablesfortheelement. Notethatthevaluesofeachof 
thesevariablesmaybepositiveornegativedependingontheactualdirection 
ofcurrentflowortheactualpolarityofthevoltage. 

Associated Variables Convention Define current to flow in at the device 
terminalassignedtobepositiveinvoltage. 




+ V 



FIGURE 1 .19 Definitionof 

terminalvariablesvandiforthe 

resistor. 



* 

+ 



When the voltage v and current i for an element are defined under the 
associatedvariablesconvention, thepowerintotheelementispositivewhen 
bothvandiarepositive. Inotherwords, energyispumpedintoanelement 
whenapositivecurrentiisdirectedintothevoltageterminalmarkedpositive. 
Dependingonthetypeofelement, theenergyiseitherdissipatedorstored. 
Conversely, powerissuppliedbyanelementwhenapositivecurrentiisdirected 
outofthevoltageterminalmarkedpositive.Whentheterminalvariablesfora 
resistoraredefinedaccordingtoassociatedvariables, thepowerdissipatedin 
theresistorisapositivequantity,anintuitivelysatisfyingresult. 

WhileFigure1.20isquitesimple,itnonethelessmakesseveralimportant 
points. First, thetwoterminalsoftheelementinFigure1.20formasingleport 
throughwhichtheelementisaddressed. Second, thecurrenticirculatesthrough 
thatport.Thatis,thecurrentthatentersoneterminalisinstantaneouslyequal 
to the current that exits the other terminal. Thus, according to the lumped 
matterdiscipline,netchargecannotaccumulatewithintheelement.Third,the 
voltagevoftheelementisdefinedacrosstheport.Thus,theelementisassumed 
torespondonlytothedifferenceoftheelectricalpotentialsatitstwoterminals, 



v 



i 

FIGURE 1 .20 Definitionofthe 
terminalvariablesvandifora 
two-terminalelementunderthe 
associatedvariablesconvention. 
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3 V ~~ 
(a) _ 



andnottotheabsoluteelectricpotentialateitherterminal. Fourth, thecurrentis 

definedtocirculatepositivelythroughtheportbyenteringthepositivevoltage 

terminalandexitingthenegativevoltageterminal.Whichterminalischosenas 

thepositivevoltageterminalisarbitrary,buttherelationdefinedbetweenthe 

currentandvoltageisnot. Lastly, forbrevity,thecurrentthatexitsthenegative 

voltageterminalisusuallyneverlabeled,butitisalwaysunderstoodtobeequal 

tothecurrentthatentersthepositivevoltageterminal. 



■* 



3 V - 

(b) 




FIGURE 1.21 Terminalvariable 
assignmentsforabattery. 




FIGURE 1 .22 Terminalvariable 

assignmentsforatwo-terminal 

element. 



example 1.11 terminal variables versus element 
properties Figuresl .21 aandbshowstwopossiblelegaldefinitionsforter- 
minal variables for a 3 V battery. What is the value of terminal variable v in each 
case? 

ForFigurel .21 a,wecanseethatterminalvariablev=3V.ForFigure1 .21 b, however, 
v=-3V. 

This example highlights the distinction between a terminal variable and an element 
property. The battery voltage of 3 V is an element property, while v is a terminal 
variablethatwehavedefined.Elementpropertiesareusuallywritteninsidetheelement 
symbol, orifthatisinconvenient,theyarewrittennexttotheelement(e.g.,thebattery 
voltage).Terminalpolaritiesandterminalvariablesarewrittenclosetotheterminals. 



example 1.12 fun with terminal variables Figure 

1 .22showssometwo-terminalelementconnectedtoanarbitrarycircuitatthepoints 
x and y. The element terminal variables v and i are defined according to the associ- 
atedvariablesconvention.Supposethatacurrentof2Aflowsintothecircuitterminal 
markedx.Whatisthevalueofterminalvariablei? 

Sincethechosendirectionoftheterminalvariableiisoppositetothatofthe2Acurrent, 
i=- 2A. 




Nowsupposethatthetwoterminalelementisaresistor(seeFigure1 .23)withresistance 
R=1 OOhms.Determinethevalueofv. 

We know that under the associated variables convention the terminal variables 
f o rares i sto rare re I ated as 



v=iR 



FIGURE 1 .23 Terminalvariable 
assignmentsforaresistor. 



GiventhatR=10andi=- 2A, 



v=(-2)10=-20V 



Next,supposethatthetwoterminalelementisa3Vbatterywiththepolarityshown 
inFigurel .24a.Determinethevaluesofterminalvariablesvandi. 

Asdeterminedearlier,i=-2A.ForthepolarityofthebatteryshowninFigure1 .24a, 
v=3V. 
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Now, supposethe3VbatteryisconnectedwiththepolarityshowninFigure1 .24b. 
Determinethatvaluesofvandi. 

Asbefore, i = -2A.Withthereversedbatteryconnectionshown inFigurel .24b, 
v=-3V. 

Undertheassociatedvariablesconvention,theinstantaneouspowerpsupplied 

intoanelementisgivenby 




p= VI 



(i.ii 



withunitsofwatts(W). 

Notethatbothvandi,andthereforetheinstantaneouspowerp,canbe 
functionsoftime. Foraresistor, p = virepresentstheinstantaneouspower 
dissipatedbytheresistor. 




Correspondingly, the amount of energy (in units of joules) supplied to an F | GURE ^ 24 The two-terminai 
element during an interval of time between ti and t 2 under the associated eiementisabattery. 
variablesconventionisgivenby 



t2 

w= vidt. 



( 1 . 12 ) 



foraFortwo- 



terminalaresistor,byelementnoting(Equationthatv=iR1.1 

p=i2R 

vjjlentlyl ,4,thewrittenpowerrelationas 



1 )fromcanEq^ig(.ionbeequi 



p= vR2. 



(1.14) 



example 1.13 power into a resistor Determinethepower 
fortheresistorinFigurel .23.Confirmmathematicallythatthepowerisindeedsupplied 
intotheresistor. 

Weknowthati=-2Aandv=-20V.Therefore,thepowerisgivenby 



p=vi=(-20V)(-2A)=40W 



Byourassociatedvariablesconvention, theproductp = viyieldsthepowersupplied 
intotheelement.Thus,wecanconfirmthat40Wofpowerisbeingsuppliedintothe 
resistor. Fromthepropertiesofaresistor,wealsoknowthatthispowerisdissipatedin 
theformofheat. 



H'h 
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FIGURE 1.25 Alternative 
assignmentsofterminalvariables. 
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example 1.14 power supplied by a battery Determine 
thepowerforthebatteryusingthetwoassignmentsofterminalvariablesinFigures1.25a 
andl .25b. 

FortheassignmentofterminalvariablesinFigurel .25a,i=-2Aandv=3V.Thus, 
byassociatedvariables,powerintothebatteryisgivenby 



p=vi=(3V)(-2A)=- 6W 

Sincethepowerintothebatteryisnegative,thepowersuppliedbythebatteryispositive. 
ThusjnthecircuitofFigurel .25a,thebatteryisdeliveringpower. 

Next, let us analyze the same circuit with the assignment of terminal variables in 
Figurel .25b.Forthisassignment,i=2Aandv=-3V.Thus,byassociatedvariables, 
powerintothebatteryisgivenby 



p=vi=(-3V)(2A)=- 6W 

lnotherwords,thebatteryisdelivering6wattsofpower.Sincethecircuitisthesame,it 

isnotsurprisingthatourresulthasnotchangedwhentheterminalvariableassignments 

arereversed. 



example 1.15 power supplied versus power 

absorbed by a battery lnsimplecircuits,forexample,circuitscon- 

taining a single battery, we do not have to undergo the rigor of associated variables 

todeterminewhetherpowerisbeingabsorbedorsuppliedbyanelement.Letuswork 

outsuchanexample. Inourlightbulbcircuitof Figurel .4b, supposethatthebattery 

isratedat1.5Vand1500J.Assumethattheinternalresistanceofthebatteryiszero. 

FurtherassumethattheresistanceofthebulbisR=10.Whatisthepowerdissipated 

intheresistor? 

Thepowerdissipatedintheresistorisgivenby 

V2 1 .52 

p=VI= R = =0.225W 

Sincetheentirecircuitcomprisesabatteryandaresistor,wecanstatewithoutalotof 

analysisthattheresistordissipatespowerandthebatterysuppliesit.Howmuchpower 

doesthebatteryprovidewhenitisconnectedtothe10-resistor?Supposethebattery 

suppliesacurrentl.Wecanquicklycomputethevalueofthiscurrentas: 

V 1.5 

1= FT = TO =0.1 5A 
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Thusthepowerdeliveredbythebatteryisgivenby 

p=VI=1 .5x0. 15=0. 225W 

Notsurprisingly,thepowerdeliveredbythebatteryisthesameasthepowerdissipated 
intheresistor.Notethatsincethecircuitcurrentlhasbeendefinedtobedirectedoutof 
thepositivebatteryterminalinFigurel .4b,andsincethecurrentispositive,thebattery 
issupplyingpower. 

How long will our battery last when it is connected to the 10- resistor? Since the 
batteryissupplying0.225Wofpower,andsinceawattrepresentsenergydissipation 
attherateofonejoulepersecond,thebatterywilllast1 500/0. 225=6667s. 



example 1.16 power rating of a resistor Inacircuit 
suchasthatshowninFigurel .4b,thebatteryisratedat7.2Vand10000J.Assumethat 
theinternalresistanceofthebatteryiszero. Furtherassumethattheresistanceinthe 
circuitisR=1k.Youaregiventhattheresistorcandissipateamaximumof0.5W 
ofpower.(lnotherwords,theresistorwilloverheatifthepowerdissipationisgreater 
than0.5W.)Determinethecurrentthroughtheresistor. Further, determinewhether 
thepowerdissipationintheresistorexceedsitsmaximumrating. 

Thecurrentthroughtheresistorisgivenby 



V 

1= FT 



7.2 

1000 



=7. 2mA 



Thepowerdissipationintheresistorisgivenby 



p=l2R=(7.2x 1 0-3)21 03=0. 052W 
Clearly, thepowerdissipationintheresistoriswellwithinitscapacity. 



1.6 IDEAL TWO-TERMINAL ELEMENTS 

As we saw previously, the process of discretization can be viewed as a way 

of modeling physical systems. For example, the resistor is a lumped model 

foralightbulb.Modelingphysicalsystemsisamajormotivationforstudying 

electroniccircuits.lnourlightbulbcircuitexample,weusedlumpedelectrical 

elementstomodelelectricalcomponentssuchasbulbsandbatteries. Ingeneral, 

modelingphysicalsystemsinvolvesrepresentingreal-worldphysicalprocesses, 

whethertheyareelectrical, chemical, ormechanical,intermsofasetofideal 

electricalelements.Thissectionintroducesasetofidealtwo-terminalelements 

includingvoltageandcurrentsources,andidealwiresandresistors,whichform 

ourprimitivesinthevocabularyofcircuits. 
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(a) (b) 




(c) 



FIGURE 1 .26 Circuitsymbolfor 
avoltagesource:(a)battery; 
(b)voltagesource;(c)voltage 
source. 
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Thesamesetofidealtwo-terminalelementsservetobuildeitherinforma- 
tionprocessingorenergyprocessingsystemsaswell. Informationandenergy 
processingincludesthecommunication, storage, ortransformationofinforma- 
tionorenergy,andisasecondmajormotivationforstudyingelectroniccircuits. 
Whetherweareinterestedinmodelingsystemsorininformationandenergy 
processing, itisessentialtobeabletorepresentfivebasicprocessesintermsof 
ourlumpedcircuitabstraction. 

1 . Sourcesofenergyorinformation 

2. Flowofenergyorinformationinasystem 

3. Lossofenergyorinformationinasystem 

4. Controlofenergyfloworinformationflowbysomeexternalforce 

5. Storageofenergyorinformation 

Wewilldiscussidealtwo-terminalelementsthatrepresentthefirstthree 
oftheseinthissection, deferringcontrolandstorageuntilChapters6and9, 
respectively. 

1.6.1 IDEAL VOLTAGE SOURCES, WIRES, 

AND RESISTORS 

Familiarprimarysourcesofenergyinourdailylivesaresunlight,oil,andcoal. 
Secondary sources would be power plants, gasoline engines, home-heating 
furnaces, orflashlightbatteries. Inheatingsystems, energyflowsthroughair 
ductsorheatingpipes;inelectricalsystemstheflowisthroughcopperwires.i5 
Similarly, informationsourcesincludespeech, books, compactdiscs, videos, 
and the web (some of it, anyway!). Information flow in speech systems is 
throughmediasuchasairandwater;inelectronicsystems,suchascomputers 
orphones,theflowreliesonconductingwires.Sensorssuchasmicrophones, 
magnetic tape heads, and optical scanners convert information from various 
formsintoanelectricalrepresentation.Noneoftheseelementsisideal,soour 
firsttaskistoinventidealenergyorinformationsourcesandidealconductors 
forenergyorinformationflow. 

Conceptually, it is relatively easy to extrapolate from known properties 
of a battery to postulate an idealvoltagesource as a device that maintains a 
constant voltage at its terminals regardless of the amount of current drawn 
fromthoseterminals. Todistinguishsuchanidealelementfromabatteryi6 

(seeFigure1.26a),wedenoteavoltagesourcebyasinglecirclewithpolarity 



15.0r,moreaccurately,inthefieldsbetweenthewires. 

16. Ingeneral, aphysicalbatteryhassomeinternalresistance,whichweignoredinourprevious 
examples.Amorepreciserelationshipbetweentheidealvoltagesourceandthebatteryisdeveloped 
inSectionl .7. 
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markingsinsideit,asinFigure1.26b.lfthevoltagesourcesuppliesavoltageV, 

thenwealsoincludetheVsymbolinsidethecircle(orjustoutsidethecircleif 

thereisnotenoughroomtowritethesymbolinside).lnthesamemanner,we 

mightalsorepresentaninformationsource,suchasamicrophoneorasensor,as 

avoltagesourceprovidingatime-varyingvoltagev(t)atitsoutput(Figure1 .26c). 

Wecanassumethatthevoltagev(t)dependssolelyonthemicrophonesignal 

andisindependentoftheamountofcurrentdrawnfromtheterminals.(Note 

thatVandv(t)inFigure1.26areelementvaluesandnotterminalvariables.) 

Wewillseetwotypesofvoltagesources:independentanddependent .An 
independentvoltagesourcesuppliesavoltageindependentoftherestofthe 
circuit. Accordingly, independentsourcesareameansthroughwhichinputs 
canbemadetoacircuit.Powersupplies,signalgenerators,andmicrophones 
areexamplesofindependentvoltagesources.ThecirclesymbolinFigure1.26b 
representsanindependentvoltagesource.lncontrasttoanindependentvoltage 
source, adependentvoltagesourcesuppliesavoltageascommandedbyasignal 
fromwithinthecircuitofwhichthesourceisapart. Dependentsourcesare 
mostcommonlyusedtomodelelementshavingmorethantwoterminals.They 
arerepresentedwithadiamondsymbol;weshallseeexamplesoftheseinfuture 
chapters. 

lnamannersimilartoourinventionoftheidealvoltagesource,wepos- 
tulateanidealconductortobeoneinwhichanyamountofcurrentcanflow 
withoutlossofvoltageorpower.Thesymbolforanidealconductorisshown 
inFigurel .27a.Noticethatthesymbolisjustaline.Theidealconductorisno 
differentfromtheidealwirewesawearlier. Idealconductorscanbeusedto 
representachannelforfluidflowinhydrodynamicsystems. 

Anyphysicallengthofwirewillhavesomenonzeroresistance.Theresis- 

tancedissipatesenergyandrepresentsalossofenergyfromthesystem.lfthis 

resistanceisimportantinaparticularapplication,thenwecanmodelthewire 

asanidealconductorinserieswitharesistor,assuggestedinFigure1.27b.To 

beconsistent,wenowstatethattheresistorsymbolintroducedinFigure1.19 

representsanideallinearresistor,whichbydefinitionobeysOhm’slaw 



'► 



(a) (b) 

FIGURE 1 .27 Circuitsymbolfor 
anidealconductor:(a)perfect 
conductor;(b)wirewithnonzero 
resistance. 



forallvaluesofvoltageandcurrent.Resistorscanbeusedtomodelprocesses 
suchasfrictionthatresultinenergylossinasystem. Notethatbecausethis 
elementlawissym metric, itisunchangedifthepolaritiesofthecurrentand 
voltagedefinitionsarereversed.Sometimesitisconvenienttoworkwithrecip- 
rocalresistance,namelytheconductanceGhavingtheunitsofSiemens(S).ln 
thiscase, 



and 



G= FU- 



(1.16) 



i=Gv. 



(1.17) 



32 



CHAPTER ONE 



the circuit abstraction 



Most often, resistances and conductances are thought of as time-invariant 
parameters. But if the temperature of a resistor changes, then so too can 
its resistance and conductance. Thus, a linear resistor can be a time-varying 
element. 



i 




FIGURE 1 .28 Plotofthev-i 
relationshipforaresistor. 




FIGURE 1 .29 (a) Independent 
voltagesourcewithassigned 
terminalvariables,(b)v-irelation- 
shipforthevoltagesource. 



1.6.2 ELEMENT LAWS 

Fromtheviewpointofcircuitanalysis, themostimportantcharacteristicofa 
two-terminalelementistherelationbetweenthevoltageacrossandthecurrent 
through its terminals, or the v-i relationship for short. This relation, called 
theelementlaw, representsthelumped-parametersummaryoftheelectronic 
behavioroftheelement.forexample,asseeninEquation1.15, 



v=iR 



istheelementlawfortheresistor. Theelementlawisalsoreferredtoasthe 
constituentrelation,ortheelementrelation.lnorderto standardizethemanner 
inwhichelementlawsareexpressed,thecurrentandvoltageforalltwo-terminal 
elementsaredefinedaccordingtotheassociatedvariablesconventionshownin 
Figurel .1 9. Figurel ,28showsaplotofthev -irelationshipforaresistorwhen 
vandiaredefinedaccordingtotheassociatedvariablesconvention. 

TheconstituentrelationfortheindependentvoltagesourceinFigure1.26b 

supplyingavoltageVisgivenby 



when its terminal variables are defined as in Figure 1 .29a. A plot of the v i 
relationshipisshowninFigure1.29b. Observethecleardistinctionbetween 
theelementparameterVanditsterminalvariablesvandi. 

Similarly, theelementlawfortheidealwire(orashortcircuit)isgivenby 



Figurel. 30ashowstheassignmentofterminalvariablesandFigure1. 30b 
plotsthev -(relationship. 

Finally, theelementlawforanopencircuitisgivenby 



Figurel .31 ashowstheassignmentofterminalvariablesandFigurel .31 b 
plotsthev-irelationship. 

Comparingthev-irelationshipfortheresistorinFigure1.28tothosefora 
shortcircuitinFigurel ,30andanopencircuitinFigure1 .31 ,itisevidentthat 
theshortcircuitandopencircuitarelimitingcasesforaresistor.Theresistor 
approachestheshortcircuitcaseasitsresistanceapproacheszero.Theresistor 
approachestheopencircuitcaseasitsresistanceapproachesinfinity. 
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example 1.17 more on terminal variables versus 

element properties Figurel .32showsa5-Vvoltagesourceconnected 

toan arbitrarycircuitatthepointsxandy. Itsterminalvariablesvandiaredefined 

according to the associated variables convention as indicated in the figure. Suppose 

thatacurrentof2Aflowsintothecircuitterminalmarkedx.Whatarethevaluesof 

vandi? 



For the assignment of terminal variables shown in Figure 1 .32, i = 2 A and 
v=-5V. 

Notice the distinction between terminal variables and element properties in this 
example. Thesourcevoltageof5Visanelementproperty,whilevisaterminalvariable 
thatwehavedefined. Similarly, thepolaritymarkingsinsidethecircleareapropertyof 
thesource,whilethepolaritymarkingsoutsidethecirclerepresentingthesourcerelate 
totheterminalvariablev.Whenpossible,weattempttowritetheelementvaluesinside 
theelementsymbol,whiletheterminalvariablesarewrittenoutside. 



(a) 




example 1.18 charting v-i relationships An experi- 

mentalwayofchartingthev -frelationshipforatwo-terminalelementistoconnect 
anoscilloscopeandanoscillator(orasignalgeneratorsettoproduceanoscillatoryout- 
put)inacurve-plotterconfigurationassuggestedinFigure1 .33.Theoscillatorproduces 
avoltagegivenby 



vi=Vcos(oot). 

Thebasicconceptistousetheoscillatortodrivecurrentintosomearbitrarytwo-terminal 
device, andmeasuretheresultingvoltagevD andcurrentiD. Noticethattheterminal 
variablesforthetwo-terminaldevice,vDandiD,aredefinedaccordingtotheassociated 
variablesconvention.Ascanbeseenfromthecircuit,thehorizontaldeflectionwillbe 
proportional to vd, and the vertical deflection will be proportional to vr, and hence 
toiD, assumingresistorRobeysOhm’slaw, andthehorizontalandverticalamplifier 
inputstotheoscilloscopedrawnegligiblecurrent. 



FIGURE 1 .30 (a)ldealwirewith 

terminalvariables,(b)v-irelation- 

shipforthewire. 

'il * 



(a) 

i 

Jl 



1.6.3 THE CURRENT SOURCE— ANOTHER IDEAL 
TWO-TERMINAL ELEMENT 



v 



In some fields of engineering, there are two obvious sources of power that 
appear to have dual properties. Think, for example, of air pumps. For an 
ordinarytirepump, thehighertheairpressure, theharderthepersonatthe (b) 

pump-handlehastowork. Butwithahouseholdvacuumcleaner, alsoanair 
pumpofsorts,youcanhearthemotoractuallyspeedupiftheairflowoutof figure 1.31 (a)Anopen 

themachineisblocked, andameasurementofmotorcurrentwouldconfirm circuiteiementwithterminai 

thatthepowertothemotorgoesdownundertheseconditions. variables, (b)v-ireiationship 

fortheopencircuit. 
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FIGURE 1 .32 Terminalvariables 
versuselementproperties. 



ltseemsreasonable,then,tolookforanelectricalsourcethathascharac- 
teristicsthatarethedualofthoseofthebattery.inthattherolesofcurrentand 
voltageareinterchanged.Fromthepointofviewofv -icharacteristics,thisis 
asimpletask. Theidealvoltagesourceappearsasaverticallineinv - ispace, 
sothisothersource,whichwecallanidealcurrentsource,shouldappearasa 
horizontalline, asinFigurel .34.Suchasourcemaintainsitsoutputcurrentat 
someconstantvaluelregardlessofwhatvoltageappearsacrosstheterminals. 

Theelementlawforacurrentsourcesupplyingacurrentlisgivenby 



lfthesourcewereleftwithnothingconnectedacrossitsterminals,then,in 
theoryatleast.theterminalvoltagemustrisetoinfinitybecausetheconstant 
currentflowingthroughaninfiniteresistancegivesinfinitevoltage.Recallthe 
analogousproblemwiththeidealvoltagesource: Ifashortcircuitisapplied, 

theterminalcurrentmustbecomeinfinite. 

ltisdifficultatfirsttohaveanintuitivegraspofthecurrentsource,princi- 
pallybecausethereisnofamiliardeviceavailableattheelectronicpartscounter 
thathastheseproperties. However, onecanstillfindspecialdevicesthatdeliver 
constant current to the arc lamps to illuminate the streets of Old Montreal, 
andwewillshowlaterthatMOSFETsandOpAmpsmakeexcellentcurrent 
sources. Butthesearenotasfamiliarastheflashlightbattery. 



example 1.19 current source power Determine the 

powerforthe3-AcurrentsourceinFigure1 ,35ifameasurementshowsthatv=5V. 

FortheassignmentofterminalvariablesinFigurel. 35, i=-3A. Further, wearegiven 
thatv=5V.Powerintothecurrentsourceisgivenby 



p=vi=(5V)(-3A)=-1 5W. 



FIGURE 1 .33 Chartingonan 

oscilloscopethev-irelationshipfor 

atwo-terminalelement. 
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Beforeproceedingfurtherjtisimportanttodistinguishbetweenthe model 
ofatwo-terminalelementandtheelementitself.Themodels,orelementlaws, 
presented in this section are idealized. They describe a simplified behavior 
of the real elements (a voltage source for a battery, for instance). From this 
pointforward, wewillfocusoncircuitscomprisingonlyidealelements, and 
makeonlyoccasionalreferencetoreality.Nonethelessjtisimportanttorealize 
in practice that the result of a circuit analysis is only as good as the models 
on which the analysis is based. Part of any discrepancy between theory and 
experimentmaybearesultofthefactthattheelementsdonotreallybehave 
astheelementslawspredict. 

Thev4relationisusefultodescribeothersystemsaswell,notjustprimi- 
tivetwo-terminalelementssuchassourcesandresistors.Whencreatingcircuit - 
models for these systems, it is often the case that an electronic circuit can 
beabstractedasablackboxaccessiblethroughafewterminals. Aswithany 
abstraction, the details of behavior at the interfaces (terminals, in our case) ' = constant 
are more important than the details of behavior internal to the black box. 

That is, what happens at the terminals is more important than how it hap- 
pensinsidetheblackbox. Furthermore, itisoftenthecasethattheterminals 
canbepairedintoportsinanaturalwayfollowingthefunctionofthecircuit. 

For example, a complex amplifier or filter is often described by the relation 
betweenaninputsignalpresentedtotheamplifierorfilteratonepairofter- 
minals or port, and an output signal presented by the amplifier or filter at 
a second port. In this case, the terminal pairs or ports take on special sig- 
nificance, and the voltage across the port and the current through the port 
becometheportvariablesintermsofwhichtheelectroniccircuitbehavioris 
described. 

Inprinciple, anelectroniccircuitcanhaveoneormoreports,althoughin 
practiceitiscommontodefineonlyafewportstosimplifymatters.Forexam- 
ple, anamplifiermaybedescribedintermsofitsinputport, itsoutputport, 
andoneormoreportsforconnectiontopowersupplies.Even simplenetwork 
elementssuchassources, resistors, capacitors, andinductorscanbethoughtof 
asone-portdevices.Voltagesaredefinedacrosstheportsandcurrentsthrough 
the ports as illustrated in Figure 1 .36. Observe that the assignment of refer 
encedirectionsrelatedtovandifollowstheassociatedvariablesconvention 
discussedinSectionl .5.2. 

Thenotionofaportismuchmoregeneralthanitsuseinelectroniccir- 
cuitanalysiswouldindicate.Manyphysicalsystems.suchasmechanical, fluid, 
orthermalsystemscanbecharacterizedbytheirbehavioratafewports. Fur- 
thermore, asdepictedinTablel.ltheyhavethroughandacrossparameters 
analogoustocurrentsandvoltages.Circuitmodelsforthesesystemswoulduse 
voltagesandcurrentstomodelthecorrespondingthroughandacrossvariables 
inthosesystems. 



FIGURE 1 .34 v— iplotfor 
currentsource. 




FIGURE 1 .35 Powerforthe 
currentsource. 



FIGURE 1 .36 Definitionofthe 
voltageandcurrentforaport. 
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Current 


Voltage 


TABLE 1.1 Throughandacross 
variablesinphysicalandeconomic 


Force 


Motion 


systems. 


Flow 


Pressure 




HeatFlux 


Temperature 




Consumption 


Wealth 



1.7 MODELING PHYSICAL ELEMENTS 

Thus far, we have invented four ideal, primitive elements and studied their 
v-i characteristics. These ideal elements included the independent voltage 
source, theindependentcurrentsource, thelinearresistor, andtheperfectcon- 
ductor.Letusnowreturntobuildingmodelsforsomeofthephysicalelements 
wehaveseenthusfarintermsofthefouridealelements. 

Indeed, Figure 1 .27b is one example of a model. We have modeled a 
physicaldevice, namely, alengthofcopperwire,byapairofidealtwo-terminal 
elements: a perfect conductor and a linear resistance. Obviously this model 
is not exact. For example, if 1000 A of current flowed through a piece of 
14-gaugecopperwire(standardhousewiredesignedtocarry15A),thewire 
wouldbecomehot,glowbrightly,andprobablymelt,therebyconvertingitself 
fromaresistorwithaverysmallresistance,forexample,0.001,toaninfinite 
resistor. Our model, consisting of an ideal conductor in series with an ideal 
0.001 -resistor, showsnosuchbehavior: WithlOOOAflowing, aone-volt 
drop would develop across the resistor, and one thousand watts of power 
would be dissipated, presumably in heat, as long as the current flowed. No 
smoke, noburnout. 

In a similar way we can devise a model for a battery out of our ideal 
elements.Whenaflashlightbulbisconnectedtoanewnominally6-Vbattery, 
thevoltageattheterminalsofthebattery(usuallycalledtheterminalvoltage) 
dropsfrom6.2Vtoperhaps6.1 V.Thisdropresultsfromtheinternalresistance 
ofthebattery.Torepresentthiseffect,wemodelthebatteryasanidealvoltage 
sourceinserieswithsomesmallresistorFtasshowninFigurel .37a.Thedropin 



FIGURE 1 .37 Onemodelfora 
battery. 
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Lightbulb 



FIGURE 1 .38 Batterymodel 
andlightbulb. 




FIGURE 1 .39 Amicrophone 
model. 



terminalvoltagewhenthebulbisinitiallyconnectedwillbeproperlyrepresented 
inthecircuitmodelofFigurel .38ifthevalueof R isappropriatelychosen. 
However, themodelisstillnotexact.Forexample,ifalightbulbisconnected 
toabatteryforsometime,thebatteryvoltagewillslowlydropastheenergy 
isdrainedfromthebattery.Themodelbatterywillnot“rundown,”butwill 
continuetolightthebulbindefinitely. 

A similar model might apply for a microphone. When an information 
processing system such as an amplifier is connected to the microphone, its 
outputmightdropfroma1-mVpeak-to-peaksignaltoa0.5-mVpeak-to-peak 
signalduetotheinternalresistanceofthemicrophone.Aswiththebattery,we 
canmodelthernicrophoneasavoltagesourceinserieswitharesistanceRmas 
depictedinFigurel.39. Althoughtheoutputvoltageofthemicrophonewill 
notrundownovertime.itsmodelisnotexactforotherreasons.Forexample, 
thevoltagedropinthesignalmightberelatedtothesignalfrequency. 

ltisobviousthatthese“defects”inthemodelscouldbecorrectedbymaking 
the models more complicated. But the considerable increase in complexity 
mightnotbejustifiedbytheimprovementinmodelaccuracy. Unfortunately, 
itisnotalwaysobviousinagivenproblemhowtofindareasonablebalance 
betweensimplicityandaccuracy.lnthistextwewillalwaysstriveforsimplicity 
onthefollowingbasis:Computersolutionsforanyoftheproblemswediscuss 
are always available, and these can be structured to have great accuracy. So 
it makes sense in modeling with circuit elements, as opposed to computer 
modeling, tostriveforinsightratherthanaccuracy, forsimplicityratherthan 
complexity. 
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FIGURE 1 .40 i-vplotfora 
resistor. 




Itisappropriateatthispointtocheckexperimentallythevalidityofthe 
modelsdevelopedherebyplottingtheirv - icharacteristics.Thev icharacter- 
isticscanbeplottedusingthesetupshowninFigure1.33.First,usea100- 
1/10-Wresistorasthe“unknown”two-terminaldevice.lftheoscillatorvolt- 
age is a few volts, a straight line passing through the origin with slope 1/FI 
willappearonthescreen(seeFigure1.40), showingthatOhm’slawapplies. 
Flowever,ifthevoltageisincreasedsothatvDis5or10V,thenthe1/10-W 
resistorwillheatup.anditsvaluewillchange.lftheoscillatorissettoavery 
lowfrequency, sayl Hz, theresistorheatsupandcoolsdowninthesource 
ofeachcycle,sothetraceisdecidedlynonlinear.lftheoscillatorisinthemid- 
audiorange, say500Flz, thermalinertiapreventstheresistorfromchanging 
temperaturerapidly,sosomeaveragetemperatureisreached.Thusthelinewill 
remainstraight,butitsslopewillchangeasafunctionoftheamplitudeofthe 
appliedsignal. 

Resistor self-heating, with the associated change in value, is obviously 
undesirable in most circuit applications. For this reason manufacturers pro- 
vide power ratings for resistors, to indicate maximum power dissipation 
(pmax)withoutsignificantvaluechangeorburnout.Thepowerdissipatedina 
resistoris 



P=vi, 



(1.22) 



which is the hyperbola in v i space, as indicated in Figure 1 .41 . Our ideal- 
resistor model ohmic with constant value matches the actual resistor 

oscillatorfrequencyismadehighenough.Underthiscondition,capacitiveand 

inductiveeffectsinthecircuitwillgenerateanellipticalpattern.Thesewillbe 

discussedinlaterchapters. 
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FIGURE 1.41 Powerconstraintforaresistorinthei-vplane. 



FIGURE 1.42 i-vcharacteristicofabatteryatlowcurrent 
levels. 



Now plot the i v characteristic of a battery. At low current levels, the 
curveappearsasaverticallineini- vspace(seeFigure1.42).Butiftheoscillator 
amplitudeisincreasedsothatsubstantialcurrentsareflowing, andwemake 
an appropriate change in scope vertical sensitivity, the line remains straight, 
butnowhasadefinitetip,assuggestedbyFigure1.43a,indicatinganonzero 
seriesresistance. Ifthebatteryterminalvoltageandcurrentaredefinedasin 




(a) 




(b) 



+ 

vt 




FIGURE 1 .43 Batterycharacter- 
isticjargercurrentscale. 
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Figure1.43b,thenfromthemodelinFigure1.43c,anappropriateexpression 

fortheterminalvoltageisi7 



Notethatbecauseofourchoiceofvariablesjnthefirstquadrantcurrent 
isflowingintothepositiveterminal,thatis,thebatteryisbeingcharged, hence 
theterminalvoltageisactuallylargerthanthenominalvoltage. Thefactthat 
theplotisalmostastraightlinevalidatesourassumptionthatthebatterycan 
bemodeledasavoltagesourceinserieswithalinearresistor.Notefurtherthat 
graphssuchasFigure1.43acanbecharacterizedbyonlytwonumbers, aslope 
andanintercept.Theslopeisl/RwhereRistheseriesresistanceinthemodel. 
Theinterceptcanbespecifiedeitherintermsofavoltageoracurrent. Ifwe 
chooseavoltage,thenbecausetheinterceptisbydefinitionatzerocurrent,it 
iscalledtheopen-circuitvoltage.lftheinterceptisspecifiedintermsofcurrent, 
itiscalledtheshort-circuitcurrent,becausebydefinitionthevoltageiszeroat 
thatpoint.ThesetermsreappearinChapter3fromaverydifferentperspective: 
Thevenin’sTheorem. 

Thissectiondescribedhowwemodelphysicalelementssuchasbatteries 
andwiresintermsofidealtwo-terminalelementssuchasindependentvoltage 
sources, resistors, andidealwires.Ouridealcircuitelementssuchasindepen- 
dentvoltagesourcesandresistorsalsoserveasmodelsforphysicalentitiessuch 
aswaterreservoirsandfrictioninwatertubes, respectively. Inthecircuitmodel 
foraphysicalsystem.waterpressureisnaturallyrepresentedusingavoltage, 
andwaterflowusingacurrent.Waterpressureandwaterflow,orthecorre- 
spondingvoltageandcurrent,arefundamentalquantities.lnsuchsystems,we 
willalsobeconcernedwiththeamountofenergystoredinthesystem,andthe 
rateatwhichenergyisbeingdissipated. 



1.8 SIGNAL REPRESENTATION 

Theprevioussectionsdiscussedhowlumpedcircuitelementscouldserveas 
modelsforvariousphysicalsystemsorbeusedtoprocessinformation. This 
sectiondrawsthecorrespondencebetweenvariablesinphysicalsystemsand 
those in the electrical circuit model. It also discusses how electrical systems 
representinformationandenergy. 

Asdiscussedearlier,oneofthemotivationsforbuildingelectroniccircuitsis 
toprocessinformationorenergy.Processingincludescommunication, storage, 
and computation. Stereo amplifiers, computers, and radios are examples of 
commonplace electronic systems for processing information. Power supplies 



17. For now, we simply state the equation, and postpone the derivation to Chapter 2 (see 
theexamplerelatedtoFigure2.61)afterwehavemasteredafewbasiccircuitanalysistechniques. 
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andourfamiliarlightbulbcircuitareexamplesofelectroniccircuitsthatprocess 

energy. 

Inbothcases, thephysicalquantityofinterest, eithertheinformationor 
theenergy,isrepresentedinthecircuitbyanelectricalsignal,namelyacurrent 
oravoltage,andcircuitnetworksareusedtoprocessthesesignals.Thus,the 
mannerinwhichacircuitfulfillsitspurposeiseffectivelythemannerinwhich 
ittreatsthesignalsthatareitsterminalcurrentsandvoltages. 

1.8.1 ANALOG SIGNALS 




i (A) 



Signals in the physical world are most commonly analog, that is, spanning 
acontinuumofvalues. Soundpressureissuchasignal. Theelectromagnetic 
signalpickedupbyamobilephoneantennaisanotherexampleofananalog 
signal. Notsurprisingly,mostcircuitsthatinteractwiththephysicalworldmust 
beabletoprocessanalogsignals. 

Figure1.44showsseveralexamplesofanalogsignals.Figure1 ,44bshows 
aDCcurrentsignal,whiletheremainderarevariousformsofvoltagesignals. 

Figurel ,44ashowsasinusoidalsignalwithfrequency1 MFIzandphase 
offset(orphaseshift)n/4rad. Thesamefrequencycanalsobeexpressedas 
106Hz,or2TTl06rad/s,andthephaseoffsetas45degrees.Thereciprocalof 



(b) i = 5 A 

v (V) 
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(c) Square wave of frequency 1 MHz 
v (V) 

A 




thefrequencygivestheperiodofoscillationorthecycletime, whichisl ps 
foroursinusoid.Oursinusoidhasanaveragevalueofzero.Thissignalcanbe 
describedasasinusoidwithanamplitude(ormagnitude,ormaximumvalue) 
of10V,orequivalentlyasasinusoidwithapeak-to-peakswingof20V. 

Sinusoidsareanimportantclassofsignalsthatwewillencounterfrequently 

inthisbook.lngeneral,asinusoidalsignalvcanbeexpressedas 



v=Asin(u>t+q>) 

whereAistheamplitude,a)isthefrequencyinradianspersecond,tisthetime, 

andcpisthephaseoffsetinradians. 

Figures 1 .44c and d show square wave signals. The square wave in 
Figurel. 44chasapeak-to-peakvalueof10Vandanaveragevalue(orDCoffset) 
of5V,whilethesquarewavesignalinFigure1.44dhasthesamepeak-to-peak 
value, butzerooffset. 

Informationcanberepresentedinoneofmanyforms, forexample, the 
amplitude, phase, orfrequency.Figurel .44eshowsasignal(forexample,from 
amicrophone)thatcarriesinformationinitsamplitude,andFigure1.44fshows 
asignalthatiscarryinginformationinitsfrequency. 

T ocompletethissection, webrief lytouchontheconceptof rootmean 
square value to describe signals. Recall that our signal in Figure 1 .44a was 
described as a sinusoid with an amplitude of 1 0 V. The same signal can be 
described as a sinusoid with rms (root mean square) value of 10/ 2. For a 



(d) Square wave with zero offset 
v (V) 




(e) Amplitude variation 



v (V) 

A 



(f) Frequency variation 



FIGURE 1 .44 Severalexamples 

ofanalogsignals:(a)a1 -MHz 

sinusoidalsignalwithamplitude 

1 0VandaphaseoffsetofTr/4; 

(b)a5-ADCsignal;(c)a1 -MHz 

squarewavesignalwitha5-V 

offset;(d)a1 -MHzsquarewave 

signalwithzerooffset;(e)asignal 

carryinginformationinits 

amplitude;(f)asignalcarrying 

informationinitsfrequency. 
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sinusoidalsignal, orforthatmatter, anyperiodicsignalvwithperiodT , the 
rmsiscomputedasfollows: 



1 tl +T . . ~ , . 

Vrms= j V2(t)dt ( 1 - 24 ) 

tl 

wheretheintegrationisperformedoveronecycle. 

Thesignificanceofthermsvalueofaperiodicsignalcanbeseenbycom- 
putingtheaveragepowerp" deliveredtoaresistanceofvalueRbyaperiodic 
voltagesignalv(t)withperiodT.Forperiodicsignals,theaveragepowercan 
beobtainedbyintegratingthepoweroveronecycleanddividingbythecycle 
time: 



tl+TV2(t)dt. 
p- = Tl t1 ~R~ 



(1.25) 



Foralinear, time-invariantresistor, wecanpullRoutoftheintegralto 
write 



1 1 t1+T h 

p-=RT t1 V2(t)dt (1 ' 4b 

BydefiningthermsvalueofaperiodicsignalasinEquationl ,24wecanrewrite 
Equationl ,26as 



P' = B Cs (1-27) 

BytheartfuldefinitionofEquation1.24,wehavemanagedtoobtainan 

expressionforpowerresemblingthatduetoaDCsignal.lnotherwords,the 

rmsvalueofaperiodicsignalisthevalueofaDCsignalthatwouldhaveresulted 

inthesameaveragepowerdissipation.i8lnlikemanner,thermsvalueofaDC 

signalissimplytheconstantvalueofthesignalitself. 

Thus,asinusoidalvoltagewithrmsvaluevrmsappliedacrossaresistorof 
valueRwillresultinanaveragepowerdissipationofv 2 rm ^R. 

Forexample,120-V60-HzwalloutletsintheUnitedStatesareratedby 

theirrmsv^lues.Thus,theysupplyasinusoidalvoltagewithapeakamplitude 

of120x 2=1 70V. 

NativeSignalRepresentation 

Sometimes, circuitsignalsprovideanativerepresentationofphysicalquanti- 
ties, aswasthecasewithourlightbulbexampleinFigurel .4. Thecircuitin 
Figurel ,4bwasamodelofthephysicalcircuitinFigure1 ,4a,whichcomprised 



1 8 .Thisnewvoltageunit, calledtherms, wasoriginallydefinedbythepioneersoftheelectric 
powerindustrytoavoid(orpossiblyperpetuate)confusionbetweenDCpowerandACpower. 
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a battery, wires, and a lightbulb. The purpose of the original circuit was to 

convertchemicalenergystoredinthebatteryintolight.Todoso,thebattery 

convertedthechemicalenergytoelectricalenergy,thewiresthenguidedthe 

electricalenergytothelightbulb,andthelightbulbconvertedatleastsomeof 

thiselectricalenergytolight.Thus.thecircuitinFigurel .4performedavery 

primitiveformofenergyprocessing. 

ThecircuitinFigure1.4wasproposedtomodeltheoriginalcircuit,and 
tohelpdeterminesuchquantitiesasthecurrentflowingthroughthelightbulb 
andthepowerdissipatedinit. Inthiscase, thesignalrepresentationsinthe 
lumped-parametercircuitwerechosennaturally. Thequantitiesofinterestin 
thephysicalcircuit,namelyitsvoltagesandcurrents,wererepresentedbythe 
samevoltagesandcurrentsinthecircuitmodel.Thisisanexampleofnative 
signalrepresentation. 

Non-NativeSignalRepresentation 

A more interesting occurrence is that of non-native signal representation. In 
thiscase,electricalsignalsareusedtorepresentnon-electricalquantities, which 
iscommoninelectronicsignalprocessing.Forexample,consideranelectronic 
soundamplifier.Suchasystemmightbeginwithafront-endtransducer,suchas 
amicrophone.thatconvertssoundintoanelectricalsignalthatrepresentsthe 
sound.Thiselectricalsignalisthenamplified,andpossiblyfiltered,toproduce 
asignalrepresentingthedesiredoutputsound. Final ly,aback-endtransducer, 
such as a speaker, converts the processed electrical signal back into sound. 
Becauseelectricalsignalscanbetransducedandprocessedwithease, electronic 
circuitsprovideanamazinglypowerfulmeansforinformationprocessing.and 
haveallbutreplacednativeprocessing.Forexample,electronicamplifiershave 
nowreplacedmegaphones. 

Thechoiceofsignaltype,forexamplecurrentorvoltage,oftendependson 
theavailabilityofconvenienttransducers(elementsthatconvertfromoneform 
ofenergytoanother — forexample, soundtoelectricity), powerconsidera- 
tions,andtheavailabilityofappropriatecircuitelements.Voltageisapopular 
representationandisusedthroughoutthisbook.Wewillalsoseeseveralsitu- 
ationslaterinwhichavoltagesignalisconvertedtoacurrentsignalandvice 
versaasitisbeingprocessedinanelectronicsystem. 



1.8.2 DIGITAL SIGNALS— VALUE DISCRETIZATION 

Incontrasttothecontinuousrepresentationofanalogsignals, wecanquan- 
tize signals into discrete or lumped signal values. Value discretization forms 
the basis of the digital abstraction, which yields a number of advantages 
such as better noise immunity compared to an analog signal representation. 
Although most physical signals are analog in nature, it is worth noting that 
thereareafewphysicalsignalsthatarenaturallyquantized,andsowouldhave 
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FIGURE 1 .45 Voltagevalue 
discretizationintotwolevels. 
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a naturally quantized signal representation. Wealth is an example of such a 
signalsincemonetarycurrenciesarenotgenerallyconsideredtobeinfinitely 
divisible . 19 

Toillustratevaluediscretization, considerthediscretizationofvoltageas 
showninFigure1.45.Here,wediscretizevoltageintoafinitenumberofinfor- 
mation levels, for example, the two levels named “0” and “1 .” Under this 
quantization, ifavoltageisobservedtobebelow2.5Vweinterpretitsvalueas 
representingtheinformationlevel“0.”lfitsvalueisabove2.5V,weinterpret 
itasrepresentingtheinformationlevel“1. ’’Correspondingly, toproducethe 
informationlevel“0,” weuseanyvoltagelessthan2.5V. Forexample, we 
mightusel. 25V. Correspondingly, toproducetheinformationlevel“1,”we 
mightusethevoltage3.75V. 

As discussed in Chapter 5, discrete signals offer better noise immunity 
thananalogsignals,buttheydosoattheexpenseofprecision.lfthenoisethat 
corruptsadiscretesignaldoesnotmoveitsphysicalvaluepastadiscretization 
threshold, thenthenoisewillbeignored. Forexample, supposetheinformation 
level“0”inFigure1.45isrepresentedbya1 .25-Vsignal,andtheinformation 
level“1 ’’inFigurel ,45isrepresentedbya3.75-Vsignal. Providedthevolt- 
age does not rise above 2.5 V for “0,” or does not fall below 2.5 V for a 
“1 ,”itwillbeinterpretedcorrectly.Thus,thisdiscretesignalrepresentationis 

two-levelimmunetorepresentation±1 .25- 

Vnoise.isunableNotice,tohowever,distinguishthelossbetweeninprecisionsmallchan 

gesourcoarseinthe 

voltage .20 

Ingeneral, wecandiscretizevaluesintoanynumberoflevels, forexam- 
ple, four. Thustherepresentationdiscussedthusfarisaspecialcaseofvalue 
discretizationcalledthebinaryrepresentationwherewediscretizethevoltage 
(orcurrentforthatmatter)intotwoinformationlevels:“0”and“1. ’’Because 
systemsusingmorethantwolevelsaredifficulttobuild,mostdigitalsystemsin 
usetodayusethebinaryrepresentation. Accordingly, thedigitalrepresentation 
hasbecomesynonymouswiththebinaryrepresentation. 

19. Noticethatbeforetheadventofcurrencies,thebartersystemprevailed,andwealthwasindeed 
analoginnature, sincealoafofbread, oraplotoflandforthatmatter, theoreticallyisinfinitely 
divisible! 

20. Forapplicationsthatcareonlyaboutwhetherasignalisaboveorbelowsomethreshold,the 
lossinprecisionisofnoconsequence, andatwo-levelrepresentationissufficient. However, for 
otherapplicationsthatcareaboutsmallchangesinasignal,thebasictwo-levelrepresentationof 

a signal must be extended. We show in Chapter 5 that practical digital systems can offer both 
arbitrarydegreesofprecisionandnoiseimmunitythroughaprocessofdiscretizationandcoding. 

Briefly, torecoversomeprecisionwhileretainingnoiseimmunity,digitalsystemsquantizesignals 

into a large number of levels — for exanaptfcpaQMrese levels into a few binary 

digits — 8,inourexample,whereeachbinarydigitcanberepresentedasatwo-levelvoltageon 

asinglewire.Thismethodconvertsananalogsignalonasinglewireintoabinaryencodedsignal 

onseveralwires,whereeachwirecarriesavoltagethatcanvarybetweentwolevels. 
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NativeandNon-NativeSignalRepresentation 

Aswithanalogsignals,discretesignalscanprovidedbothnativeandnon-native 

signalrepresentations.ThediscretebinaryvaluesofOandlareanativerepre- 

sentationforlogicbecausetheycorrespondnaturallytothelogicalTRUEand 

FALSEvalues.Non-nativesignalrepresentationscanbederivedfromdiscrete 

signalsbyusingsequencesofdigitshavingthevalueOorltoencodenumbers 

whosevaluescorrespondtosignalvaluesofinterest.Chapter5coversthistopic 

ingreaterdetail. 

When designing a non-native information processing system, there are 
manychoicesforsignalrepresentation.Forexample,theuseofvoltageversus 
current, oranalogversusdiscretesignalsaretwosuchchoices.Eachrepresen- 
tation has its advantages and disadvantages, and facilitates a certain kind of 
processing. For example, digital representations offer noise immunity at the 
expenseofprecision. Howthesechoicesaremadeisusuallyapplicationspe- 
cific, andoftendependsontheavailabilityofconvenienttransducers, power 
andnoiseconsiderations,andtheavailabilityofappropriateelements.Theuse 
ofvoltagetorepresentsignalsisprobablymostcommon,andisusedroutinely 
here. However, we will also encounter situations in which the signal repre- 
sentationswitchesfromavoltagetoacurrentandbackagainasthesignalis 
processed. 
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1.9 SUMMARY 

The discretization of matter into lumped elements such as batteries and 

resistorsthatobeythelumpedmatterdisciplineandconnectingthemusing 

idealwiresistheessenceofthelumpedcircuitabstraction. 

Thelumpedmatterdisciplineforlumpedelementsincludesthefollowing 

constraints: 

1 . Theboundariesofthediscreteelementsmustbechosensothat 

5b 

=0 

at 

throughanyclosedpathoutsidetheelementforalltime. 

2. Theelementsmustnotincludeanynettime-varyingchargeforalltime. 
Inotherwords, 



5q 

at =o 



whereqisthetotalchargewithintheelement. 

3. Wemustoperateintheregimeinwhichtimescalesofinterestaremuch 
largerthanthepropagationdelayofelectromagneticwavesthroughthe 
elements. 

The lumped matter discipline for lumped circuits includes the following 
constraints: 

1 . The rate of change of magnetic flux linked with any portion of the 
circuitmustbezeroforalltime. 

2. Therateofchangeofthechargeatanynodeinthecircuitmustbezero 
foralltime. 

3. Thesignaltimescalesmustbemuchlargerthanthepropagationdelay 
ofelectromagneticwavesthroughthecircuit. 

Theassociatedvariablesconventiondefinescurrenttoflowinatthedevice 

terminalassignedtobepositiveinvoltage. 

Theinstantaneouspowerconsumedbyadeviceisgivenbyp(t)=v(t)i(t), 
where v(t) and i(t) are defined using the associated variables discipline. 
Similarly, the instantaneous power delivered by a device is given by 
p(t)=-v(t)i(t).Theunitofpoweristhewatt. 
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Theamountofenergyw(t)consumedbyadeviceoveranintervaloftime 
ti— >t 2 ,isgivenby 



t2 

w(t)= M^t)i(t)dt 

wherev(t)andi(t)aredefinedusingtheassociatedvariablesdiscipline.The 

unitofenergyisthejoule. 

Ohm’slawstatesthatresistorsthatobeyOhm’slawsatisfytheequationv= 

iR,whereRisconstant.Theresistanceofapieceofhomogeneousmaterial 

isproportionaltoitslengthandinverselyproportionaltoitscross-sectional 

area. 

TheresistanceofaplanarpieceofmaterialwithlengthLandwidthWis 
givenby wl xRp,whereRpistheresistanceofasquarepieceof material. 

The four ideal circuit elements are the ideal conductor, the ideal linear 
resistor, thevoltagesource, andthecurrentsource. Theelementlawfor 
theidealconductoris 



v=0, 



fortheresistorwithresistanceRis 



v=iR, 



forthevoltagesourcesupplyingavoltageVis 

v=V, 

andforthecurrentsourcesupplyingacurrentlis 



Therepresentationofparametersinphysicalsystemsbytheirequivalent 

electricalcircuitparametershasbeendiscussed. 

Therepresentationofinformationintermsofanaloganddigitalelectrical 

signalshasbeendiscussed. 

In the process of introducing the elements and their element laws, we 
definedthesymbolsandunitsforvariousphysicalquantities.Thesedefinitions 
aresummarizedinTablel .2.Theunitscanbefurthermodifiedwithengineering 
multipliers. Severalcommonmultipliersandtheircorrespondingprefixsymbols 
andvaluesaregiveninTablel .3. 
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Time 


t 


Second 


s 




Frequency 


f 


Hertz 


Hz 


TABLE 1 .2 Electrical 


Current 


i 


Ampere 


A 


engineeringquantities,theirunits, 


Voltage 


v 


Volt 


V 


Power 


P 


Watt 


W 


andsymbolsforboth. 




Energy 


w 


Joule 


J 




Resistance 


R 


Ohm 






Conductance 


G 


Siemen 


S 




peta 




P 


1015 




tera 




T 


1012 




giga 




G 


109 




mega 




M 


106 


TABLE 1.3 Common 


kilo 




k 


103 


engineeringmultipliers. 


milli 




m 


10-3 




micro 




P 


10-6 




nano 




n 


10-9 




pico 




P 


10-12 




femto 




f 


10-15 



EXERCISES exercise 1 . 1 Quartzheatersareratedaccordingtotheaveragepowerdrawn 

from a 120-V AC 60-Hz voltage source. Estimate the resistance (when operating) a 
1 200-Wquartzheater. 

NOTE:Thevoltagewaveformfora120-VAC60-Hzwaveformis 

v(t)=V2T20cos(2n60t). 



Thefactorof\2irrthepeakamplitudecancelswhentheaveragepoweriscom- 

puted.Oneresultisthatthepeakamplitudeofthevoltagefroma120-voltwalloutlet 

isabout170volts. 
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exercise 1 .2 

a) The battery on your car has a rating stated in ampere-hours that permits you to 
estimatethelengthoftimeafullychargedbatterycoulddeliveranyparticularcurrent 
beforedischarge. Approximatelyhowmuchenergyisstoredbya50A-hour12-V 
battery? 

b) Assuming100%efficientenergyconversion,howmuchwaterstoredbehinda30m 
highhydroelectricdamwouldberequiredtochargethebattery? 



exercise 1 .3 InthecircuitinFigurel .46,Risalinearresistorandv=VDC 

a constant (DC) voltage. What is the power dissipated in the resistor, in terms of 
andVDC? 



exercise 1 .4 In the circuit of the previous exercise (see Figure 1 .46), v = 
VACcosoot, a sinusoidal (AC) voltage with peak amplitudeAV: and frequency oo , in 

radians/sec. 

a) WhatistheaveragepowerdissipatedinR? 

b) WhatistherelationshipbetweenVDC andVAC inFigurel .46whentheaverage 
powerinRisthesameforbothwaveforms? 

problem 1.1 Determinetheresistanceofacubewithsidesoflengthlcmsand 
resistivity10-cm,whenapairofoppositesurfacesarechosenastheterminals. 

problem 1 .2 Sketchthev icharacteristicofabatteryratedatlOVwithan 
internalresistanceof 1 0Ohms. 

problem 1 .3 Abatteryratedat7.2Vand10000Jisconnectedacrossalight- 
bulb.Assumethattheinternalresistanceofthebatteryiszero.Furtherassumethatthe 
resistanceofthelightbulbisl 00. 

1 . Draw the circuit containing the battery and the lightbulb and label the terminal 
variables for the battery and the lightbulb according to the associated variables 
discipline. 

2. Whatisthepowerintothelightbulb? 

3. Determinethepowerintothebattery. 

4. Show that the sum of the power into the battery and the power into the bulb 
iszero. 




FIGURE 1.46 



PROBLEMS 



5. Howlongwillthebatterylastinthecircuit? 
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problem 1 .4 Asinusoidalvoltagesource 

v=10Vsin(oot) 



isconnectedacrossal kresistor. 

1 . Makeasketchofp(t),theinstantaneouspowersuppliedbythesource. 

2. Determinetheaveragepowersuppliedbythesource. 

3. Now,supposethatasquarewavegeneratorisusedasthesource.lfthesquarewave 
signalhasapeak-to-peakof20Vandazeroaveragevalue,determinetheaverage 
powersuppliedbythesource. 

4. Next,ifthesquarewavesignalhasapeak-to-peakof20Vanda10Vaveragevalue, 
determinetheaveragepowersuppliedbythesource. 



resistive networks 




Asimpleelectricalnetworkmadefromavoltagesourceandfourresistorsis 

shown in Figure 2.1. This might be an abstract representation of some real 

electricalnetwork,oramodelofsomeotherphysicalsystem,forexample,a 

heatflowprobleminahouse.Wewishtodevelopsystematicgeneralmethods 

foranalyzingcircuitssuchasthis, sothatcircuitsofarbitrarycomplexitycan 

besolvedwithdispatch.Solvingoranalyzingacircuitgenerallyinvolvesfinding 

thevoltageacross,andcurrentthrough,eachofthecircuitelements. Systematic 

generalmethodswillalsoenableustoautomatethesolutiontechniquessothat 

computerscanbeusedtoanalyzecircuits.Lateroninthischapterandinthe 

next, wewillshowhowourproblemformulationfacilitatesdirectcomputer 

analysis. 

Tomaketheproblemspecific, supposethatwewishtofindthecurrent 
\4 in Figure 2.1 , given the values of the voltage source and the resistors. In 
general, we can resort to Maxwell’s Equations to solve the circuit. But this 
approachisreallyimpractical. Instead, whencircuitsobeythelumpedmatter 
discipline, Maxwell’sEquationscanbedramaticallysimplifiedintotwoalgebraic 
relationshipsstatedasKirchhoff’svoltagelaw(KVL)andKirchhoff’scurrentlaw 
(KCL).Thischapterintroducesthesealgebraicrelationshipsandthenusesthem 
todevelopasystematicapproachtosolvingcircuits,therebyfindingthecurrent 
kinourspecificexample. 

Thischapterfirstreviewssometerminologythatwillbeusefulinourdiscus- 
sions. WewillthenintroduceKirchhoff’slawsandworkoutsomeexamples 
to develop our facility with these laws. We will then introduce a systematic 
method for solving circuits based on Kirchhoff’s laws using a very simple, 




FIGURE 2.1 Simpleresistive 
network. 
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illustrative circuit. We will then apply the same systematic method to solve 
morecomplicatedexamples,includingtheoneshowninFigure2.1 . 



2.1 TERMINOLOGY 

Lumpedcircuitelementsarethefundamentalbuildingblocksofelectroniccir- 
cuits. Virtually all of our analyses will be conducted on circuits containing 
two-terminalelements;multi-terminalelementswillbemodeledusingcombi- 
nationsoftwo-terminalelements.Wehavealreadyseenseveraltwo-terminal 
elements such as resistors, voltage sources, and current sources. Electronic 
accesstoanelementismadethroughitsterminals. 

Anelectroniccircuitisconstructedbyconnectingtogetheracollectionof 
separateelementsattheirterminals,asshowninFigure2.2.Thejunctionpoints 
atwhichtheterminalsoftwoormoreelementsareconnectedarereferredtoas 
thenodesofacircuit.Similarly,theconnectionsbetweenthenodesarereferred 
toastheedgesorbranchesofacircuit.NotethateachelementinFigure2.2 
formsasinglebranch.Thusanelementandabrancharethesameforcircuits 
comprisingonlytwo-terminalelements. Finally, circuitloopsaredefinedtobe 
closedpathsthroughacircuitalongitsbranches. 

Severalnodes, branches, andloopsareidentifiedinFigure2.2.lnthecircuit 
inFigure2.2,thereare10branches(andthus,10elements)and6nodes. 

As another example, a is a node in the circuit depicted in Figure 2.1 at 
whichthreebranchesmeet.Similarly,bisanodeatwhichtwobranchesmeet. 
abandbcareexamplesofbranchesinthecircuit.Thecircuithasfivebranches 
andfournodes. 

Sinceweassumethattheinterconnectionsbetweentheelementsinacircuit 
areperfect(i.e.,thewiresareideal),thenitisnotnecessaryforasetofelements 
tobejoinedtogetheratasinglepointinspacefortheirinterconnectiontobe 
considered a single node. An example of this is shown in Figure 2.3. While 
thefourelementsinthefigureareconnectedtogether.theirconnectiondoes 
not occur at a single point in space. Rather, it is a distributed connection. 
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FIGURE 2.3 Distributed 
interconnectionsoffourcircuit 
elementsthatnonethelessoccur 
atasinglenode. 




FIGURE 2.4 Voltageandcurrent 
definitionsillustratedonabranchin 
acircuit. 



Nonetheless, becausetheinterconnectionsareperfect, theconnectioncanbe 
consideredtobeasinglenode,asindicatedinthefigure. 

Theprimarysignalswithinacircuitareitscurrentsandvoltages,whichwe 
denotebythesymbolsiandv, respectively. Wedefineabranchcurrentasthe 
currentalongabranchofthecircuit(seeFigure2.4),andabranchvoltageasthe 
potentialdifferencemeasuredacrossabranch.Sinceelementsandbranchesare 
thesameforcircuitsformedoftwo-terminalelements,thebranchvoltagesand 
currentsarethesameasthecorrespondingterminalvariablesfortheelements 
formingthebranches. Recall, asdefinedinChapterl .theterminalvariablesfor 
anelementarethevoltageacrossandthecurrentthroughtheelement. 

Asanexample,i4isabranchcurrentthatflowsthroughbranchbcinthe 
circuitinFigure2.1. Similarly, v4isthebranchvoltageforthebranchbc. 

2.2 KIRCHHOFF’S LAWS 

Kirchhoffs current law and Kirchhoffs voltage law describe how lumped- 

parametercircuitelementscoupleattheirterminalswhentheyareassembled 

intoacircuit.KCLandKVLarethemselveslumped-parametersimplifications 

ofMaxwell’sEquations.ThissectiondefinesKCLandKVLandjustifiesthat 

they are reasonable using intuitive arguments. i These laws are employed in 

circuitanalysisthroughoutthisbook. 



1.TheinterestedreadercanrefertoSectionA.2inAppendixAforaderivationofKirchhoff slaws 
fromMaxwell’sEquationsunderthelumpedmatterdiscipline. 
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2.2.1 KCL 

LetusstartwithKirchhoff’scurrentlaw(KCL). 

KCL Thecurrentflowingoutofanynodeinacircuitmustequalthecurrent 
flowingin.Thatis,thealgebraicsumofallbranchcurrentsflowingintoany 
nodemustbezero. 

Putanotherway, KCLstatesthatthenetcurrentthatflowsintoanode 
through some of its branches must flow out from that node through its 
remainingbranches. 

ReferringtoFigure2.5,ifthecurrentsthroughthethreebranchesintonode 

aareia,ib,andic,thenKCLstatesthat 



ia+ib+ic=0. 

Similarly, the currents into node b must sum to zero. Accordingly, we 
musthave 



— ib— i4=0. 

KCL has a simple intuilive. justification. Referring to the closed box-like 
surfaceaepictedinFigure2.5, ixiseasytoseethattnecurrentsia, b> andic 

mustsumtozero,forotherwise,therewouldbeacontinuouschargebuildup 

atnodea.Thus,KCLissimplyastatementoftheconservationofcharge. 

Let us now illustrate the different interpretations of KCL with the help 
of Figure 2.6. Which interpretation you use depends upon convenience and 
thespecificcircuityouaretryingtoanalyze.Figure2.6showsanodejoining 
N branches. Each of the branches contains some two-terminal element, the 
specificsofwhicharenotrelevanttoourdiscussion.Notethatallbranchcur- 
rents are defined to be positive into the node. Since KCL states that no net 




FIGURE 2.5 Currentsintoanodeinthenetwork. 



FIGURE 2.6 AnodeatwhichNbranchesjoin. 
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FIGURE 2.7 Twoseries- 
connectedcircuitelements. 



currentcanflowintoanode,itfollowsforthenodeinFigure2.6that 

N 



in=0. 

n=1 

Next,bynegatingEquation2.1 ,KCLbecomes 

N 



(— in)=0. 
n=1 



( 2 . 1 ) 



( 2 . 2 ) 



Since-in isacurrentdefinedtobepositiveoutfromthenodeinFigure2.6, 
thissecondformofKCLstatesthatnonetcurrentcanflowoutfromanode. 
Finally, Equation2. 1 canberearrangedtotaketheform 

M N 

in= (-in), ( 2 ‘ 3 ) 

n=1 n=M+1 

whichdemonstratesthatthecurrentflowingintoanodethroughonesetof 

branchesmustflowoutfromthenodethroughtheremainingbranches. 

AnimportantsimplificationofKCLfocusesonthetwoseries-connected 
circuitelementsshowninFigure2.7.TakingKCLtostatethatnonetcurrent 
can flow into a node, the application of KCL at the node between the two 
elementsyields 



ii — i2=0 => ii=i2. ^ ' ' 

This result is important because it shows that the branch currents passing 

through two series-connected elements must be the same. That is, there is 

nowhereforthecurrentiitogoasitentersthenodeconnectingthetwoele- 

mentsexcepttoexitthatnodeasi 2 . Infact, withmultipleapplicationsofKCL, 

thisobservationisextendibletoalongerstringofseries-connectedelements. 

Suchanextensionwouldshowthatacommonbranchcurrentpassesthrough 

astringofseries-connectedelements. 




example 2.1 a more general use of kcl To illustrate 

themore generaluseofKCLconsiderthecircuitinFigure2.8,whichhassixbranches 



FIGURE 2.8 Acircuitillustrating 
amoregeneraluseofKCL. 
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FIGURE 2.9 Thecircuitin 

Figure2.8withtwobranchcurrents 

numericallydefined. 




FIGURE 2.10 Fivebranches 
meetingatanode. 
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connectingfournodes. Again, takingKCLtostatethatnonetcurrentcanflowintoa 
node,theapplicationofKCLtothefournodesinthecircuityields 



Nodel : 


0=— ii — i2— i3 


(2.5) 


Node2: 


0=ii+i4-i6 


(2.6) 


Node3: 


0=i2— i4— is 


(2.7) 


Node4: 


0=i3+i5+i6. 


(2.8) 



Notethatbecauseeachbranchcurrentflowsintoexactlyonenodeandoutfromexactly 

onenode,eachbranchcurrentappearsexactlyonceinEquations2.5through2.8posi- 

tively,andexactlyoncenegatively.ThiswouldalsobetrueifEquations2.5through2.8 

wereallwrittentostatethatnonetcurrentcanflowoutfromanode.Suchpatternscan 

oftenbeusedtospoterrors. 

Itisalsobecauseeachbranchcurrentflowsintoexactlyonenodeandoutfromexactly 
onenodethatsummingEquations2.5through2.8yieldsO = 0. Thisinturnshows 
thatthefourKCLequationsaredependent. Infact, acircuitwithNnodeswillhave 
onlyN-1 independentstatementsofKCL. Therefore, whenfullyanalyzingacircuitit 
isbothnecessaryandsufficienttoapplyKCLtoallbutonenode. 

lfsomeofthebranchcurrentsinacircuitareknown,thenitispossible thatKCLalone 
canbeusedtofindotherbranchcurrentsinthecircuit.Forexample,considerthecircuit 
inFigure2.8withii=1 Aandi3=3A,asshowninFigure2.9.UsingEquation2.5, 

namelvKCLforNodel jtcanbeseenthati ^=-4A.Thisisallthatcanbelearned 
fromKCLalonegiventheinformationinFigure2.9. 

Butjfwefurtherknowthatis =-2A,forexample,wecanlearnfromKCLapplied 
totheothernodesthati ~-2Aandi =- 6 1 A. 



example 2.2 using kcl to determine an unknown 

branch current Figure 2.10 shows five branches meeting at a node in 

somecircuit.Asshowninthefigure,fourofthebranchcurrentsaregiven.Determinei. 

ByKCL,thesumofallthecurrentsenteringanodemustequalthesumofallthecurrents 

exitingthenode.lnotherwords, 



2A+3A+6A=1 2A+i 



Thus,i=-1 A. 
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FIGURE 2.11 Nodexinacircuit 
pulledoutfordisplay. 



example 2.3 kcl applied to an arbitrary node 
in a circuit Figure 2.1 1 shows an arbitrary circuit from which we have 
grabbedanodexandpulleditoutfordisplay. Thenodeisajunctionpointforthree 
wireswithcurrentsii,i2,andi3.Forthegivenvaluesofiiandi2,determinethevalue 

ofi3. 

ByKCL,thesumofallcurrentsenteringanodemustbeO.Thus, 



ii+i2-i3=0 

Notethati3isnegatedinthisequationbecauseitisdefinedtobepositiveforacurrent 

exitingthenode.Thusi3isthesumofiiandi2andisgivenby 



i3=ii+i2=3cos(cjot)+6cos(cjot)=9cos(cjQt) 



example 2.4 even more kcl Figure2.12showsanodeconnect- 
ingthreebranches.Twoofthebrancheshavecurrentsourcesthatsupplythecurrents 
shown. Determinethevalueof i. 

ByKCL,thesumofallthecurrentsenteringanodemustequalO.Thus 

2A+1 A+i=0 



2 A 




andi=- 3A. 

FIGURE 2.12 Nodeconnecting 

Finally, it is important to recognize that current sources can be used to threebranches. 
constructcircuitsinwhichKCLisviolated. Severalexamplesofcircuitscon- 
structedfromcurrentsourcesinwhichKCLisviolatedateverynodeareshown 
inFigure2.13.Wewillnotbeconcernedwithsuchcircuitsherefortworeasons. 

First, ifKCLdoesnotholdatanode,thenelectricchargemustaccumulateat 
thatnode.Thisisinconsistentwiththeconstraintofthelumpedmatterdisci- 
plinethatdq/dtbezero. Second, ifacircuitwereactuallybuilttoviolateKCL, 
somethingwouldultimatelygive.Forexample,thecurrentsourcesmightcease 
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FIGURE 2.13 Circuitsthat 
violateKCL. 



tofunctionasidealsourcesastheyopposeoneanother.lnanycase,thebehav- 

ioroftherealcircuitwouldnotbewellmodeledbythetypeofcircuitshown 

inFigure2.13,andsothereisnoreasontostudythelatter. 

2.2.2 KVL 

LetusnowturnourattentiontoKirchhoff’svoltagelaw(KVL).KVLisapplied 

tocircuitloops,thatis,tointerconnectionsofbranchesthatformclosedpaths 

throughacircuit.lnamanneranalogoustoKCL,Kirchhoff’svoltagelawcan 

bestatedas: 

KVL Thealgebraicsumofthebranchvoltagesaroundanyclosedpathina 
networkmustbezero. 

Alternatively, itstatesthatthevoltagebetweentwonodesisindependent 
ofthepathalongwhichitisaccumulated. 

lnFigure2.14, theloopstartingatnodea, proceedingthroughnodesb 
and c, and returning to a, is a closed path. In other words, the closed loop 
definedisaclosedbypath.thethreecircuitbranchesa^b,b— >c,andc— >ainFigure2.14 

AccordingtoKVL,thesumofthebranchvoltagesaroundthisloopiszero. 

Thatis, 



Vab+Vbc+Vca=0 



Inotherwords, 

V1+V4+V3=0 

wherewehavetakenthepositivesignforeachvoltagewhengoingfromthe 

positiveterminaltothenegativeterminal.ltisimportantthatweareconsistent 

inhowweassignpolaritiestovoltagesaswegoaroundtheloop. 

AhelpfulmnemonicforwritingKVLequationsistoassignthepolaritytoa 

givenvoltageinaccordancewiththefirstsignencounteredwhentraversingthat 

voltagearoundtheloop. 

LikeKCL,KVLhasanintuitivejustificationaswell. Recallthatthedef- 
inition of the voltage between a pair of nodes in a circuit is the potential 




FIGURE 2.14 Voltagesina 
closedloopinthenetwork. 
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VM-1 



VI 



+ 




FIGURE 2.15 Aloopcontaining 
Nbranches. 



differencebetweenthetwonodes.Thepotentialdifferencebetweentwonodes 
isthesumofthepotentialdifferencesforthesetofbranchesalonganypath 
betweenthetwonodes.Foraloop.thestartandendnodesareoneandthe 
same, and there cannot be a potential difference between a node and itself. 
Thus, sincepotentialdifferencesequatetovoltages, thesumofbranchvolt- 
agesalongaloopmustequalzero. Bythesamereasoning, sincethevoltage 
between any pair of nodes must be unique, it must be independent of the 
pathalongwhichbranchvoltagesareadded. Noticefromthedefinitionofa 
voltagethatKVLissimplyanexpressionoftheprincipleofconservationof 
energy. 

The different interpretations of KVL are illustrated with the help of 
Figure 2.15, which shows a loop containing N branches. Consider first the 
loopinFigure2.15inwhichallbranchvoltagesdecreaseintheclockwisedirec- 
tion. SinceKVLstatesthatthesumofthebranchvoltagesaroundaloopis 
zero,itfollowsfortheloopinFigure2.15that 



Note that in summing voltages along a loop we have adopted the con- 
ventionproposedearlier:Apositivebranchvoltageisaddedtothesumifthe 
pathentersthepositiveendofabranch.Otherwiseanegativebranchvoltageis 
addedtothesum.Therefore,toarriveatEquation2.9,wehavetraversedthe 
loopintheclockwisedirection.Next,bynegatingEquation2.9,KVLbecomes 



N 



Vn=0. 



(2.9) 



n=1 



N 



(-Vn)=0. 



( 2 . 10 ) 



n=1 



Since -vn is a voltage defined to be positive in the opposite direction, this 
second form of KVL shows that KVL holds whether it is applied along the 
clockwiseorcounterclockwisepatharoundtheloop. 
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FIGURE 2.16 Aloopcontaining 

Nbrancheswithsomeofthe 

voltagedefinitionsreversed. 




example 2.5 path independence of kvl Consider the 

loopinFigure2.16inwhichsomeofthevoltagedefinitionsarereversedforconvenience. 

ApplyingKVLtothisloopyields 



M-1 



N 



Vn+ (— Vn)=0 

n=1 n=M 



M-1 



Vn= 




n=1 n=M 



( 2 . 11 ) 



The second equality in Equation 2.1 1 demonstrates that the voltage between two 
nodesisindependentofthepathalongwhichitaccumulated.lnthiscase,thesecond 
equalityshowsthatthevoltagebetweenNodeslandMisthesamewhetheraccumu- 
lated along the path up the left side of the loop or the path up the right side of the 
loop. 



+ 

vi 




+ 

V2 



AnimportantsimplificationofKVLfocusesonthetwoparallel-connected 
circuitelementsshowninFigure2.17.Startingfromtheuppernodeandapply- 
ingKVLinthecounterclockwisedirectionaroundtheloop betweenthetwo 
circuitelementsyields 



V1-V2=0 => V1=V2. v ' ’ 

Thisresultisimportantbecauseitshowsthatthevoltagesacrosstwoparallel- 
connected elements must be the same. In fact, with multiple applications of 
KVL, this observation is extendible to a longer string of parallel-connected 
elements. Suchanextensionwouldshowthatacommonvoltageappearsacross 
allparallel-connectedelementsinthestring. 



example 2.6 a more general use of kvl To illustrate 
themoregeneraluseofKVLconsiderthecircuitinFigure2.18,whichhassixbranches 
connectingfournodes.Fourpathsalongtheloopsthroughthecircuitarealsodefinedin 
thefigure;notethattheexternalloop,Loop4,isdistinctfromtheotherthree.Applying 



FIGURE 2.17 Twoparallel- 
connectedcircuitelements. 
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FIGURE 2.18 Acircuithaving 
fournodesandsixbranches. 



KVLtothefourloopsyields 



Loopl : 0 =— vi +V2+V4 


(2.13) 


Loop2: 0=-v2+v3-v5 


(2.14) 


Loop3: 0=-v4+v5-v6 


(2.15) 


Loop4: 0=vi+v6-v3 


(2.16) 



Notethatthepathsalongtheloopshavebeendefinedsothateachbranchvoltageis 

traversedpositivelyaroundexactlyoneloopandnegativelyaroundexactlyoneloop. 

It is for this reason that each branch voltage appears exactly once in Equations 2.13 

through2.16positively,andexactlyoncenegatively.AswiththeapplicationofKCL, 

suchpatternscanoftenbeusedtospoterrors. 



It is also because each branch voltage is traversed exactly once positively and once 
negativelythatsummingEquations2.13through2.16yields0=0.Thisinturnshows v 
thatthefourKVLequationsaredependent. Ingeneral, acircuitwithNnodesandB 
brancheswillhaveB-N+1loopsaroundwhichindependentapplicationsofKVLcan 
bemade. Therefore, whileanalyzingacircuititisnecessarytoapplyKVLonlytothese 
loops, whichwillintotal,traverseeachbranchatleastonceintheprocess. 

If some of the branch voltages in a circuit are known, then it is possible that KVL 
alonecanbeusedtofindotherbranchvoltagesinthecircuit. Forexample, consider 
thecircuitinFigure2.1 8withvi=1 Vandv3=3V,asshowninFigure2.1 9. Using 




Equation2.16,namelyKVLforLoop4,itcanbeseenthatv ^=2V.Thisisallthat 
canbelearnedfromKvLalonegiventheinformationinFigure2.19.But,ifwefurther 

knowthatv 2 =2V, forexample, wecanlearnfromKVLappliedtotheotherloops 



FIGURE 2.19 Thecircuitin 
Figure2.1 8withtwobranch 
voltagesnumericallydefined. 



thatV4=-1 Vandv =tV. 
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FIGURE 2.20 Circuitsthat 
violateKVL. 




FIGURE 2.21 Theseries 
connectionoftwol .5-Vbatteries. 
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Finally, itisimportanttorecognizethatvoltagesourcescanbeusedtocon- 
structcircuitsinwhichKVLisviolated.Severalexamplesofcircuitsconstructed 
fromvoltagesourcesinwhichKVLisviolatedaroundeveryloopareshown 
in Figure 2.20. As with circuits that violate KCL, we will not be concerned 
with circuits that violate KVL, for two reasons. First, if KVL does not hold 
aroundaloop,thenmagneticfluxlinkagewillaccumulatethroughthatloop. 

This is inconsistent with the constraint of the lumped matter discipline that 

dB/dt=Ooutsidetheelements. Second, ifacircuitwereactuallybuilttovio- 

lateKVL,somethingwouldultimatelygive.Forexample,thevoltagesources 

mightceasetofunctionasidealsourcesastheyopposeoneanother.Alterna- 

tively,theloopinductancemightbegintoaccumulatefluxlinkage,leadingto 

highcurrentsthatwoulddamagethevoltagesourcesortheirinterconnections. 

lnanycase,thebehavioroftherealcircuitwouldnotbewellmodeledbythe 

typeofcircuitshowninFigure2.20, andsothereisnoreasontostudythe 

latter. 



example 2.7 voltage sources in series Twol.5-Vvolt- 

agesourcesareconnectedinseriesasshowninFigure2.21 . Whatisthevoltagevat 
theirterminals? 

Todeterminev, employ, forexample,acounterclockwiseapplicationofKVLaround 
thecircuit,treatingtheportformedbythetwoterminalsasanelementhavingvoltagev. 
Inthiscase,1 .5V+1 .5V-v=0,whichhasforitssolutionv=3V. 



example 2.8 kvl Thevoltagesacrosstwooftheelementsinthecircuitin 

Figure2.22aremeasuredasshown.Whatarethevoltages,viandv2,acrosstheother 

twoelements? 

Sinceelement#1isconnectedinparallelwithelement#4, thevoltagesacrossthem 

mustbethesame. Thus, vi =5V. Similarly, thevoltageacrosstheseriesconnectionof 

elements#2and#3mustalsobe5V 3 sov 2 =3V.Thislatterresultcanalsobeobtained 
throughthecounterclockwiseapplicationofKVLaroundtheloopincludingelements 

#2,#3,and#4,forexample.Thisyields,v2+2V-5V=0.Again,v2=3V. 



example 2.9 verifying kvl for a circuit Verify that 
thebranchvoltagesshowninFigure2.23satisfyKVL. 

Summingthevoltagesintheloope,d,a,b,e,weget 



-3-1 +3+1=0. 

Similarly, summingthevoltagesintheloope,f,c,b,e,weget 



+1-(-2)-4+1=0. 
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+ 3 V - + 4 V - 




-2 V 



1 V 



FIGURE 2.22 Acircuitwithtwomeasuredandtwo FIGURE 2.23 Acircuitwithelementvoltagesasshown. 

unmeasuredvoltages. 

Finally, summingthevoltagesintheloopg,e,f,g,weget 



- 2 + 1 + 1 = 0 . 



KVL is satisfied since the sum of the voltages around each of the three circuit loops 
iszero. 



example 2.10 summing voltages along different 

paths Next,giventhebranchvoltagesshowninFigure2.23,determinethevolt- 

agevgabetweenthenodesgandabysummingthebranchvoltagesalongthepathg,e, 

d,a.Then,showthatvgaisthesameifpathg,f,c,b,aischosen. 

Summingthevoltageincreasesalongthepathg,e,d,a,weget 
vga=-2V-3V-1V=- 6V. 

Similarly, summingthevoltageincreasesalongthepathg,f,c,b,aweget 
vga=-1 V-(-2V)-4V-3V=- 6V. 



Clearly, bothpathsyield-6Vforvga. 
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Thusfar, Chaptersl and2haveshownthattheoperationofalumped 
system is described by two types of equations: equations that describe the 
behaviorofitsindividualelements,orelementlaws(Chapter1),andequations 
thatdescribehowitselementsinteractwhentheyareconnectedtoformthe 
system, orKCLandKVL(Chapter2). Foranelectroniccircuit, theelement 
laws relate the branch currents to the branch voltages of the elements. The 
interactionsbetweenitselementsaredescribedbyKCLandKVL.whichare 
alsoexpressedintermsofbranchcurrentsandvoltages.Thus,branchcurrents 
andvoltagesbecornethefundamentalsignalswithinalumpedelectroniccircuit. 



2.3 CIRCUIT ANALYSIS: BASIC METHOD 

Wearenowreadytointroduceasystematicmethodofsolvingcircuits. Itis 
framedinthecontextofasimpleclassofcircuits, namelycircuitscontaining 
only sources and linear resistors. Many of the important analysis issues can 
be understood through the study of these circuits. Solving a circuit involves 
determiningallthebranchcurrentsandbranchvoltagesinthecircuit.lnpractice, 
somecurrentsorvoltagesmaybemoreimportantthanothers,butwewillnot 
makethatdistinctionyet. 

Beforewereturntothespecificproblemofanalyzingtheelectricalnetwork 
shown in Figure 2.1 , let us first develop the systematic method using a few 
simplercircuitsandbuildupourinsightintothetechnique.Wesawpreviously 
that under the lumped matter discipline, Maxwell’s Equations reduce to the 
basicelementlawsandthealgebraicKVLandKCL. Accordingly, asystematic 
solutionofthenetworkinvolvestheassemblyandsubsequentjointsolution 
oftwosetsofequations. Thefirstsetofequationscomprisetheconstituent 
relationsfortheindividualelementsinthenetwork.Thesecondsetofequations 
resultsfromtheapplicationofKirchhoffscurrentandvoltagelaws. 

Thisbasicmethodofcircuitanalysis,alsocalledtheKVLandKCLmethodor 

thefundamentalmethod,isoutlinedbythefollowingsteps: 

1 . Defineeachbranchcurrentandvoltageinthecircuitinaconsistent 
manner.Thepolaritiesofthesedefinitionscanbearbitraryfrom 
onebranchtothenext.Flowever,foranygivenbranch,followthe 
associatedvariablesconvention(seeSection1 .5.3inChapter1).lnother 
words, thebranchcurrentshouldbedefinedaspositiveintothepositive 
voltageterminalofthebranch.Byfollowingtheassociatedvariables, 
elementlawscanbeappliedconsistently.andthesolutionswillfollow 
amuchclearerpattern. 

2. Assembletheelementlawsfortheelements.Theseelementlawswill 
specifyeitherthebranchcurrentorbranchvoltageinthecaseofan 
independentsource,orspecifytherelationbetweenthebranchcurrent 
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andvoltageinthecaseofaresistor.Examplesoftheseelementlaws 
werepresentedinSectionl .6. 

3. ApplyKirchhoff’scurrentandvoltagelawsasdiscussedinSection2.2. 

4. JointlysolvetheequationsassembledinSteps2and3forthebranch 
variablesdefinedinStepI . 

Theremainderofthischapterisdevotedtocircuitanalysisexamplesthat 

rigorouslyfollowthesesteps. 

Oncethetwosetsofequationsareassembled, whichisarelativelyeasy 
task,theanalysisofacircuitessentiallybecomesaproblemofmathematics,as 
indicatedbyStep4.Thatis,theequationsassembledearliermustbecombined 
andusedtosolveforthebranchcurrentsandvoltagesofinterest. However, 
becausethereismorethanonewaytoapproachthisproblem, ourstudyof 
circuitanalysisdoesnotendwiththedirectapproachoutlinedhere.Consider- 
abletimecanbesaved,andconsiderableinsightcanbegained,byapproaching 
circuit analyses in different ways. These gains are important subjects of this 
andfuturechapters. 



2.3.1 SINGLE-RESISTOR CIRCUITS 

Toillustrateourbasicapproachtocircuitanalysis,considerthesimplecircuit 

showninFigure2.24.Thecircuithasoneindependentsourceandoneresistor, 

andsohastwobranches.eachwithacurrentandavoltage.Thegoalofour 

circuitanalysisistofindthesebranchvariables. 

Step1intheanalysisistolabelthebranchvariables.WedosoinFigure2.25. 
Sincetherearetwobranches, therearetwosetsofvariables. Noticethatthe 
branchvariablesforthecurrentsourcebranchandfortheresistorbrancheach 
followtheassociatedvariablesconvention. 

Now, we proceed with Steps 2 through 4: assemble the element laws, 
applyKCLandKVL,andthensimultaneouslysolvethetwosetsofequations 
tocompletetheanalysis. 




FIGURE 2.24 Acircuitwithonly 
oneindependentcurrentsource 
andoneresistor. 




respectively. Here, vi, ii, V 2 , and i 2 are the branch variables. Note the dis- 
tinctionbetweenthebranchvariableii andthesourceamplitudel. Here, the 
independentsourceamplitudelisassumedtobeknown. 

Next,followingStep3,weapplyKCLandKVLtothecircuit.Sincethe 

circuithastwonodes,itisappropriatetowriteKCLforonenode,asdiscussed 



FIGURE 2.25 Assignmentof 
branchvariables. 
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FIGURE 2.26 Acircuitwithonly 
oneindependentvoltagesource 
andoneresistor. 
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inSection2.2.1.TheapplicationofKCLateithernodeyields 



ii+i2=0. 



(2.19) 



Thecircuitalsohastwobranchesthatformoneloop.So,followingthediscus- 

sioninSection2.2.2itisappropriatetowriteKVLforoneloop.Startingatthe 

uppernodeandtraversingtheloopinaclockwisemanner,theapplicationof 

KVLyields 



NoticewehaveusedourmnemonicdiscussedinSection2.2.2forwritingKVL 
equations. Forexample,inEquation2. 20, wehaveassigneda+polaritytov 2 
sincewefirstencounterthe+signwhentraversingthebranchwithvariable 
M2. Similarly, we have assigned a - polarity to visince we first encounter 



the ^l^al1y h ?Slo^in r gSlf^\wecom l K : neEquations2.17through2.20and 
solvejointlytodetermineallfourbranchvariablesinFigure2.25.Thisyields 



— i i =i2= I , 



V1=V2=RI, 

andcompletestheanalysisofthecircuitinFigure2.25. 



( 2 . 21 ) 

( 2 . 22 ) 



example 2.11 single-resistor circuit with one 

independent voltage source Now consider another simple 

circuit shown in Figure 2.26. This circuit can be analyzed in an identical manner. It 

toohastwoelements,namelyavoltagesourceandaresistor.Figure2.26alreadyshows 

thedefinitionsofbranchvariables.andsoaccomplishesStepl. 

Next,followingStep2wewritetheelementlawsfortheseelementsas 



vi =V 



V2=Ri2, 



(2.23) 

(2.24) 



respectively.Here,theindependentsourceamplitudeVisassumedtobeknown. 

Next,followingStep3,weapplyKCLandKVLtothecircuit.Sincethecircuithastwo 
nodes, itisagainappropriatetowriteKCLforonenode. TheapplicationofKCLat 
eithernodeyields 

ii+i2=0. ^ 2 '“ 

Thecircuitalsohastwobranchesthatformoneloop,soitisagainappropriatetowrite 
KVLforoneloop.TheapplicationofKVLaroundtheoneloopineitherdirectionyields 



V1=V2. 



(2.26) 
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Finally, followingStep4,wecombineEquations2.23through2.26todetermineallfour 
branchvariablesinFigure2.26.Thisyields 



V 

-ii=i2= R “ ’ 



VI =V2=V, 

andcompletestheanalysisofthecircuitinFigure2.26. 



(2.27) 

(2.28) 



For the circuit in Figure 2.25, there are four equations to solve for four 
unknownbranchvariables. Ingeneral, acircuithavingBbrancheswillhave2B 
unknownbranchvariables:BbranchcurrentsandBbranchvoltages.Tofind 
thesevariables,2Bindependentequationsarerequired,Bofwhichwillcome 
fromelementlaws,andBofwhichwillcomefromtheapplicationofKVLand 
KCL. Moreover, ifthecircuithasNnodes,thenN-1equationswillcomefrom 
theapplicationofKCLandB-N+1equationswillcomefromtheapplication 
ofKVL. 

Whilethetwoexamplesofcircuitanalysispresentedhereareadmittedly 
verysimple,theynonethelessillustratethebasicstepsofcircuitanalysis:label 
the branch variables, assemble the element laws, apply KCL and KVL, and 
solvetheresultingequationsforthebranchvariablesofinterest.Whilewewill 
notalwaysfollowthesestepsexplicitlyandinexactlythesameorderinfuture 
chapters, itisimportanttoknowthatwewillnonethelessprocessexactlythe 
sameinformation. 

Itisalsoimportanttorealizethatthephysicalresultsoftheanalysisofthe 
circuitinFigure2.25,andofanyothercircuitforthatmatter,cannotdepend 
on the polarities of the definitions of the branch variables. We will work an 
exampletoillustratethispoint. 



example 2.12 polarities of branch variables 

ConsidertheanalysisofthecircuitinFigure2.27,whichisphysicallythesameasthe 

circuitinFigure2.25.Theonlydifferenceinthetwofiguresisthereversalofthepolari- 

tiesofi2andv2.ThecircuitinFigure2.27circuithasthesametwoelements,andtheir 

elementlawsarestill 



ii=-l 



V2=Ri2. 



(2.29) 

(2.30) 




Notethatthepolarityreversalofi 2 andv 2 hasnotchangedtheelementlawforthe FIGURE 2.27 Acircuitsimilarto 

resistorfromEquation2.18becausetheelementlawforalinearresistorissymmetric theoneshowninFigure2.24. 

whentheterminalvariablesaredefinedaccordingtotheassociatedvariablesconvention. 
Thecircuitalsohasthesametwonodesandthesameloop.TheapplicationofKCLat 
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eithernodenowyields 



ii-i2=0, 

andtheapplicationofKVLaroundtheloopnowyields 



VI +V2=0. 



(2.31) 

(2.32) 



NotethatEquations2.31and2.32differfromEquations2.19and2.20becauseofthe 
polarityreversalofi 2 andv 2 . Finally, combiningEquations2.29through2.32yields 



— ii =— i2=l 



V1=-V2=RI, 

whichcompletestheanalysisofthecircuitinFigure2.27. 



(2.33) 

(2.34) 



Now compare Equations 2.33 and 2.34 to Equations 2.21 and 2.22. The important 
observationhereisthattheyarethesameexceptforthepolarityreversalofthesolutions 
fori 2 andv 2 . ThismustbethecasebecausethecircuitsinFigures2.25and2.27are 
physicallythesame,andsotheirbranchvariablesmustalsobephysicallythesame. Since 
wehavechosentodefinetwoofthesebranchvariableswithdifferentpolaritiesinthe 
twofigures, thesignsoftheirvaluesmustdifferaccordinglysothattheydescribethe 
samephysicalbranchcurrentandvoltage. 



2.3.2 QUICK INTUITIVE ANALYSIS OF 
SINGLE-RESISTOR CIRCUITS 

Beforemovingontomorecomplexcircuits, itisworthwhiletoanalyzethe 
circuitinFigure2.25inamoreintuitiveandefficientmanner.Here,theelement 
lawforthecurrentsourcedirectlystatesthatii = -I. Next, theapplication 
ofKCLtoeithernoderevealsthati 2 =-i =hlnotherwords,thecurrent 
fromthesourceflowsentirelythroughtheresistor.Next,fromtheelementlaw 
fortheresistor,itfollowsthatv 2 =Ri 2 =RI.FinallytheapplicationofKVL 
totheoneloopyieldsv i=v =dRltocompletetheanalysis. 



example 2.13 quick intuitive analysis of a 

single-resistor circuit This example considers the circuit in 
Figure2.26. Flere, theelementlawforthevoltagesourcedirectlystatesthatvi = V. 
Next,theapplicationofKVLaroundtheonelooprevealsthatv 2 =v ^V.lnother 
words, thevoltagefromthesourceisapplieddirectlyacrosstheresistor.Next,fromthe 
elementlawfortheresistor,itfollowsthati 2 =v 2 /R=V/R. Finally, theapplicationof 
KCLtoeithernodeyieldsi i=-i =- 2 V/Rtocompletetheanalysis.Noticethatwe 
hadmadeuseofasimilarintuitiveanalysisinsolvingourbatteryandlightbulbexample 
inChapterl. 



The important message here is that it is not necessary to first assemble 
allthecircuitequations,andthensolvethemallatonce. Rather, usingalittle 
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intuition, itislikelytobemuchfastertoapproachtheanalysisinadifferent 
manner.WewillhavemoretosayaboutthisinSection2.4andinChapter3. 

2.3.3 ENERGY CONSERVATION 

Oncethebranchvariablesofacircuithavebeendetermined, itispossibleto 

examinetheflowofenergythroughthecircuit.Thisisoftenaveryimportant 

partofcircuitanalysis.Amongotherthings,suchanexaminationshouldshow 

thatenergyisconservedinthecircuit. ThisisthecaseforthecircuitsinFig- 

ures2.25and2.26.UsingEquations2.21and2.22weseethatthepowerinto 

thecurrentsourceinFigure2.25is 



iivi=-Rl 2 



(2.35) 



andthatthepowerintotheresistoris 



i2V2=Rl2. 



(2.36) 



ThenegativesigninEquation2.35indicatesthatthecurrentsourceactually 

suppliespower. 

Similarly, usingEquations2.27and2.28weseethatthepowerintothe 
voltagesourceinFigure2.26is 



V 2 

ii vi =— R 



(2.37) 



andthatthepowerintotheresistoris 



i2V2= VR2. 



(2.38) 



lnbothcases,thepowergeneratedbythesourceisequaltothepowerdissipated 

intheresistor.Thus,energyisconservedinbothcircuits. 

Conservationofenergyisitselfanextremelypowerfulmethodforobtain- 
ing many types of results in circuits. It is particularly useful in dealing with 
complicated circuits that contain energy storage elements such as inductors 
and capacitors that we will introduce in later chapters. Energy methods can 
oftenallowustoobtainpowerfulresultswithoutalotofmathematicalgrunge. 
Wewillusetwoenergy-basedapproachesinthisbook. 
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1. Oneenergyapproachequatestheenergysuppliedbyasetofelements 
inacircuittotheenergyabsorbedbytheremainingsetofelementsina 
circuit.Usually,thismethodinvolvesequatingthepowergeneratedby 

thedevicesinacircuittothepowerdissipatedinthecircuit. 

2. 

Anotherenergyapproachequatesthetotalamountofenergyinasystem 

attwodifferentpointsintime(assumingthattherearenodissipative 

elementsinthecircuit). 

Wewillillustratetheuseofthefirstmethodusingafewexamplesinthis 
section, andSection9.5inChapter9willhighlightexamplesusingthesecond 
method. 



example 2.14 energy conservation Determine the value 
ofvinthecircuitinFigure2.28usingthemethodofenergyconservation. 

Wewillshowthatthemathematicalgrungeofthebasicmethodcanbeeliminatedusing 
theenergymethodandsomeintuition.lnFigure2.28,thecurrentsourcemaintainsa 
currenti=0.002Athroughthecircuit.Todeterminev,weequatethepowersupplied 
bythesourcetothepowerdissipatedbytheresistor.Sincethecurrentsourceandthe 
FIGURE 2.28 Energy resistorshareterminals,thevoltagevappearsacrossthecurrentsourceaswell.Thus, 

conservationexample. thepowerintothesourceisgivenby 



i 




2 mA 



vx(-0.002)=-0.002v. 

Inotherwords,thepowersuppliedbythesourceis0.002v. 

Next,thepowerintotheresistorisgivenby 

V2 

Tfr^O.OOl V2. 



Finally, equating the power supplied by the source to the power dissipated by the 
resistor, wehave 



0.002v=0.001 V2. 



i = 3 mA? 




3 -V 



1 k& 



lnotherwords,v=0.5V. 

a 

example 2.15 using an energy-based approach to 
verify a result A student applies the basic method to the circuit in 
Figure2.29andobtainsi=3mA.Determinewhetherthisansweriscorrectbyusing 
themethodofenergyconservation. 



FIGURE 2.29 Anotherenergy 
conservationexample. 



Byenergyconservation,thepowersuppliedbythesourcemustbeequaltothepower 
dissipatedbytheresistor. Usingthevalueofthecurrentobtainedbythestudent, the 
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energydissipatedbytheresistorisgivenby 



i 2 x 1 K=9mW. 

Theenergyintothevoltagesourceisgivenby 



3Vx3mA=9mW. 



In other words, the energy supplied by the source is given by -9 mW. Clearly the 
energysuppliedbythesourceisnotequaltotheenergydissipatedbytheresistor,and 
so i = 3 mA is incorrect. Notice that if we reverse the polarity of i, energy will be 
nnnsftrvftrl Thi is i=-.3mAiRthftmrmntanRwftr 



2.3.4 VOLTAGE AND CURRENT DIVIDERS 

Wewillnowtackleseveralcircuitscalleddividersthatareslightlymorecomplex 
thanthesimplestsingle-loop, two-node, two-elementcircuitsoftheprevious 
section.Thesecircuitswillcompriseasingleloopandthreeormoreelements, 
ortwonodesandthreeormoreelements.Dividersproducefractionsofinput 
currentsorvoltagesandwillbeencounteredofteninsubsequentchapters.For 
themoment, however, theyaregoodexamplesonwhichtopracticecircuit 
analysis, andwecanusethemtogainimportantinsightintocircuitbehavior. 




(a) 



(b) 



FIGURE 2.30 Voltage-divider 
circuit. 



VoltageDividers 

Avoltagedividerisanisolatedloopthatcontainstwoormoreresistorsanda 

voltagesourceinseries.Aphysicalvoltagedividercircuitisillustratedpictorially 

inFigure2.30a.Wehaveconnectedtworesistorsinseries,andconnectedthe 

pairbysomewirestoabattery.Suchacircuitisusefulifwewishtoobtainsome 

arbitraryfraction,say 10 %,ofthebatteryvoltageattheterminalsmarkedv 2 . 

Tofindtherelationbetweenv 2 andthebatteryvoltageandresistorvalues,we 

drawthecircuitinschematicform,asshowninFigure2.30b.Wethenfollow 

thebasicfour-stepmethodoutlinedinSection2.3tosolvethecircuit. 

1 . Thecircuithasthreeelements,orbranches,andhenceitwillhavesix 
branchvariables.Figure2.31showsonepossibleassignmentofbranch 
variables. 

Tofindthesebranchvariables,weagainassembletheelement 

lawsandtheappropriateapplicationsofKCLandKVL,andthen 

simultaneouslysolvetheresultingequations. 



ii 




Ri 



\2 

R2 



FIGURE 2.31 Assignmentof 
branchvariablestothevoltage 
divider. 



2. Thethreeelementlawsare 



vo=-V 



(2.39) 



resistive networks 



vi =Ri ii 
V2=R2i2. 



(2.40) 

(2.41) 



3. Next.weapplyKCLandKVL.TheapplicationofKCLtothetwoupper 
nodesyields 



io=ii < 2 ' 42 ) 

. . (2.43) 

11=12 

andtheapplicationofKVLtotheoneloopyields 

vo+vi+v2=0. (2.44) 

4. Finally, Equations2.39through2.44canbesolvedforthesixunknown 
branchvariables.Thisyields 



1 

io=ii=i 2 = H 1 +K 2 V 



(2.45) 



and 



vo=-V 

Ri 

vi = H 1 +R 2 V 



(2.46) 

(2.47) 



R2 

V2= Kl + hW 

Thiscompletestheanalysisofthetwo-resistorvoltagedivider. 
Fromtheresultsofthisanalysisitshouldbeapparentwhythecircuitin 
Figure2.31iscalledavoltagedivider.Noticethatv2issomefraction(specifically, 
R 2 /(Ri+R 2 ))ofthesourcevoltageV,asdesired.Thefractionistheratioofthe 
resistanceaboutwhichthevoltageismeasuredandthesumoftheresistances. 
ByadjustingtherelativevaluesofRiandR 2 wecanmakethisfractionadjust 
anywhere from 0 to 1 . If, for example, we wish V 2 to be one-tenth of V, 
as suggested at the start of this example, then Ri should be nine times as 
bigas R 2 . 

Noticealsothatvi+v 2 =V,andthatthetworesistorsdividethevoltage 

Vinproportiontotheirresistancessincev 1 /\£=R /ft .£orexample,ifR \h 
twiceR^thenv iptwicev 2 
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The voltage-divider relationship in terms of conductance can be found 
fromEquation2.48bysubstitutingtheconductancesinplaceoftheresistances: 



I/G 2 

V2= 1/G1 + 1/G2V 
G 

= G 1 +G/ 2 V. 



(2.49) 

(2.50) 



Hencethevoltage-dividerrelationsexpressedintermsofconductancesinvolve 
theconductanceoppositethedesiredvoltage, dividedbythesumofthetwo 
conductances. 

ThesimplecircuittopologyofFigure2.30issocommonthatthevoltage- 
dividerrelationgivenbyEquation2.48willbecomeaprimitiveinourcircuit 
vocabulary. Itishelpfultobuildupasetofsuchprimitives, whicharereally 
solvedsimplecases,tospeedupcircuitanalysis,andtofacilitateintuition. 

Asimplemnemonic:Forthevoltagev 2 ,taketheresistanceassociatedwithv 2 

d i v i d e dbyth e sumofth e twor e s i stano e s,mu l t i p lie dbyth e vo l tag e app lie dto 

thepair. 



example 2.16 voltage divider Avoltagedividercircuitsuchas 
thatinFigure2.30hasV=10VandR2=1k.ChooseRisuchthatv2is10%ofV. 

BythevoltagedividerrelationofEquation2.48,wehave 

R 2 

V2= K1 + K2V. 



Forv2tobe1 0%ofVwemusthave 



vV2=0.1 = 



R 2 

H 1 +H 2 . 



ForR 2=1 k,wemustchooseRisuchthat 

Ik 

0.1= FTT+TF 



orRi=9k. 

0 

example 2.17 temperature variation Consider the cir- 
cuitinFigure2.31 inwhichV=5V,Ri=1 03,andR2=1 03(1 +T/(500°C)), 

whereTisthetemperatureofthesecondresistor.Overwhatrangedoesv 2 varyifT 

variesovertherange-1 00°C^TS1 OO^C? 
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Giventhetemperaturerange,Ft 2 variesovertherange: 

0.8x1 03<R2<1 .2 x103. 

Therefore, following Equation 2.48, 2.2 V £ V 2 s 2.7 V, with the higher voltage 
occurringatthehighertemperature. 



Having determined its branch variables we can now examine the flow 
of energy through the two-resistor voltage divider. Using Equations 2.45 
through2.48weseethatthepowerintothesourceis 



V2 




iovo=- 


(2.51) 


R 1 +R 2 




andthatthepowerintoeachresistoris 




R 1 V 2 




i 1 vi = 


(2.52) 


(Rl + R2)2 




R 2 V 2 


(2.53) 


i2V2= (Kl+H2)2. 





Sincethepowerintothevoltagesourceistheoppositeofthetotalpowerinto 

thetworesistors,energyisconservedinthetwo-resistorvoltagedivider.That 

is.thepowergeneratedbythevoltagesourceisexactlydissipatedinthetwo 

resistors. 

ResistorsinSeries 

lnelectroniccircuitsoneoftenfindsresistorsconnectedinseries,asshownin 
Figures2.31and2.32. Forexample, inourlightbulbexampleofChapterl , 
supposethewirehadanonzeroresistance,thenthecurrentthroughthewire 
would be related to the value of several resistances-including those of 
the wires and the bulb-m. series. Our lumped circuit abstraction and the 
resultingKirchhoff’slawsallowustocalculatetheequivalentresistanceofsuch 
combinationsusingsimplealgebra. 

Specifically, theanalysisofthevoltagedividershowsthattworesistorsin 
seriesactasasingleresistorhavingaresistanceRsequaltothesumofthetwo 
individualresistancesRiandR 2 .lnotherwords,seriesresistancesadd. 

Rs=Ri+R 2 

Toseethis,observethatthevoltagesourceinFigure2.31appliesthevolt- 
ageVtotwoseriesresistorsRi andR 2 , andthatfromEquation2.43these 
resistors respond with the common current ii = i 2 through their branches. 
Further, observe from Equation 2.45 that this common current, i=i =i 2 



r 
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is linearly proportional to the voltage from the source. Specifically, from 
Equation2.45,thecommoncurrentisgivenby 

i= R 1 +R 2 V. (2 ‘ 55) 

BycomparingEquation2.55toEquation1 .4, weconcludethatfortwo 
resistorsinseries.theequivalentresistanceofthepairwhenviewedfromtheir 
outer terminals is the sum of the individual resistance values. Specifically, if 
Rs istheresistanceoftheseriesresistorpair, then, fromEquation2.55, we 
findthat 



Rs= i“ =Ri+R 2 . (2 - 56) 

ThisisconsistentwiththephysicalderivationofresistanceinEquationl.6 

sinceplacingresistorsinseriesessentiallyincreasestheircombinedlength. 

By substituting their conductances, we can also obtain the equivalent 
conductanceofapairofconductancesinseriesas 



1 1 1 
Gs = GT+G ~ m 



Simplifying, 



G 1 G 2 
Gs= G 1 +G 2 . 



(2.57) 



(2.58) 



As shown in the ensuing example, we can generalize our result for 
twoseriesresistorstoNresistorsinseriesas: 

Rs=Ri+R2+R3+-Rn. P**- 

Rememberthisresultasanothercommoncircuitprimitive. 



example 2.18 an N-resistor voltage divider Now 

consideramoregeneralvoltagedividerhaving Nresistors, asshowninFigure2.33. 

It can be analyzed in the same manner as the two-resistor voltage divider. The only 

differenceisthattherearenowmoreunknownstofind,andhencemoreequationsto 

workwith.Tobegin,supposeweassignthebranchvariablesasshowninFigure2.33. 



ii 




Theelementlawsare 



io 



vo=-V 

Vn=Rnin, 1<n<N. 



(2. 6°) F | GURE 2.33 Avoltagedivider 

(2.61) withNresistors. 
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Next,theapplicationofKCLtotheN-1uppernodesyields 



in=in-i, 1<n<N 



(2.62) 



andtheapplicationofKVLtotheoneloopyields 



VO+V1+-"VN=0. 



(2.63) 



Finally, Equations2.60through2.63canbesolvedtoyield 



ln= 



nV, 0<n<N 



(2.64) 



R1+R2+--R 




(2.65) 



( 2 . 66 ) 



Thiscompletestheanalysis. 

Aswasthecaseforthetwo-resistorvoltagedivider,theprecedinganalysisshowsthat 
seriesresistorsdividevoltageinproportiontotheirresistances. Thisfollowsfromthe 
Rninthenumeratoroftheright-handsideofEquation2.66. 

Additionally,theanalysisagainshowsthatseriesresistancesadd.Toseethis,letRsbe 

theequivalentresistanceoftheNseriesresistors.Then,fromEquation2.64weseethat 



ThisresultissummarizedinFigure2.34. 

Finally, thetwovoltage-dividerexamplesillustrateanimportantpoint,namelythatseries 
elementsallcarrythesamebranchcurrentbecausetheterminalsfromtheseelements 
areconnectedend-to-endwithoutconnectiontoadditionalbranchesthroughwhichthe 
currentcandivert.ThisresultsintheKCLseeninEquations2.42, 2.43, and2. 62, which 
statetheequivalenceofthebranchcurrents. 



V 

RS= in =Ri+R2+-"Rn. 



(2.67) 




0 



FIGURE 2.34 Theequivalence 
ofseriesresistors. 



Rs= Ri + R 2 + ... + Rn 



Rn 
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example 2.19 voltage-divider circuit Determineviand 

V2 for the voltage-divider circuit in Figure 2.35 with Ri = 1 0 , R 2 = 20 , and 

v(t)=3Vusing(a)thebasicmethodand(b)theresultsfromvoltagedividers. 

(a)Letusfirstanalyzethecircuitusingthebasicmethod. 

1 . AssignvariablesasinFigure2.36. 

2. Writetheconstituentrelations 



vo=3V 
vi =1 Oil 
V2=20i2. 

3. WriteKCL 



4. WriteKVL 



ii-i2=0. 



-VO+V1+V2=0. 

Noweliminateiiandi2fromEquations2.69,2.70,and2.71,toobtain 

V 2. 

vi= 2“ 



( 2 . 68 ) 

(2.69) 

(2.70) 



(2.71) 

(2.72) 



(2.73) 



Substitutingthisresultandvo=3VintoEquation2.72,weobtain 

v 

-3V+ 22~tv2=0. 



(2.74) 
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FIGURE 2.35 Voltage-dividercircuit. 



FIGURE 2.36 Voltagedividerwithvariablesassigned. 
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Hence, 



2 

V2= ^/=2V 



(2.75) 



andfromEquation2.73,vi=1 V. 

(b) Using the voltage-divider relation, we can write by inspection the value V 2 as a 
functionofthesourcevoltageasfollows: 

20 

V2= 10+203V=2V. 



Similarly, 



10 

vi = 10+203V=1 V. 



CurrentDividers 



io 



i2 



0 ~ T ~i~ 

1 VO VI R-I 



+ 

V2 



R2 



FIGURE 2.37 Acurrentdivider 
withtworesistors. 



io 



[7] T— “T— " — =r- 

I VO VI Rl VN 



iN 

Rn 



FIGURE 2.38 Acurrentdivider 
withNresistors. 



Acurrentdividerisacircuitwithtwonodesjoiningtwoormoreparallelresistors 
andacurrentsource.TwocurrentdividersareshowninFigures2.37and2.38, 
thefirstwithtworesistorsandthesecondwithNresistors. Inthesecircuits, 
theresistorsshare,ordivide,thecurrentfromthesourceinproportiontotheir 
conductances. Itturnsoutthattheequationsforvoltagedividerscomprising 
voltages and resistances, and those for current dividers comprising currents 
andconductances,areverysimilar.Therefore,tohighlightthedualitybetween 
thesetwotypesofcircuits,wewillattempttomirrorthestepsfromourvoltage 
dividerdiscussion. 

Consider the two-resistor current divider shown in Figure 2.37. It has 
threeelements,orbranches,andhencesixunknownbranchvariables.Tofind 
thesebranchvariablesweagainassembletheelementlawsandtheappropriate 
applications of KCL and KVL, and then simultaneously solve the resulting 
equations. First, thethreeelementlawsare 



io=-l 


(2.76) 


vi =Ri ii 


(2.77) 


V2=Ft2i2. 


(2.78) 



Next,theapplicationofKCLtoeithernodeyields 



io+ii+i2=0 

andtheapplicationofKVLtothetwointernalloopsyields 



(2.79) 



V0=V1 



VI =V2. 



(2.80) 

(2.81) 
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Finally, Equations2. 76through2. 81 canbesolvedforthesixunknownbranch 
variables.Thisyields 



io=— I 
R2 

ii= R 1 +R 2 I 

Ri 

i 2 = K 1 +H 2 I 



(2.82) 

(2.83) 

(2.84) 



and 

R 1 R 2 (2.85) 

V0=V1=V2= H1+K2I. 

Thiscompletestheanalysisofthetwo-resistorcurrentdivider. 

The nature of the current division in Equations 2.83 and 2.84 is more 
obviousiftheyareexpressedintermsoftheconductancesGiandG 2 where 
Gandi=2.841/RbecomeiandG2=1/R2.Withthesedefinitions,iiandi2inEquations2.83 



Gi 

ii= G 1 +G 2 I 



( 2 . 86 ) 



G 2 

i 2 = G 1 +G 2 I. 



(2.87) 



ltisnowapparentthatii+i 2 =l,andthatthetworesistorsdividethecurrent 

u _C 2 t anc e ss inceii/i 2 =G /fe .Fbrexample,ifG 1 

Tosummarizeourcurrentdividerdiscussion: 

Thecurrenti 2 isequaltotheinputcurrentlmultipliedbyafactor,thistime 

mad e upofth Q oppos i t e r Q s i stor.R^d i v i d e dbyth e sumofth Q twor e s i stors 

(seeEquation2.84). 

Thisrelationwillalsobecomeausefulprimitiveinouranalysisvocabulary. 
Aswedidwithvoltagedividers,wecannowexaminetheflowofenergy 
throughthetwo-resistorcurrentdivider. UsingEquations2.82through2.85 
weseethatthepowerintothesourceis 



i 0 v Q =- R 1 R 2 I 2 — ( 2 . 88 ) 

R4R2 

andthatthepowerintoeachresistoris 



R 1 R 22 I 2 



ilV1= (Rl + R2)2 



(2.89) 



82 



CHAPTER TWO 



resistive networks 



R21R212 

i2V2= (Kl+K2)2. 



(2.90) 



Sincethepowerintothecurrentsourceistheoppositeofthetotalpowerinto 

thetworesistors.energyisconservedinthetwo-resistorcurrentdivider.That 

is,thepowergeneratedbythecurrentsourceisexactlydissipatedinthetwo 

resistors. 



Ri 




R 2 



ResistorsinParallel 

Resistorsinparalleloccurascommonlyasresistorsinseries.Tworesistorsin 

parallelareshowninFigures2.37and2.39. 

Our preceding analysis shows that the two resistors in parallel act as a 
singleresistorRp havingaconductanceGp (whereGp= 1/Rp)equaltothe 
sumofthetwoindividualconductances.lnotherwords,parallelconductances 
add: 



FIGURE 2.39 Resistorsin 
parallel. 



To see this, observe that the current source in Figure 2.37 applies the 
currentltotwoparallelresistors,andthatfromEquation2.85theseresistors 
respondattheirterminalswiththecommonvoltagev=vi=v 2 thatislinearly 
proportionaltothecurrentfromthesource.Thus,theresistorsbehavetogether 
asasingleresistorwhenviewedfromtheircommonterminals. 

LetGPbetheconductanceoftheparallelresistorpair.Then,fromEqua- 
tionwecan2.85,writewiththesubstitutionofGi =1 /Ri andG 2 ^i /R 2 ,andv=vi =V 2 , 

R 1 R 2 
v= R 1 +R 2 I. 

Or,intermsofconductances, 

1 

v= G 1 +G 2 I. 

Inotherwords, 

Gp= iGi+G2. (2 ’ 94) 

Flence, theequivalentconductanceofthetwoparallelresistorsisthesumof 
theirindividualconductances.Thisisconsistentwiththephysicalderivationof 
resistanceinEquationl ,6sinceplacingresistorsinparallelessentiallyincreases 
theircombinedcross-sectionalarea. 

Inpractice, itismorecommontoworkwithresistancesthanitistowork 
with conductances, although conductances are sometimes more convenient. 
Forthisreasonjtisworthwhiletofindtheequivalentresistanceoftwoparallel 



(2.92) 



(2.93) 
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resistorsintermsoftheindividualresistances.Lettheequivalentresistancebe 

Rp.Then,fromEquation2.94itfollowsthat 



1 1 1 

Rp =Gp=Gi+G2= Ri 



(2.95) 



from which it follows that the equivalent resistance of two resistances in 
parallelisgivenby 



R 1 R 2 
HP= R 1 +R 2 






which is the product of the two resistor values divided by their sum. This 
relationcanalsobeobservedin2.92, whichhasaformanalogoustoOhm’s 
law(Equation1 .4). 

Parallelresistorsoccurfrequentlyenoughtomeritashorthandnotation: 

thetworesistorvaluesseparatedbytwoparallelverticallines 



R 1 R 2 

RiR 2 = R 1 +R 2 . 



(2.97) 



Asweshowshortly,wecangeneralizethisresulttoNresistorsconnected 
inparallel. IftheequivalentresistanceforNresistorsconnectedinparallelis 
givenbyRp,thenthereciprocalofRpisgivenintermsofRi,R2,R3,...RNas 



r^> = RT+R2TR3 R . ~ 

TheequivalentresistanceofNresistorsinparallelisyetanotherexampleofa 

usefulprimitivethatisworthremembering. 

TheshorthandnotationforNresistancesinparallelis 



Rp=RiR2R3---Rn. 



(2.99) 



Asanexample,whenNresistors,eachwithresistanceR,areconnectedin 
parallel, theeffectiveresistanceissimply 



Rp= MR. 



( 2 . 100 ) 



exam pl e 2.20 an N-resistor current divider 
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a — 
2 A 



B 4 



FIGURE 2.41 AVLSIresistor. 



example 2.21 planar resistor Figure 2.41 depicts a planar 

resistor fabricated on a VLSI chip. Suppose Rp= 10, find the effective resistance 

betweenterminalsAandB. 

Recalling that the resistance of any square piece of the given material is Rp, we can 

viewtheplanarresistorasbeingcomposedofthreeseriesconnectedsquares,eachwith 

resistanceRpasdepictedinFigure2.42. 



a — 7 

2 A 



B 4 



FIGURE 2.42 AVLSIresistor 

depictedasseriesconnected 

squares. 



ThustheeffectiveresistancebetweenAandBissimply3Rp. Inpractice, however, the 
resistanceofsuchapieceofmaterialislikelytobelargerthan3Rpduetofringingeffects, 
Sectionl .4discussesseveralsucheffectsthatlimittheaccuracyofourlumpedcircuit 
model. 

a 

example 2.22 equivalent resistance Computetheequiv- 
alentresistanceoftheresistorcombinationshowninFigure2.43. 



4 k& 




:f k& 



4 k& 



FIGURE 2.43 Aseries-parallel 
resistorcombination. 



Using the series-parallel simplification sequence shown in Figure 2.44, we find the 
equivalentresistancetobe3k. 

a 

example 2.23 equivalent resistance combinations 

WhatequivalentresistorscanbemadebycombininguptothreelOOO-resistorsin 

seriesand/orinparallel? 

Figure 2.45 shows the possible resistor combinations that use up to three resistors. 
To determine their equivalent resistance, use the parallel combination result from 

Equation2.109andtheseriescombinationresultfromEquation2.67.Thisyields 

equivalentresistancesof: (A)1000, (B)500, (C)2000, (D)333, (E)667, 

(F)1 500,and(G)3000. 



4k& 



r~ 

E 



k& 

4k&r 



1k& 
2 k& 




FIGURE 2.44 Equivalent 

resistanceofaseries-parallel 

resistorcombination. 



2.3.5 A MORE COMPLEX CIRCUIT 

Wearenowreadytotacklemorecomplexcircuits,suchastheelectricalnetwork 

showninFigure2.1.Morespecifically,letussupposethatthecurrenti4isof 

particularinteresttous.Thiscircuitcontainstwoloopsandfournodes,andis 

amenabletoourfour-stepsolutionprocedure. 

As our first step, we choose to assign the branch variables as shown in 
Figure2.46.Recallthattheassignmentofvoltageandcurrentvariablesisstill 
arbitrary(otherthantheconstraintofassociatedvariables),andthatthesolution 
isinvariantunderthischoice. 

Asoursecondstep,wewritetheelementlawsforeachoftheelements. 

Theconstituentrelationsfortheresistorsinthiscircuitareoftheformv=iR, 

and the relation for the voltage source is^/ = V. In terms of the variables 
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definedinFigure2.46,theconstituentrelationsare 



vi=iiRi 

V2=i2Ft2 

V3=i3R3 

V4=i4R4 

V5=V. 



( 2 . 110 ) 

( 2 . 111 ) 

( 2 . 112 ) 

(2.113) 

(2.114) 



OurthirdstepinvolveswritingtheKVLandKCLequationsforthecircuit. 
ForKVL,onepossiblechoiceofclosedpathsisshowninFigure2.47. Ifwe 
assignthepolaritytoavoltageinaccordancewiththefirstsignencountered, 
weseethatforLoop1,v5andv2arenegative,viispositive.Thecorresponding 
KVLequationsare 



-V5+V1 — V2=0 
+V2+V3+V4=0. 



(2.115) 

(2.116) 



AdifferentchoiceofpathsisshowninFigure2.48. TheKVLequations 
forthischoicearederivablefromthesetwealreadyhave; hence(1)theyare 
equallyvalid,and(2)theycontainnonewinformation.ltfollowsthatadding 





5 ® 



FIGURE 2.45 Variouscom- 
binationsofresistorsinvolving 
uptothreeresistors. 



FIGURE 2.46 Assignmentof 
branchvariables. 
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+ vi - 



V5 
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V2 

+ 



Loop 2 



FIGURE 2.47 Onechoiceof 
closedpaths. 
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FIGURE 2.48 Alternativechoice 
ofpaths. 




athirdloop(loopb,Figure2.48)toFigure2.47willnotyieldaKVLequation 
independentofEquations2.1 15and2.1 16.2 

We now write the KCL equations. From Figure 2.46, at Node 1, KCL 
yields 



andatNode2 



— is— ii =0 



andatNode3 



+ii+i2-i3=0 



(2.117) 

(2.118) 



As in the case of loops, it is possible to write KCL at Node 4, but the 
equationisnotindependentofthosewealreadyhave. 

Onemightbetemptedtowritenodeequationsforthejunctionslabeled 
5and6, butthisdoesn’tmakemuchsense. Thebranchbetween4and6is 
aperfectconductor, henceitisreallyjustpartofthecopperleadattachedto 
resistorR4.Forthisreasonwedidnotbotherdefiningaseparatecurrentvariable 
forthisbranch.Asimilarargumentappliestobranch4-5. 

Anotherwaytoemphasizethat5and6arenottruenodesistoredraw 
thecircuitasshowninFigure2.49.Clearlythecircuittopologyisunchangedin 
thesensethattheinterconnectionsamongresistorsandsourcearethesameas 
before, butthefalsenodeshavedisappeared.Weconcludethatanodeshould 
bedefinedasajunctionwheretwoormorecircuitelements,otherthanperfect 
conductors, jointogether.Wheneveranumberofcircuitelementsconnectto 
oneperfectconductor, (forexample, 5, 4, 6inFigure2.46)onlyonenodeis 
created. 



2.AdetailedtreatmentofthetopologicalissuesunderlyingtheserulesiscontainedinGuillemin 
(Introductory Circuit Theory, Will, 1953) or Bose and Stevens (Introductory Network Theory, 
HarperandRow,1 965). 
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FIGURE 2.49 Circuitin 
Figure2.46redrawn. 



Wenowhavetenindependentequations(Equations2.1 10through2.1 19) 
and ten unknowns: five voltages and five currents. Thus the equations can 
besolvedforanyvariablebysimplealgebra. Tofindk, forexample, wecan 
firstsubstitutetheconstituentrelations, Equations2.1 10through2.1 14into 
Equations2.1 1 5and2.1 1 6: 



-V+iiRi-i2R2=0 

i2R2+i3R3+UR4=0. 

Noweliminatingi2andi3usingEquations2.1 18and2.1 19 



( 2 . 120 ) 

( 2 . 121 ) 



-V+iiRi+(ii-i4)R2=0 

(-il+i4)R2+i4R3+i4R4=0. 



( 2 . 122 ) 

(2.123) 



Rewritingtocollectvariablesandplaceintheknownvoltagesontheright- 

handsideofeachequation,weobtain 



ii(Ri+R2)-kR2=V 
-ii R2+i4(R2+R3+R4)=0, 
whichcanbeexpressedinmatrixformas 



(2.124) 

(2.125) 



(Ri+Rz) -R2 H = V . (2.126) 

-R 2 (R 2 +R 3 .R 4 ) 14 0 

Thematrixequationisintheform 



Ax=b 

wherexisacolumnvectoroftheunknowns(ii andi4)andbisthecolumn 
vector of drive voltages and currents (in this case, just V). This vector of 
unknownscanbesolvedbyusingstandardlinearalgebraictechniques. 
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Forexample,i4canbefoundbyapplyingCramer’sRule3 

VR2 

\4= (Ki + K2)(K2+K3+K4)-K2 

VR2 

= Hi R 2 +K 1 H 3 +K 1 H 4 +H 2 K 3 +H 2 K 4 . 



(2.127) 

(2.128) 



Withsomemoreeffort.wecanfindtherestofthebranchvariablesasgiven 

below 



-i5=il= H 1 ( K2+ H ^^^2^3+ K4) V 


(2.129) 


l2 — Ri(R2+R3+l?Tt F ^2(R3+R4)V 


(2.130) 


R2 

i3=i4= Hi (K2+H3+H4)+H2(K3+K4) V 


(2.131) 


V5=V 


(2.132) 


vi = Hi (R 2 +R 1 p + )^ft + ^+R4) V 


(2.133) 


V2=~ Hl(H2+H ghl-i )-^H2(l^t3+H4)V 


(2.134) 


R 2 R 3 

V3 = Rl(R2+R3+R4)+R2(R3+R4)V 


(2.135) 


R 2 R 4 

V4= Rl(R2+H3+R4)+H2(H3+R4)V. 


(2.136) 



Thiscompletesouranalysis. 

NotethatinFigure2.46,resistorsRiandR2alonedonotformasimple 
voltagedividerbecauseofthepresenceofR3andR4.ltistrue, however, that 
R3andR4formavoltagedivider. Further, RiandthenetresistanceofR2,R3, 
andR4formasecondvoltagedivider. 

TheanalysisofthecircuitinFigure2.46followingthegeneralapproach 

developedinthischapterisbothstraightforwardandtedious,withemphasison 



3.Cramer’sRuleisapopularmethodforsolvingequationsofthetypeAx=b,wherexandbare 

columnvectors,andAisamatrix.SeeAppendixDfornnoredetails. 
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tedious. Fortunately, asweshallseeinChapter3,therearemuchlesstedious 
approachestothisanalysis. However, inadvanceofthatwecanstillsimplifythe 
analysisbyemployingresultstakensolelyfromearliersectionsofthischapter. 
Specifically, Section2.4showsthatwecanemploytheequivalenceofparallel 
andseriesresistors,andthebehaviorofcurrentandvoltagedividers,todevelop 
anintuitiveandsimpleapproachtosolvingmanytypesofcircuits. 

2.4 INTUITIVE METHOD OF CIRCUIT 
ANALYSIS: SERIES AND 
PARALLEL SIMPLIFICATION 

To develop our intuition, let us first illustrate the method with the simple 

voltagedividerinFigure2.50a.Supposewewereinterestedindeterminingthe 

voltageacrossresistorR 2 .Thefigureshowsafewimportantvariablesmarked 

onit.Anintuitivewayofanalyzingthecircuitistoreplacethetworesistorsby 

theseriesequivalent, asinFigure2.50b, thenfindii usingOhm’slaw. From 

Equation2.56,theequivalentseriesresistanceisgivenby 



RS=Rl+R2 



andfromEquationl.4 



ii=V/Rs. 

Becauseiimustbethesameinthetwocircuits(inFigures2.50aand2.50b), 
wecannowf indv 2 f rom Figure2.50a 



V2=ilR2 

R2 

= R 1 +R 2 



V. 



(2.137) 

(2.138) 



Wehavenowdeterminedthevalueofv 2 inafewsimplestepsusingresults 

fromseriesresistancesandOhm’slaw.lnthefuture,wewillactuallywritedown 

theresultforthevoltagedividerinasinglestepbydirectlyapplyingthevoltage 

dividerrelationinEquation2.138. 



Ji ii 
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FIGURE 2.50 Anintuitivewayof 
analyzingthevoltagedividercircuit. 
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ltisworthdwellingonacoupleofthe“keymoves”ofourintuitivemethod. 
Thebasicapproachistofirstcollapse,thenexpand.Noticethatourfirstmove 
wastocollapseasetofresistancesintoasingleequivalentresistance.Then,we 
foundthecurrentintotheequivalentresistance. Finally, wetookanexpanded 
viewofthetworesistancestodeterminethespecificvoltageofinterest. 

Let us now use our intuition to develop an alternative method of ana- 
lyzingthecircuitinFigure2.46(repeatedinFigure2.51aforconvenience). It 
willbeobviousthattheintuitivemethodisfarlesstediousthantherigorous 
applicationofthebasicmethodinSection2.3. 

OuralternativeanalysisofthecircuitinFigure2.51afollowsthetwobasic 
movessuggestedearlief- firstcollapse,thenexpand. Accordingly, ouranal- 
ysisbeginsbycollapsingthecircuitusingtheequivalenceofparallelandseries 
resistors.ThisprocessisillustratedinFigure2.51.Notethatallbranchvariables 
thatcanbepreservedduringthiscollapseareshowninFigure2. 51. First, the 
series resistors R3 and Fi 4 are combined to yield the circuit in Figure 2.51 b. 
Next, R 2 is combined in parallel with the series equivalent of R3 and R4 to 
yieldthecircuitinFigure2. 51c. Finally, thetworemainingseriesresistorsare 
combinedinseriestoyieldthecircuitinFigure2.51d. 

WenowanalyzeourcollapsedcircuitinFigure2.51d.Trivially,weknow 

that 



vo=V 



and 



(d) 



io=-ii. 



figure 2.51 Coiiapsingthe Now, followingtheresultsofSection2.3.1 , orequivalentlybyapplying 

circuit. Ohm’slawdirectly,weknowthat 



V 

_ Ra(R34.Rfi) 

ii= Rl+ tf +R V 

4 

Thus,atthispoint,io,vo,andiiareknown. 

OurintuitiveanalysisconcludesbyexpandingthecircuitinFigure2.51d 
progressively. Asweexpand,wedeterminethevaluesofasmanyofthevariables 
aswecanintermsofpreviouslycomputedvariables. Followingthisprocess, 
first, thecircuitinFigure2. 51 ccanbeviewedasavoltagedividerofvo.lnother 
words.iicanbemultipliedbyeachofitstworesistancestodetermineviand 
V 2 .Thus, 



Ri 



vi =V 



_ R2(R3+R4) 

Rl+ AbIr' 



r 
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and 



Rg(Rj*Rd.) 

RZg-RS-R 4 



Ri + 



r^r3-ri) 



V2=V 1-11 + r 2 +r!r 
Next, sincev 2 isnowknown, R 2 andtheseriesdtiuivalentof R 3 andR4 in 
Figure2.51bcaneachbedividedintov2todeterminei2andi3.lnotherwords, 



i2= V2_ 

R 2 

v 2 

i3= R3+K4. 

Alternatively, i2andi3canbedeterminedbyviewingR2andtheseriesequivalent 
of R3andR4asacurrentdividerofii . 

Finally, sincei3 isnowknown, R 3 andR4 inFigure2.51acanbeviewed 
asavoltagedividerofv2,ortheycanbemultipliedbyi3=i4,todeterminev3 
andv 4 Doingsoyields 



and 



V3=i3R3 



V4=i3R4. 

ThiscompletestheintuitiveanalysisofthecircuitinFigure2.51a.Theimportant 
observationhereisthatthealternativeapproachtocircuitanalysisoutlinedin 
Figure2.51 isconsiderablysimplerthanthedirectapproach. 



example 2.24 circuit analysis simplification As 

anotherexampleofcircuitanalysissimplification,considerthenetworkoftwelveresis- 
torsshowninFigure2.52.EachresistorinthenetworkhasresistanceR,andtogether 
thenetworkoutlinestheshapeofacube. Additionally, thenetworkhastwoterminals 
markedAandB,whichextendfromoppositecornersofthecubetoformaport.We 
wishtodeterminetheequivalentresistanceofthenetworkasviewedthroughthisport. 

Todeterminethenetworkresistance, weturnthenetworkintoacompletecircuitby 

connectingahypotheticalcurrentsourcetoitsterminalsasshowninFigure2.53.Note 

thatthecircuitinFigure2.53isnowmuchthesameasthecircuitinFigure2.25;thetwo 

circuitsdifferonlyinthecomplexityoftheresistivenetworkacrossthecurrentsource. 

Next,wecomputethevoltageacrosstheportthatappearsinresponsetotheapplication 

ofthecurrentsource.Theratioofthisvoltagetothesourcecurrentisthentheequivalent 

resistanceofthenetworkasviewedthroughtheport. Notethatthisproceduredoes 

workasdesiredforthecircuitinFigure2.25sincethedivisionofEquation2.22byl 

yieldsv 2 /l=R. 



(h) (g) 




FIGURE 2.52 Acubicresistive 
network. 
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FIGURE 2.53 Introducinga 

currentintotheA-Bterminalpair 

ofthecubicnetwork. 




TurningnowtotheanalysisofthecircuitinFigure2.53, weseethatitinvolvesthe 
determinationof26branchvariables,whichseemslikeapainfultask. Fortunately, this 
analysiscanbegreatlysimplifiedbytakingadvantageofthesymmetryofthecircuit,and 
thatistheprimaryobservationtobemadehere.Asaconsequenceofthesymmetryof 
thecircuit,thethreebranchcurrentsii,i2,andi3areidentical,asarethethreebranch 
currents k, is, and i6. Further, KCL applied to the two nodes at the port terminals 
showsthatthesumofeachgroupofthreebranchcurrentsisl,soallsixbranchcurrents 
equall/3. 

Next,againduetothesymmetryofthecircuit,thesixbranchcurrentsi7 throughii 2 
areallidentical. Further, KCLappliedtoanyinteriornodeshowsthatthesesixbranch 
currentsallequall/6.Now,allbranchcurrentsinthecircuitareknown. 

So,throughtheirelementlaws,thebranchvoltagesacrossalltwelveresistorsareknown, 

leavingthebranchvoltageacrossthecurrentsourceastheonlyremainingunknown. 

FinallythroughtheapplicationofKVLaroundanyloopthatpassesthroughthecurrent 

sourceweseethatitsbranchvoltageis5RI/6.Dividingthisvoltagebylyields5R/6as 

theequivalentresistanceofthecubicnetworkofresistors. 

Whilethissolutionyieldsaninterestingresult, themoreimportantobservationisthe 
importanceofsimplifyingacircuit,inthiscasethroughsymmetry,beforeattemptingits 
analysis. 

B ~~~~ 

example 2.25 resistance of a cubic network An 

alternative method for determining the equivalent resistance of the cubic network in 
Figure 2.52 that uses series-parallel simplifications is now shown. Also suppose that 
eachoftheresistorsinthenetworkinFigure2.52hasaresistanceof1k.Ourgoal 
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FIGURE 2.54 Simplified 
network. 



istofindtheequivalentresistanceofthisresistivenetworkwhenlookingintotheA -B 
terminalpair. 

First, observethesymmetrypropertyofthisresistivenetwork. Fromanyoftheeight 
vertices, thenetworklooksidentical,andtherefore,theresistancebetweenanypairof 
verticesconnectedbythesoliddiagonal(forexample,(a)-(g),(b)-(h),(e)-(c),etc.)isthe 
same. Furthermore, looking into A, the set of paths from A to B starting along the 
edge(a)-(d)arematchedbyasetofpathsstartingalongtheedge(a)-(b),orbyasetof 
pathsstartingalongtheedge(a)-(e). Therefore, whenweapplyacurrentlasshownin 
Figure2.53, itmustsplitevenlyintoii, i 2 , andi3. Likewise, itdrawscurrentoffthe 
networkevenly,thatis,i4,i5,andi6arethesame.Sincethesamecurrentandresistance 
causesthesamevoltagedropacrosstheresistors,weconcludethatnodes(b),(d),and 
(e)havethesamevoltage, andnodes(h), (c), and(f)alsohavethesamevoltagewith 
respecttoanyreferencenode. 

Notice that if we connect nodes with identical voltages by an ideal wire it does not 
drawanycurrentanddoesnotchangethebehaviorofthecircuit. Therefore, forthe 
purposeofcomputingtheresistance,wecanconnectallnodeswithidenticalvoltages, 
andsimplifythenetworktotheoneshowninFigure2.54. 

Wecannowapplyourseriesandparallelrulestodeterminetheequivalentresistanceas 

Iklklk+lklklklklklk+lklklk 

whichequals 

1 1 1 5 
~T~ ^F ~T~ + ~T~ ^F ^F ^F ~T~ + ~T~ ^F ~T~ = B k ' 

Ik + Ik + Ik Ik + Ik + Ik + Ik + Ik + Ik Ik + Ik + Ik 

a 

example 2.26 resistor ratios Consider the more involved 

voltage-divider circuit in Figure 2.55a. The voltage source represents a battery that 
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FIGURE 2.55 Resistorcircuit: 

(a)morecomplexvoltage-divider 

circuit;(b)shorthandnotation. 




(a) 




(b) 



issupplyingpowertotherestofthecircuit.Further,assumethatthevoltageVoisof 

interesttous.NoticealsothatthetwovoltagesVsandVoshareacommonnegative 

referencenode.Apowersupplyvoltagesourceandacommonvoltagereferencewillbe 

encounteredsocommonlyinourcircuitlanguagethatitisworthcreatinganidiomatic 

representationforthem. 

Figure 2.55b introduces our shorthand notation. First, batteries that serve as power 

suppliesareoftennotshownexplicitlyandusetheupwardspointingarrownotation 

instead. Vsrepresentsthepowersupplyvoltage. Often, wearealsointerestedinmea- 

suringvoltageswithrespecttoacommonreferencenode,termedthegroundnode.This 

nodeisrepresentedwithanupside-down“T”symbolasshowninthefigure.Thepolar- 

itysymbolscorrespondingtovoltagesthatarereferencedfromthisnodearenotshown 

explicitly. Rather, thenegativesymbolisassociatedwiththegroundnodeandtheplus 
symbolisassociatedwiththenodeadjacenttowhichthevoltagevariableappears.4 



Now,referringtoFigure2.55b,supposeRi=R2=R3=10k,howdowechoose 
FtSsuchthatV 3:1V? 

The equivalent resistance of the three resistors in parallel is given by Equation 2.98. 
Thus, 



Req=10k10k10k= 




Usingthevoltagedividerrelationship,werequirethat 



Vo 



Req 

=5(Kl_+Keq) <1 , 



whichimpliesthatRLhastobeatleastfourtimesaslargeasReq.lnotherwords 



0 



4.Chapter3willdiscusstheconceptsofgroundnodesaswellasnodevoltagesinmoredetail. 
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2.5 MORE CIRCUIT EXAMPLES 



Letusnowreturntoapplyingthebasicmethodtoseveralothercircuits. Con- 
sider, for example, the circuit in Figure 2.56, which we will see again in 
Chapter 3. What is new about this circuit is that it contains two sources. It 
isnotamenabletotheintuitivemethoddiscussedinSection2.4.Nonetheless, 
itcanbeanalyzedbythebasicapproachpresentedinSection2.3. 

Theelementlawsforthiscircuitare 



vo=V 
vi =Ri ii 
V2=R2i2 

i3=— I. 



(2.139) 

(2.140) 

(2.141) 

(2.142) 





ii + vi - 


i3 


R 

ol — 1 






Ri' 


i2 


+ 


+ 


+ | 


V 


VO r 2 


i 

V2 









FIGURE 2.56 Acircuitwithtwo 
independentsources. 



Next,theapplicationofKCLtothetwouppernodesyields 



io=— n 



ii=i2+i3 



(2.143) 

(2.144) 



andtheapplicationofKVLtothetwointernalloopsyields 

V0=V1+V2 ( 2 - U5 ) 

(2.146) 

V2=V3. 

Finally, Equations2.139through2.146canbesolvedtoyield 



R2 


1 


(2.147) 


-io=ii=- r 1+ r 


2 l+ K 1 +K 2 V 


Ri 


1 


(2.148) 


i2= Ri+R 21+ 


H 1 +H 2 V 


i3=~l 




(2.149) 


vo=V 




(2.150) 


RlR2 


Ri 


(2.151) 


VI =- 2l+ 

Ri+R 


K 1 +H 2 V 


R 1 R 2 


R2 


(2.152) 


V2=V3= Ri + R 


2 I+ R 1 +K 2 V 



tocompletetheanalysis. 

What is most interesting about the results of this analysis is that each 
branchvariableinEquations2. 1 47through2.1 52isalinearcombinationof 



96 



CHAPTER TWO 



resistive networks 



atermproportionaltolandatermproportionaltoV.Thissuggeststhatwe 
couldanalyzethecircuitfirstwithV = Oandsecondwithl = 0, andthen 
combinethetwoanalysestoobtainEquations2.147through2.152.Thisisin 
factpossible,anditleadstoyetfurtheranalysissimplificationsasweshallsee 
inChapter3. 

Letusnowpracticethebasicmethodonseveralotherexamples. 




FIGURE 2.57 Anothercircuit 
withtwoindependentsources. 



example 2.27 circuit with two independent 

sources AnalyzethecircuitinFigure2.57usingthebasicmethod. Further, show 
thatenergyisconservedinthecircuit. 

The branch variable assignments are shown in the figure. The element laws for this 
circuitare 



vo=2V 

vi=3ii 

V2=2i2 



i3=3A. 



ApplyingKCLtothetwouppernodesgivesus 



io+ii+i 2=0 



ii=-i3. 

ApplyingKVLtothetwointernalloopsyields 



V0=V2 
V2— — V3+V1 . 

Solving the preceding eight equations, we get vo = 2 V, vi = -9 V, v 2=2 V, 

V3=-1 1 V,io=2A,ii =-3A,i2=1 A,andi3=3A. 

Toshowthatenergyisconserved, weneedtocomparethepowerdissipatedbythe 
resistorsandthepowergeneratedbythesources.Thepowerintotheresistorsisgivenby 

(-9 V) x (-3 A)+(2 V) x ( 1 A)=29W . 

Thepowerintothesourcesisgivenby 

(2 V) x (2A)+(- 1 1 ) x (3A)=-29W. 

It is easy to see that the power dissipated by the resistors equals the power gener- 
atedbythesources.Thus,energyisconserved. 
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exarn pie 2.28 basic circuit analysis method 

B 

example 2.29 determining the i - v character- 

istics of a circuit Determinethei vrelationshipforthetwo-terminal 
deviceshowninFigure2.61a.Makeasketchofthei -vrelationshipforR=4and 
V=5V.Asshowninthefigure,assumethattheinternalsofthedevicecanbemodeled 
asavoltagesourceinserieswitharesistor. 

Wewillfindthei welationshipofthedevicebyapplyingsomeformofexcitationtothe 
deviceterminalsandobtainingtherelationshipbetweenthevaluesofiandv.Oneofthe 
simplestinputswecanapplyisacurrentsourceprovidingacurrentitest,asillustrated 
inFigure2.61b.Thefigurealsoshowstheassignmentofbranchvariables. 

Wewillproceedbysolvingforthebranchvariables,vi,ii,v2,i2,v3,andi3,andthen 

obtain the i-v relationship by expressing v and i in terms of the expressions for the 

branchvariables.Usingthebasicmethod,wefirstwritetheelementlaws 



vi =V 



V2=i2R 



i3=— itest ' 

Next,weapplyKCLtothetwouppernodes 



ii=-i2 

i2=i3 



andKVLtotheloop 



V1-V3“V2=0. 

Thesesixequationscanbesolvedtoyield 

ii =— i2=— i3=itest 




i2 + V2 - 

' i3 









i3 


a 11 


R 


+ 


+ 




V 




V 




itest 






- 





(b) 



FIGURE 2.61 Determiningthe 

i-vcharacteristics:(a)atwo- 

terminaldevice;(b)assignmentof 

branchvariablestothecircuitcon- 

structedtodeterminethei-v 

characteristicsofthedevice. 
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FIGURE 2.62 Aplotofthei-v 
characteristicsforthedevice. 




and 



vi =V, v2=-itestR, and v3=V+itestR. 
Wecannowwritetheexpressionforvas 



V=V3=V+itestR 

andsubstitutingi=itest,weobtaintherelationshipbetweeniandvas 



v=V+iR. 

lnotherwords,thei -vrelationshipisgivenby 



1= V=A 



R 



SubstitutingV=5voltsandR=4,weget 



i= v- 



4 



ThisrelationshipisplottedinFigure2.62. 



2.6 DEPENDENT SOURCES AND 
THE CONTROL CONCEPT 

Section1.6introducedthevoltagesourceandthecurrentsourceasidealmod- 
elsforenergysources.Wecalltheseindependentsourcesbecausetheirvalues 
are independent of circuit operation. But many sources have values that are 
dependenton,thatis,controlledbysomeotherparametersinthesystem.For 
example, theacceleratorpedalinanautomobilecontrolsthepowerdelivered 
by the engine; the handle on a sink faucet controls the flow of water; and 
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roomlightscanbecontrolledbyeitheraswitch,abinaryortwo-statedevice, 

oradimmer, acontinuouscontroldevice. Chapter6willintroduceanother 

multi-terminaldevicecalledtheMOSFETinwhichacontrolvoltagebetween 

onepairofterminalsofthedevicedeterminestheMOSFET’sbehaviorbetween 

anotherpairofterminals.Thus,whenthemulti-terminaldependentsourceis 

connectedinacircuit.thebehaviorofthedevicecanbecontrolledbyavoltage 

orcurrentinsomeotherpartofthecircuit. 

lntheexamplescitedhere,onlyaverysmallamountofpowerisneededto 
controllargeamountsofpowerattheoutput.lnthecar,forexample,atrivial 
expenditureofenergycontrolshundredsofhorsepower.Toidealize,weassume 
thatzeropowerisrequiredtoexercisecontrol;wecallthisadependentsource 
or controlled source. The electrical forms of dependent sources are obvious 
extensionsofthesourceswehavealreadyseen:adependentvoltagesourcethat 
canbecontrolledbysomevoltageorcurrent,andadependentcurrentsource 
whichlikewisehasavaluedeterminedbysomevoltageorcurrent. Dependent 
sourcesaremostcommonlyusedtomodelelementshavingmorethantwo 
terminals. 

Figure2.63showsanidealizedvoltage-controlledcurrentsource(VCCS). 
Thedeviceinthefigurehasfourterminals.Apairofterminalsserveasthecon- 
trolportandanotherpairofterminalsaretheoutputport.lnmanysituations, 
thecontrolportisalsocalledtheinputport.Figure2.63showsalabelingofthe 
branchvariablesattheoutputportvouT andiouT, andthebranchvariables 
attheinputportviN andiiN. ThevalueofthevoltageviN acrossitscontrol 
inputportdeterminesthevalueofthecurrentiouTthroughitsoutputport.ln 
principle, suchadependentsourcecanprovidepower, butforsimplicitythe 
powerterminalsinherenttothesourcearenotshown. 

Thediamondshapeofthesymbolindicatesthatthedeviceisadependent 
source, andthearrowinsideindicatesthatitisacurrentsource.Thedirection 
ofthearrowindicatesthedirectionofthesourcedcurrentandthelabelnext 
tothesymbolindicatesthevalueofthesourcedcurrent.lntheexampleinthe 
figure, thesourcedcurrentissomefunctionofthevoltageviN 



iOUT=f(VIN). 



Control 

port 



iiN= 0 iouT 




Output 

port 



FIGURE 2.63 Voltage- 
controlledcurrentsource. 



e.g. f(viN) = gmviN 
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FIGURE 2.64 Acircuitcon- 

tainingavoltage-controlled 

currentsource. 
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Whenthedeviceisconnectedinacircuit, vin mightbeanotherbranch 
voltageinthecircuit. 

Weoftendealwithlineardependentsources.Alinearvoltage-controlled 

currentsourceischaracterizedbytheequation: 



IOUT=gvlN ' ‘ ' 

where g is a constant coefficient. When the dependent source is a voltage- 
controlledcurrentsource,thecoefficientgiscalledthetransconductancewith 
unitsofconductance. NoticethatEquation2.173istheelementlawforour 
dependentsourceexpressedasusualintermsofthebranchvariables.Wealso 
needtosummarizethebehavioroftheinputporttocompletelycharacterize 
thedependentsource.SinceouridealizedVCCSdoesnotrequireanypower 
tobesuppliedatitsinput.theelementlawfortheinputportissimply 



whichissimplytheelementlawforaninfiniteresistance.Fortheidealdependent 

sourcesconsideredinthisbook,wewillassumethatthecontrolportsareideal, 

thatis,theydrawzeropower. 

Figure2.64showsacircuitcontainingourdependentsource.Forclarity, 

thedependentsourcedeviceisshownwithinthedashedbox.lnthefigure,an 

independentvoltagesource(sourcingavoltageV)isconnectedtothecontrol 

portandaresistorisconnectedtotheoutputport.Fortheconnectionshown, 

because 



VIN=V 

theoutputcurrentiouTwillbegtimestheinputvoltageV.Wewillcomplete 

thefullanalysisofthecircuitshortly,andshowthatthepresenceofadependent 

sourcedoesnotalterthemannerinwhichourapproachtocircuitanalysisis 

applied. 

Figure2.65showsanothercircuitcontainingourdependentsource.lnthis 
circuit, thecontrolportisconnectedacrossaresistorwithresistanceRi .Accord- 
ingly, the voltage across Ri becomes the guiding voltage for the dependent 
source. 
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iOUT 




- m - 


V| 11 


+ 


1 


Rl VIN 


gv IN VOUT 









FIGURE 2.65 Anothercircuit 
containingavoltage-controlled 
currentsource. 



iiN 



iOUT 



Figure 2.66 illustrates the four types of linear dependent sources. 
Figure 2.66a depicts our now familiar voltage-controlled current source. 
Figure2.66bdepictsanothertypeofdependentcurrentsourcewhoseguiding 
variableisabranchcurrent.Thisdependentsourceiscalledacurrent-controlled 
currentsource(CCCS). 

TheelementlawfortheCCCSinFigure2.66bis 




IOUT=ailN. v ' ' 

Theunitlesscoefficientaisreferredtoasacurrenttransferratio .Further- 

mor NfiI^9)^^d2.66d=0. depictthesymbolsfordependentvoltagesourc 
Adependentvoltage sourcesuppliesabranchvoltagethatisafunctionofsome 
othersignalwithinthecircuit.Figure2.66cshowsavoltage-controlledvoltage 
source (VCVS) and Figure 2.66d shows a current-controlled voltage source 
(CCVS).TheguidingvariableforaVCVSisabranchvoltage, andthatfora 

CCVSisabranchcurrent.Thediamondshapeoftheirsymbolsagainindicates 
thattheyaredependentsources,andthe± insideindicatesthattheyarevoltage 
sources. Thepolaritythei indicatesthepolarityofthesourcedvoltageand 
thelabelnexttothesymbolindicatesthevalueofthesourcedvoltage. 

lnthecaseoftheVCVSinFigures2.66c,thesourcedvoltageisequalto 
pviN, whereviN isavoltageacrossanotherbranchofthecircuitand pisa 
unitlesscoefficient.Thus,theelementlawfortheVCVSinFigure2.66is 



VOUT=pVIN. 



(2.176) 



IOUT 





/IN 



iOUT 




Thecoefficientpisreferredtoasavoltagetransferratio. Furthermore, fora 

vc m =ca0.seoftheCCVSinFigures2.66d,thesourcedvoltageisequalto 
riiN, whereiiN isthecurrentthroughanotherbranchofthecircuitandrisa 
coefficienthavingtheunitsofresistance.Thus,theelementlawfortheCCVS 
inthefigureis 



VOUT=rilN. 

Thecoefficientrisreferredtoasatransresistance. 



(2.177) 



FIGURE 2.66 Fourtypesof 

dependentsources:(a)VCCS 

(voltage-controlledcurrentsource); 

(b)CCCS(current-controlled 

currentsource);(c)VCVS 

(voltage-controlledvoltagesource); 

(d)CCVS(current-controlled 

voltagesource). 
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FIGURE 2.67 Assignmentof 
branchvariables. 



resistive networks 



Finally, forboththedependentcurrentsourceandthedependentvoltage 
sourceitisonceagainimportanttodistinguishbetweenthesymbolsthatdefine 
them(e.g.,g)andthebranchvariablesthataredefined(e.g.,viN,iiN,vouT ,and 
iouT)inordertoexpresstheirelementlaws. Inparticular, thebranchvariable 
definitionsmaybereversedforconvenience,whichwillleadtoanegationof 
thecorrespondingelementlaws. 

2.6.1 CIRCUITS WITH DEPENDENT SOURCES 

LetusnowreturntotheanalysisofourcircuitinFigure2.64,whichcontains 
adependentvoltagesource. Nonetheless, thecircuitcanbeanalyzedbythe 
basicapproachpresentedinthischapter. 

Figure 2.67 shows an assignment of the branch variables. The branch 
variablesincludevo,io,viN,iiN,vouT,iouT,vR,andiR. 
Theelementlawsforthiscircuitare 



vo=V 

iiN=0 

vr=Rur 

iouT=gviN. 

Next.theapplicationofKCLtothetwouppernodesyields 



(2.178) 

(2.179) 

(2.180) 
(2.181) 



io=— iiN 
iOUT=-iR 

andtheapplicationofKVLtothetwoloopsyields 

V0=VIN 
VR=VOUT ' 



(2.182) 

(2.183) 



(2.184) 

(2.185) 
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Finally, Equations 2.178 through 2.185 can be solved for the branch 
variablestoyield 



tocompletetheanalysis. 

ThepresenceofthedependentsourceinthecircuitinFigure2.67doesnot 
alterthemannerinwhichourapproachtocircuitanalysisisapplied.Whilethis 
isanimportantobservation, thereisarguablyamoreimportantobservation 
concerning the analysis of the dependent-source circuit, namely that it can 
proceedinstages. Thatis, itispossibletofirstanalyzetheoperationofthe 
“input side” of the circuit, that is, the independent voltage source and the 
inputofthedependentsource, andthenseparatelyanalyzetheoperationof 
the“outputside,” thatis, thedependentcurrentsourceandtheresistorRL. 
Wewilltermthisapproachthesequentialapproachtocircuitanalysis. 

Toseethis.observethattheequationsrepresentingtheinputsideofthe 
circu it, namely, Equations2.1 78,2.1 79,2.1 82, and2.1 84canbesolvedtrivially 
bythemselvestoyieldthevaluesofvo, io, vin, andiiN (seeEquations2.1 86 
and2.187). 

Then,withviN treatedasaknownsignal,theequationsrepresentingthe 
outputsideofthecircuit, namelyEquations2. 180,2. 181, 2.183, and2.185, 
canbesolvedbythemselvestoyieldthevaluesofvouT,iouT,vR,andiR(see 
Equations2.188and2.189) — aresultthatisidenticaltothatobtainedforthe 
circu itinFigure2. 25. 

Atthispointyouareprobablywonderingwhyitisthatwewereableto 
adoptsuchasequentialapproachtoanalyzingthecircuitinFigure2.67.The 
same sequential approach does not work for the circuit in Figure 2.46. The 
intuitionbehindthisusefulpropertyisthatouridealizeddependentsourcehas 
decoupledthecircuitintotwoparts — aninputpartandanoutputpart.Because 
ourdependentsourcemodelhasanopencircuitatitsterminalsmarkedbythe 
branchvoltageviN, thebehavioroftheinputpartiscompletelyindependent 
oftheoutputpartofthecircuit.lnotherwords.indeterminingthebehavior 
of the input part, it is as if the output did not even exist. The output part, 
however, doesdependononeoftheinputvariables, namely, vin . However, 
oncethevalueofthecontrolinputviN isdeterminedthroughananalysisof 
theinputpart,itfixesthevalueofthedependentsource.Thus,thedependent 
sourcecanbetreatedasanindependentsourceforthepurposeofanalyzingthe 
outputpart. 



io=iiN=0 

vo=vin=V 

iouT=-iR=-gV 



VR=VOUT=-gVRL 



(2.186) 

(2.187) 

(2.188) 
(2.189) 
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FIGURE 2.68 Theinputportof 

anidealizeddependentsourceis 

notshownexplicitly. 



FIGURE 2.69 Simplifyinga 

circuitwithadependentsource 

bynotshowingthecontrolport 

explicitly:(a)withcontrolport 

markedandbranchvariables 

labeledexplicitly;(b)with 

simplification. 
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Suchasequentialapproachtocircuitanalysisiscommonlyappliedtocir- 
cuits involving dependent sources, when the circuit does not introduce any 
externalcouplingbetweenthecontrolportandtheoutputportofthedependent 
sources.Wewillusethisapproachtoadvantageinfuturechapters. 

Theanalysisofcircuitswithidealizeddependentsourcesadmitsoneother 
simplification. lnanidealizeddependentsource,theinputport(orcontrolport) 
isanopencircuitiftheguidingvariableisavoltage. Similarly, theinputisa 
shortcircuitiftheguidingvariableisacurrent.Thus,thepresenceoftheinput 
port does not really affect the behavior of the input part of the circuit. The 
idealizedinputportissimplypresenttosamplethevalueofabranchcurrentor 
voltagewithoutchangingthevalueoftheexistingbranchvariable.Therefore, 
wedonotreallyneedtoshowtheinputportofthedependentsourceexplicitly, 
therebyreducingthenumberofbranchvariablesthatwehavetodealwith. 

For example, the input port of the dependent source marked with the 
branch variables vin and iiN in Figure 2.65 is an open circuit. Accordingly, 
iiN = OandviN = vi, thevoltageacrosstheresistorRi. Therefore, wecan 
equivalentlyusethecircuitinFigure2.68,wheretheinputportofthedependent 
sourceisnotshownexplicitly.andthecurrentsourcedbythedependentsource 
isspecifieddirectlyintermsofvi,thevoltageacrosstheresistorRi.Wehave 
thuseliminatedthebranchvariablesviNandiiNfromouranalysis. 

As depicted in Figure 2.69, the same simplification can be made for a 
dependentsourceinwhichtheguidingbranchvariableisacurrent.Figure2.69a 
showsacircuitcontainingacurrentcontrolledcurrentsourcewiththecontrol 
portmarkedandallbranchvariableslabeledexplicitly.Figure2.69bshowsthe 




(a) 



iO il i3 12 




r 



2.6 Dependent Sources and the Control Concept chapter two 



105 



samecircuitaftermakingthesimplification,wherethesourcedcurrentisnow 

specifiedintermsofii.Noticethatthereisalotlessclutterinthelatterfigure. 



example 2.30 current-controlled current source 

Consider next the circuit shown in Figure 2.69b. This circuit contains a dependent 
current source. Notice that we have applied a simplification suggested earlier by not 
showingthecontrolportofthedependentsourceexplicitly.Thecurrentsourcedbythe 
dependentsourceisguidedbythecurrentii. 

Let us now analyze this circuit. The branch variables are assigned as shown in 
Figure2.69b. 

Theelementlawsforthiscircuitare 



vo=V 


(2.190) 


vi=Riii 


(2.191) 


V2=R2i2 


(2.192) 


i3=— aii . 


(2.193) 


Next,theapplicationofKCLtothetwouppernodesyields 




io+ii=0 


(2.194) 


i2+i3=0 


(2.195) 


andtheapplicationofKVLtothetwoloopsyields 




> 

ii 

o 

> 


(2.196) 


CO 

> 

II 

CM 

> 


(2.197) 


Finally, Equations2. 1 90through2.1 97canbesolvedtoyield 




V 

-io=ii= — 
Ri 


(2.198) 


aV 

-i3=i2= Ri 


(2.199) 


> 

ii 

> 

ii 

o 

> 


(2.200) 


V2=V3= nRpV 


(2.201) 



Ri 



tocompletetheanalysis. 
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example 2.31 intuitive sequential approach for 

the cccs Alternatively, wecansolvethecircuitinFigure2.69binafewlinesif 

weusetheintuitivesequentialapproach.Assumethatweareinterestedinfindingout 

thebranchvariablesrelatedtoR 2 . 

Usingthesequentialapproach, first, letustackletheinputpartofthecircuit.Sincethe 
voltageVappearsacrossRi,thecurrentthroughRiis 

V. 

ii= FH 

Nowletustackletheoutputpartofthecircuit.Thecurrentthroughthecurrentsource 

isinthesamedirectionasi 2 ,andso 



i 2 =aii=aRV 

i 



ApplyingOhm’slaw,weget 



VR 2 
V2=a FT - 



Notsurprisingly,thisresultisthesameasthatinEquation2.201 . 

0 



example 2.32 branch variables Analyze the circuit in Figure 

2.70 and determine the values of all the branch variables. Further, show that energy 

isconservedinthecircuit. 



Wewillanalyzethecircuitintuitively,applyingelementlaws,KVLandKCL,usingthe 
sequentialapproach.Lookingattheinputside,sincethevoltagesourceappearsacross 
anopencircuitjtiseasytoseethatbothvo andviN aretwovolts. Similarly, bothio 
andiiNarezero.Thus,wehavedeterminedallthebranchvariablesattheinputside. 

NextJetusanalyzetheoutputpartofthecircuit.SinceweknowthevalueofviN ,the 
currentthroughthecurrentsourceisdeterminedas 



0.001 vin=0.002A. 




FIGURE 2.70 Acircuit 

containingavoltage-controlled 

currentsource. 



vo 



+ 

2 -V 



VIN 
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SincethecurrentsourcecurrentisinthesamedirectionasiouT, andintheopposite 
directionasiR,weobtainfromKCL 



iouT=0.002A 



and 



iR=-0.002A. 

Finally, applyingtheelementlawforaresistor,weobtain 

VR=3x103iR=- 6V 



andfromKVL,weobtain 



vout=vr=- 6V. 

Thiscompletesouranalysis,sincealloutputsidebranchvariablesarealsoknown. 
Toverifythatenergyisconservedinthecircuit,wemustshowthatthepowerdissipated 
bytheelementsisequaltothepowersupplied.Sincetheinputsidecurrentiszero, there 
is no power dissipated or supplied at the input side. At the output side, the power 
dissipatedinthe3-kresistorisgivenby 

2 

3kxi =0ft12W. 

Thepowerintothedependentcurrentsourceisgivenby 
vouTxiouT=-6x0.002=-0.01 2W. 

lnotherwords,thepowersuppliedbythecurrentsourceis0.012W.Sincethepower 

suppliedisequaltothepowerdissipated,energyisconserved. 



MoreexamplescontainingdependentsourcesaregiveninSection7.2. 



example 2.33 voltage-controlled resistor 



2.7 A FORMULATION SUITABLE FORA 
COMPUTER SOLUTION * 
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2.8 SUMMARY 

KCLisalawstatingthatthealgebraicsumofthecurrentsflowingintoany 

nodeinanetworkmustbezero. 

KVL is a law stating that the algebraic sum of the voltages around any 
closedpathinanetworkmustbezero. 

AhelpfulmnemonicforwritingKVLequationsistoassignthepolaritytoa 

givenvoltageinaccordancewiththefirstsignencounteredwhentraversing 

thatvoltagearoundtheloop. 

Thefollowingisthebasicmethod(orfundamentalmethodorKVL/KCL 

method)ofsolvingnetworks: 

1 . Definevoltagesandcurrentsforeachelement. 

2 . WriteKVL. ~ 

3 . WriteKCL. 

4 . Writeconstituentrelations. 

5 . Solve. 

Theseries-parallelsimplificationmethodisanintuitivemethodofsolving 
manytypesofcircuits.Thisapproachfirstcollapsesasetofresistancesinto 
asingleequivalentresistance.Thenjtsuccessivelyexpandsthecollapsed 
circuit and determines the values of all possible branch variables at each 
step. 

TheequivalentresistancefortworesistorsinseriesisRs=Ri+R2. 

The equivalent resistance of resistors in parallel is Rp = R1R2 
RlR 2 /(Rl + R 2 ). 

VoltagedividerrelationmeansthatwhentworesistorswithvaluesRiand 
R2 are connected in series across a voltage source with voltage V , the 
voltageacrossR2isgivenby R2 /(Ri+R2) V. 

CurrentdividerrelationmeansthatwhentworesistorswithvaluesRiand 
R2 are connected in parallel across a current source with current I , the 

currentthroughR2isgivenby Ri/(Ri+R2) I. 

Thischapterdiscussedfourtypesofdependentsources:voltage-controlled 
current sources (VCCS), current-controlled current sources (CCCS), 
voltage-controlledvoltagesources(VCVS),andcurrent-controlledvoltage 
sources(CCVS). 

Thesequentialmethodofcircuitanalysisisanintuitiveapproachthatcan 

oftenbeappliedtocircuitscontainingdependentsourceswhenthecontrol 

portofthedependentsourceisideal.Thisapproachfirstanalyzesthecircuit 

ontheinputsideofthedependentsource,andthenseparatelyanalyzesthe 

operationoftheoutputsideofthedependentsource. 



2.8 Summary 
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Conservationofenergyisapowerfulmethodforobtainingmanytypesof 

resultsincircuits.Energymethodsareintuitiveandcanoftenallowusto 

obtainpowerfulresultswithoutalotofmathematicalgrunge.Oneenergy 

approachequatestheenergysuppliedbyasetofelementsinacircuitto 

theenergyabsorbedbytheremainingsetofelementsinacircuit.Another 

energyapproachequatesthetotalamountofenergyinasystemattwo 

differentpointsintime(assumingthattherearenodissipativeelementsin 

thecircuit). 

exercise 2.1 Findtheequivalentresistancefromtheindicatedterminalpairof EXERCISES 

thenetworksinFigure2.72. 



0 

■— 1 1 & 2 & 


2 & 1 & 


R R R 


R 




4 & 3 & 


2& 2 & 


2R 2R 2R 




R FIGURE 2.72 


(a) 


(b) 


(c) 







exercise 2.2 DeterminethevoltagesvAandvB(intermsofvs)forthenetwork 
showninFigure2.73. 

exercise 2.3 Findtheequivalentresistancebetweentheindicatedterminals(all 
resistancesinohms)inFigure2.74. 



6 & 

2 & 

1 & 



5 & 





FIGURE 2.73 



FIGURE 2.74 



exercise 2.4 Determinetheindicatedbranchvoltageorbranchcurrentineach 
networkinFigure2.75. 

exercise 2.5 Findtheequivalentresistanceattheindicatedterminalpairfor 
eachofthenetworksshowninFigure2.76. 
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FIGURE 2.75 
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exercise 2.6 lnthecircuitinFigure2.77,v,i,andRiareknown.FindR2. 

v=5V 
i=40pA 
Ri=150k 

FIGURE 2.77 
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exercise 2.7 lnthecircuitinFigure2.78,vo=6V,Ri=100,R2=25, 
andR3=50.Whichoftheresistorsifany,aredissipatinglessthan1/4watt? 
exercise 2.8 Sketchthei -vcharacteristicsforthenetworksinFigure2.79. 
Labelinterceptsandslopes. 

exercise 2.9 

a) Assignbranchvoltagesandbranchcurrentvariablestoeachelementinthenetwork 
inFigure2.80.Useassociatedreferencedirections. 



FIGURE 2.78 
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FIGURE 2.79 



FIGURE 2.80 



b) HowmanylinearlyindependentKVLequationscanbewrittenforthisnetwork? 

c) HowmanylinearlyindependentKCLequationscanbewrittenforthisnetwork? 

d) FormulateasetofKVLandKCLequationsforthenetwork. 

e) AssignnonzeronumberstoeachbranchcurrentsuchthatyourKCLequationsare 
satisfied. 

f) AssignnonzeronumberstoeachbranchvoltagesuchthatyourKVLequationsare 
satisfied. 

g) As a check on your result, you can draw on the fact that power is conserved 
in a network that obeys KVL and KCL. Therefore calculate the quantity vnin. 
Itshouldbezero. 

exercise 2.1 0 AportionofalargernetworkisshowninFigure2.81 .Show 

thatthealgebraicsumofthecurrentsintothisportionofthenetworkmustbezero. 



problem 2.1 ApictorialdiagramforaflashlightisshowninFigure2.82.The PROBLEMS 

two batteries are identical, and each has an open-circuit voltage of 1 .5 V. The lamp 
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FIGURE 2.81 




FIGURE 2.82 

A 





hasaresistanceof5whenlit.Withtheswitchclosed,2.5Vismeasuredacrossthe 

lamp.Whatistheinternalresistanceofeachbattery? 

problem 2.2 DeterminethecurrentiointhecircuitinFigure2.83byworking 
withresistorsinseriesandparallel. 




FIGURE 2.83 

problem 2.3 FindtheresistancebetweennodesAandBinFigure2.84. All 
resistorsequall. 

problem 2.4 ForthecircuitinFigure2.85,findvaluesofRitosatisfyeachof 
thefollowingconditions: 



FIGURE 2.84 




Ri 



a) v=3V 

b) v=0V 

c) i=3A 

d) ThepowerdissipatedinRiis12W. 



FIGURE 2.85 



problem 2.5 FindtheequivalentresistanceRT attheindicatedterminalsfor 
eachofthenetworksinFigure2.86. 



2.8 Summary chapter two 



113 



problem 2.6 In each network in Figure 2.87, find the numerical values 
oftheindicatedvariables(unitsareamperes, volts, andohms). 




FIGURE 2.87 

problem 2.7 ForthecircuitinFigure2.88,determinethecurrenti3explicitly 
intermsofallcircuitparameters. 




FIGURE 2.88 

problem 2.8 Determineexplicitlythevoltagev3inthecircuitinFigure2.89. 
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FIGURE 2.89 



problem 2.9 CalculatethepowerdissipatedintheresistorRinFigure2.90. FIGURE 2.86 

problem 2.1 0 Designaresistorattenuatortomakevo =vi/1 000,usingthe 
circuitconfigurationgiveninFigure2.91 ,andresistorvaluesavailableinyourlab.This 
problemisunderconstrainedsoithasmanyanswers. 
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FIGURE 2.90 



FIGURE 2.91 



4 & 




problem 2.1 1 ConsiderthenetworkinFigure2.92inwhichanon-idealbattery 
drivesaloadresistorRL.ThebatteryismodeledasavoltagesourceVsinserieswitha 
resistorRs.Thefollowingaresomeproofsaboutpowertransfer: 

a) ProvethatforRs variableandRL fixed, thepowerdissipatedin Rl ismaximum 
whenRs=0. 

b) ProvethatforRs fixedandRL variable, thepowerdissipatedin Rl ismaximum 
whenRs=RL(“matchedresistances”). 

FIGURE 2.92 c) Provethatfor Rsfixedand Rl variable, theconditionthatmaximizesthepower 

deliveredtotheloadRLrequiresthatanequalamountofpowerbedissipatedinthe 

sourceresistanceRs. 




Source 

network 
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FIGURE 2.93 
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problem 2.12 Sketchthev icharacteristicsforthenetworksinFigure2.93. 
Labelinterceptsandslopes. 

problem 2.13 

a) Findii 5 i2 5 andi3 inthenetworkinFigure2.94. (Notethati3 doesnotobeythe 
standardconventionforcurrentdirection.) 

b) Showthatenergyisconservedinthisnetwork. 
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VA 
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problem 2.14 Assume that you have an arbitrary network of passive two- 
terminalresistiveelementsinwhichthei -vcharacteristicofeachelementdoesnot 
toucheitherthev-axisorthei-axis,exceptthateachi -vcharacteristicpassesthrough 
theorigin.Provethatallbranchcurrentsandbranchvoltagesinthenetworkarezero. 

problem 2.1 5 Solve for the voltage across resistor R4 in the circuit in 
Figure2.95byassigningvoltageandcurrentvariablesforeachresistor. 

problem 2.16 Findthepotentialdifferencebetweeneachoftheletterednodes 

(A,B,C,andD)inFigure2.96andground.Allresistancesareinohms. 



FIGURE 2.94 
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FIGURE 2.95 



problem 2.1 7 Find the voltage between node C and the ground node in 
Figure2.97.Allresistancesareinohms. 
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3.1 INTRODUCTION 

The basic network analysis method introduced in Chapter 2 is fundamental 
but unfortunately often insufficient. The problem is that frequently we deal 
withcomplicatedcircuitsinwhichweareinterestedinrelatingonlyoneoutput 
variabletooneinputvariable. Forexample, inanalyzingahigh-fidelityaudio 
amplifier, wemightwishtofindonlytherelationshipbetweenthevoltageat 
theoutputterminalsandthevoltageattheinputterminals.Theintermediate 
voltageandcurrentvariablesmightbeofnodirectinteresttous, yetbythe 
analysismethodofChapter2,weareforcedtodefineallsuchvariables,andthen 
systematicallyeliminatethem.Evenworse,acircuitwithNbranches,eachwith 
itsownvoltageandcurrent,willingeneralhave2Nunknownbranchvariables. 
Thus, 2Nequationsmustbesolvedsimultaneouslyinordertocompletethe 
analysis. Evenforasimplecircuit,2Ncanbeanunwieldynumber. 

Fortunately, there exist better approaches to the organization of circuit 
analysis, and these approaches are the subject of this chapter. In this chap- 
ter, wedevelopanumberofnetworktheorems,allbasedonthefundamental 
methods of Chapter 2, which greatly simplify circuit analysis, and provide 
substantial insight about how circuits behave. These theorems also provide 
uswithadditionalcircuitvocabularyandalittlemoreabstraction. 

Thefirstofthesepowerfultechniques,calledthenodemethod,isfunda- 
mentalandcanbeappliedtoanycircuit,linearornonlinear.Thenodemethod 
workswithasetofvariablescalledthenodevoltages. So, beforewepresent 
thenodemethod,letusdiscusstheconceptofnodevoltages,andbuildupour 
facilitytoworkwiththem. 



3.2 THE NODE VOLTAGE 

lnChapters1and2weworkedwithbranchvoltages.Abranchvoltageisthe 

potentialdifferenceacrosstheelementinabranch.lnlikemanner,wecandefine 

anodevoltage. 

Anodevoltageisthepotentialdifferencebetweenthegivennodeandsome 

oth e r nod e that has b ee n chos e n as a r e f e r e nc e nod e . Th e r e f e r e nc e no de is 

calledtheground. 

Currentflowsfromthenodewiththehigherpotentialtothenodewith 

thelowerpotential. 
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ea eb 




FIGURE 3.1 Groundnodeand 
nodevoltages. 



Althoughthechoiceofreferencenodeisinfactarbitrary,itismostcon- 
venienttochoosethenodethathasthemaximumnuinberofcircuiteleinents 
connectedtoit.ThepotentialatthisnodeisdefinedtobezeroV,orground-zero 
potential. lnelectricalandelectroniccircuits,thisnodewillusuallycorrespond 
tothe“commonground”ofthesystem,andisusuallyconnectedtothesystem 
chassis. Assigningzeropotentialtothegroundnodeispermissiblebecauseele- 
mentsrespondonlytotheirbranchvoltagesandnottotheirabsoluteterminal 
voltages.Thus,anarbitraryconstantpotentialmaybeuniformlyaddedtoall 
terminalvoltagesacrossthecircuittherebypermittinganynodetobeselected 
asground.Anodewillhaveanegativevoltageifitspotentialislowerthanthat 
ofthegroundnode. 

Figure3.1ashowsacircuitthatwesawearlierinChapter2,andillustrates 
somenewnotation.Nodechasbeenchosenasg round. Theupsidedown“T” 
symbolisthenotationforthegroundnode.Nodesaandbaretwoothernodes 
ofthiscircuit.Theirnodevoltageseaande b aremarked.Figure3.1 billustrates 
thatthenodevoltagesaremeasuredwithrespecttothegroundnode. 

Now, letuspracticeworkingwithnodevoltages. Figure3.2showsour 
circuitfromFigure3.1 withaknownsetofbranchvoltagesandcurrents.Letus 
determinethenodevoltageseaandp, .Thenodevoltageeaisthepotentialdif- 
ferencebetweennodeaandnodec.Tofindthepotentialdifference,letusstart 
atnodecandworkourwaytonodeaaccumulatingpotentialdifferencesalong 
thepathc— >a.Thus,startingatnodec,wecountanincreaseinpotentialof2V 

aswetraversetheypltagesourc_eandreachnpdea.Thuse® =2V T1 

Sim ilarfy, % istnepotentiaTainerencebetweennocfesbandc .Therefore, 

starting at node c and heading towards node b across the 1 - resistor, we 

noticeapotentialincreaseof.1.5V.Spe, b =1 .5V., 

NoTTcethatfromKVL.agivennode svoltageshouldbethesameirrespec- 

tiveofthepathalongwhichvoltagesareaccumulated. Thus, letusconfirm 

that the value of e^hat is obtained by taking the path c — ► a — >• b is 
the same as that obtained by taking the direct path c — » b. Starting at c, 
wefirstaccumulatethevoltageof2Vaswecrossthevoltagesourceandreach 

t i , 34m®?s8da'i¥ifii^ c i®e^te8f^ b ’yisas6 < pi%%9i^-ry dro P aorossthe 

Aswewillseeshortly,thenodemethodwilldetermineallthenodevoltages 
inacircuit. Oncenodevoltagesareknown, wecanreadilydetermineallthe 



FIGURE 3.2 Determiningthe 

nodevoltagesfromthebranch 

variables. 
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FIGURE 3.3 Determiningthe 

branchvariablevaluesfromnode 

voltages. 



branchvariables.Asanexample,Figure3.3showsourcircuitfromFigure3.1 

withaknownsetofnodevoltages.Letusdeterminethevaluesofthebranch 

variables. 

Letusfirstdeterminethevalueofvi.Thebranchvoltageviisthepotential 

differencebetweenthenodesaandb.lnotherwords, 



vi=ea-eb=2V-1.5V=0.5V. 

Weneedtobecarefulwithvoltagepolaritiesasweobtainbranchvoltagesby 
takingthedifferenceofapairofnodevoltages.AsdepictedinFigure3.4,the 
relationship between the branch voltage vab and node voltages va and vb is 
givenby FIGURE 3.4 Branchandnode 

voltagesfortheelementare 

/q -i \ relatedasvab=va-vb. 
Vab=Va-Vb. v ' ' 

Intuitively, ifva >v ,tfeienvab ispositivewhenitspositivepolaritycoincides 
withthenodewithvoltageva. 

Similarly, notingthatthepotentialofthegroundnodeistakenasOV, 




vo=ea-ec=2V-OV=2V 



and 



V2=v3=eb-ec=1 ,5V-0V=1 ,5V. 

The branch currents are easily determined from the branch voltages and 
elementlawsas: 



vi 

ii= T^0.5A 

V2 

12= m. 5 A 



io=— ii =— 0.5A 



r 
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and 



i3=- 1 A. 



example 3.1 node voltages Determinethenodevoltagescorre- 
spondingtonodescandbforthecircuitinFigure3.5. Assumethatgistakenasthe 
groundnode. 

Letvcandvbdenotethevoltagesatnodescandb,respectively.Tofindvc,letusfollow 
thepathg—>f^c. Accordingly, thereisa1-Vincreaseinpotentialfromgtof,anda 
further-2-V“increase”fromftocresultinginanaccumulatedpotentialof-1 Vatc. 

Thusv^- IV. 

Similarly, becausethepotentialatnodebis4Vhigherthanthatatnodec,weget 



vb=4V+vc=4V-1 V=3V. 

1 

example 3.2 branch voltages Determine all the branch volt- 
ages for the circuit in Figure 3.6 when the node voltages are measured with respect 
tonodee. 

Wefindeachofthebranchvoltagesbytakingthedifferenceoftheappropriatenode 
voltages. Letusdenotethevoltageofnodeiasvi: 



V1=Va-Vb=- IV 
V2=Vb-Ve=2V 
V3=Vb-Vc=- IV 



FIGURE 3.5 Circuitfor 
determiningnodevoltages. 
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FIGURE 3.6 Circuitfor 
determiningbranchvoltages. 



V4=Va-Ve=1 V 
V5=Vd-Ve=1 V 
V6=Vd-Vc=- 2 V 



V7=Ve-Vc=- 3V. 

Onceallthebranchvoltagesareknown.thebranchcurrentscanreadilybefoundfrom 

thebranchvoltagesandtheindividualelementlaws.Forexample,iftheelementwith 

thebranchvoltageviisaresistorwithresistance1k,thenitsbranchcurrentiidefined 

accordingtoassociatedvariablesisgivenby 

vi 

ii= Ik =- 1mA. 



Thus far, in this section, we have shown that once the node voltages 
foracircuitareknown, wecanreadilydetermineallthebranchvoltagesby 
applying KVL, and then the branch currents from the branch voltages and 
elementlaws.Sincewecandeterminebranchcurrentsfromnodevoltagesand 
elementlaws, wecanalsowriteKCLforeachofthenodesinanetworkin 
termsofnodevoltagesandtheelementparameters. Althoughourdoingso 
appearsunmotivatedatthispoint.wewillmakeuseofthisfactinnodeanalysis 
inSection3.3. 

For example, consider the subcircuit shown in Figure 3.7. Let us write 
KCLforNodeOdirectlyintermsofthenodevoltageseo, ei, e 2 , e3, ande4, 
(definedwithrespecttosomeground). 

Let us start by determining the current through the resistance Fti into 
Node 0. The branch voltage across the resistance Ri is given by applying 




FIGURE 3.7 Circuitforwriting 
KCL. 
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KVLas 



eio=ei-eo 

wherethenegativepolarityofeioisdefinedtobeatNodeO.Thus.thecurrent 
ii through the resistance Ri into Node 0 is given by using the element law 
foraresistoras 



ii = 



e 



i 



% 



Intermsofthenodevoltages, 



ii= ei^fi £>■ 

Ri 

We can determine the currents into Node 0 through the other resistors 
inasimilarmanner: 



\2= ez 

R 2 

i3= ea=ea_ 

Rs 

k= e4=e o. 

R4 



We can now write KCL for Node 0 in terms of node voltages and element 
valuesas 



ai=a 



tr + 



e2=B 



tr + 



ea=a 



tr + 



e4=e. 



TJ =0. 



(3.2) 



example 3.3 kcl Showthatthenodewithvoltagee = 7VinFigure3.8 
satisfiesKCL. 

ForKCLtobesatisfiedatthenodewithnodevoltagee,thecurrentsleavingthenode 

mustbezero.lnotherwords 



FIGURE 3.8 SatisfyingKCL. 2A+(7 0)V+(7 0) V 1QA 



e = 7 V 



2 A 




mustbe0.ltiseasytoseethatthisexpressionequalsO,andsoKCLissatisfied. 
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FIGURE 3.9 Portionofacircuit 
containingthreenodes. 



example 3.4 more kcl Figure 3.9 shows a portion of a circuit con- 
tainingthreenodes: 1, 2, and3. Thenodevoltageswithrespecttosomegroundare 
shown. 

1 . WriteKCLforNode2inFigure3.9intermsofthenodevoltagesandelement 
values. 

p 

Determinethecurrentlthroughthecurrentsource. 

KCLforNode2intermsofnodevoltagesandelementvaluesisgivenby: 



W 4k V "^ V ? ' / "lk' / 8V+I 0 Ik 

Simplifying,weobtainl=1 OmA. 

Insummary, avoltageisalwaysdefinedasthepotentialdifferencebetween 
apairofpoints -thetwobranchterminalsforabranchvoltage,andtwonodes 
foranodevoltage. Accordingly, voltagemeasurementinstrumentshavetwo 
leads — onetoconnecttothenodeinquestionandonetothereferencenode 
orground.Thus,whenwerefertoanodevoltage,wearealsomakingimplicit 
referencetoacommongroundnode. 

Interestingly, the significance of potential differences between pairs of 
nodesiseasilyillustratedwiththeexampleofapersonhangingfromahigh 
voltageline. Althoughwedonotrecommendthatyoutrythis, apersonhang- 
ingfromahighvoltagelineissafeaslongasnopartoftheirbodytouchesthe 
ground. However, adeadlycurrentwouldflowifthepersonweretotouchthe 
groundoranotherwireatadifferentpotential. 

Nodevoltageswillbeusedinthenextsectionasthevariablesinthenode 

method.Thenodemethodwillsolveforthenodevoltages.whichaswesaw 

inthissection,aresufficienttodetermineallthebranchvoltagesandcurrents. 

3.3 THE NODE METHOD 

Perhapsthemostpowerfulapproachofcircuitanalysisisreferredtoasnode 
analysis. Nodeanalysisisbasedonthecombinationofelementlaws, KCL, and 
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KVL,justaswasthebasicapproachpresentedinChapter2.Thus,itintroduces 
nonewphysics, and itprocessesexactlythesameinformation. However, node 
analysisorganizestheanalysisofacircuitinamannerthatyieldsarelatively 
manageableproblem,andthisiswhatmakesitparticularlypowerful.i 

Letusillustratethemethodwithanexample. Supposewewishtofind 
the voltage across and the current through resistor Ri in the circuit shown 
inFigure3.10. Noticethatthecircuitinthefigureisidenticaltotheonewe 
analyzedinFigure2.56usingthebasicmethod,andthereforenodeanalysisof 
itmustyieldtheresultsinEquations2.151and2.147forthebranchvoltage 
andcurrentcorrespondingtoRi.Fornodeanalysisjnsteadofdefiningvoltage 
and current variables for each element in the network, we will choose node 
voltagesasourvariables. 

Asdiscussedintheprevioussection.sincenodevoltagesaredefinedwith 
figure 3.10 Aresistivecircuit. respecttoacommonreference,wefirstneedtochooseourreferenceground 

node. Whileanynodemaybeselectedasthegroundnode, somenodesare 

more useful as ground nodes than others. Such useful nodes include those 

withthemaximumnumberofcircuitelementsconnectedtoit.Anotheruseful 

groundnodeisonethatconnectstothemaximumnumberofvoltagesources. 

Sometimestheoperationofacircuitmaybemoreintuitivelyunderstoodwith 

aparticularselectionofthegroundnode.Alternatively,voltagemeasurements 

areoftenmoreeasilyorsafelymadewithrespecttoacertainnodeandsothat 

nodemightnaturallybeselectedasthegroundnode. 

Onechoiceofgroundnodeandacorrespondingsetofnodevoltagesis 
definedinthefigure. Node3isagoodchoicebecauseithasthreebranches 
anditconnectsdirectlytothevoltagesource. Sincetheindependentvoltage 
sourcehasaknownvoltageV,wecandirectlylabelthevoltageofNode1asV 
usingtheelementlawforanindependentvoltagesource.Thus,wehaveone 
unknownnodevoltagee.BecausenodevoltagesidenticallysatisfyKVL.itisnot 
necessarytowriteKVL.Todemonstratethispoint,letuswriteKVLaround 
theloops.Doingso,wefind 



Node 1 




Node 3 



-V+(V-e)+e=0 

-e+e=0. 



(3-3) 

(3-4) 



Bothoftheseequationsareidenticallyzeroforallvaluesofthenodevoltage 
variables: Aspromised, thischoiceofvoltagevariablesautomaticallysatisfies 
KVL. So to solve the circuit it is not necessary to write KVL. Instead, we 



1 . While node analysis is generally quite simple, it is complicated by the presence of floating 
independentvoltagesourcesandbythepresenceofdependentsources.Notethatafloatinginde- 
pendentvoltagesourceisasourcethathasneitherterminalconnectedtoground,neitherdirectly 
nor through one or more other independent voltage sources. Consequently, we first introduce 
nodeanalysiswithoutthesecomplications,andthentreatthesecomplicationsinsuccession. 



r 



3.3 The Node Method chapter three 



127 



willdirectlyproceedwithwritingKCLequations. Furthermore, tosavetime 
the KCL equations can be written directly in terms of the node voltages and 
theresistors’values. Sincewehaveonlyoneunknown, e, weneedonlyone 
equation. Hence, atNode2, 



p-v+ R 

Ri 



e 

“ 2 - 1 = 0 . 



(3-5) 



Noticethattheprecedingstepisactuallytwosubstepsbundledintoone: 

(1) writing KCL in terms of currents and (2) substituting immediately node 
voltagesandelementparametersforthecurrentsbyusingKVLandelement 
laws. Bydoingthesetwosubstepstogether, wehaveeliminatedtheneedto 
definebranchcurrents. 

Notethatinonestepwehaveoneunknownandoneequation,whereasby 
theKVLandKCLmethodofChapter2wewouldhavewritteneightequations 
ineightunknowns. Further, notethatboththedevicelawforeveryresistorand 
all independent statements of KVL for the circuit have been used in writing 
Equation3.5. 

Thevoltageecannowbedeterminedeasilyas 



1 1 V 

Ri +R~ =I+Ri 



(3-6) 



It is wise to check dimensions at this point: Each term in this exam- 
ple should have the dimensions of current. Our equation can be somewhat 
simplifiedbyrewritingintermsofconductanceratherthanresistance: 



e(Gi+G 2 )=l+VGi 

whereGi=1/RiandG2=1/R2.Simplifyingfurther, 

1 Gi 

e= Gl+G 2 l+ G 1 +G 2 V. 

Intermsofresistances, 

R 1 R 2 R 2 

e= Ki+K 2 I+ K 1 +H 2 V. 



(3-7) 



(3-8) 



(3-9) 



Oncewehavedeterminedthevaluesofthenodevoltages.wecaneasily 
obtainthebranchcurrentsandvoltagesfromthenodevoltagesbyusingKVL 
and the constituent relations. For example, suppose we are interested only 
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FIGURE 3. 
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11 Aresistivecircuit. 




+ 

V3 



invi , thevoltageacrossRi, andii, thecurrentthroughRi, asillustratedin 
Figure3.11.Then 



and 



1 G2 

vi=V-e=- 2l+ G1+G2V 

Gi+G 



Gi G1G2 

ii=(V-e)Gi=- Gi+G 2|+ U1+G2V. 



lntermsofresistances,vi andii aregivenby 



R1R2 Ri 

vi=- Ri+R 2I+ K1+R2V 



and 



R2 1 

il=- Ri+R 2I+ K1+K2V. 



(3.10) 

(3-11) 



Forcompletenessjetusgoaheadanddeterminetheotherbranchvoltages 

andcurrentsaswell: 



vo=V 




(3.12) 


1 


Gi 


(3.13) 


V2=V3=e= 2l+ G1+G2V 

Gi+G 


Gi 


G ? V 


(3.14) 


io=— ii = G1+G2I-G1- 


G1+G2 


G2 


G1G2 


(3.15) 


i2=eG2= 2I+ 

Gi+G 


G1+G2V 
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Thiscompletesthenodeanalysis. 

Acomparisonoftheequationsforthebranchvoltagesandcurrents(Equa- 
tions3. 1 0through3. 1 6)withthecorrespondingEquations2.1 47through2. 1 52 
inChapter2showsthatthenodeanalysishasresultedinthesameexpressions 
forthebranchvariablesasdidthedirectanalysispresented. However, thenode 
analysisobtainedtheseresultsinamuchsimplermanner. Thedirectanalysis 
of Chapter 2 involved the solution of eight simultaneous equations, namely 
Equations2.139through2.146,whilethenodeanalysisinvolvedthesolution 
ofonlyoneequation,namelyEquation3.5,andtheexplicitbacksubstitution 
ofitssolution. 

Insummary, thespecificstepsofthenodemethodcanbewrittenas: 

1. Selectareferencenode,calledground,fromwhichallothervoltageswill 
bemeasured.DefineitspotentialtobeOV. 

2. Labelthepotentialsoftheremainingnodeswithrespecttotheground 
node.Anynodeconnectedtothegroundnodethrougheitheran 
independentoradependentvoltagesourceshouldbelabeledwiththe 
voltageofthatsource.Thevoltagesoftheremainingnodesarethe 
primaryunknownsandshouldbelabeledaccordingly.lnthischapterwe 
willdenotetheunknownnodevoltagesbythesymbole.Sincethereare 
generallyfarfewernodesthanbranchesinacircuit,therewillbefarfewer 
primaryunknownstodetermineinanodeanalysis. 

T. WriteKCLforeachofthenodesthathasanunknownnodevoltagetin 
otherwords,thegroundnodeandnodeswithvoltagesourcesconnected 
togroundareexcluded),usingKVLandelementlawstoobtainthe 
currentsdirectlyintermsofthenodevoltagedifferencesandelement 
parameters.Thus.oneequationiswrittenforeachunknownnode 
voltage. 

4. SolvetheequationsresultingfromStep3fortheunknownnode 
voltages.Thisisthemostdifficultstepintheanalysis. 

5 - Back-solveforthebranchvoltagesandcurrents.Morespecifically,use 
nodevoltagesandKVLtodeterminebranchvoltagesasdesired.Then, 
usethebranchvoltages,theelementlaws,andKCLtodeterminethe 
branchcurrents,againasdesired. 

Atthispointjtisinstructivetomakesomegeneralcommentsaboutthe 
equationsproducedbythenodemethod.Althoughtheactualcollectionofcon- 
ductancetermsinEquation3.8isnotparticularlyeducationalinthissomewhat 
contrivedexample,thegeneralformoftheequationisuseful.Theright-hand 
side has two terms, one for each source, and these source terms enter the 
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equationassums,andnotproducts.Equationswillalwaysbeofthisformifthe 
circuitismadeupoflinearelements. Infact, weusethispropertytodefinea 
linearnetwork:Anetworkislineariftheresponsetoaninputaxi+bx 2 isthe 
sameasatimestheresponsetoxi aloneplusbtimestheresponsetog alone. 
Thatis,iff(x)istheresponsetosomeexcitationx,thenthesystemislinearif 
andonlyif 



f(axi+bx 2 )=af(xi)+bf(x 2 ). 

3.3.1 NODE METHOD: A SECOND EXAMPLE 

Asasecond, andslightlymorecomplex, exampleofnodeanalysis, consider 
thecircuitshowninFigure3.12,whichisthesameasthatshowninFigure2.46 
exceptfortheadditionofanindependentcurrentsource. Specifically, suppose 
wewishtofindthevoltageacrossandthecurrentthroughresistorR3. 

Thefirsttwostepsinitsnodeanalysis.namelytheselectionofaground 
nodeandthelabelingofitsnodevoltages.arealreadycomplete.Asshownin 
Figure3.12,Node4isselectedasthegroundnode,Node3islabeledwiththe 
knownvoltageVoftheindependentsource, andNodesI and2arelabeled 
with the unknown node voltages ei and e 2 , respectively. Node 4 is a good 
choiceforthegroundnodebecauseitjoinsthelargestnumberofbranchesand 
connectsdirectlytothevoltagesource. 

Next,followingStep3,wewriteKCLforNodes1and2intermsofthe 

unknownnodevoltages.Thisyields 



forNodel ,and 



(V-P1)4.(P9-P1) 




forNode2. 



(pi-pp)- Be 24 +I =0 
Fb 



(3.18) 



(3.19) 



Notethatinonestepwehavegeneratedtwoequationsandtwounknowns, 
whereasbytheKVLandKCLmethodofChapter2wewouldhavewritten 
twelve equations in twelve unknowns. The voltages ei and e 2 can now be 



FIGURE 3.12 Aresistivecircuit. 
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determined by standard algebraic methods. First, rewrite the equations with 
the source terms on the left-hand side of the equations, and the dependent 
variablesontheright: 



V 111 e 2 

r 7 =ei r? +FI7+R ~ -RT 

ei 1 1 

l=-R~ 3 +e 2 R 3 +R~ 



(3.20) 

(3.21) 



Rewritingintermsofconductancetosimplifyourcalculations: 



Gi V=ei (Gi +G 2 +G 3 )-e 2 G 3 
l=-eiG 3 +e 2 (G 3 +G 4 ). 

ApplicationofCramer’srule(seeAppendixD), yields 



(3.22) 

(3.23) 



(Gi+G 3-G )(© +04)-G23 




Similarly, wecanobtaine 2 as 



(3.24) 

(3.25) 



e 2 = 




(3.26) 



Allnodevoltagesarenowknown,andfromthesenodevoltagesallbranch 
variablesinthecircuitcanbeexplicitlydeterminedbyusingKVLandthecon- 
stituentrelations. Forexample, supposethevoltageacrossR 3 isv 3 , andthe 
currentthroughR3isi3,asillustratedinFigure3.13.Then 



V3=ei -e 2 



Ri 

0 




V3 

Rs 



‘“T““ 



i3 



R2 e1 



2 



+ 



+ 

V 



e2 R4 



I 



FIGURE 3.13 Theresistive 
circuit. 
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and 

i3= ei^e 2 . 

Rs 

SincethecircuitinFigure3.12, withl = 0, isthesameasthecircuitin 
Figure2.46, theanalysisofthetwocircuits(withl = 0)usingthebasicand 
thenodemethodsshouldyieldthesameresults.Accordingly,thereadermight 
wanttocomparethevaluesforv3andi30btainedhere,withthoseobtainedin 
Equations2.1 35and2.1 31 . 

Thisexampleillustratesanimportantcircuitproperty:Thestructureofa 
nodeequationiscloselyrelatedtothetopologyofthecircuit.Wewillbriefly 
introducethisrelationshiphere, andspendsomemoretimeonthistopicin 
Section 3.3.4. First, let us write our two node equations 3.22 and 3.23 in 
matrixform: 

G 1 +G 2 +G 3 -Gs 01 Gi 0 v 

-G3 G3+G4 " ^ Oil 

Thematrixequationisintheform 

G- ( 3 . 28 ) 

g" =3” s 

wheree' isacolumnyectorofunknownyoltagesands" isthecolurrmvectQrof 
knownsourceamplitudes. -GiscanedtheconductancematrixandSiscalled 

thesourcematrixforreasonsthatwillbeapparentshortly. lnEquation3.22, 

writtenattheei node.wenotef rom Figure3. 1 2thatthecoeff icientoftheei 

term(thefirstterminthefirstrowoftheGmatrix)isthesumoftheconduc- 

tancesconnectedtotheeinode.SimilarlyinEquation3.23,thecoefficientof 

thee 2 term(thesecondterminthesecondrowoftheGmatrix)isthesum 

oftheconductancesconnectedtothee 2 node. (Thesetermsareoftencalled 

the“self”conductances.)Theoff-diagonalcoefficientsrepresentconductances 

connectedbetweenthecorrespondingnodes, the“mutual”conductances. In 

Equation3. 22, forexample,thecoefficientofthee 2 term(thesecondtermin 

thefirstrowoftheGmatrix)isthemutualconductancebetweentheeinode 

(because this is the ei equation) and e 2 . For linear resistive circuits, the off- 

diagonaltermsarenegative,assumingthattheequationshavebeenstructured 

tomakethemain-diagonaltermspositive. 

ltisself-evidentthatwithcircuitsmadeupoflinearresistors,themutual 

conductanceeitoe 2 mustbethesameasthemutualconductancefrome 2 to 

ei.Hencethetwooff-diagonalcoefficientsinthenodeequationsareidentical. 

Moregenerally,weexpectnodeequationcoefficientstoexhibitmirrorsymme- 

tryaboutthemaindiagonalforlinearresistivecircuits,asisevidentfromtheG- 

matrix.Thesehelpfultopologicalconstraintsaredestroyedifwedonotapply 
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KCLatthenodesdefinedbythenodevoltages.Suchaprocedureismathemat- 

icallycorrect(thenewequationsarederivablebyalgebraicmanipulationofthe 

originalequations,Equations3.22and3.23)butthesymmetriesaregone. 

Interestingly, theSPICEsoftwarepackageusesthenodemethodtosolve 
circuits.Theprogramtakesasinputafilecontainingadescriptionofthecircuit 
topologyandbysystematicallyfollowingthenodemethodproducesamatrix 
equationsuchasthatinEquation3.27.ltthensolvesforthevectorofunknowns 
e" usingstandardlinearalgebraictechniques. 



example 3.5 node method Determine the current i through the 
5-resistorinthecircuitinFigure3.14. 

Letususethenodemethodtosolvethecircuit. AsSteplofnodeanalysis, wewill 
chooseNodel asourgroundnodeasdepictedinFigure3. 1 4. 

Step2labelsthepotentialsoftheremainingwithrespecttothegroundnode.Figure3.14 
shows such a labeling. Since Node 2 is connected to the ground node through an 
independentvoltagesource, itislabeledwiththevoltageofthesource, namelyl V. 
Node3islabeledwithanodevoltageeiandNode4islabeledwithanodevoltagee2. 

Next,followingStep3,wewriteKCLforNodes3and4.KCLforNode3is 

ri- 1 + e4i_+ei^e ~ 

3 2 

andthatforNode4is 



-2 + e2=e±^e *- 1=0 . 

FollowingStep4wesolvetheseequationstodeterminetheunknownnodevoltages. 

Thisyields 



ei=0.65V 



and 



e2=4.75V. 



2 & 
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FIGURE 3.14 Determiningthe 
unknowncurrenti. 
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Wecannowdetermineias 



4.75 

i= 5 =0.95A. 



9 V 




1 k& 



vo 



2 k& 



FIGURE 3.15 Thevoltage- 
dividercircuit. 



B ~~ — ' ~~ 

example 3.6 node method solution of the 

voltage-divider circuit Lestyouthinkthenodemethodisappli- 

cableonlytocomplexcircuitswithmanynodesjetusapplythenodemethodtothe 
simplevoltage-dividercircuitinFigure3.15toobtainthevoltagevo. 

ThegroundnodeisselectedasshowninFigure3.1 5. ThecircuitinFigure3.1 5has 
oneunknownnodevoltage, vo, alsoasmarkedinthefigure. So, Steps1and2are 
complete. 

FollowingStep3,wewriteKCLforthenodewiththeunknownnodevoltage: 



vo-9+ 

Ik 



v< fe). 



Multiplyingthroughoutby2kweobtain 



2vo-18+vo=0 



whichyields 



vo=6V. 



1 k& 




IB 

example 3.7 find node voltage using the node 

method DeterminethenodevoltagevointhecircuitshowninFigure3.16using 

thenodemethod. 

ThecircuitinFigure3.1 6hasonlyoneunknownnodevoltage, vo, asmarkedinthe 
figure.Figure3.16alsoshowsagroundnode,andsoSteps1and2arecomplete. 

FollowingStep3,wewriteKCLforthenodewiththeunknownnodevoltage: 



vo-5+vo-fi =0 
Ik Ik 



FIGURE 3.16 Asumming 
circuit. 



Multiplyingthroughoutbylkweobtain 
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whichsimplifiesto 



or 



vo = 5V+fiV 
2 



vo=5.5V. 



ThecircuitinFigure3.16iscalledanaddercircuitsincevoisproportionaltothesum 

oftheinputvoltages. 

i 

example 3.8 more on the node method Determinethe 
nodevoltagevinthecircuitinFigure3.17usingthenodemethod. 

ThegroundnodeandunknownnodevariablesaremarkedasshowninFigure3.17. 

Next,followingStep3,wewriteKCLforthenodewiththeunknownvoltage. 

Then,wewriteKCLforthenodewiththeunknownnodevoltage:. 



2 V 




Thus, 



\/-P j =3V 
3 



FIGURE 3.17 Acircuitwithtwo 
independentsources. 



v=1 IV. 

Compare the node analysis shown here with the basic method applied to the same 
circuitonpage190. 

a 

exam pie 3.9 even more on the node method 



3.3.2 FLOATING INDEPENDENT VOLTAGE SOURCES 

Nodeanalysisasdescribedheredoesnotworkforcircuitsthatcontainfloating 

independentvoltagesourcessuchastheoneshowninFigure3.20.Afloating 

independentvoltagesourceisavoltagesourcethathasneitherterminalcon- 

nectedtoground,neitherdirectlynorthroughoneormoreotherindependent 

voltagesources. Thereasonnodeanalysisdoesnotworkisthattheelement 

lawforanindependentvoltagesourcedoesnotrelateitsbranchcurrenttoits 

branchvoltage.Therefore,itisnotpossibletocompleteStep3ofnodeanalysis 

ifthecircuitcontainsafloatingindependentvoltagesource. Inthiscase, itis 

necessarytomodifythenodeanalysisslightly. 

Toapplynodeanalysistoacircuitcontainingafloatingvoltagesourcewe 

mustrealizethatthenodevoltagesattheterminalsofthesourcearedirectly 
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FIGURE 3.20 Afloating 

independentvoltagesourceand 

itstreatmentasasupernode. 



Super node 





relatedbytheelementlawforthatsource.Forexample,theapplicationofKVL 

tothecircuitinFigure3.20showsthat 



e 2 =V+ei. 



(3.32) 



Becauseofthis, thenumberofunknownnodevoltagesinthecircuitcanbe 
immediatelyreducedbyonesinceei ande 2 canbedetermineddirectlyfrom 
each other using Equation 3.32. Consequently, the number of independent 
statementsofKCLneededtodeterminetheunknownnodevoltagescansim- 
ilarlybereducedbyone. Thus, Nodes'! and2inFigure3.20musttogether 
contributeonestatementofKCLtothefirstpartofStep3ofthenodeanalysis 
(namely .writingKCLforeachofthenodesthathasanunknownnodevoltage). 
Further, thissinglestatementofKCLshouldnotinvolveissinceiscannotbe 
determinedfromtheelementlawofthevoltagesourceinthesecondpartof 
Step3(namely,usingKVLandelementlawstoobtainthecurrentsdirectlyin 
termsofthenodevoltagedifferencesandelementparameters). 

ToderivethedesiredstatementofKCLforNodes1and2, wedrawa 
surface around both nodes, enclosing what is referred to as a supernode in 
theprocess.Then,wewriteKCLforthesupernode.lnthecaseofFigure3.20, 
KCLappliedtothesupernodeyields 



il+i2+i3+i4=0 v ' 

forthefirstpartofStep3. NotethatthisstatementofKCLisnothingmore 
thanthesumof 



ii+i2+i5=0 

i3+U-i5=0, 



(3.34) 

(3.35) 



r 
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whicharetheindividualstatementsofKCLforNodes1and2.Followingthis, 

inthesecondpartofStep3,thecurrentsareeliminatedbysubstitutingnode 

voltagesandelementparametersintheirplace. Inourexample, ii andi 2 are 

determinedusingeiandtheparametersoftheelementsthroughwhichiiand 

i2flow.Similarlyi3andi4aredeterminedusingei+Vandtheparametersof 

theelementsthroughwhichi 3 andi 4 flow, withe servingastheoneunknown 

nodevoltage. 




itshouldberecognizedthatafloatingstringofindependentvoltagesourcesis 

handledinexactlythesamemannerasafloatingisolatedindependentvoltage 

source. 



Letusillustratenodeanalysisappliedtoacircuitwithafloatingindependent 
voltagesource,andhenceasupernode,usingthecircuitshowninFigure3.21. 
The circuit is the same as that shown in Figure 3.1 0 except that Node 2 is 
nowselectedasthegroundnode, andthenodevoltagesforNodesI and3 
aredefineddifferently.Thesupernodecontainingthefloatingvoltagesource 
isalsomarkedinthefigure. 

Theprimaryunknowninthecircuit,e,isnowthevoltageatNode3.Note 
alsothatthevoltageatNodel , theothernodeinthesupernode, islabeled 
intermsofe.Bydefiningthegroundnodeandlabelingthenodevoltages,we 
havecompletedSteps1and2inthenodeanalysis. 

NextweperformStep3forthesupernode.Thisyields 



e+V+R 

Ri 



e 

" 2 + 1 = 0 . 



(3.36) 



lnEguation3.36Te+y)/Fliisthecurrent(writtenintermspfnodevpltage: 

andeTementparameters)outoTtnesupernodethroughthebrancncontc 



s . 

aining 



3 — 

Node 1 
e+V 
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V R2 



I 



FIGURE 3.21 Acircuitwith 

afloatingindependentvoltage 

source. 
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Ri. Similarly, e/R 2 isthecurrentoutofthesupernodethroughR 2 ,andlisthe 
currentthroughthethirdbranchfromthesupernode. 
FollowingStep4,thesolutionofEquation3.36is 



Ri R 2 R 2 

e=-Ri+R 2 l- H 1 +H 2 V. 



(3.37) 



Finally, tocompletethenodeanalysis,thesolutionforecouldbeusedinStep5 
ofnodeanalysistodeterminethebranchvoltagesandthenthebranchcurrents 
inthecircuit.Whilewewillnotdothishere,itisworthwhiletoseethatitwill 
yieldthesameresultsasinEquations3.10through3.16, providingthatthe 
branchcurrentsandvoltagesaredefinedinthesamemanner.Toseethatthis 
willbethecase,observethateinEquation3.37isthesameasinEquation3.9 
except for a minus sign, owing to the change in the sign of e as defined in 
Figures3.10and3.21. 



example 3.10 floating independent voltage 

source Asanotherexampleofnodeanalysisappliedtoacircuitwithafloating 

independentvoltagesource,considerthecircuitshowninFigure3.22.lnthiscircuit,the 

voltagesourcehavingvalueV3istheonlyfloatingindependentvoltagesource. Because 

thesourcehavingvalueViisconnectedtogroundatNode5itisnotafloatingsource, 

henceNodelislabeledwiththenodevoltageVi. Similarly, thesourcehavingvalueV 2 

isnotafloatingsourcebecauseitisconnectedtogroundthroughtheknownvoltage 

Vi, henceNode 2 islabeledwiththeknownnodevoltageVi+V 2 . Thus, onlythe 

voltagesatNodes3and4inthesupernodeareunknown.lnFigure3.22,Node3is 

labeledwiththeunknownnodevoltagee,andsoNode4islabeledwiththenodevoltage 

e+V3. 



^2 
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Gi 



Super node 



e +V 3 Node 4 



FIGURE 3.22 Anothercircuit 

withafloatingindependentvoltage 

source. 
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TocontinuethenodeanalysisofthecircuitinFigure3.22,weperformStep3forthe 

supernode.Thisyields 

Gi [(e+V3)-(Vi +V 2 )]+G 2 (e-Vi )+G3e=0. (3 ' 38) 

Here,conductanceshavebeenusedforconvenience.FollowingStep4,thesolutionof 

Equation3.38is 



e= (Gh-GpUAm-GiVp-GiV 3. (3.39) 

GVG fG 

Finally, to complete the node analysis, the solution for e could be used in Step 5 to 

determinethebranchvoltagesandthenthebranchcurrentsinthecircuit.Wewillnot 

dothishere. 



3.3.3 



DEPENDENT 

METHOD 



SOURCES AND THE NODE 




FIGURE 3.23 Acircuit 

containingadependentcurrent 

source. 



Adependentsourcewillalsocomplicatethenodeanalysispreviouslydescribed 
when its element law does not easily relate its branch current to its branciH 
voltage. lnthiscase,itwillagainnotbepossibletocompleteStep3,andsoitis 
againnecessarytomodifythenodeanalysisslightly.Sincetherearefourtypes 
ofdependentsources.andthebranchcurrentsandvoltagesthatcontrolthem 
canappearthroughoracrossmanydifferenttypesofelementsjtisimpractical 
totreateachcaseseparatelyinitsmostefficientmanner. Asacompromise, 
wepresenthereasinglemethodthattreatsallcasesofdependentsources,and 
illustratehowthismethodcanbemademoreefficientinafewillustrativecases. 
WewillillustratethemethodusingthecircuitinFigure3.23,whichcontainsa 
dependentcurrentsource,whosecurrentissomefunctionofabranchvariable 
iasshowninthefigure. 

Ourmethodofapplyingnodeanalysistoacircuitcontainingdependent 
sourcesbeginsbyassumingthatweknowthevalueofeachdependentsource. 
Thisassumptionallowsustotreateachdependentsourceasanindependent 
source, andcarryoutanodeanalysisofthecircuitasdescribedintheprevi- 
oussubsections. Forexample, inthecaseofadependentcurrentsource(see 
Figure 3.23), we replace the dependent source with an independent current 
sourcewithsomeassumedcurrent,sayl(seeFigure3.24),andcarryoutour 
usualfive-stepnodeanalysis. Aspartofthisanalysiswesolveforthebranch 
variablesthatcontrolthedependentsourcesintermsoftheassumedsource 
values. 

Of immediate interest are the expressions for the branch variables that 
controldependentsources.lnourexample,thisbranchvariableisi.Next,we figure 3.24 Repiacingthe 
substitutetheseexpressionsforthecontrollingvariablesintotheelementlaws dependentcurrentsourcewithan 
forthedependentsources,andself-consistentlysolvefortheactualvaluesofthe independentcurrentsourcewith 
dependentsources.Continuingwithourdependentcurrentsourceexampleof 




anassumedcurrentl. 



r 
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Figure3.23,supposethattheexpressionforiissomefunctionoftheassumed 

currentlandisoftheform 



i=g(i)- 



(3.40) 



Wesubstitutethisexpressionforthebranchvariableintotheelementlaw 

forthedependentcurrentsourceas 



l=f(i)=f(g(l)) v ° ; 

andsolveforl.Thesolutionforlwillnotcontainthevariablei.Notethatifthe 

expressionforishowninEquation3.40doesnotcontainl,thennoadditional 

workneedstobedonetosolveforl,sincef(g(l))isitselfasolutionforl. 

Finally, weback-substitutetheactualvaluesofthedependentsources — 
inotherwords, thesolutionforl — intotheoriginalnodeanalysis, thereby 
completingtheanalysisintotal. 

Asaconcreteexample,supposethedependencesourcefunction 



f(i)=10i. 

Further, supposeweobtainthefollowingexpressionforiasafunctionofthe 
assumedcurrentl: 



i=g(l)= 21 ±2 A. 



Then,accordingtoEquation3.41 , 



l=f(g(l))=1 021 +2A. 



Solving, weget 



l=- 5A. 

Asexpected,thesolutionforldoesnotcontainthevariablei. 

This modification to the original node analysis is not always the most 
efficientmethodofanalysis,butitalwaysworks. However, whentheelement 
lawsforthedependentsourcescanbeeasilyexpressedintermsofthenode 
voltages, itispossibletotakeamoreintuitiveapproachandapplythesimple 
nodeanalysisdescribedinSection3.3withoutmodification.lnourexampleof 
Figure3.23,supposethatthecircuitonthelefthasthenodevoltagesshown 
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inFigure3.25.lnthiscase,itiseasytoseethattheelementlawforthecurrent 

sourcecanbeeasilywrittenintermsofthenodevoltagesas 




FIGURE 3.25 Nodevoltages. 



f(i)=f eaffeb 



andoursimplenodeanalysiscanbeappliedwithoutmodification.Wewilldo 
examplesusingboththemodifiedandunmodifiedversionsofthenodemethod. 

Toillustrateourmodifiedmethodofnodeanalysisforacircuitcontaining 
adependentsource,considertheanalysisofthecircuitshowninFigure3.26. 
Thiscircuithasonedependentsource,namelyaCCCS.Toanalyzethiscircuit 
usingthenodemethod,wefirstreplaceitsCCCSwithanindependentcurrent 
sourcecarryingaknowncurrent,sayl,andanalyzetheresultingcircuit.The 
resu Itingcircuit, however, isexactlythatshowninFigure3.10,whichwehave 
alreadyanalyzedusingthenodemethodinSection3.3.Notethatthevaluelin 
Figure3.10replacesthevalueaii inFigure3.26.Thus,wearepartiallydone 
withtheanalysisofthecircuitinFigure3.26. 

The results of our analysis of the circuit in Figure 3.10 appear in Equa- 
tions3.10through3.16.Letuscopythemhereforconvenienceafterreplacing figure 3.26 Acircuitwitha 
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(3.42) 

(3.43) 

(3.44) 

(3.45) 

(3.46) 

(3.47) 

(3.48) 



Ofparticularinterestfromthatanalysisisthevalueofiibecauseiicontrols 
theCCCSinFigure3.26.Usingtheresultforii fromEquation3.45wenext 
write 



R2 



1 



-V 



l=aii=a- 



Ri+R 2l+ 



R 1 +R 2 



(3.49) 
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The first equality in Equation 3.49 expresses the equality of the CCCS in 
Figure3.26anditssurrogateindependentcurrentsourceinFigure3.10. The 
secondequalityfollowsfromthesubstitutionforiiusingEquation3.45from 
thenodeanalysisofthecircuitinFigure3.10.Sinceiiisdeterminedinterms 
of Iduringthatanalysis, Equation3. 49becomesanimplicitequationthatmust 
besolvedforl.Thissolutionyields 



1= Ri+(1+a)R2V. (3 ’ 50) 

TheactualvalueoftheCCCSisnowknown. 

Finally, weback-substituteEquation3.50,namelytheactualvalueof I .into 
Equations3.42through3.48toobtain 



vo=V 


1 


(3.51) 

(3.52) 


io=- 


Ri+(1+a)R2V 




Ri 


(3.53) 


VI = 


Kl+(1+a)K2V 




1 


(3.54) 


ii = 


Kl+(1+a)K2V 


V2=V3= Kll(t+^l)K2V 


(3.55) 


\ 2 = 


Ri4.1(l4-4-nn)R9V 


(3.56) 




-rr 


(3.57) 


i3= 


Kl+(1+a)K2V. 



ThiscompletestheanalysisofthecircuitinFigure3.26. 

Whiletheprecedinganalysisisnotterriblydifficult.itcannonethelessbe 
carriedoutmoreefficientlyinmanycases.Asmentionedpreviously, commonly, 
itispossibletoapplythesimplenodeanalysisdescribedinSection3.3without 
modificationbecausetheelementlawfortheCCCScanbeeasilyexpressedin 
termsofthenodevoltagee. Toseethis, webeginbyperformingStep3of 
nodeanalysistowrite 



P-V+Ft e p -nV-e =0 

Ri Ri 



(3.58) 



forthenodeatwhicheisdefined.NotethatinthethirdterminEquation3.58, 
(V-e)/Ri hasbeensubstitutedforii . 
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Next,followingStep4,wesolveEquation3.58foretoobtain 



e= R,4^4fev. < 3 - 59 > 

This result is the same as expressed in Equation 3.55. The remainder of 
the node analysis, namely Step 5, then proceeds to yield Equations 3.51 
through 3.57 directly. It is important to note, however, that the node anal- 
ysisofcircuitscontainingdependentsourcescannotalwaysbeeasilysimplified 
inthismanner. 



example 3.11 dependent current source Now, let us 
analyzeaslightlydifferentcircuitcontainingadependentsourceasshowninFigure3.27. 
The node voltages vo and vi are marked. The dependent current source supplies a 
current 



io=f(x) 



wherewewillconsidertwocases: 

1 . lnthefirstcase,xisthevoltagevi,andthecurrent 



io=-Gmvi. 



2. lnthesecondcase,xisthecurrentii ,and 

io=-pii. 

Letussupposethatwearespecificallyinterestedindeterminingvoasafunctionofvi 

inbothcases. 

Letusconsiderthefirstcaseinwhich 



io=-Gmvi. 



vi Rp vo 




FIGURE 3.27 Another 
dependentcurrentsourcecircuit. 
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Noticethatioisdirectlyexpressedintermsofanodevoltage,andsowecanapplyour 
simplenodeanalysistechniquewithoutanymodification, remembering, however, to 
substitutetheelementlawforthedependentsourcecurrentwhenwritingKCLforthe 
nodeswithunknownvoltages. 

SincethegroundandnodevoltageshavebeendefinedasshowninFigure3.27,Steps1 

and2ofnodeanalysisarecomplete. 

ForStep3,wewriteKCLatthenodewiththeunknownvoltagevobysummingthe 

currentsintothenodeasfollows: 



\/|-\/Q 4{-Pim\/l)= v 

R 






(3.60) 



Noticethatwehaveusedtheelementlawforthedependentcurrentsource, namely, 



io=-Gmvi 

tosubstituteforthecurrentintothenodefromthedependentcurrentsource. 

BysimplifyingEquation3.60,weobtain: 



vo = ( l-fimRp)R i vi. (3.61) 

R p +R L 

Wehavethusexpressedvoasafunctionofviwhenio=-Gmvi. 

Letusnowconsiderthesecondcaseinwhich 

io=-pii. 

Althoughnotdirectlyexpressedintermsofanodevoltagejteasytoseethatiocanbe 

expressedintermsofanodevoltagebysubstitutingii=vi/Riasfollows: 

io=-pv _L 
R 

Thus,asinthefirstcase,wecanapplyoursimplenodeanalysistechniquewithoutany 
modification. Going to Step 3 of node analysis, we write KCL at the node with the 
unknownvoltagevobysummingthecurrentsintothenodeasfollows: 

^-^ + (-PRi^= ^ (3.62) 

P L 

Noticethatwehaveusedtheelementlawforthedependentcurrentsource, namely, 



io=-pvi _ 

Ri 

tosubstituteforthecurrentintothenodefromthedependentcurrentsource. 
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BysimplifyingEquation3.62,weobtain: 



1 -pRfrr Rl 
VI, 

Rp+Rl 



(3.63) 



Wehavethusexpressedvoasafunctionofviwhenio=-3ii. 
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example 3.13 loop method 



3.5 SUPERPOSITION 

Suppose we make the circuit in Figure 3.12 one step more complicated by 

addingathirdsource,asshowninFigure3.33.Straightforwardnodeanalysis 

followingtheprocedureoutlinedbythenodemethodyields 



( Vi -ei )Gi +(V 2 -ei )G 2 +(e 2 -ei )G3=0 

(ei -e2)G3-e2G4+l=0. 
Collectingthesourcetermsontheleftside: 

Vi Gi +V 2 G 2 =ei (Gi +G2+G3)-e2G3 
l=-eiG3+e2(G3+G4). 



(3.97) 

(3.98) 



(3.99) 

(3.100) 



Ri 



ei 



Rs 



e2 




FIGURE 3.33 Anetworkwith 
threesources. 
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Letusagainfindei: 



ei= (\/ini4-\/pn9)(r;R-i-r;A)-i-inR (3.101) 

(G4G-hG )(0+G)-G* 3 

_ (3.102) 

“ GVa^-G GVCJ G +§ ft +G 2 G 4 3 

4 

Againnotethestructureofthisexpression: 

Alldenominatortermsareofthesamesign.Thusthedenominator 

cannotbemadezeroforanynonzerovaluesofconductances.(lfthe 

denominatorcouldbemadezero.wecouldgetinfiniteeiforfinite 

sourcesvalues,aviolationofconservationofenergy.) 

Eachtermontherightconsistsofonesourcetermmultipliedbya 

resistive(orconductive)factor.Therearenoproductsofsourceterms. 

We now wish to translate these mathematical constraints to circuit 
constraints, to find simpler methods for analyzing multi-source networks. 
Specifically,wewishtofindthetermsinEquation3. 102, byinspection, from 
Figure 3.33. The mathematics says that, because of linearity, the first term 
remainsunchangediftheothertwosourcesaresettozero.Wemustnowinter- 
pretthisstatementincircuitterms. Mathematically, wewishtosetvariableV 2 
tozero,soincircuittermswemustsetvoltagesourceV 2 tozero. Bydefinition, 
sourceV 2 mustnowbezeroregardlessofwhatcurrentflowsthroughit,that 
is, itmustbeashortcircuit. Soingeneral, settingavoltagesourcetozerois 
equivalentincircuittermstoreplacingthatsourcebyashortcircuit.Similarly, 
settingltozeromeansthatnocurrentcanflowthroughthatbranchofthe 
circuitregardlessoftheterminalvoltage.Hencesettingacurrentsourcetozero 
isequivalentincircuittermstoreplacingthatsourcebyanopencircuit .These 
aretwoadditionalimportantcircuitprimitives. Applyingthesetwoconcepts 
toFigure3.33, wecanfindthefirstterminEquation3.102, thatis, thepart 
ofeiarisingfromsourceVi,byformingasubcircuitfromFigure3.33withV2 
andlsettozeroasshowninFigure3.34a. Thus, inFigure3.34a, eiAisthe 
voltagecomponentofeiduetosourceViactingalone.NoweiAcanbefound 
byinspectionusingthevoltage-dividerprimitive: 



e,A=V. < 3 - 103 > 

Ri+R (F! +f\A) 

wherethetwoverticallinesareshorthandnotationfor“inparallelwith.”The 
numerator, for example, is R 2 in parallel with the sum of R 3 and R 4 . The 
calculationissomewhatsimplifiedifweuseconductanceinsteadofresistance. 
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Using the conductance form of the voltage-divider relation (Equation 2.50), 
wefind 



eiA=ViGi+G2+G3G4/(G3+G4) 

where the two conductances in series, G3 and G4 are calculated using 
Equation2.58.BothoftheseexpressionsarethesameasthefirstterminEqua- 
tion3.1 02, aftersomemanipulation.Notethattheformof Equation3. 104is 
muchsimplerandmoreinsightfulthantheformsinEquations3.1 01 and3.1 02, 
becausethederivationintermsofthevoltage-dividerprimitiverevealsthebasic 
structureofthecircuit.Butthemainpointofthisdevelopmentistoshowthat 
the effect of source Vi on the node voltage ei can be found very easily by 
formingasubcircuitinwhichV 2 andlaresettozero. 

By the same argument, the effect of V 2 and I on ei can be calculated 
usingthesubcircuitsshowninFigure3.34band3.34c, respectively. For V 2 , 
sourcesViandlaresettozero,asshowninFigure3.34b.Clearlycircuits3.34a 
and3.34bareidenticalintopology,sotheeffectofV2oneicanbewrittenfrom 
Equation3. 103byinterchangingRiandR2,orGiandG2inEquation3. 104. 
ThiswillgiveuseiB,thecomponentofeiduetovoltagesourceV 2 . 

Tofindtheeffectofl,itisnecessarytosetbothViandV 2 tozero,that 
is,replaceeachbyashortcircuit,asshowninFigure3.34c.Noweic canbe 
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FIGURE 3.34 Subcircuits. 
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foundbynotingthatthetotalconductanceofthepathtotheleftofthesource 

is,fromEquations2.94and2.58, 



G= G' 




(3.105) 



Hence, fromthecurrentdividerrelation,thecurrentthroughR 3 is 



Gl 

i R 3 = G G . . 

+ 4 

Noweiccanbefoundfromtherelation 

iR3 

eic = G 1 +G 2 

Gl 

= (G+G4)(Gl+G2) 



(3.106) 



(3.107) 

(3.108) 



which, onsubstitutionofEquation3.105andsimplification,reducesto 

IG3 

eic = (Gl +G2)G3+G4(Gl +G2 )+GsG4. 



(3.109) 



ThisisequivalenttothethirdterminEquation3.102. 

Thisexampleillustratesboththeuseofsuperpositiontosolveanetwork 
withseveralsources, andalsoshowshowprimitives(elementaryprocedures) 
canbeusedtosolvecircuitsbyinspection. Generalizing, wenotethatanymessy 
linearnetwork — theoneinFigure8iQ§ttoraefeta)xp(eei4- 
tostraightforwardnetworkanalysisandleadtoasetofequationsoftheform 

ViGia+V 2 Gib+-"+li+-”=eiGii+e 2 Gi 2 +--- (3.110) 

VlG2a+--- =eiG 21 +e 2 G 22 +-" 

VlG3a+--- =eiG31+-" 

Thesehavebeenwritteninthestandardform,withsourcetermsonthe 
leftineachequation.Alloftheunknownvariablesappearontherightside,each 
multipliedbyconductances: thesumoftheappropriate“self”conductances 
fortermsalongthemaindiagonal, andthesumoftheappropriate“mutual” 
conductanceselsewhere. 

Further, the solution of such a set of linear simultaneous equations will 
alwaysresultinanexpressionofthegeneralformofEquation3.102,inwhich 
thevoltageorcurrentwearetryingtoevaluatewillbeequaltoasumofterms 
eachinvolvingonlyonesource. 
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FIGURE 3.35 Aresistive 
network. 



Thesuperpositiontheoremthusstatesthatinalinearnetworkwithanum- 

berofindependentsources,theresponsecanbefoundbysummingtheresponses 

toeachindependentsourceactingalone,withallotherindependentsourcessetto 

zero.Theseindividualresponsescanbefoundveryreadilybyformingsubcircuits 

inwhichallindependentsourcesexceptonearesettozero. 

Accordingly, thesuperpositionmethodforlinearnetworkscanbestated 
asfollows: 



TheSuperpositionMethod 

1 . Foreachindependentsource,formasubcircuitwithallother 

independentsourcessettozero.Settingavoltagesourcetozeroimplies 

replacingthevoltagesourcewithashortcircuit,andsettingacurrent 

sourcetozeroimpliesreplacingthecurrentsourcewithanopencircuit. 

~ 2 . Fromeachsubcircuitcorrespondingtoagivenindependentsource,find 
theresponsetothatindependentsourceactingalone.Thisstepresults 
inasetofindividualresponses. 

3 

Obtainthetotalresponsebysummingtogethereachoftheindividual 

responses. 



1 k& 




vo 



FIGURE 3.36 Circuitfor 



performingsuperpositionanalysis. 

example 3.14 superposition analysis of averag- 
ing circuit ShowthatthenodevoltagevointhecircuitshowninFigure3.36 

istheaverageofthetwoinputvoltagesusingthemethodofsuperposition. -j k& 

By the method of superposition, the voltage vo can be determined by summing the “ V05 

responses of each of the sources acting alone. We will first obtain vos, the response 
ofthe5-Vsourceactingalone.Thesubcircuitcorrespondingtothe5-Vsourceacting 5 V 
aloneisshowninFigure3.37.Noticewehaveshortedthe6Vsource. 

Bythevoltagedivideraction,wecanwrite 



1 k& 




5V= 




Ik 

v05 = fR+nr 



FIGURE 3.37 Circuitwith5-V 
sourceactingalone. 
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FIGURE 3.38 Circuitwith6-V 
sourceactingalone. 



FIGURE 3.39 Circuitwithtwo 
independentsources. 



Next,weobtainvo6,theresponseofthe6-Vsourceactingalone.Thesubcircuitcorre- 
spondingtothe6-VsourceactingaloneisshowninFigure3.38.lnthiscase,wehave 
vo6 shortedthe5-Vsource. 

Again, bythevoltagedivideraction,wecanwrite 

1k 6 w 

v06 = fR+TK 6V= 2' V ' 

Wenowsumthetwopartialresponsestoobtain 



= 5+fi =5.5V. 

V0=V05+V06 

2 

Itiseasytoseethatvoistheaverageofthetwoinputvoltages. 

B 

example 3.15 applying the method of super- 

position Figure3.39showsacircuitcontaininganindependentvoltagesource 
andanindependentcurrentsource.Determinethecurrentl. 

Wewillusethemethodofsuperpositiontosolvethiscircuitintwodifferentways. First, 
wewillobtainthenodevoltageeusingsuperposition, andthen, usingthevalueofe, 
obtainthecurrentl.Oursecondapproachwilldirectlydeterminelusingthemethodof 
superposition. 

FirstMethod 

Letusfirstdeterminethevalueofeusingsuperposition.Bythemethodofsuperposi- 
tion,thevoltageecanbedeterminedbysummingtheresponsesofeachofthesources 
actingalone. Wewillfirstobtainev, theresponseofthevoltagesourceactingalone. 
ThesubcircuitcorrespondingtothevoltagesourceactingaloneisshowninFigure3.40. 
Noticewehaveturnedthecurrentsourceoffbyopen-circuitingit. 

Bythevoltagedivideraction,wecanwrite 



2 

ev=1 2+2“= 
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FIGURE 3.40 Subcircuit 

correspondingtothevoltage 

sourceactingalone. 
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FIGURE 3.41 Subcircuit 

correspondingtothecurrent 

sourceactingalone. 



Next, we obtain ei, the response of the current source acting alone. The subcircuit 
correspondingtothecurrentsourceactingaloneisshowninFigure3.41 .Inthiscase, 
wehaveshortedthevoltagesource. 

Wefirstsimplifythesubcircuitbyreplacingthepairof2-resistorsinparallelwithan 
equivalentl -resistorasdepictedinFigure3.41 . Then, sincethel -Acurrentflows 
througheachoftheresistors,thevoltageacrossthe1 -resistorisequaltoei.lnother 
words, 



ei=1 Ax1=1 V. 



Wenowsumthetwopartialresponsestoobtainthetotalresponsee.Thatis, 



1 

e=ev+ei= V£l V=1 .5V. 



Wecannowdeterminelas 



e 

1= 2^U!75A. 



SecondMethod 



2 & 




Next,wewilldirectlydeterminelusingsuperposition.Superpositionsaysthatlcanbe 
determinedbysummingthecurrentsgeneratedbyeachofthesourcesactingalone.We 
wi I If i rstobtai n I v, thecurrentduetothevoltagesourceactingalone. Thesubcircuit 
correspondingtothevoltagesourceactingaloneisshowninFigure3.42. 



FIGURE 3.42 Subcircuit 

correspondingtothevoltage 

sourceactingalone. 



152 



CHAPTER THREE 



network theorems 



Thecurrentinthesubcircuitisgivenbythevoltagedividedbythesumoftheresistors. 
Inotherwords, 

1 V 

lv= 2+2 =0.25 A. 

Next, we obtain li, the response of the current source acting alone. The subcircuit 
correspondingtothecurrentsourceactingaloneisshowninFigure3.43. 

FIGURE 3.43 Subcircuit Bythecurrentdividerrelation, itiseasytoseethatli = 0.5A,sincethe1-Acurrent 

correspondingtothecurrent suppliedbythecurrentsourcedividesequallyintothetwobranchesofthesubcircuitin 

sourceactingalone. Figure3.43. 

Wenowsumthetwopartialresponsestoobtainthetotalresponsel.Thatis, 



2 & 2 & 




l=lv+li=0.25A+0.5A=0.75A. 



IB I 

example 3.16 resistive adder circuit An elementary 

resistive adding circuit is shown in Figure 3.44a. This circuit might be used to add 

togetheranumberofmicrophonesignalsbeforesendingthemtooneamplifier.(Notice 

thatthiscircuitisageneralizationofthecircuitinFigure3.36.)Weshalldiscoverbetter 

waysofbuildingsuchacircuitinlaterchapters,butthepresentformservesasagood 

illustrationoftheprincipleofsuperposition. 

Fromtheprecedingdiscussion, theeffectontheoutputvoltageVo ofthesourceVi 
actingalonecanbefoundbyformingasubcircuitinwhichallotherindependentsources 
aresettozero,whichinthiscasemeansreplacingV2,V3,andV4byshortcircuits,as 
showninFigure3.44b. NowVoa,theresponsetoVi alone, canbefoundbyinspection 



R 




FIGURE 3.44 Resistiveadding 
circuit. 
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usingthevoltage-dividerrelation 



Voa = R+R/3 Vl ’ (3,111) 

Thecompleteresponseisthesumoffoursuchterms,whichinthisspecialcaseallhave 

thesamecoefficient 



Vo= 4"(Vl+V2+V3+V4). 

Note that there is no restriction on the nature of the sources (other than frequency 
limits, etc. ,asdiscussedinChapter1).ThesourcescouldbeDC,sinewavesorsquare 
waves, speech, oramixtureofthese. Equation3. 1 12statesthattheoutputwillbethe 
sumoftheseindividualsignals,eachmultipliedbyaconstant,a“scalingfactor.”lfthe 
inputswerefoursinewaves,eachatadifferentfrequency,thentheoutputvoltagewould 
bethesumofthesefoursinusoids.appropriatelyscaled.Nootherfrequencieswouldbe 
presentintheoutputsignal. Thusafurtherconsequenceoflinearityisthat, whatever 
frequenciesarepresentattheinputorinputsofalinearsystem, theseandonlythese 
frequencieswillappearattheoutput. 



0 
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3.5.1 SUPERPOSITION RULES FOR DEPENDENT 
SOURCES 

Whenthedependenciesarelinear,dependentsourcesareamenabletothesetof 

analysesdiscussedearlierinChapters2and3.Caremustbetaken, however, in 

applyingthesuperpositionprinciple.Recallthattheprincipleofsuperposition 

allowslinearmultisourcenetworkstobesolvedforonesourceatatimeby 

settingallotherindependentsourcestozero.Settingavoltagesourcetozero 

meansreplacingitwithashortcircuit;acurrentsourcesettozeroisanopen 

circuit.Thecompleteresponseisthesumoftheresponsestoeachindividual 

source. 

Whatdowedoaboutdependentsources?Apracticalwayistoleaveallthe 
dependent sources in the circuit. The network can then be solved for one 
independentsourceatatimebysettingallotherindependentsourcestozero, 
andsummingtheindividualresponses. 

Alternatively, the dependent sources could be treated as independent 
sources, andinafinalstepoftheanalysis, theirdependenciesmustbeback- 
substitutedintermsofothernetworkparameters. However, thismethodtends 
tobeimpractical. 



CHAPTER THREE 



network theorems 



example 3.18 a single dependent source and 
superposition ConsiderthecircuitinFigure3.49.ltcontainstwoindepen- 
dentsourcesandonedependentsource.Usingthesuperpositionmethod,letusderive 
theoutputvoltagevo. 

We will solve the circuit by leaving the dependent current source in the circuit 
andsummingtheresponsesofeachoftheindependentsourcesactingalone. 

1 -V Source ActingAlone 

Figure3.50showsthecircuitcorrespondingtothe1 -Vsourceactingalone,wherevoi 

isthecorrespondingresponse.Noticethatthedependentcurrentsourcehasbeenleft 

inthecircuit,andthe2-Vsourcehasbeenshortedout. 

Bythevoltagedividerrelation,weknowthat 



vi=0.5V. 



Thus, 



1 

VOI — vix1k=5V. 
= 100 



2- V Source ActingAlone 

Figure3.51showsthecircuitcorrespondingtothe2-Vsourceactingalone,wherevo2 

isthecorrespondingresponse.Bythevoltage-dividerrelation,weknowthat 



V2=1 V. 



Thus, 



1 

V02 V2x1k=10V. 

= 100 



VO 




FIGURE 3.49 Circuitcontainingtwoindependent 
sourcesandonedependentsource. 



vi 



voi 




FIGURE 3.50 Subcircuitcorrespondingto 
thel -Vsourceactingalone. 
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V2 



V02 



1 k& 



0 7k& ' ~r 

"I 008sj 2 i k& 

2 V + 



FIGURE 3.51 Subcircuit 

correspondingtothe2-Vsource 

actingalone. 



Summingthetworesponses,wegetthetotalresponseas 

V0=V01+V02=15V. 



10 I 

example 3.19 multiple dependent sources and 
superposition As a more complicated example, consider the circuit in 
Figure 3.52. Using the superposition method, let us derive the output voltage vo as 
afunctionofvi. 

Thiscircuithastwodependentcurrentsourcesandtwoindependentvoltagesources 

(viandv 2 ).Wewillsolvethisproblembyleavingboththedependentcurrentsourcesin 

thecircuitandsummingtheresponsesofeachoftheindependentsourcesactingalone. 

Wealsodefinetwointermediatevariables,thenodevoltagesvaandvb. 

vl Acting Alone 

Wewillfirstobtaintheresponsewith vi actingalone. Figure3.53showsthecircuit 
correspondingtovi actingalone. voi isthecorrespondingresponse. Noticethatthe 




FIGURE 3.52 Circuitwithmultipledependent 




FIGURE 3.53 Subcircuitcorrespondingtovl acting 
alone. 



sources. 
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dependentcurrentsourceshavebeenleftinthecircuit, andv 2 hasbeenshortedout. 

Sincev2=0,wefindthati2=0(inotherwords,thedependentcurrentsourcebehaves 

likeanopencircuit). 

Wewillfirstdeterminevai andvbi,thenodevoltagesatthenodesaandbduetovi 
actingalone.Wewillthendeterminevoiastheirdifference. 

Since i 2 = 0, there is no voltage drop across the resistor Rl connected to node b. 
So,nodebwillbeatgroundpotential.lnotherwords, 

Vbl =0. 

Wecanobtainvai byusingKVLas 

Val =0— il RL=-gmV1 RL=-gmViRL. 



v2ActingAlone 

Figure3.54showsthecircuitcorrespondingtov2actingalone.vo2isthecorrespond- 

ingresponse.lnthisoircuit,sincevi=0,wefindthatii=0. 

Sinceii =0,thereisnovoltagedropacrosstheresistorRLconnectedtonodea ,and 
so,thistimearound,nodeawillbeatgroundpotential.lnotherwords, 



Therefore 



Vol =Va1 -Vbl =-gmViRl_. 



Va2=0. 



0 



Rl 



Rl 

- b Vb2 



Va2 a 



Vo2 



ii = 0 



12 = gmV2 



FIGURE 3.54 Subcircuit 
correspondingtov2actingalone. 



c 



vi = 0+- 



Ri 



R 



Rl 



V2 = -Vi 
+ 
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Wecanobtainvb2byusingKVLas 



Vb2=0-i2RL=-gmV2RL=-gm(-Vi)RL=gmViRl_. 



Therefore 



Vo2=Va2-Vb2=-gmViRL. 

We can now obtain the total response by summing the responses to each of the 
independentsourcesactingalone.lnotherwords, 



Vo=Vo1 +Vo2=-2gmViRl_. 



3.6 THEVENIN’S THEOREM AND 
NORTON’S THEOREM 

3.6.1 THE THEVENIN EQUIVALENT NETWORK 

Asimpleextensionoftheconceptofsuperpositionyieldstwoadditionalnet- 

worktheoremsofgreatpower, whichallowustosuppressalotofdetailin 

circuitanalysisandfocusattentiononlyonthatpartofanetworkwearereally 

interestedin. Consider, forexample,abattery,orahigh-fidelitypowerampli- 

fier,orawalloutletfor1 1 0-VACpower,orapowersupplyforacomputer, 

Whatisthesimplestwaytodescribetheelectricalpropertiesofeachofthese 

systemsatitsoutputterminals?lsoneparameterneeded,orten,orfifty?Clearly 

thevoltagemeasuredwithahigh-qualitymeterthatdrawsnegligiblecurrent 

isoneimportantparameter(theopen-circuitvoltagementionedinSection1 .7). 

Likewisewewouldwanttoknowthefrequency:zerofrequencyforthebattery, 

60hertz(or50oreven25insomecountries)forthepowerline,etc.Butwe 

havealreadyobservedanothereffectthatisimportant.Whencurrentisdrawn 

fromanyofthesesystems,thevoltageattheterminalsdrops.Dependingon 

thequalityofthewiringinadormitory.thelightsmaydimnoticeablywhena 

toasterispluggedintothesamecircuit.Orthevoltageoftheflashlightbattery 

willdropwhenabulbisconnectedandcurrentflows,asnotedinSection1.7. 

Howcanthiseffectbecharacterized?Forthebattery,isitnecessarytomake 

measurementsatlOOcurrentlevels.andplotacurveofthecharacteristic? 

Ifthesystemislinear.thentheanswertothisquestionisverysimple.We 
willshowthatanycollectionofvoltagesources,currentsources,andresistors 
canberepresentedatanyonepairofterminalsbyonevoltagesourceandone 
resistor, orbyonecurrentsourceandoneresistor.Thegraphicalconstruction 
ofFigurel .43alreadyhintedatthisfact, butwepresenthereamoreformal 
proof. Westartwithagenerallinearnetworkcontainingsourcesandresistors, 
shownasanamorphousboxinFigure3.55a.Wepresumethattheonlytwo 
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FIGURE 3.55 Derivationofthe 

terminalsweareinterestedinareshownemergingontheright. Wewishto 
findtherelationshipbetweenvandiattheseterminals. 

Tofindvintermsofi, weneedtoapplysomeformofexcitation, and 
measure the response. The derivation is simplest if we use either a voltage 
sourceoracurrentsource, ratherthanacomplicatedexcitationnetwork. In 
Figure3.55b,wehavechosentoapplyatestcurrentsourcetotheterminals.To 
calculatetheresponsey bysuperposition, firstsetalltheinternalindependent 
sourcestozero,asinFigure3.55c,andcalculatethevoltageva.Asdiscussed 
inSection3.5.1, dependentsourcesareleftasis. Thense^st tozero, asin 

Eigure3.55d,andcalculatevb.Thedesiredvalueofvtisthesumva+vb .From 
Figures. 55c, 



Va=itestRt 



(3.113) 



whereFt t isthenetresistancemeasuredbetweenthetwoterminalswhenall 
internalindependentsourcesaresettozero.ResistancpR iscalledtheThevenin 
Equivalent Resistance. From Figure 3.55dfoV is obviously just the voltage 
appearingattheterminalsoftheoriginalnetworkwhennocurrentisflowing; 
wecallthistheopen-circuitvoltage.Thatis, 



Vb=Voc. 



(3.114) 



Nowbysuperposition, 



Vt=Va+Vb=Voc+itestRt. 



(3.115) 



r 
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FIGURE 3.56 Thevenin 
equivalent. 



This simple relation between voltage and current at a pair of terminals 
applies regardless of the complexity of the network, provided only that the 
networkislinear.Thus,returningtothequestionsposedearlier,ifwespecify 
theopen-circuitvoltageandtheTheveninequivalentresistanceofthebattery,or 
thecomputerpowersupply, orthewalloutlet, thentotheextentthatsuch 
systemscanbeconsideredtobelinear,wehavecompletelycharacterizedthe 
systemasitappearsatitsterminals. 

Equation3. 1 1 5shouldbefamiliarfromSection1 .7.ltisthesameasEqua- 
tionl .23,thevolt-ampererelationforavoltagesourceinserieswitharesistor. 

In graphical terms it is the equation of a straight line in the v- i plane with 
slope1/R t andvoltageaxisinterceptvoc.Sotheprecedingcalculationcanbe 
interpretedintermsofacircuitcalledtheTheveninequivalentcircuitshownin 
Figure3.56. Ifvoc andR t arecalculatedusingthesubcircuitsinFigure3.55c 
and3.55d,thenthiscircuitandtheoneinFigure3.55aareequivalent,inthe 
sensethatanymeasurementattheindicatedterminalsareequivalent.lnother 
words, anymeasurementattheindicatedterminalsofthetwocircuitswillyield 
identicalresults. 

Twoindependentmeasurementsonacircuitarerequiredtodeterminethe 
parametersfortheTheveninmodel.Oneappropriatepairofmeasurementsis 
asfollows.Thesourceparametervoc isthevoltagemeasuredorcalculatedat 
thedesiredterminalpairwhennocurrentisflowingattheseterminals: 



t itest (3.116) 

Rtistheresistancemeasui^dSKcalcCrlatedatthedesiredterminalpairwhen 

allinternalindependentsourcesaresettozero: 



Mfet internalsource=0 

Summarizing, theTheveninmethodallowsustoabstractthebehaviorof 
alinearnetworkatagivenpairofterminalsasavoltagesourceinserieswith 
aresistor. ThevoltagesourceinserieswitharesistoriscalledtheThevenin 
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FIGURE 3.57 Examplecircuitto 
illustratetheTheveninmethod: 

(a)anetwork;(b)itsThevenin VTH _ 

equivalentnetwork. + 

Rth 

aa 



1 & 




Rth 



aa 



Rth= = 




FIGURE 3.58 Networkwiththe 

voltagesourcereplacedwitha 

short. 
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FIGURE 3.59 The 

resultingThevenin 

equivalentcircuit. 
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FIGURE 3.60 Circuittoillustratethe 
po we rof t h eTh e ve n i n m et h od . 



& 




method. First, supposeweareaskedtodeterminethecurrentli throughthevoltage 
sourceinthecircuitinFigure3.60. 

LetususetheTheveninmethodtoobtainthedesiredcurrent.ToapplytheThevenin 
method, wewillreplacethenetworktotheleftofthevoltagesource(thatis,totheleftof 
theaa terminalpair,anddepictedinFigure3.61a)withitsTheveninequivalentnetwork 
(depictedinFigure3.61b).Oncethisreplacementismade,asillustratedinFigure3.62, 
then,thecurrentlicanbewrittenbyinspectionas 



h 



VTH 1 V. 

Rth ^ 



(3.118) 



VTH 



0 " 

RTH 



a 2 



vth andRTH aretheTheveninequivalentparameters. ThefirststepoftheThevenin 

methodistomeasurevTH. AsshowninFigure3.63, vth istheopen-circuitvoltage FIGURE 3.61 Thevenin 
measuredattheaa port. equivalentnetwork. 
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FIGURE 3.62 Circuitwithnetwork 
totheleftoftheaa terminalpair 
replacedwithitsTheveninequivalent. 



FIGURE 3.63 Open-circuit 
voltage. 
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Sincethe2-Acurrentflowsthroughboththe2-resistorsinFigure3.63,vTHcanbe 

writtenbyinspectionas 



vth=2Ax2=4V. 



BythesecondstepoftheTheveninmethod,theresistanceRTHisfoundbymeasuring 

theresistanceoftheopen-circuitnetworkseenfromtheaaportwiththeindependent 

currentsourcesettozero;thatis,withthecurrentsourcereplacedwithanopencircuit 

asillustratedinFigure3.64.ltiseasytoseethat 



Rth=2. 

Flaving determined the Thevenin equivalent parameters vth and Rth, we can 
nowobtainlifromEquation3.1 18as 

li= 4 V-1V = 2 A 
2 2 ' 

Notice that in this example the Thevenin method has allowed us to tackle a given 
problem(thecircuitinFigure3.60)bysplittingitintothreetrivialsubproblems, namely, 
thecircuitsinFigures3.63,3.64,and3.62. 

TofurtherillustratethepoweroftheTheveninmethod,supposethatthe1-Vsourcein 
Figure3.60isreplacedbya10-resistorasillustratedinFigure3.65,andweareasked 
tofindthecurrentl 2 throughthe 1 0-resistor. 

We first notice that the network to the left of the terminal pair aa in Figure 3.65 

is unchanged from that in Figure 3.60. Thus, from the viewpoint of determining a 
parameter relating to the network on the right side of the aa terminal pair, we can 

replacethatnetworkontheleftwithitsTheveninequivalentdeterminedpreviouslyas 

illustratedinFigure3.66. 



2 & 



2 & 



Rth 




12 

10 & 



FIGURE 3.64 Measuring 



FIGURE 3.65 Circuittofurtherillustrate FIGURE 3.66 Circuitwithnetworktothe 

thepoweroftheTheveninmethod. leftofthe terminalpairreplacedwithits 

Theveninequivalent. 
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Thecurrentl2canbequicklydeterminedfromthenetworkinFigure3.66as 

VTH 

12= Rth+10. 



WeknowthatvTH=4VandRTH=2,andsol2=1/3A. 

B 

example 3.22 bridge circuit Determine the current I in the 
branchabinthecircuitinFigure3.67. 

Therearemanyapproachesthatwecantaketoobtainthecurrentl.Forexample,we 
couldapplythenodemethodanddeterminethenodevoltagesatnodesaandband 
therebydeterminethecurrentl. However, sinceweareinterestedonlyinthecurrentl, 
afullblownnodeanalysisisnotnecessary;ratherwewillfindtheTheveninequivalent 
network for the subcircuit to the left of the aa terminal pair (Network A) and for 
thesubcircuittotherightofthebb terminalpair(NetworkB),andthenusingthese 

subcircuitssolveforthecurrentl. 

Let us first find the Thevenin equivalent for Network A. This network is shown in 
Figure3.68a.LetvTHAandRTHAbetheTheveninparametersforthisnetwork. 

WecanfindvTHAbymeasuringtheopen-circuitvoltageattheaaportinthenetwork 

inFigure3.68b.Wefindbyinspectionthat 

VTHA=1 V 

Noticethatthel-Acurrentflowsthrougheachofthel-resistorsintheloopcontaining 
thecurrentsource,andsoviis1 V.Sincethereisnocurrentintheresistorconnected 
totheaterminal,thevoltagev2acrossthatresistorisO.ThusvTHA=vi+v2=1 V. 

WefindRTHAbymeasuringtheresistancelookingintotheaaportinthenetworkin 

Figure3.68c.Thecurrentsourcehasbeenturnedintoanopencircuitforthepurpose 




FIGURE 3.67 Determiningthe 
currentinthebranchab. 



Network A 



Network B 
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FIGURE 3.68 Findingthe 
TheveninequivalentforNetworkA. 



1 A 




FIGURE 3.69 Findingthe 
TheveninequivalentforNetworkB. 
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ofmeasuringRTHA. Byinspection, wefindthat 



Rtha=2. 



Let us now find the Thevenin equivalent for Network B shown in Figure 3.69a. Let 
vTHBandRTHBbetheTheveninparametersforthisnetwork. 

vthb istheopen-circuitvoltageatthebb portinthenetworkinFigure3. 69b. Using 
reasoningsimilartothatforvTHAwefind 



vthb=- IV. 
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Network B 



FIGURE 3.70 NetworksAand 

BreplacedbytheirThevenin 

equivalents. 



Rthb is the resistance looking into the bb port in the network in Figure 3.69c. By 
inspection, 



Rthb=2. 

ReplacingNetworkAandNetworkBwiththeirTheveninequivalents,weobtainthe 

equivalentcircuitinFigure3.70. 

Thecurrentliseasilydeterminedas 

|= P 1V4— 1(-l4-V9) I /\ 

= 5 

Noticeinthisexamplewewereabletosolvearelativelycomplicatedproblembycom- 
posing the results of five subproblems (namely, the circuits in Figures 3.68b, 3.68c, 
3.69b,3.69c,and3.70),eachofwhichwassolvablebyinspection. 

B 

example 3.23 thevenin analysis of a circuit 

with a dependent source FindtheTheveninequivalentcircuitfor 
thenetworktotheleftoftheaa terminalpairinFigure3.71 . Noticethatthiscircuit 

containsadependentsource. 

ThenetworkwhoseTheveninequivalentisdesiredisshowninFigure3.72. LetvTH 
andRTHbetheTheveninparametersforthisnetwork. 
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FIGURE 3.71 Theveninanalysis 

ofacircuitwithadependent 

source. 
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FIGURE 3.72 Networktobe 
replacedbyitsTheveninequivalent. 



VI 



VTH 




DeterminingvTH 

WefirstfindvTHbycomputingtheopen-circuitvoltageattheaaportofthecircuitin 

Figure3.72.Wewillfindthisvoltagebyapplyingthenodemethod.Sincethecurrent 

ofthedependentsourceisexpressibledirectlyintermsofanodevoltage,wecanapply 

thenodemethodwithoutmodification. 

Figure 3.72 shows the ground node, and the two other nodes labeled with the 
nodevoltagesviandvTH.Noticethatviisalreadyknowntobe 

vi=2cos(oot). 

ThiscompletesSteps1and2ofthenodemethod. 

FollowingStep3ofthenodemethod,wewriteKCLforNodea. 

VTH 8 

2k+100S vi=0. 

Next,applyingStep4,wesimplifytheprecedingequationtoget 
vth=-1 60vi=-320cos(oot). 

SincewewereinterestedonlyinthenodevoltagevTH, wedonothavetocomplete 
Step5ofnodeanalysis. 

DeterminingRTH 

WenowfindRTHbycomputingtheresistancelookingintotheaaportinthenetwork 

inFigure3.73.Theindependentvoltagesourcehasbeenturnedintoashortcircuitfor 



vi = 0 




FIGURE 3.73 DeterminingRTH . 
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thepurposeofcomputingRTH.Thedependentsource, however, isleftinthecircuit. 
Sincevi=0,thecurrentthroughthedependentcurrentsourceisO,andtherefore,the 
dependentsourcebehaveslikeanopencircuit.Thus, 



RTH=2k. 

TheresultingThevenincircuitisshowninFigure3.74. 



2 k& 




3.6.2 THE NORTON EQUIVALENT NETWORK 

AnanalogousderivationtothatinSection3.6.1givesrisetotheNortonequiv- 
alentnetwork.Recallthatourgoalistofindthev -irelationforthenetworkin 
Figure3.75asothatwecanreplacethenetworkwithasimpleequivalentcircuit 
thatyieldsthesamev- irelationastheoriginalnetwork.Tofindthev - irelation- 
ship.thistimeweapplyatestvoltagev tes tothecircuit,asinFigure3.75b,and 
findtheresultantcurrenti. t Usingsuperposition, thetwosubcircuitsneeded 
to find i tare shown in Figure 3.75c and 3.75d. In 3.75c, $ st is set to zero 
andwemeasureia. In3.75d, allindependentsourcesaresettozeroandwe 
measureib .Then, 



FIGURE 3.74 Resulting 
Thevenincircuit. 



it=ia+ib. 



FromFigure3.75c, 



ia— — isc 



(3.119) 





FIGURE 3.75 Derivationof 
Nortonnetwork. 
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whereisc isthecurrentthatflowsintheshortcircuitacrossthenetworkter- 

minalsinresponsetotheinternalsources.andthusistheshortcircuitcurrent. 

FromFigure3.75d, 



Vtest 

ib= ~RT 



(3.120) 



whereFItisthenetresistancemeasuredbetweentheterminalswhenallinternal 
independent sources are set to zero. Because this calculation and the one in 
Figure3.55careidentical(exceptforachangeinexcitation)theparameterFtt 
isobviouslythesameinbothcalculations. 

Tocompletethederivation,wefindbysuperposition 

v 

it=ia+ib=~isc+ test. - ^ - (3.121) 

AsintheTheveninderivation, thisequationcanbeinterpretedinterms 
ofacircuit.ltstatesthattheterminalcurrentisthesumoftwocomponents: 
a current source isc and a resistor current /f?- Hence the Nortonequiv- 
alent network, Figure 3.76, has a current source in parallel with a resistor. 
Examinationofeitherthetwoequations, Equations3.121and3.1 15, orthe 
figure 3.76 TheNorton twofigures,Figures3.56and3.76showthatthereisasimplerelationbetween 

equivaientnetwork. vocandisc.Workingfromthefigures,wecancalculatetheopen-circuitvoltage 

ofeachcircuittofind 



0 



Voc=iscRt. 



(3.122) 



Thus it is a simple matter to change from one of these equivalent 
networkstotheother. 

TodeterminetheNortonparametersforsomecircuit,againtwoindepen- 
dentmeasurementsarerequired.Thesourceparameterisc couldbefoundby 
applyingashorttothecircuitterminalsandmeasuringtheresultantcurrent. 
TheresistanceparameterismeasuredasbeforeinEquation3.1 17.Notethat 
thesourceparametersisc.voc arerelatedbyEquation3.122,someasuringor 
calculatinganytwoofvoc,iscandR t issufficienttocharacterizeboththeNorton 
andtheTheveninmodel. Inparticular, itisoftenconvenienttofindRt from 
twosimpleterminalmeasurementsonthecircuit 

Rt= iorr - (3.123) 

sc 

Insummary, theNortonmethodallowsustoabstractthebehaviorofa 
linearnetworkatagivenpairofterminalsasacurrentsourceinparallelwith 
aresistor.ThecurrentsourceinparallelwiththeresistoriscalledtheNorton 
equivalent circuit of the network. Like the Thevenin equivalent, the Norton 
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equivalent circuit can also be used to model the effect of the given network 
onothercircuitsexternaltothenetwork. 

AMethodforDeterminingtheNortonEquivalentCircuit TheNortonequiv- 
alentcircuitforanylinearnetworkatagivenpairofterminalsconsistsofa 
currentsourceiNinparallelwitharesistorRN.ThecurrentiNandresistance 
RNcanbeobtainedasfollows: 

1 . iNcanbefoundbyapplyingashortatthedesignatedterminalpairon 
theoriginalnetworkandcalculatingormeasuringthecurrentthrough 

llieshorldrcuil. 

2. RNcanbefoundinthesamemannerasRTH,thatis,bycalculatingor 
measuringtheresistanceoftheopen-circuitnetworkseenfromthe 
designatedterminalpairwithallindependentsourcesinternaltothe 
networksettozero;thatis,withvoltagesourcesreplacedwithshort 
circuits,andcurrentsourcesreplacedwithopencircuits. 




(a) 




example 3.24 norton equivalent Figure3.77ashowsanet- 

work and Figure 3.77b shows its Norton equivalent network viewed from the 



FIGURE 3.77 Nortonequivalent 

network:(a)anetwork;(b)its 

Nortonequivalentnetwork. 



network’saaport.DeterminethevaluesofiNandRN. 

BythefirststepoftheNortonmethod, thecurrentiN isgivenbyapplyingashortat 
theaa terminalpairandcalculatingthecurrentthroughtheshortcircuit.Figure3.78 

showsthenetworkwithashortattheaaterminalpair. 

ThecurrentthroughtheshortattheaaterminalpairinFigure3.78isgivenby 

3V 

iN= T"^3A. 



1 & 




FIGURE 3.78 DeterminingiN. 



By the second step of the Norton method, the resistance Rn is found by measuring 
theresistanceoftheopen-circuitnetworkseenfromtheaaportwiththeindependent i & 

voltagesourcesettozero.Thenetworkwiththevoltagesourcereplacedwithashort 
isshowninFigure3.79. 

Theresistanceviewedfromtheaaportisgivenby 



FIGURE 3.79 DeterminingRN. 



example 3.25 more on the norton method Deter- 
minethecurrentli throughthevoltagesourceinthecircuitinFigure3.81usingthe 
Nortonmethod. 




Rn=12= 3. 

TheresultingNortonequivalentcircuitisdrawninFigure3.80. 



0 




ToapplytheNortonmethod,wewillreplacethenetworktotheleftoftheaaterminal 
pairwithitsNortonequivalentnetworkcomprisingacurrentsourcewithcurrentiN in 



FIGURE 3.80 ResultingNorton 
equivalentcircuit. 
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FIGURE 3.82 Determining^. FIGURE 381 CircuitforapplyingtheNortonmethod. 
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FIGURE 3.83 DeterminingRN. 



parallelwitharesistanceofvalueRN.ThefirststepoftheNortonmethodistomeasure 

iN,whichistheshort-circuitcurrentmeasuredatashortcircuitappliedattheaaport 

asshowninFigure3.82.Sinceallofthe2-Acurrentflowsthroughtheshort, 



iN=2A. 

BythesecondstepoftheNortonmethod,theresistanceRNisfoundbymeasuringthe 
resistanceoftheopen-circuitnetworkseenfromtheaa portwiththecurrentsource 

replacedwithanopencircuitasillustratedinFigure3.83.ltiseasytoseethat 



Rn=2 

TheresultingNortonequivalentcircuitisdepictedinFigure3.84. 




HavingdeterminedtheNortonequivalentcircuit,wecannowobtainli byconnecting 
thisequivalentcircuittothesourceontheright-handsideoftheaa terminalpairas 

showninFigure3.85. 

Sincethevoltageacrossthe2-resistoris1 V,thecurrentthroughthe2-resistoris 
0.5A.ByapplyingKCLatNodea,weget 



-2A+0.5A+li=0. 



FIGURE 3.84 ResultingNorton 
equivalentcircuit. 




FIGURE 3.85 Connectingback 

theNortonequivalentcircuitto 

determineli. 



Or,li=1.5A. 

B 

example 3.26 norton equivalent network Let us 

revisittheexampleinFigure3.71andthistimearounddeterminetheNortonequivalent 

circuitforthenetworktotheleftoftheaaterminalpair.LetlNandRNbetheNorton 

parametersforthisnetwork. 

DetermininglN 

WefirstfindlNbycomputingtheshort-circuitcurrentthroughtheshortplacedatthe 

aaterminalpairasdepictedinFigure3.86.lNcanbedeterminedbyinspectionas 

o 

vi—— 4_cos(oot). 

|N= " 100 
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In 



a2 



FIGURE 3.86 DeterminingiN. 



VI = 0 

0 

1 k& 8 V | _ 2 k& 

0 

100 & 



Rth 



FIGURE 3.87 DeterminingRN. 



DeterminingRN 

4 

WenowfindRNbycomputingtheresistancelookingintotheaaportinthenetwork ^ — 

inFigure3.87.AscomputedintheTheveninversionofthisexample, 25 

RN=2k. 

TheresultingNortoncircuitisshowninFigure3.88. 

FIGURE 3.88 ResultingNorton 

equivalentcircuit. 

3.6.3 MORE EXAMPLES 

NortonandTheveninequivalentsareparticularlyusefulbecauseoftenthetwo 
parametersareeasytofind,asaconsequenceofthestrongcircuitconstraints 
imposed as shown in Figures 3.55 and 3.75. This is best illustrated by an 
example. SupposewearegiventhenetworkinFigure3.89a,andareaskedto 
findthevoltageacrossR3foranumberofdifferentvaluesofR3.Wecouldjust 
solvethewholenetworkforeachvalueofR3,butasimplerapproachistofind 
theTheveninequivalentofthenetworkdrivingR3,thatis,thenetworktothe 
leftofthepointsx -x.Forclarityinthisfirstexample,weabstractthisportion 
ofthenetworkinFigure3.89b. 

Aswehavenoted, thereareseveralwaystomakethecalculations, soit 
paystoexaminethepossibilitiesandchoosetheeasiestroute.Theopen-circuit 
voltageappearsdirectlyintheabstractedcircuit,Figure3.89b.Theshort-circuit 
currentcanbefoundfromFigure3.89c,andRtfrom3.89d.Byinspectionfrom 
Figure3.89d, 




2 k& 



Rt=RiR2. 



(3.124) 
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Ri 



Ri 




Rs 





Rt 



FIGURE 3.89 Exampleinwhich 
wearetofindvoltageacrossR3 for 

severaidifferentvaiuesofR3. lnFigure3.89c,theshort-circuitconstraintmakesthecalculationofiscfor 

thisparticulartopologyeasy.Becauseoftheshortcircuit,R 2 canhavenovoltage 

acrossit,hencehasnocurrentflowingthroughit.Nowbysuperposition, 



isc=l+V/Ri. (3.125) 

ThecalculationofvocfromFigure3.89bisstraightforward,butastepmore 

complicatedthantheprecedingones,sonormallyitwouldnotbeattempted. 

Butforcompleteness,superpositionofthetwosourcesgives 



R2 I(RiR2) 
Voc=vRi+K2 + R 1 +R 2 . 



(3.126) 



ltisclearlyeasiertofindvocfromEquations3.122,3.124,and3.125: 

voc=(l+V/Ri)Rt. (3 ‘ 127) 

HencethecompletecircuitwiththelefthalfreplacedbyitsTheveninequiv- 
alentisasshowninFigure3.89e. NowthevoltageacrossR3 forthevarious 
valuesofR3 canbefoundbyinspection. ItshouldbenotedthattheNorton 
equivalentwouldhavebeenjustaseffectiveinthisproblem.Alsonotethatthe 
circuitconstraintsimposedbythedefinitionsofR,jsc,andvocoftenmakethe 
calculationsoftheseparametersveryeasy,evenincomplicatednetworks. 
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example 3.27 bridge circuit Another example is shown in 

Figure 3.90a. This is a bridgecircuit, often used in the laboratory to measure values 

ofunknownresistorsbycomparingagainstknownstandardresistors.Wewanttofind 

thevoltageacrossR5,andthenfindtheconditionontheotherresistorvaluesthatwill 

makethisvoltagezero. Directapplicationofnodalanalysisisquitemessy, sowewill 

seekanalternativemethod. 

Tosolve,findtheTheveninequivalentofthecircuitfacingR5,thatis,thecircuitshown 
inFigure3.90b.Thecircuitnowconsistsoftwoindependentvoltagedividersconnected 
acrossacommonvoltagesourceV.Thelayoutofthedividersisnotquiteasstraight- 
forwardasinFigure2.36but, topologically, theyarethesame.Flencewecancalculate 
thetwovoltage-dividers’voltagesvaandvbbyinspection;thensubtracttofindvoc. 



R3 R4 

Voc=Va-Vb=V Ri+R 3 ” R 2 +R 4 



(3.128) 




R2 

vb 

R4 



FIGURE 3.90 Example:Abridgecircuit. 
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NowfindtheTheveninequivalentresistancewithVsettozero,thatis,forthecircuit 

showninFigure3.90c.Thisisidenticaltothecircuitin3.90d, 



Rt=(RiR3)+(R2R4). ^ 

ThecompletecircuitcannowbedrawnasinFigure3.90e.ltisclearthatthevoltage 

acrossR5willbezeroifvociszero,thatis,if 



i 



a 






Ri 




+ 

V 


R2 


\ 




(a) Network 1 








+ 




Ri R2 


V 






- 



(b) Network II 

FIGURE 3.91 Twosimple 
networks:(a)Networkl ; 
(b)Networkll. 




FIGURE 3.92 Equivalent 
resistanceofthenetwork. 



R3 R4 

Ri+R 3 = R 2 +R 4 



(3.130) 



orequivalently 




(3.131) 



Thus if Rs is replaced by a voltmeter, the circuit can be used to find an unknown 
resistor, sayR3,intermsofthreeknownresistors.Makeoneoftheresistors, say Ri, 
adecadeboxwithknownresistancevaluesandadjustuntilthevoltmeterreadszero. 
ThevalueofR3isthengivenbyEquation3.131 . 

Twoclosingcomments:First,notethattheidentityofallvoltagesandcurrentsinside 
the network that is replaced by the Thevenin or Norton circuit in general lose their 
identity; onlytheterminalvoltageandcurrentarepreserved. Thus, forexample, the 
currentthroughR3inFigure3.90adoesnotappearasanyidentifiablecurrentflowing 
intheThevenincircuitinFigure3. 90e. Second, ifonewishestomeasuretheThevenin 
orNortonparametersofasysteminthelaboratory, twoindependentmeasurements 
arerequiredinordertospecifythetwoparametersinthemodel. Inaddition, certain 
practicalissuesmustbefaced. Forexample, itisunwise,infactdangerous,toapplya 
shortcircuittoalargebatterysuchasanautomobilestoragebatteryinanattemptto 
measuretheshort-circuitcurrentassuggestedinFigure3.75b.Abetterprocedureisto 
firstmeasuretheopen-circuitvoltage, thenmeasuretheterminalvoltagewhensome 
knownresistorisconnectedtothebattery.Thesetwomeasurementscanthenbeused 
tofindRt. 

B 

example 3.28 norton and thevenin equivalents 

Asanothersimpleexample,letusfindtheNortonandTheveninequivalentnetworks 
andtheirv-icharacteristicsforthetwocircuitsshowninFigure3.91 . 

LetusstartwithNetworkA. First, letusfindtheTheveninequivalentcircuit. Shorting 

thevoltagesourceresultsinthecircuitshowninFigure3.92.Therefore,RTH=RN 
RiR 2 =RiR 2 /(Ri+R 2 ),whereRTHandRNaretheTheveninandNortonequivalent 
resistors, respectively. From the voltage-divider relationship, open circuit voltage voc 
isVR 2 /(Ri+R 2 ). ThisyieldstheTheveninequivalentcircuitontheleft-handsideof 
Figure3.93. 
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FIGURE 3.94 Shortcircuitcurrent. FIGURE 3.95 Thei-vcharacteristicsofthenetwork. 

Now,letusfindtheNortonequivalentcircuitforNetworkA.ReferringtoFigure3.94, 

the short-circuit current isc is V/Ri. Therefore, the Norton equivalent network is as 

shownontheright-handsideofFigure3.93. 

The vTcurve of the circuit must pass through points (voc,0) and (0,— isc), as 
showninFigure3.95. 

Let us now analyze Network B. Turning off the current source results in the circuit 
showninFigure3.92,whichyieldsRiR2/(Ri+R2)astheequivalentresistanceforboth 
the Thevenin and Norton equivalent networks. The open-circuit voltage is \R R . 

Thus,v°?=R Rtyfft +Fl ).A^illustratedinFigure3.96,allofthecurrentwillflow 
throughthebranchwithzeroresistance,thatisi sc =1. 

The equivalent networks are shown in Figure 3.97, and the v-i characteristics are 
showninFigure3.98. 





FIGURE 3.96 Short-circuitcurrent. 



FIGURE 3.97 Equivalentnetworks. 
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0 f 



slope = 

IRlR2/(Rl+R2) 

-I 



(Rl+R2)/RlR2 



V 



x y 




R4 



Rs 



FIGURE 3.98 Thev-icharacteristicsofthenetwork. 



FIGURE 3.99 Resistivecircuit. 



example 3.29 a different approach using the 
thevenin method ThenetworkshowninFigure3.99wassolvedearlier 
usingtheTheveninmethod(seeFigure3.90).lnthisexample,wewillsolvethesame 
circuitusingtheTheveninmethod,butwithaslightlydifferentapproach. 

Making the observation that the voltages at points x and y are the same, we can 
transform the circuit into the equivalent circuit shown in Figure 3.100. We can then 
transformthecircuitsinFigures3.100aand3.100bintotheirTheveninequivalentnet- 
works. Figure3.100awillhaveasourcevoltageofVR2/(Ri+R2)andanequivalent 
resistanceofRi R 2 Figure3.1 OObwillhaveasourcevoltageofVR ^R -*R )atsd 

anequivalentresistanceofFt R 5 . 

ThenewcircuitisshowninFigure3.1 01 . Noticethatthenewcircuitismucheasier 
toanalyze.Weleavetherestoftheanalysisasanexerciseforyou. 




0 Rl||R2 R 3 


R4||R5 


+ 


+ 


V VR2/(Rl+R2) 


VR5/(R4+R5) V 







FIGURE 3.100 Equivalentcircuitwithtwovoltagesources. 



FIGURE 3.101 EquivalentThevenincircuit. 
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3.7 SUMMARY 

Inthenodemethodonenodeisdesignatedasareferenceorgroundnode, 

andallothernodevoltagesaremeasuredwithrespecttothatnode.Only 

theKCLequationsandtheconstituentrelationsneedbewritten. 

Intheloopmethodcurrentsaredefinedtoflowinloops.Loopcurrentsare 

defineduntilallbranchesaretraversedbyatleastonecurrent.OnlyKVL 

equationsneedbewritten. 

Superpositionmeansthatifthecircuitislinear,multisourcenetworkscan 
besolvedforonesourceatatimebysettingallotherindependentsourcesto 
zero.Settingavoltagesourcetozeromeansreplacingitwithashortcircuit; 
acurrentsourcesettozeroisanopencircuit. Thecompleteresponseis 
thesumoftheresponsestoeachindividualsource. 

Forcircuitswithdependentsources.apracticalsolutionistoleaveallthe 

dependentsourcesinthecircuit.Thenetworkcanthenbesolvedforone 

independentsourceatatimebysettingallotherindependentsourcesto 

zero,andsummingtheindividualresponses. 

TheTheveninequivalentcircuitforanylinearnetworkatagivenpairofter- 

minalsconsistsofavoltagesourceinserieswitharesistor. Theelement 

valuefortheTheveninequivalentvoltagesourcecanbefoundbycalculat- 

ingormeasuringatthedesignatedterminalpairontheoriginalnetworkthe 

open-circuitvoltage. Theequivalentresistancecanbecalculatedormea- 

suredastheresistanceofthenetworkseenfromthedesignatedterminal 

pairwithallindependentsourcesinternaltothenetworksettozero. 

TheNortonequivalentcircuitcontainsacurrentsourceinparallelwitha 

resistor. TheelementvaluefortheNortonequivalentcurrentsourcecan 

befoundbycalculatingormeasuringatthedesignatedterminalpaironthe 

originalnetworktheshortcircuitcurrent.AswiththeTheveninequivalent 

resistance, theNortonequivalentresistancecanbecalculatedormeasured 

astheresistanceofthenetworkseenfromthedesignatedterminalpairwith 

allindependentsourcesinternaltothenetworksettozero.Notethatthe 

valueoftheequivalentresistanceisthesamefortheTheveninandNorton 

equivalentcircuits,thatis,RTH=RN. 

SincetheTheveninequivalentvoltagevm.theNortonequivalentcurrent 

iN,andtheequivalentresistanceRTH=RNarerelatedas 



vthmnRth, 

the element values for these equivalents can be found by calculating or 

measuringanytwooftheopen-circuitvoltage,theshort-circuitcurrent,or 

theresistance. 
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Circuit analysis is often simplified by applying superposition or finding 
TheveninorNortonequivalents,becausecomplicatedcircuitsarereduced 
tosimplercircuits,forwhichthesolutionmayalreadybeknown. 



EXERCISES exercise 3.1 WritenodeequationsforthenetworkinFigure3.102.Solvefor 

the node voltages, and use these voltages to find the branch current i. To minimize 
errors and facilitate answer-checking, it is helpful to obtain literal expressions before 
substitutingnumericalvaluesfortheparameters: 



V=2V R3=3 Ri=2 R4=2 R2=4 Rs=1 



i 




FIGURE 3.103 



R3 

R4 



FIGURE 3.102 

exercise 3.2 FindtheNortonequivalentattheindicatedterminalsforeach 
networkin Figure3.103. 

exercise 3.3 FindtheTheveninequivalentforeachnetworkinFigure3.104. 




0 






1 k& 



10-V3k& vc 



6 A 



(a) 



31 A 




FIGURE 3.105 



Rl j Rl 



1 




1 


0 ” + 

Is V 


Is 


0 

R2 R3 V 



FIGURE 3.104 



exercise 3.4 FindvoinFigures3.105aand3.105bbysuperposition. 

exercise 3.5 Use superposition to find the voltage v in the network in 
Figure3.106. 
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1 & 1 & 



0 & 2 & 

2 & 1 A + 1 & 

v 1 & IV 



1 A 



FIGURE 3.106 



exercise 3.6 Determine(andlabelcarefully)theTheveninequivalentforthe 
networkinFigure3.107: 



Ri=2k R2=1k io=3mA cos(cot) 

exercise 3.7 Determine and label carefully the Norton equivalent for the 
n etwo rki n Fig u re3 . 1 08 . 

exercise 3.8 FindtheTheveninequivalentforthecircuitattheterminalsAA 
inFigure3.109. 

exercise 3.9 TheresistivenetworkshowninFigure3.1 lOisexcitedbytwo 
voltagesourcesvi(t)andv 2 (t). 




FIGURE 3.107 



5 k& 




b 

1 k& 



4 mA 



a) Expressthecurrenti(t)throughthe1 -resistorasafunctionofvi (t)andv 2 (t). 



FIGURE 3.108 



b) Determinethetotalenergydissipatedinthel -resistorduetobothvi (t)andv2(t) 
fromtimeTitotimeT 2 . 

c) Derive the constraint between vi(t) and V2(t) such that the value for (b) can be 
computedbyaddingtheenergiesdissipatedwheneachsourceactsalone(thatis,by 
superposition). 



2 k& 1 k& 



0 ' 

+ 10 V 2 k& 



A 



A2 



exercise 3.10 FindtheNortonequivalentattheterminalsmarkedx xinthe 
circuitinFigure3.1 1 1 . 



FIGURE 3.109 



lo = 3 A 




2 & 



FIGURE 3.111 



2 & 



2 & 



vi (t) 



@7 



& 



“W 



V2(t) 



FIGURE 3.110 



exercise 3.1 1 FindtheTheveninequivalentforthecircuitinFigure3.1 12at 
theterminalsAA. 
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6 & 



12 V 




FIGURE 3.112 



exercise 3.12 lnthenetworkinFigure3.1 13,findanexpressionforv2. 



V3 



uu 1 


A 


^ 





I 1- 

+ 

ii 

n 


M 
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+ V2 _ 


R 2 \ 














13 




A2 








FIGURE 3.113 

exercise 3.13 ThenetworksinFigure3.1 14areequivalent(thatis,havethe 
samev_irelation)atterminalsA _A.FindvTandRT. 



FIGURE 3.114 



[xjte R4 



Rs 

Rl 12 



Rs 




exercise 3.14 For each of the circuits in Figure 3.1 15 give the number of 
independentnodevariablesneededforasolutionoftheproblembythenodemethod. 

exercise 3.15 ForthecircuitshowninFigure3.1 16,writeacompletesetof 
nodeequationsforthevoltagesva,vb, andvc. Useconductanceinsteadofresistance. 
Simplifytheequationsbycollectingtermsandarrangingtheminthe“standard”form 
fornlinearequationsinnunknowns.(Donotsolvetheequations.) 




FIGURE 3.115 FIGURE 3.116 

exercise 3.1 6 ForthecircuitshowninFigure3.1 17,usesuperpositiontofind 
vintermsoftheR’sandsourceamplitudes. 
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exercise 3.1 7 FindtheTheveninequivalentofthecircuitinFigure3.1 18at 
theterminalsindicated. 



FIGURE 3.117 




vi 




FIGURE 3.118 



exercise 3.18 lnthecircuitshowninFigure3.1 19therearefivenodes,only 

threeofwhichareindependent.TakenodeEasareferencenode,andtreatnodesA,B, 

andDastheindependentnodes. 

a) Write an expression for vc, the voltage on node C, in terms of va, vb, vd, 
andvi. 

b) Write a complete set of node equations that can be solved to find the unknown 
voltagesinthecircuit.(Donotsolvethesetofequationsbutdogroupthemneatly.) 



Ri 




exercise 3.19 ConsiderthecircuitinFigure3.120. 

50 & 25 V 



0.5 A 



H A2 




FIGURE 3.120 

a) FindaNortonequivalentcircuitforthiscircuitatterminalsA -A. 

b) FindtheTheveninequivalentcircuitcorrespondingtoyouranswerin(a). 

exercise 3.20 Measurements made on terminals B B-of a linear circuit in 
Figure 3.121a, which is known to be made up only of independent voltage sources 
andcurrentsources, andresistors, yieldthecurrent-voltage characteristicsshownin 
Figure3.121b. 




(b) 

FIGURE 3.121 
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a) FindtheTheveninequivalentofthiscircuit. 

b) Over what portions, if any, of the v i characteristics does this circuit absorb 
power? 

exercise 3.21 

a) Writeinstandardformtheminimumnumberofnodeequationsneededtoanalyze 
thecircuitinFigure3.1 22. 



FIGURE 3.122 







R2 R5 


+ 


Ri R4 




Rs . 




14 



b) Determineexplicitlythecurrentk. 

exercise 3.22 

a) FindtheTheveninequivalentofthecircuitinFigure3.123. 



FIGURE 3.123 




A 



A2 



FIGURE 3.124 



b) FindtheNortonequivalentofthecircuitinFigure3.124. 



1 



1 



Ri 




exercise 3.23 

a) FindtheNortonequivalentofthecircuitinFigure3.125. 
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FIGURE 3.125 



b) FindtheTheveninequivalentofthecircuitinFigure3.126. 




A 



A2 



FIGURE 3.126 



exercise 3.24 FindtheTheveninequivalentcircuitasseenfromtheterminals 
a-binFigure3.127. 



10 k& 




exercise 3.25 FindthenodepotentialEinFigure3.128. 




2.5 mA 



FIGURE 3.127 



FIGURE 3.128 



exercise 3.26 ForthecircuitinFigure3.129, writethenodeequations. Do 
notsolve,butwriteinmatrixform:sourcetermsontheleft 3 unknownvariablesonthe 
right. 
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FIGURE 3.129 



V 




FIGURE 3.130 



exercise 3.27 FindvibysuperpositionforthecircuitinFigure3.130. 




PROE AS problem 3.1 Afuseisawirewithapositivetemperaturecoefficientofresis- 

tance (in other words, its resistance increases with temperature). When a current 
passedthroughthefuse,powerisdissipatedinthefuse,whichraisesitstemperature. 



FIGURE 3.131 




Fuse 



Usethefollowingdatatodeterminethecurrentlo atwhichthefuse(inFigure3.131) 
willblow(thatis,itstemperaturegoesupwithoutlimit). 

FuseResistance: 

R=1+aT 

a=0.001/°C 

T=Temperatureriseaboveambient 



Temperaturerise: 



T=pP 



°C/W 

P=powerdissipatedinfuse 



P= 1/.225 



r 
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problem 3.2 

a) Prove, ifpossible,eachofthefollowingstatements.lfaproofisnotpossible, illustrate 
thefailurewithacounter-exampleandrestatethetheoremwithasuitablerestriction 
soitcanbeproved. 

i) Inanetworkcontainingonlylinearresistors, everybranchvoltageandbranch 
currentmustbezero. 

ii) Theequivalentofaone-portnetworkcontainingonlylinearresistorsisalinear 

resistor. 

b) Todemonstratethatyouunderstandsuperposition,constructanexamplethatshows 
explicitlythatanetworkcontaininganonlinearresistorwillnotobeysuperposition. 
Youmayselectanynonlinearelement(providedyoushowthatitisnotlinear)and 
anysimplenetworkcontainingthatelement. 

problem 3.3 Find Voin Figure3.132. Solve by (1) node method, 
(2)superposition.Allresistancesareinohms. 



FIGURE 3.132 



2 & 



2 & 




problem 3.4 Consider Figure 3.132. Find the Norton equivalent of the 
networkasseenattheterminalsontheright. 

problem 3.5 

a) FindReq,theequivalentresistance“lookinginto”theterminalsontherightofthe 
circuitinFigure3.133. 




=i Reg = ' 



FIGURE 3.133 

b) FindtheTheveninequivalentJookingintotheterminalsontherightofthecircuit 
inFigure3.134. 
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FIGURE 3.134 


1 A 


1 & 2 & 


2 & \y 



problem 3.6 Findviforl=3A,V=2VinFigure3.1 35.Strateay:Toavoid 
numericalerrors,deriveexpressionsinliteralformfirst,thencheckdimensions. 



FIGURE 3.135 



problem 3.7 ForthecircuitsinFigures3.1 36aand3.1 36b: 

a) FindvoforRi=R. 

b) FindvoforRi =R. 

c) FindtheTheveninequivalentfor thenetworktotherightofpointsAB assuming 
Ri=R. 

problem 3.8 

a) DeterminetheequationrelatingitovinFigure3.137. 



FIGURE 3.136 
FIGURE 3.137 



1 & 



4 & 





(a) 




(b) 



I 




b) Plotthev 4characteristicsofthenetwork. 

c) DrawtheTheveninequivalentcircuit. 

d) DrawtheNortonequivalentcircuit. 
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problem 3.9 In Figure 3.138, find vo via (a) superposition, (b) the node 
method. 



1 & 



2 & 



AoV 




FIGURE 3.138 



problem 3.10 Use the following three different methods to find i in 
Figure3.139: 

1) Nodemethod 




FIGURE 3.139 



2) Superposition 

3) AlternateThevenin/Nortontransformations 

problem 3.1 1 A student is given an unknown resistive network as illus- 
trated in Figure 3.140. She wishes to determine whether the network is linear, and 
ifitis,whatitsTheveninequivalentis. 

Theonlyequipmentavailabletothestudentisavoltmeter(assumedideal),100-kand 

1-Mtestresistorsthatcanbeplacedacrosstheterminalsduringameasurement(see 

Figure3.141). 



0 

Resistive 

network 



Unknown 

network 



FIGURE 3.140 




Resistive 

network V K 
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Voltmeter 



FIGURE 3.141 
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Thefollowingdatawererecorded: 

TestResistor VoltmeterReading 

Absent 1 .5V 

100k 0.25V 

1 M 1.0V 

Whatshouldthestudentconcludeaboutthenetworkfromtheseresults?Supportyour 

conclusionwithplotsofthenetworkv ^characteristics. 

problem 3.12 

a) DeviseanelectricalcircuitofvoltagesourcesandresistorsthatwiN“calculate”the 
balancepoint(centerofmass)ofthemasslessbarshowninFigure3.142,forthree 
arbitrarymasseshungatthreearbitraryplacesalongthebar.Wewantthecircuitto 
generateavoltagethatisproportionaltothepositionofthebalancepoint. Write 
theequationforyournetwork,andshowthatitperformstherequiredcalculation. 
(Workwithconductancesandsuperpositionforasimplesolution.) 



FIGURE 3.142 



0 



Mass A Mass B Mass C 



b) Extendyourresultinpart(a)totwodimensions;thatis,deviseanewnetwork(which 
willhavemorevoltagesourcesandmoreresistorsthanabove)thatcanfindthecenter 
of mass of a triangle with arbitrary weights handing from its three corners. The 
networkwillnowhavetogiveyoutwovoltages,onerepresentingthex-coordinate 
andtheotherthey-coordinateofthecenterofmass. Thissystemisabarycentric 
coordinatecalculator,andcanbeusedastheinputforvideogames,ortosimulate 
trichromaticcolorvisioninthehumaneye. 

problem 3.13 

a) FindtheTheveninequivalentforthenetworkinFigure3.143attheterminalsCB. 
Thecurrentsourceisacontrolledsource.Thecurrentflowingthroughthecurrent 



FIGURE 3.143 
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sourceispli,wherepissomeconstant.(Wewilldiscusscontrolledsourcesinmore 

detailinthelaterchapters.) 

b) Nowsupposeyouconnectaloadresistoracrosstheoutputofyourequivalentcircuit 
asshowninFigure3.144. FindthevalueofRL whichwillprovidethemaximum 
powertransfertotheload. 



Rt 


C 






B 



problem 3.14 YouhavebeenhiredbytheMlTDACCorporationtowritea FIGURE 3.144 

productdescriptionforanew4-bitdigital-to-analog-converterresistanceladder.Because 
ofmasktolerancesinVLSIchips,eachresistorshowninFigure3.145isguaranteedto 
be only within 3% of its nominal value. That is, if Ro is the nominal design resis- 
tance, then each resistance labeled R can have a resistance anywhere in the range 
(1 ± .03)Ro and each resistance labeled 2R can have a resistance anywhere in the 
range(2± .06)Ro. 
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— ^2R 2R 2R 


2R 




2R 
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FIGURE 3.145 



Youaretowriteanhonestdescriptionoftheaccuracyofthisproduct.Rememberthat 
ifyouoverstatetheaccuracy, yourcompanywillhavemanyreturnsfromdissatisfied 
customers, whereas if you understate the accuracy, your company won’t have any 
customers. 

Note:Partofthisproblemistodescribewhattheproblemis.Flowshouldaccuracybe 

specified?lsthereanerrorlevelthatisclearlyunacceptable?Doesyourproductavoid 

thaterrorlevel?lsthereanobvious“worstcase”thatcanbeeasilyanalyzed?Havefun. 

Andremember,commonsenseisanimportantingredientofsoundengineering. 

problem 3.15 Youhavea6-voltbattery(assumedideal)anda1 .5-voltflashlight 
bulb,whichisknowntodraw0.5Awhenthebulbvoltageis1 .5V(inFigure3.146). 
Designanetworkofresistorstogobetweenthebatteryandthebulbtogivevs=1 .5V 
whenthebulbisconnected,yetensuresthatv s doesnotriseabove2Vwhenthebulb 
isdisconnected. 
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FIGURE 3.146 
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analysis of nonlinear 
circuits 




Thusfarwehavediscussedavarietyofcircuitscontaininglineardevicessuch 
asresistorsandvoltagesources. Wehavealsodiscussedmethodsofanalyz- 
inglinearcircuitsbuiltoutoftheseelements . Inthischapter , weextendour 

repertoireofnetworkelementsandcorrespondinganalysistechniquesbyintro- 
ducinganonlineartwo-terminaldevicecalledanonlinearresistor.Recall,from 
Section 1.5.2, a nonlinear resistor is an element that has a nonlinear, alge- 
braicrelationbetweenitsinstantaneousterminalcurrentanditsinstantaneous 
terminal voltage. Adiodeisanexampleofadevicethatbehaveslikeanon- 
linearresistor.Inthischapter,wewillintroducemethodsofanalyzinggeneral 
circuitscontainingnonlinearelements,tryingwheneverpossibletouseanalysis 
methodsalreadyintroducedintheprecedingchapters . Chapter7 willdevelop 
further the basic ideas on nonlinear analysis and Chapter 8 will expand on 
theconceptofincrementalanalysisintroducedinthischapter.Chapterlbwill 
elaborateondiodes. 

4.1 INTRODUCTION TO NONLINEAR 
ELEMENTS 



io 

a ~ 



+ VD 



FIGURE 4.1 Thesymbolfora 
diode. 




Beforewebeginouranalysisofnonlinearresistors,wewilldescribeasexamples 

severalnonlinearresistivedevices,bytheirv ieharacteristicsjustaswedidfor 

theresistor,thebattery,etc.Thefirstofthenonlineardevicesthatwediscussis 

thediode.Figure4.1showsthesymbolforadiode.Thediodeisatwo-terminal, 

nonlinearresistorwhosecurrentisexponentiallyrelatedtothevoltageacross 

itsterminals. 



AnanalyticalexpressionforthenonlinearrelationbetweenthevoltagevDand 

thecurrentiDforthediodeisthefollowing: 



vd/Yth 

iD=Is(e -1). 

Forsilicondiodestheconstantlsistypically 1 0- 1 2 AandtheconstantY THis 






typicallyO . 025 V .ThisfunctionisplottedinFigure4 . 2 . 

AnanalyticalexpressionfortherelationshipbetweenvoltagevHandcur- 
rentiHforanotherhypotheticalnonlineardeviceisshowninEquation4.2.In 
theequationjKisaconstant .TherelationshipisplottedinFigure4 . 3 . 



FIGURE 4.2 v-icharacteristics 
ofasilicondiode. 




iH=I 



FIGURE 4.3 Anothernonlinear 
(4.2) y-icharacteristics. 
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The v i-relationship for yet another two -terminal nonlinear device is 
showninEquation4.3.Figure8.11inChapter8introducessuchanonlinear 
device.Forthisdevicethecurrentisrelatedtothesquareoftheterminalvoltage. 
In this equation, K and Vt are constants. The variables iDS and vds are the 
terminalvariablesforthedevice.TherelationshipisplottedinFigure4.4. 



iDS 



3k(vds^Vt)2 

D 0 

0 



for vds>Vt 
for vds<Vt 



(4.3) 



FIGURE 4.4 Thev-icharacter- 
isticsforasquarelawdevice. 



example 4.1 square law device For the nonlinear resistor 

devicefollowingthesquarelawinFigure4.4,determinethevalueofiDSforvDS=2V. 
WearegiventhatV T= 1 V andK=4mA/V 2. 



Fortheparametersthatwehavebeengiven( 

seethat 



VDS 



=2VandVT =lV),itiseasyto 



vds>Vt. 

FromEquation4.3,theexpressionforiDSwhenvDS>VTis 

iDS = K(vds-Vt)2. 

2 

Substitutingtheknownnumericalvalues, 



j DS = 4x10-3(2-1)2 
2 



=2mA. 



HowdoesiDSchangeifvDSisdoubled? 

IfvDSisdoubledto4V, 



iDS = K(vds-Vt) 2 = 4x1 0-3(4-1)2 
2 2 



Inotherwords,iDSincreasesto 1 8mA when vDSisdoubled. 
WhatisthevalueofiDSifvDSischangedtoO. 5 V ? 

ForvDS=0. 5 V andV T= 1 V, 

vds<Vt. 



FromEquation4.3,weget 



iDS=0. 



=18mA 



When operating within some circuit, the current through our square law device 
ismeasuredtobe4mA.Whatmustbethevoltageacrossthedevice? 



4. 1 Introduction to Nonlinear Elements 



WearegiventhatiDS=4mA.Sincethereisacurrentthroughthedevice,theequation 

thatappliesis 



Substitutingknownvalues, 



iDS = KfvPS— V t)2. 
2 



S olvingforvDS , weget 



8x10-3 



= 4xlO~3(VDS -1)2. 
2 



vds=3V. 

B 

example 4.2 diode example ForthediodeshowninFigure4.1, 

determinethevalueofiDforvD =0.5V,0.6V,and0.7V.WearegiventhatVTH 
0.025V andls= lp A. 

FromthedevicelawforadiodegiveninEquation4. 1 ,theexpressionforiD is 

iD=Is (evD/v TH 1 ) . 



SubstitutingtheknownnumericalvaluesforvD=0.5V, weget 
iD= lxl 0-i2(eo.5/o.025- 1 )=0.49mA. 

Similarly, forvD=0.6V,iD=26mA,andforvD=0.7V,iD=1450mA.Noticethe 
dramaticincreaseincurrentasvDincreasesbeyond0.6V. 

WhatisthevalueofiDifvDis-0.2V ? 

iD=Is(evDA^TH-l)=lxlO-i2(e-o.2/o.025-l)=-0.9997xlO-i2 A - 

The negative sign for iD simply reflects the fact that when vd is negative, so is the 
current. 

Whenoperatingwithinsomecircuit,thecurrentthroughthediodeismeasuredtobe 

8mA.Whatmustbethevoltageacrossthediode? 

WearegiventhatiD=8mA.Usingthediodeequation, weget 

8x1 0-3=Is (evDA^m- 1 )= 1 X 1 0- 1 2(evD/0.025- 1 ) . 

Simplifying, weget 



e vD/0.025=8x 109+1. 
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Takinglogsonbothsides,andsolvingforvD,weget 

vD=0.0251n(8xl09+l)=0.57V. 



iD 



E 



+ 

YD 



FIGURE 4.5 Anonlineardevice. 



IB 

example 4.3 another square law device problem 
ThenonlineardeviceshowninFigure4.5ischaracterizedbythisdeviceequation: 



iD=0.1vD2 forvD>0, 



(4.4) 



iDisgiventobeOforvD<0. 




FIGURE 4.6 Acircuitcontaining 
thenonlineardevice. 



B 

Arbitrary 

circuit 

iB 



GiventhatV=2V,determineiDforthecircuitinFigure4.6. 

U singthedeviceequationforvD>0, 

iD=0.1v Jb.lx22=0.4A (^.5) 

The nonlinear device is connected to some arbitrary circuit as shown in Figure 4.7. 
Following the associated variables discipline, the branch variables vb and iB for the 
devicearedefinedasshowninthesamefigure. Supposethatameasurementreveals 
thatiB=- 1 mA. WhatmustbethevalueofvB ? 

NoticethatthepolarityofthebranchvariableshasbeenreversedinFigure4.7from 

those in Figure 4.5. With this definition of the branch variables, the device equation 

becomes 



-iB=0.1vB2 forvB<0. 

Furthermore, iBis0forvB>0. 



(4.6) 



FIGURE 4.7 Thenonlinear GiventhatiB=-lmA,Equation4.6yields 

deviceconnectedtoanarbitrary 

circuit. — (— 1x10— 3)=0. 1 vb where vb<0. 



5 



D1 



2 

D2 yd 



Inotherwords,vB=-0. 1 V. 

GiventhatV =2V,determineiforthecircuitinFigure4. 8 . 



SincethevoltageacrosseachofthenonlineardevicesconnectedinparallelisvD 

thecurrentthrougheachnonlineardeviceisthesameasthatcalculatedinEquation4.5. 

motherwords, 



=2V, 



FIGURE 4.8 Nonlineardevices 
connectedinparallel. 



il=i2=0.4A. 



Therefore, i=ii+i2=0.8A. 



4.2 Analytical Solutions 
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Giventheanalyticalexpressionforthecharacteristicofanonlineardevice, 
suchasthatforthediodeinEquation4. 1, ho wean wecalculatethe voltages 
andcurrentsinasimplecircuitsuchasFigure4.9?Inthefollowingsectionswe 
willdiscussfourmethodsforsolvingsuchnonlinearcircuits: 

1 . Analytical solutions 

2. Graphicalanalysis 

3. Piece wiselinearanalysis 

4. Incrementalorsmallsignalanalysis 



4.2 ANALYTICAL SOLUTIONS 



W efirsttry tosolvethesimplenonlinearresistorcircuitinFigure4 . 9by ana- 
lyticalmethods.Assumethatthehypotheticalnonlinearresistorinthefigureis 
characterizedbythefollo wing v kelationship : 



iD=0 



KvD 2 for vd> 0 
for vd<0. 



(4.7) 



TheconstantKispositive. 

This circuit is amenable to a straightforward application of the node 
method.RecallthatthenodemethodanditsfoundationalKirchhoff svoltage 
andcurrentlawsarederivedfromMaxwelTsEquationswithnoassumptions 
aboutlinearity. (Note, however, thatthesuperpositionmethod,theThevenin 
method, andtheNortonmethoddorequirealinearity as sumption.) 

Toapplythenodemethod,wefirstchooseagroundnodeandlabelthe 

nodevoltagesasillustratedinFigure4.10.vDisouronlyunknownnodevoltage. 

Next,followingthenodemethod,wewriteKCFforthenodethathasan 
unknownnode voltage. Asprescribedbythenodemethod, we willuseKVF 

andthedevicerelation(iD=Kv2)to©btainthecurrentsdirectlyintermsofthe 
nodevoltagedifferencesandelementparameters.Forthenoaewithvoltagev , d 




Nonlinear resistor 



E 



; = Ky 2 for v >0 
Id d d 

i n = 0 otherwise 



FIGURE 4.9 Asimplecircuit 
withanonlinearresistor. 



vn-F.+i =a 
R 



(4.8) 




FIGURE 4.10 Thenonlinear 

circuitwiththegroundnode 

chosenandnodevoltageslabeled. 
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Notethatthisisnotquiteournodeequation,becauseofthepresenceoftheiD 
term.TogetthenodeequationweneedtosubstituteforiDintermsofnode 
voltages. Recallthatthenonlineardevicev ir#lationis 

2 

iD=Kv P 



(4.9) 



NotethatthisdeviceequationappliesforpositivevD.WearegiventhatiD=0 
whenv %0. 

Substitutingthenonlineardevicev ir-elationshipforiD inEquation4 . 8 , 
wegettherequirednodeequationintermsofthenodevoltages: 



vn- E 

R 



2 

+Kv 5=0. 



(4.10) 



_ J^orourdevice,notethatEquation4.9holdsonlyforvD>0.ForvD<0, 
SimplifyingEquation4.10,weobtainthefollowingquadraticequation. 



RK^vd-E=0. 

SolvingforvDandchoosingthepositivesolution 



VD= 






V 

1+4K K E 

2RK 



(4.11) 



The corresponding expression for iD can be obtained by substituting the 
previousexpressionforvDintoEquation4.9asfollows: 



iD=K -l+Vl^j^KE2. 



(4.12) 



Itisworthdiscussingwhyweignoredthenegativesolution.Asshownin 
Figure 4.11, two mathematical solutions are possible when we solve Equa- 
tions 4.10 and 4.9. However, the dotted curve in Figure 4.1 1 is part of 



FIGURE 4.11 Solutionsto 
equationsEquations4. 10and4.9. 
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Equation4.9butnotthephysicaldevice.Because, recall, Equation4.9applies 

onlyforpositivevD.WhenEisnegative,iDwillbeequaltoOandvDwillbe 

equaltoE. 



example 4.4 one nonlinear device, several 

sources, and resistors ShowninFigure4.12isacircuitofnoobvi- 
ousvalue,whichweusetoillustratehowtosolvenonlinearcircuitswithmorethanone 
sourcepresent,usingthenonlinearanalysismethodjustdiscussed.Letusassumethat 
wewishtocalculatethenonlineardevicecurrentiD. 

Assumethatthenonlineardeviceischaracterizedbythefollowingv irektionship: 



Kvd 2 for vd>0 



iD=0 



for vd<0. 



(4.13) 



TheterminalvariablesforthenonlineardevicearedefinedasshowninFigure4.9,and 

theconstantKispositive. 

Linearanalysistechniquessuchassuperpositioncannotbeappliedtothewholecircuit 
becauseofthenonlinearelement.Butbecausethereisonlyonenonlineardevice,itis 
permissibletofindtheThevenin(orNorton)equivalentcircuitfacedbythenonlinear 
device (see Figures 4.13a and b), because this part of the circuit is linear. Then we 
cancomputeeasilytheterminalvoltageandcurrentforthenonlineardeviceusingthe 
circuitinFigure4. 1 3bfromEquations4. 1 1 and4. 12. 

First, tofindtheopen-circuitvoltage, wedrawthelinearcircuitasseenfromthenonlin- 
eardeviceterminalsinFigure4.13c.Superpositionoranyotherlinearanalysismethod 
cannowbeusedtocalculatetheopen-circuitvoltage: 

R2 

V ™ =VRT+E2 -IoR3. 



The Thevenin equivalent resistance, Rth, the resistance seen at the terminals in 
Figure4. 1 3d, withthesourcessettozerois 

Rth=(RiIIR2)+R3. 



Ri iD 

0 

R2 



+ 

V 



Io 



R3 



FIGURE 4.12 Circuitwith 
severalsourcesandresistors . 
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+ 
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+ 

v 
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FIGURE 4.13 AnalysisusingThevenin’sTheorem. 
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4.2 Analytical Solutions 



WhenwereconnectthenonlineardevicetothisThevenincircuit, asinFigure4. 1 3e, 
wearebacktoafamiliarexample:onenonlineardevice,onesource,andoneresistor. 
ThedesireddevicecurrentiDcanbefoundbyanonlinearanalysismethod,suchasthat 
usedtosolvethecircuitinFigure4.9. 

Onefurthercomment:Ifintheproblemstatementwehadbeenaskedtofindoneofthe 
resistorcurrents,sayi3,ratherthaniD,thentheThevenincircuit,Figure4.13e, would 
notgivethiscurrentdirectly,becausetheidentityofcurrentsinternaltotheThevenin 
networkareingenerallo st, asnotedinChapter3 .Nonetheles s ,theTheveninapproach 
isprobablythebest, asitisasimplemattertoworkbackthroughthelinearpartof 
thenetworktorelatei3 toiD.Inthiscase,oncewehavecomputediD,wecaneasily 
determinei3fromFigure4. 1 3ausingKCL, 



i3=iD+Io. 



(4.16) 



B ~~ 

exam pl e 4.5 node method 

B 

example 4.6 another simple nonlinear circuit 
LetustrytosolvethenonlinearcircuitcontainingadiodeinFigure4.16byanalytical 
methods.Followingthenodemethod,wefirstchoosethegroundnodeandlabelthe 
nodevoltagesasillustratedinFigure4.17. 

Next, we writeKCLforthenodewiththeunknownnode voltage, andsubstitutefor 
thediodecurrentusingthediodeequation 



yp-F+i 



(4.18) 



iP=Is(eVD/V TH— 1 ) . 



(4.19) 




FIGURE 4.16 Asimplenon-linear 
circuitcontainingadiode. 




FIGURE 4.17 Thecircuitwiththe 

groundnodeandthenodevoltages 

marked. 
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If iD is eliminated by substituting Equation 4.19 into Equation 4.18, the following 
transcendentalequationresults : 



vr>— F 
R 



+Is(eVD/V TH 1 )=0. 




FIGURE 4.18 Seriesconnected 
diodes. 



This equation must be solved by trial and error. Easy via computer, but not very 
insightful. 

i 

example 4.7 series-connected diodes Referring to the 

series-connecteddiodesinFigure4.18,determinevi,v2,v3,andv4,giventhatI=2A. 
Theparametersinthedioderelationaregiventobel =10 S -12A,V =0.02W. 

Wewillfirstusethenodemethodtosolvethisproblem.Figure4.18showstheground 
nodeandthenode voltages. Therearefourunknownnode voltages. Next, we write 
KCLforeachofthenodes.Asprescribedbythenodemethod,wewilluseKVLandthe 
dioderelation(Equation4.1)toobtainthecurrentsdirectlyintermsofthenode voltage 
differencesandelementparameters.Forthenodewithvoltagevi, 



10-12(evi/0.025-l)=10-12(e(v2-vi)/0.025-l). (4.20) 

Thetermontheleft-handsideisthecurrentthroughthelowermostdeviceexpressed 
in terms of node voltages. Similarly, the term on the right-hand side is the current 
throughthedevicethatissecondfromthebottom. 

Similarly, wecanwritethenodeequationsforthenodeswithvoltagesv2,v3,andv4as 
follows: 



1 0 - 1 2 (e(v 2 -vi)/ 0 . 025- 1 )= 1 0 - 1 2 (e(v 3 -v 2 )/ 0 . 025 - 1 ) 



(4.21) 



1 0 - 1 2 (e(v 3 -v 2 )/ 0 . 025- 1 ) = 1 0 - 1 2 (e(v 4 -Y 3 )/ 0 . 025 - 1 ) 



(4.22) 



10 - 12 (e(v 4 -v 3 )/ 0 . 025 -l)=I. 



(4.23) 



Simplifying, andtakingthelogonbothsidesofEquations4.20through4.23,weget 



Vl=V2— VI 



(4.24) 



V2-Vl=V3“V2 

V3“V2=V4“V3 



(4.25) 

(4.26) 

(4.27) 



V 4-v3=0.0251n(10i2l+l). 



4.3 Graphical Analysis 



GiventhatI=2A,wecansolveforvi,v2,v3,andv4,toget 

vi=0.0251n(10i2l+l)=0.0251n(10i2x2+l)=0.71V 

v2=2vi=1.42V 

v3=3vi=2.13V 

v4=4vi=2.84V. 

Noticethatwecouldhavealsosolvedthecircuitintuitivelybyobservingthatthesame 
2- A current flows through each of the four identical diodes. Thus, the same voltage 
mustdropacrosseachofthediodes.Inotherwords, 



or, 



ForI=2A, 



I=10-12(evi/0.025-l) 



vi=0.0251n(10i2l+l). 



vi=0.0251n(10i2x2A+l)=0.7 IV. 

Oncethevalueofviisknown,wecaneasilycomputetherestofthenodevoltagesfrom 



y 1 =■ v2— V 1 =' V3- V2=' V4-V3 . 




4.3 GRAPHICAL ANALYSIS 

Unfortunately, the preceding examples are a rather special case. There are 
manynonlinearcircuitsthatcannotbesolvedanalytically. Thesimplecircuit 
inFigure4.16isonesuchexample.Usuallywemustresorttotrial-and-error 
solutions on a computer. Such solutions provide answers, but usually give 
littleinsightaboutcircuitperformanceanddesign.Graphicalsolutions,onthe 
otherhand, provideinsightattheexpenseofaccuracy. Soletusre-examine 
thecircuitinFigure4.16withagraphicalsolutioninmind.Forconcreteness, 
wewillassumethatE = 3VandR = 500, andthatwearerequiredto 
determine v n ,tndv . r 
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Wehavealreadyfoundthetwosimultaneousequations, Equations4. 1 8 
and 4.19, that describe the circuit. For convenience, let us rewrite these 
equationshereaftermovingafewtermsaround: 

iD=-vD^E ( 4 . 31 ) 

R 

iD=Is(evD/VTH— 1). (4.32) 

Tosolvetheseexpressionsgraphically, weplotbothonthesamecoor- 
dinatesandfindthepointofintersection. Because weareassumingthatwe 
have a graph of the nonlinear function, in this case Figure 4.2, the simplest 
courseofactionistoplotthelinearexpression,Equation4.31,onthisgraph, 
assho wninFigure4 . 20 .ThelinearconstraintofEquation4 . 3 1 isusually called 
a‘ 4 loadline ”forhistoricalreasonsarisingfromamplifierdesign(aswewillsee 
inChapter7). 

Equation 4.31 plots as a straight line of slope -1/R intersecting the vd 

axis, (i?= 0) at v = E D (The negative sign, may be a bit distressing, but 
doesnotrepresentanegativeresistance, justthefactthati andvo arenob 

associatedvariablesfortheresistors.)Fortheparticularvaluesinthiscircuit,the 

graphindicatesthatiD mustbeabout5mA,andvD, aboutO.bV.Oncewe 

knowthatiDis5mA,itimmediatelyfollowsthat 



vr=1dR=5x 10-3x500=2. 5 V. 

It is easy to see from the construction that if E were made three times 
aslarge,thevoltageacrossthediodewouldincreasebyonlyasmallamount, 
perhaps to about 0.65 V. This illustrates the kind of insight available from 
graphicalanalysis. 

Thegraphicalmethoddescribedhereisreallymoregeneralthanitmight 
atfirstappear.Forcircuitscontainingmanyresistorsandsources,butonlyone 
nonlinearelement,therestofthecircuit,exclusiveoftheonenonlinearelement, 
isbydefinitionlinear.Hence,asdescribedpreviouslyinExample4.4, regardless 
ofcircuitcomplexity wecanreducethecircuittotheforminFigure4 . 1 6by 



FIGURE 4.20 Graphicalsolution 
fordiodecircuit . Thegraph 
as sumesthatE=3 V and 
R=500. 




r 



4.3 Graphical Analysis chapter four 
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theapplicationofThevenin’sTheoremtothelinearcircuitfacingthenonlinear 

element. 

Forcircuitswithtwononlinearelements, themethodislessuseful, asit 
involvessketchingonenonlinearcharacteristiconanother.Nonetheless, crude 
sketchescanstillprovidemuchinsight. 



example 4.10 half-wave rectifier Let us carry the diode- 
resistorexampleofFigure4. 1 6andFigure4.20astepfurther, andallowthedriving 
voltagetobeasinusoidratherthanDC.Thatis,letvi =Eocos(cot).Also,forreasons 
thatwillbecomeevident,letuscalculatethevoltageacrosstheresistorratherthanthe 
diodevoltage. Thegraphicalsolutionisnodifferentthanbefore, exceptthatnowwe 
mustsolveforthevoltageassumingasuccessionofvaluesofvi,andvisualizehowthe 
resultanttimewaveformshouldappear. 

The circuit now looks like Figure 4.21a. The diode characteristic with a number of 
differentplotsofEquation4.31(orloadlines),correspondingtoarepresentativesetof 
valuesofvi,isshowninFigure4.21b.InFigures4.21cand4.21dweshowtheinput 
sinusoid vi(t), and the corresponding succession of values of vo(t) derived from the 
graphicalanalysisinFigure4.2 lb.NotefromFigure4.2 1 a(orEquation4.3 1 )that 



vo=vi-vd 



(4.33) 



iD 



vi = Eo cos(cot) 
(a) 




VI , VO 





FIGURE 4.21 Half-waverectifier. 
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andthusinthegraphvo isthehorizontaldistancefromtheloadlineintersectionon 
thevDaxistovi. 

Anumberofinterestingconclusionscanbedrawnfromthissimpleexample.First,we 

reallydonothavetorepeattheloadlineconstructionfiftytimestovisualizetheoutput 

waveJtisclearfromthegraphthatwhenevertheinputvoltageisnegative,thediode 

currentissosmallthatvoisalmostzero.Also,forlargepositivevaluesofvi,thediode 

voltagestaysrelativelyconstantatabout0.6volts(duetothenatureoftheexponential), 

sothevoltageacrosstheresistorwillbeapproximatelyvi-0.6V.Thiskindofinsight 

istheprincipalvalueofthegraphicalmethod. 

Second, in contrast to all previous examples, the output waveform in this circuit is 
a gross distortion of the input waveform. Note in particular that the input voltage 
waveformhasnoaveragevalue,(noDCvalue),whereastheoutputhasasignificantDC 
component, roughly0.3Eo.TheDCmotorsinmosttoys,forexample,willrunnicely 
ifconnectedacro s stheresi storinthecircuitofFigure4 . 2 1 a, whereasthey willnotrun 
ifdrivendirectlybythesinusoidvi(t).Thiscircuitiscalledahalf-waverectifier,becauseit 
reproducesonlyhalfoftheinputwave.Rectifiersarepresentinpowersuppliesofmost 
electronicequipmenttogenerateDCfromthe60-Hz“ sinusoidal’ ’wavefroml 1 0-V 
ACpowerline. 



4.4 PIECEWISE LINEAR ANALYSIS 

In the third of the four major methods of analysis for networks containing 
nonlinear elements, we represent the nonlinear v i characteristics of each 
nonlinear element by a succession of straight-line segments, then make cal- 
culations within each straight-line segment using the linear analysis tools 
already developed. This is called piece wiselinearanaly sis. We will first illus- 
tratepiecewiselinearanalysisbyusingasanexampleaverysimplepiecewise 
linearmodelforthediodecalledtheidealdiodemodel. 

First, letusdevelopasimplepiecewiselinearmodelforthediode,andthen 
usethepiecewiselinearmethodtoanalyzethecircuitinFigure4. 16. 

AscanbeseenfromFigure4.22a,theessentialpropertyofadiodeisthatfor 

anappliedpositivevoltagevDinexcessof0.6volts,largeamountsofcurrent 



FIGURE 4.22 v-icharacteristics 

ofasilicondiodeplottedusing 

differentscales. 
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flow, whereas for negative voltages very small currents flow. Figure 4.22b 
draws the v i-curve using a larger scale and highlights this dichotomy. The 
crudestapproximationthatpreservesthisdichotomyisthecharacteristicshown 
inFigure4.23a:twolinearsegmentsintersectingattheorigin,oneofzeroslope, 
indicatingthebehaviorofanopencircuit,theotherinfinite,indicatingashort 
circuit.Theabstractionisofsufficientusethatwegiveitaspecialsymbol,as 
showninFigure4. 23b. Thisisyetanotherprimitiveinourvocabul ary, called 
anidealdiode. 

The behavior of this piecewise linear model can be summarized in two 
statements , oneforeachofthesegment s : 



DiodeON ( shortcircuit) : vd=0 



forallpositiveiD. 



(4.34) 



forallnegativevD. 



DiodeOFF (opencircuit) : iD=0 
Wenowusethediodemodelcomprisingtwostraight-linesegmentsto 
illustratethepiecewiselinearanalysismethodappliedtothecircuitinFigure4.16 
(alsosho wninFigure4 . 24a) . Inparticular, we willdeterminethe voltage vr 
acrosstheresistorandthecurrentiDthroughtheresistorfortwovaluesofthe 
inputvoltage,E=3VandE=-5V,andgiventhatR=500. 

The piecewise linear analysis technique proceeds by focusing on one 
straight-linesegmentatatime,andusingourpreviouslydevelopedlinearanal- 
ysistoolstomakecalculationswithineachsegment. Noticethatweareable 
toapplyourlinearanalysistoolsbecausethenonlineardevicecharacteristics 
areapproximatedaslinearwithineachsegment.Tofacilitateourcalculations, 
letusfirstdrawthecircuitthatresultsforeachofthestraight-linesegments 
comprisingtheidealdiodemodel. 



(4.35) 



[T| lU Sfiort 

circuit 

VI) 



Open 
c ircuit 



(a) 



0 



+ 



VD 



VR 



VR 




ID 



+ 

VD 



VR 




ID 



+ 

VD 



FIGURE 4.23 Apiecewise 
linearapproximationforthediode : 
theidealdiodemodel . 



FIGURE 4.24 Piecewiselinear 
analysisofasimplediodecircuit. 



(c) Open circuit segment 
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Shortcircuitsegment: Figure4.24bshowstheresultingcircuitwhenthediode 

isoperatingasashortcircuit.WheniDandvDareinthisstraight-linesegment 

ofthecharacteristic,trivialcalculationsshowthat 

iD= RE (4.36) 




and 

ER=E. (4 37 ) 

V R=iDR= R 

Open circuit segment: Figure 4.24c shows the corresponding circuit when 
the diode is operating as an open circuit. When iD and yd are in this part 
ofthecharacteristic,itisclearthat 

iD=0 ( 438 > 

and 

„ n (4.39) 

VR=(). v 7 

Combiningtheresults: Allthatremainsnowistodeterminewhichofthetwo 
segmentsofoperationsapplywhenE=3VandwhenE=-5V.Alittlebitof 
intuitiontellsusthatwhenE=3V,theshortcircuitsegmentapplies. Notice 
thatboththeresistorandthediode(anonlinearresistor)donotproducepower, 
andsothedirectionofthecurrentmustbesuchthatthevoltagesourcedelivers 
power.Inotherwords,whenEispositive,somustiD.FromEquation4.34, 
when iD is positive, the diode is ON. In this segment, from Equations 4.36 
and4.37 

iD = E- — (4.40) 

R = 500 = 6mA 

and 

vr=3V. 

Compared with the numbers obtained earlier in Section 4.3 using graphical 
analysisforE=3V,weseethatpiecewiselinearanalysisusinganapproximate 
modelforthediodehasyieldedreasonablyaccurateresults(6mAversus5mA 
foriD,and3Vversus2.5VforvR). 

Intuhion also tells us. that when E = -5 V, the. open circuit segment _ 
applies. For the negative input voltage, v negative. From Equation 4.35, 

whenvDisnegative,thediodeisOFF.Inthissegment,fromEquations4.38 

and4 . 3 9 ,bothiDandvRareO . 

Noticethatthepiecewiselinearanalysismethodenabledustobreakdown 
anonlinearanalysisproblemintomultiplelinearproblems,eachofwhichwas 
very simple. Ho we ver,aninterestingaspectofthemethodisfiguringoutthe 
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segmentofoperationassociatedwitheachofthenonlineardevices.Thiswas 
nottoohardwithasinglenonlineardevicesuchasanidealdiode,butcanbe 
challenging when there are a number of nonlinear devices. It turns out that 
theapproachthatwediscussedinthisexamplegeneralizestothemethodof 
assumedstates,whichwillbediscussedinmoredetailinChapterl6. 



example 4.11 piecewise linear analysis of a 

hypothetical nonlinear device Figure4.25ashowsacircuit 

containing some hypothetical nonlinear device whose v i-6haracteristics are approxi- 

matedusingthepiecewise-lineargraphshowninFigure4.25b. Thenonlineardevice 

withitsterminalvoltageandcurrentdefinedasshowninFigure4.26amighthavean 

actualv kurveasillustratedinFigure4.26b.Figure4.26cshowsthecorrespondence 

betweenthedevice’sactualv ieurveandthepiecewiselinearmodel. 

Thebehaviorofthepiecewiselinearmodelforournonlineardevicecanbesummarized 

intwostatements,oneforeachofthestraight-linesegments: 

Resistance RiforallpositiveiD (4.41) 

Resistance R2forallnegativeiD (4.42) 



R 




(a) 



iD 










0 = + 
I V D 


ID (lD > 0) 
Rl 


0 * + 
I v D 



iD (iD < 0) 
R2 



(C) 



(d) 



FIGURE 4.25 Acircuit 

containinganonlineardevice 

whosecharacteristicsaremodeled 

usingapiecewiselinearapproxi- 

mation.In(b),Rl=100and 

R^=10k . 





FIGURE 4.26 Ahypothetical 
nonlineardevicewhosecharacter- 
isticsaremodeledusingapiece- 
wiselinearapproximation. 
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LetusapplythepiecewiselinearanalysismethodtothecircuitinFigure4.25(a). Specifi- 
cally, letusdeterminethevoltagevD acrossthenonlineardeviceforvariousvaluesof 
the current I sourced by the independent current source. Specifically, we will deter- 
minevD fori = 1mA, I = -lmA,andwhenIisasinusoidalcurrentoftheform 
0.002Acos cot . 

Following the piecewise linear analysis technique, let us focus on one straight-line 
segmentatatime. Accordingly, wedrawthecircuitthatresultsforeachofthesegments. 

Risegment: Figure4.25cshowstheresultingcircuitwhenthenonlineardeviceis 

operatinginitsRisegment.ThissegmentapplieswheniDispositive. 
SinceiD=I,theRisegmentapplieswhenIispositive.Asimple 
applicationofOhnT sLawfortheR rqsistoryields 



vd=IRi. 



(4.43) 



R2segment: Figure4.25dshowsthecircuitwhenthenonlineardeviceisoperating 
initsR2segment.ThissegmentapplieswheniDisnegative;inother 
words, whenIisnegative.Inthissegment,weobtain 



vd=IR2. 



(4.44) 



Summarizing, 



When I>0: vd=IRi 
W hen I<0: vd=IR2. 



(4.45) 

(4.46) 



Thus,forI=lmA,Equation4.45applies.Therefore 

vd=IRi=0.001x100=0.1V. 



Similarly, forI=-lmA,Equation4.46applies. Therefore 
vd=IR 2=-0.001 x 1 0000=-l OV. 

LetusnowdeterminevD forthecosinecurrentinputdepictedinFigure4.27a.When 

I>0, 

vd=IRi=Ix100 

asshowninFigure4.27b. Similarly, whenl<0, 

vd=IR2=Ix 10000 



asshowninFigure4.27c. Piecingtogetherthetworesultsforl > Oandl < 0, we 
obtainthecomplete waveformfortheoutputvDas sho wninFi gure4 . 27d. 
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FIGURE 4.27 Cosineinput. 



example 4.12 superposition applied in linear 

segments Akhoughthepreviousexamplesillustratedthepiecewiselinearanaly- 

sismethod,theydidnotdofulljusticetothepowerofthetechnique,sincetheequivalent 

circuitswithineachofthelinearsegmentswereverysimple(forexample,thecircuitsin 

Figures4.24band4.24c,orthecircuitsinFigures4.25cand4.25d,anddidnotrequire 

anyofourpowerfulanalysistechniquessuchassuperpositionthatrelyonlinearity.We 

willnowworkaslightlymorecomplicatedexampletoillustratethefullpowerofthe 

piecewiselinearanalysismethod. 

ConsiderthecircuitinFigure4.28containingthehypotheticalnonlineardevicefrom 
Example4. 1 1 (showninFigure4.26a)andtwoindependentsources.Supposeweare 
asked to determine the value of vb. The presence of the nonlinear device does not 
allowtheapplicationofsuperposition,sincesuperpositionreliesontheassumptionof 
linearity. 

Letususethepiecewiselinearanalysismethodtosolvethisproblem.Thepiecewiselinear 

modelforthedevicecharacteristicsisshowninFigure4.26c.Recall,thenonlineardevice 
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FIGURE 4.28 Acircuitcontain- 
inganonlineardeviceandmultiple 
sources. 



1 kQ 



3kQ 




+ 

VD 



FIGURE 4.29 Equivalentcircuit 
inthelinearsegmentwith 
slope 1/Rl. 



1 kQ 3 kQ 




Ri = 100 Q 



behaveslikearesistorofvalueRi wheniD > 0, andlikearesistorofvalueR2 when 
iD<0. 

ForthepolaritiesofthecurrentsourceandthevoltagesourceshowninFigure4.28,the 
currentiDthroughthenonlineardevicewillbepositive.i Accordingly, theRisegment 

of device operation applies and the equivalent circuit is as shown in Figure 4.29. In 
Figure4 . 29 , wehavereplacedthenonlineardevice witharesistorofvalueR l . 

ThecircuitinFigure4.29islinear,soanyofourlineartechniquescanbeused.Wewill 
usesuperpositiontosolvethiscircuit.Accordingtothefirststepofthesuperposition 
method, foreachindependentsource,wemustformasubcircuitwithallotherindepen- 
dentsourcessettozero.Settingavoltagesourcetozeroimpliesreplacingthe voltage 
sourcewithashortcircuit, andsettingacurrentsourcetozeroimpliesreplacingthe 
currentsourcewithanopencircuit.Figure4.30ashowsthesubcircuitwiththe voltage 
sourcesettozero, andFigure4.30bshowsthesubcircuitwiththecurrentsourceset 
tozero. 

Now, according to the second step of the superposition method, we must find the 
responseofeachindependentsourceactingalonefromthecorrespondingsubcircuit. 
LetusdenotetheresponseofthecurrentsourceactingaloneasvBi,andtheresponse 
ofthevoltagesourceactingaloneasvBV 



1. Ingeneral, wecandeterminethepolarityofiDbyapplyingaTheveninreductiononthecircuit 
facingthenonlineardevice. iD willbepositiveiftheTheveninvoltagedrivingthedeviceisalso 
positive. 
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lkQ 3kQ 



lkQ x 3kQ 



5kQ 




Ri = 100 Q 5kQ 




Ri = 100 Q 



vbi: WewillanalyzethecircuitinFigure4.30ausingtheintuitiveapproachof 

series-parallelreductionsdiscussedinSection2.4toobtainvBi.Inthisapproach, 

wewillfirstcollapsealltheresistancesintoanequivalentresistanceReqseenby 

thecurrentsourceandmultiplythatresistancebylmA.Theequivalent 

resistanceseenbythecurrentsourceisgivenby 

Req=(((3k+ 1 00)2k)+lk)5k. 

Simplifying, weget 



Req=1.535k. 

MultiplyingReqbythecurrentsourcecurrentweget 

vBi=1.535kxl mA=1.535V. 

vbv: WenowanalyzethecircuitinFigure4.30btoobtainvBV.Wewillagainusethe 

intuitiveapproachsuggestedinSection2.4involvingfirstcollapsing,then 
expandingthecircuit.Supposeweknewthevoltagevxatnodex,thenwecan 
easilyobtainvBYbythevoltagedividerrelation.Wecanobtainvxbyfirst 
collapsingthecircuitinFigure4.30bintotheequivalentcircuitinFigure4.31 
andapplyingthevoltagedividerrelation.RxinthecircuitinFigure4.31is 
foundbycollapsingthe 1 -k,5 -k,3 -k,andthe 1 OO-resistancesintoan 
equivalentresistanceasfollows: 

Rx=(lk+5k)(3k+100)=2.05k. 

B y thevoltagedi viderrelation 

Rx 2.05k 

vx=lV 2k+R x= lv 2k+2.05k =0.5 IV. 

WenowobtainvBvbyexpandingthecircuitinFigure4.31totheoriginal 

circuitinFigure4.30bandusingthevoltagedividerrelationasfollows: 

5k 5k 



FIGURE 4.30 Circuitswitheach 
ofthesourcesactingalone. 



vx 




FIGURE 4.31 Collapsedcircuit. 



vbv=vx lk+5k =0.51Vlk+5k =0.425V. 
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Asthefinalstepofthesuperpositionmethod,weobtainthetotalresponsebysumming 

togethereachoftheindividualresponses: 



vb=vbi+ vbv= 1. 535 V+0.425V= 1.96 V. 

Thus, we have our desired answer. Notice that we were able to apply the powerful 
superpositionmethodbyfocusingonastraightlinesegmentofthenonlineardevice. 

a 

example 4.13 half-wave rectifier re-exam- 
ined 



— 4.4.1 IMPROVED PIECEWISE LINEAR MODELS 
FOR NONLINEAR ELEMENTS * 



example 4.14 another example using piece- 
wise linear modeling 

B 

example 4.15 the diode resistance 

B ~~~~ 

“ — “ example 4.16 a more complicated piecewise 
linear model 



4.5 INCREMENTAL ANALYSIS 

Therearemanyapplicationsinelectroniccircuitswherenonlineardevicesare 
operatedonlyoveraveryrestrictedrangeofvoltageorcurrent,asinmanysen- 
sorapplicationsandmostaudioamplifiers,forexample.Insuchcases,itmakes 
sensetofindapiecewiselineardevicemodelinawaythatensuresmaximum 
accuracy of fit over that narrow operating range. This process of linearizing 
devicemodelsoveraverynarrowoperatingrangeiscalledincrementalanalysis 
or small-signalanalysis. The benefit of incremental analysis is that the incre- 
mentalvariablessatisfyKVLandKCL,aswellaslinearv irelationsoverthe 
narro woperatingrange . 

Wenote, however, thatthisalmostlinearmodeofoperationofnonlinear 
devicesoveranarrowoperatingrangeismorecommonwithMOSFETcircuits 
(discussedinChapter8)thanwithnonlinearresistors.However,becauseofthe 
simplicityofnonlinearresistorcircuits,weintroducetheconceptofincremental 
analysishere,recognizingthattheprincipalapplicationwillcomelater. 
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iD 




vD 



FIGURE 4.37 Incremental 
analysis. 



We will discuss incremental analysis using the diode as an example. 
Suppose we wish to determine the value of the diode current iD in the cir- 
cuitinFigure4.37. Herewehaveadiodeandapairofvoltagesourcesasin 
manypreviousexamples,butinthiscaseonesource,Vi,isfixedatavalueof, 
say,0.7V,andtheother,vi,isal-mVsinusoid.Inputsofthisform — aDC 

valueplusasmalltime-varyingcomponent 0 €€urfrequentlyinpractice,and 
soitisimportanttofindasimplewaytosolveforthecircuitresponseforthis 
typeofinput. Wecould, ofcourse, taketheobviousanalyticalapproachand 
write 



iD=Is e(0.7 V+0.001 Vsin((Dt))/V ™ -1 ^ 

but it leaves us with a complicated expression from which the form of the 
outputisnotreadilyapparent. 

Wewillabandonthestraightforwardapproach,andinstead,castoffina 
slightly differentdirection. Clearly, withthegivenvaluesofthedrive, thisis 
acasewherethediodeisbeingoperatedonlyoveraveryrestrictedregionof 
itsnonlinearv icharacteristics:thediodewillalwayshavealargepositiveDC 
offsetvoltageacrossit(givenbyVi),andthediodecurrentwillvaryonlybya 
smallamountaroundlD(asdepictedinthegraphicalsketchinFigure4.37)due 
tothesmallsignalvisuperimposedontheDCinputvoltage.Thusasensible 
approachistomodelthediodecharacteristicaccuratelyinthevicinityoflD(as 
depictedbythesmallstraightlinesegmenttangenttothecurveattheVijD 
point, asshowninFigure4.37)anddisregardtherestofthecurve.TheTaylor 
Seriesexpansionistheappropriatetooltoemployforthistask: 



o 

y=f(x)=f(X )+df 



dx Xo(x-Xo)+ 



1 d2f 

(x _ Xo)2H 

Xo 



Thisisanexpansionoftheyversusxrelatio^ial30utthepointf(Xo),Xo. 

ForourdeviceiDversusvDrelation, 



(4.54) 



iD=f(vD) 

we need to develop the corresponding expansion about f(VD),VD , where 
lD=f(VD). 
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Forourexample,thesourcevoltagesViandviareapplieddirectlyacross 
the diode, so the corresponding diode voltages are given by Vd = Vi and 

VD=Vl. 

Thus, in terms of diode parameters, the corresponding Taylor Series 
expansionofiD=f( vD)aboutf( V d) , VDis : 

1 d2f 

iD=f(vD)=f(VD)+ dv ~ (vd-Vd)+ (vd-Vd)2+--- 

V 7 V 7 dP VD D Vd 

2!dv2 (4.55) 

For our diode example, mathematically we wish to expand the diode 
equation 

iD=Is e( V d+vd)/v th 1 (4.56) 

abouttheoperatingpointVDjD.Incircuittermswearecalculatingtheresponse 
iD whenavoltagevD = Vd+vd, isappliedtoadiode, asinFigure4.37. 

Thecurrenti ^illbeoftheform 

iD=lD + iD. ( 4 ' 57 > 

TheT aylorseriesexpansionofEquation4 . 5 6is 

• T TT „ T 1 ,T 7 ^ IseVD/VTH VD 

lD=Is eVD/VTH— 1 +V 

TH 

1 1 2 (4- 58 ) 

+ 2 ^ IseVD/VTH (vd)2+- 

Simplifying, 

Vd/Vth ^ ^ ^ 2 

iD— Is eVD/vm-l + Ise y TH v d+2 Vth (vd) +• • • . 

(4.59) 

NowifweareassuredthattheexcursionsawayfromtheDCoperating 
pointVD,lDaresmall,sothatvDisverysmallcomparedtoVTH(asinthis 
case, sinceVTHistypically0.025VandwearegiventhatvD=0. 001 V)we 
canignorethesecondandhigherordertermsintheexpansion: 

Vd/Vth ^ (A 

iD=Is eVD/vm-l + Ise Vth V ° ' (4.60) 



iD=Is eVD/VTH— 1 + Ise 



Vd/Vth 



(4.60) 
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WeknowthattheoutputcurrentiscomposedofaDCcomponentlDand 

asmallperturbationiD.Thus,wecanwrite 



Vd/Vth 1 ( A &\\ 

lD+iD=Is e Vd/Vth- 1 + Ise Vth VD ^4.61) 

EquatingcorrespondingDCtermsandcorrespondingincrementalterms: 



Id=Is e Vd/Vth 1 



(4.62) 



iD= IseVD/vra 



1 

VD. 

Vth 



(4.63) 



Note that Id is simply the DC bias current related to the DC input voltage 
VD.Accordingly,theDCtermsrelatinglD toVD canbeequatedasinEqua- 
tion4.62becausetheoperatingpointvalueslD,VDsatisfyEquation4.1, which 
isthediodeequation. WhentheDCtermsareeliminatedfrombothsidesof 
Equation4 . 6 1 , theincrementalrelationsho wninEquation4 . 63results . 

ThustheresponsecurrenttoanappliedvoltageVD+vDcontainstwo 
terms: alargeDCcurrentl artdasmal lcurrentproportionalto v , ifwe d 

keepvDsmallenough. 

A graphical interpretation of this result is often helpful. As shown in 
Figure4 . 3 7 ,Equation4 . 6 1 isthestraightlinepassingthroughtheDCoperating 
pointVDjDandtangenttothecurveatthatpoint.Thehigherordertermsin 
Equation4.58thatweneglectedwouldaddquadratic, cubic, etc. ,termstothe 
model, therebyimprovingthefitoverawiderregion. 

Fortheparticularcaseofincrementalanalysiswiththediodeequation,we 

commonlymakethefollowingapproximationtoEquation4.63: 



iD=Is e Vd/Vth 1 



1 

VD 

Vth 



(4.64) 



wherethe-ltermisartificiallyincludedbecauseitissmallincomparisonto 

eVD/VTH.Withtheinclusionofthe-lterm,wecansimplifyfurtherandwrite 

anapproximateexpressionfortheincrementaldiodecurrent: 



iD=lDV 



1 

VD. 

TH 



(4.65) 



Figure4.38providesfurtherinsightintotheresultinEquations4.62and 
4.63 (or its simplified form in Equation 4.65). Equation 4.62 establishes the 
Vd,Id operatingpointorthebiaspointofthediode. Id/V th istheslopeof 

thev icurveatthepointVDjD.Theproductoftheslopeofthev icurveat 
Vd,Id (givenbylD/VTH)andthesmallperturbationinapplieddiode voltage 
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FIGURE 4.38 Graphical 
interpretationofoperatingpoint 
andincrementalsignals . 



iD 




Slope of the 
i-v curve at 
the operating 
point V , Id 
given byD 
Id 

VTH 



VD 



(givenby vD)yieldsanapproximationiD=lD/V thvd totheresulting 
perturbationinthediodecurrent. 

Itisasimplemattertoestimatethequalityoffit.Takingtheratioofthe 
thirdtermtothesecondtermonEquation4 . 5 8 , weobtain 

thirdterm 1 1 
secondterm = 2Vth vD * 



Atroomtemperature,VTHisroughly25mV.Thus,ifwewantthethird 

termtobenomorethanlO%ofthesecond,vDmustberestrictedtobeless 

than5mV. 

WedonothavetogothroughthemechanicsofaTaylorseriesexpan- 
sioneachtimethatwewishtofindtherelationshipbetweentheincremental 
parameters iD and vd. Rather, we can find the relationship between the 
incrementalparametersdirectlyfromtheiD=f(vD)relationshipusing 

1D= cl c YP Vd 

TherelationshipinEquation4 . 67isitselfderi vedfromtheT aylor series 
expansionasfollo ws . RecallingEquation4 .55, 



iD=f(vD)=f( V d)+ 



dv 



dP VD 



(vd-Vd)+ 



1 d2f 



— (VD-VD)2+* • 

D Vd 



(4.66) 






2!dv2 



(4.68) 
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and replacing iD by its DC value plus an increment (iD = Id +iD), the 
difference(vD-VD)byvD ,and 

lD=f(VD) 

were writeEquation4 . 6 8 as 



(4.69) 



_ yda_ 2 

lD+iD=lD+ dv ^ w VD+ v+tt- 

dP Vd D Vd 

2!dv2 



(4.70) 



1D= 



VD. 






(4.71) 



Vd 



Inwords, theincrementalchangeinthecurrentisequaltodf/dvDevaluated 

issmall 
Ji^deequation 



enous 



iD=f(vD)=Is(evD/VTH- 1 ) 

yieldsthesameexpressionforiDasthatinEquation4.63. 

ThesameresultcanbedevelopedgraphicallyfromFigure4.38.Theincre- 

mentalcurrentiDissimplytheproductofvDandtheslopeoftheiDversus 

vDcurveatthepointlD,VD.TheslopeoftheiDversusvDcurveatthepoint 

lD,VDisgivenby: 



SlopeoftheiDversusvDcurve = df(vD^ VD Vd 

T owrapupourexampleofFigure4. 37 Jetusobtainthenumerical value 
ofiDforthegivenformofvD.Wearegiventhattheinputisoftheform 

vi= V i+' vi=0 .7V+0.001V sin( cot) . 

Sincetheinputisapplieddirectlyacrossthediode,thecorrespondingrelation 

intermsofdiodevoltagesis 

vD=VD+vD=0.7V+0.001Vsin(cot). 

WhenvDissmallenough,iDcanbewrittenintheform 



iD=lD+iD. 
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FromEquation4 . 69 , 



lD=f(VD)=Is C0.7/V ™ -1 



and,fromEquation4.7 1 , 



1D= 




1 

vD=Iseo.7/VTH 1 sincot 



Substitutingls = 1 pAandVra =0.025 V (atroomtemperature),thediode 



termandasmalltime-varyingsinusoidalterm. Observefurthertheeasewith 
whichweobtainedtheformofiD,andcontrastwiththeuninsightfulexpression 
inEquation4.53thatresultedfromthebrute-forceanalyticalapproach. 

AlthoughthisprocessyieldedfairlyquicklytheformofiD,abitofinsight 
willsimplifytheprocessevenfurtherbyenablingtheuseoflinearcircuittech- 
niques to solve the problem as promised in the introduction of this section. 
W eproceedbydrawingattentiontoEquation4 . 6 1 .Equation4 . 6 1 iscertainly 
nonlinear.Butanimportantinterpretationcentraltoallincrementalarguments 
allows us to solve the problem by linear circuit methods. Note from Equa- 
tion4 . 62thatthefirstterminEquation4 . 6 1 , theDCcurrentlD,isindependent 
of vd. It depends only on the circuit parameters and the DC voltage Vd 
whichisthesameastheDCsourcevoltageVi. ThuslD canbefoundwith 
vd, settozero . Onthisbasis , thesecondterminEquation4 . 6 1 islinearin 
vd, because wehaveshownthatthereisnohiddenvDdependenceinlD. 
Hencethesecondterm,thechangeinthecurrentiislinearlyproportionaltothe 
changeinv,canbefoundfromalinearcircuit. 

Butwhatistheformofthislinearcircuitthatcanfacilitatethecomputation 

ofiD?ObservethattheconstantofproportionalityrelatingiDandvDis 




ID 



1 



=gd= VthId 



(4.72) 



VD 



ormoregenerally,fromEquation4.7 1 , 



ID 



VD 



=gd= 



df 

dvD 



Vd 



(4.73) 
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which can be interpreted as a linear conductance (the slope of the v i 
characteristicatVD,lD),oralinearresistanceofvalue 



Vth 
rd= j D 



44 ^ 4 } 



foradiode. 

In general, the incremental behavior of a nonlinear device is that of a linear 
resistor, whosevaluerdisgivenby 



rd= 



T 



(4.75) 



d p vd=Vd 

Foradiode, because VTHisabout25mVatroomtemperature,forlD = 

lm^t^incmmentalresistancer ^5, Similarly, fori = 1A5Rs =. d 
0.017.Note:Themcrementalresistanceingeneransnotthesameasmeresis- 

torR ^sedinthepiecewiselinearmodelof Fig ure4 . 3 3c .There we were 

tryingforafitoveralargerangeofcurrent,andhencewouldcompromiseona 

differentresistancevalue.ThedifferencebetweenR gndrdcanbeclearlyunder- 

stood by comparing the two graphical interpretations, — Figures 4.33d 

and4.37. 

Incircuitterms ,Equation4 . 7 3 canbeinterpretedasdepictedinFigure4 .39. 
iD canno wbefoundtriviallyfromthelinearcircuitinFigure4 .39, where 

rd= l/gd.ForlD= 1 .45 A,rdis0.0 17atroomtemperature,and 



rd =0.059A sin(cot). 

Insummary, webeganouranalysiswiththegoalofdeterminingthecurrent 
(iD)throughthediodewhenaninputvoltageintheformofaDCvalue(VD) 
plusasmalltime-varyingcomponent(vD)isappliedacrossit.Equation4.61 
showsthattheresultingdiodecurrentismadeupoftwoterms, aDCterm, 
lD,whichdependsonlyontheDCvoltageappliedVD,andasmall-signalor 
incrementaltermiD,whichdependsonthesmall-signalvoltageandalsoon 
theDC voltage Vd. ButforfixedVD, theincrementalcurrentiD islinearly 
relatedtovD.Theconstantofproportionalityisaconductanceg givenby^ 
Equation4 . 7 3 . B ecausetheincrementalcircuitmodelofFigure4 . 3 9correctly 
representstherelationshipbetweeniDandvD,thislinearcircuitcanbeused 
tosolveforiD.Inmanysituations,onlytheincrementalchangeintheoutput 




AiD 



1 




Avi = 0.001 V sin(a)t) 



rd = 



FIGURE 4.39 Linearcircuitfor 
determiningthevalueofiD . 
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isofinterest,andouranalysiswillendhere.Ifthetotalvalueoftheoutput(iD) 

isdesired,thenitcanbeobtainedbysummingiDandtheDCcomponentlD. 

Thus, based on the preceding discussion, a systematic procedure for find- 
ing incremental voltages and currents for a circuit with a nonlinear device 
characterizedbythev h=elationiD=f( vD)isasfollo ws : 

1. FindtheDCoperatingvariables,lDandVD,usingthesubcircuitderived 
fromtheoriginalcircuitbysettingallsmall-signalsourcestozero.Anyof 
themethodsofanalyzingnonlinearcircuitsdiscussedinthepreceding 
sections — analytical, graphical, orpiecewiselinear — isappropriate. 

— rindthcincrcmcntaloutputvoltagcandincrcmcntalnonlincardcvicc 

current(thechangeawayfromtheDCvariablescalculatedinStep 1 ) 
byforminganincrementalsubcircuitinwhichthenonlineardeviceis 
replacedbyaresistorofvaluer (qomputedasshowninEquation4.75), 
andallDCsourcesaresettozero.(Thatis,voltagesourcesarereplaced 
byshortcircuits,andcurrentsourcesbyopencircuits.)Theincremental 
subcircuitislinear,soincrementalvoltagesandcurrentscanbecalculated 
byanyofthelinearanalysistechniquesdevelopedinChapter3, including 
superposition, The venin, etc. 

Onefinalnoteonnotationbeforeweworkafewexamplestoillustratethe 
smallsignalapproach.Forconvenience,wewillintroducethefollowingnota- 
tiontodistinguishbetweentotalvariables, theirDCoperatingorbiasvalues, 
andtheirincrementalexcursionsabouttheoperatingpoints. Asillustratedin 
Figure4.40, wewilldenotetotalvariableswithsmalllettersandcapitalsub- 
scripts,DCoperatingpointvariablesusingallcapitals,andincrementalvalues 
usingallsmallletters.Thus,vDdenotesthetotalvoltageacrossthedevice,VD 

thepCoperatingpoint,andv =^theincrementalcomponent.Sincethe 
totalvarrableistnbsumofthetwocomponents,wehave 



VD=VD+Vd. 



ID 



ID 



0 



Id 



Id 



V D 

V D 



FIGURE 4.40 Notationfor 

operatingpoint,smallsignal,and 

totalvariables. 



Vd 



VD 
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--I-TH- 

FIGURE 4.41 Largesignaland 
smallsignaldiodemodels . 



iD= f(vD) = Is 





Id 

rd = 



UJ) VD = 



= -V 

a “~" D 

Yd 



Similarly, forthecurrent 

iD=lD+id. 

Figure4.4 1 summarizesthelargeandsmallsignalmodelsforthediodein 
termsofournewnotation. 

example 4.17 incremental model for square law 
device Derive an incremental model for the square law device shown in 
Figure4.42a.Assumethatthedeviceischaracterizedbythefollowingv irelationship: (a) 



/D 



El 



iD = Ky2D 
for yd > 0 



iD=KvD2 for VD>0 

_q for vd<0 

whereK= 1 mA/V 2,andthattheoperatingpointvaluesforV D andlD are 1 V and 

1 mArespectively . 

WeknowfromEquation4.75thattheincrementalmodelforanonlineardeviceisalinear 

resistorofvaluerdasdepictedinFigure4.42.Thevalueoftheresistanceisgivenby 

1 

rd= ' 

dvD 

vd=Vd 

df 

Substituting, f(vD)=Kv2D,weobtain 

1 

rd= =500. 

2KvdIvd=Vd= iv 

B 

example 4.18 incremental model for a resistor 
WewillshowthattheincrementalmodelforalinearresistorofvalueRisalsoaresistor 
ofvalueR. Intuitively, sincethev irelationforalinearresistorisastraightline, the 
slope(givenbyl/R)isthesameforallvaluesoftheresistorvoltageandcurrent.Further, 
sincetheincrementalresistanceristhereciprocaloftheslope,itfollowsthatr=R. 



+ 



(b) 



FIGURE 4.42 Asquarelaw 
deviceanditsincrementalmodel. 
(a)asquarelawdevice,(b) 
incrementalmodel . 



r 



224 chapter four analysis of nonlinear circuits 




(a) 



:t> + 

Vo 



(b) DC subcircuit for operating 
point analysis 



0 ) V 

+ 1 V DC 



id + 

rd Vo 

(c) Incremental subcircuit 




FIGURE 4.43 Incremental 

analysisofnonlinearresistor.Parts 

(b)and(c)showtheDCandthe 

incrementalsubcircuits, 

respectively. 



IB I 

example 4.19 incremental analysis of square 

law device SupposeweareinterestedinfindingthecurrentiD throughthe 
square law device in Figure 4.43. The device is driven by a DC voltage in series 
withasmallACvoltage. Thesquarelawdeviceischaracterizedbythefollowingv i - 
relationship: 

iD=Kv02 for VO>0 - (4.76) 

ThecurrentiDi s0forvo<0 . As sumeK= 1 m A/V 2 . 

Since the input to the nonlinear device is the sum of a DC component and a rela- 
tivelysmallACcomponent, incrementalanalysisistheappropriatetoolforourtask. 
Incrementalanalysiscomprisesthefollowingsteps: 



Wecanalsoshowthesameresultmathematicallyasfollows.Thev irelationforthe 
resistorisgivenby 

i=RiL. 

We obtain the incremental resistance r for resistor voltage and current (V,I ) using 
Equation4.75: 

1 

r= =R. 

dv 

v=V 





1 . FindtheDCoperatingvariableslDandV obysettingallsmall-signalsourcesto 
zero, 
o 

' Findtheincrementaldevicecurrentidbyforminganincrementalsubcircuitin 
whichthenonlineardeviceisreplacedbyalinearresistorofvaluerd(from 
Equation4.75),andallDCsourcesaresettozero. 



Followingthefirststepofincrementalanalysis,wedrawtheDCsubcircuitFigure4.43b 
and mark the operating-point variables Id, V o. The AC source is set to zero. By 
inspectionfromFigure4.43b 



Vo=Vi=lV. 
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and 



lD=KV20=lmA. 



Next,followingthesecondstepofincrementalanalysiswedrawtheincrementalsub- 
circuitinFigure4.43b.Here,wesettheDCsourcetozero,andreplacethenonlinear 
devicewithalinearresistorofvaluerd , where 



rd= 



1 



dv 0 

d(Kv2o) 



vo=Vo 



1 

= 2KV5~' 



S ub stituting V o= 1 V , weobtain 



rd=500. 

Nowthatweknowthevalueofrd,wecanobtainthesmall-signalcomponentidfrom 
thesmallsignalcircuit. Accordingly, 



id= rvdi. 



Substituting numerical values, we find that id is a 2-p A AC current. Thus, the total 
currentiD isthesumofal -mADCcurrentanda2-p AACcurrent. Thiscompletes 
ouranalysis. 

I — — ZZ1 

example 4.20 voltage regulator based on a 

nonlinear resistor To illustrate the use of incremental analysis, we 
examine the nonlinear device circuit shown in Figure 4.44a, a crude form of voltage 
regulatorbasedonthehypotheticalnonlinearresistordiscussedearlier.AssumeR=lk 
andthatthenonlineardeviceischaracterizedbythefollowingv [relationship: 

iD=Kvc >2 for vO>0 - (4-77) 

ThecurrentiDis0forvo<0. As sumeK= 1 mA/V 2. 

WeassumethatthesupposedlyDCsource(vi)supplyingthecircuitinrealityhas5volts 
ofDC(Vi)with50mVofAC(vi, alsocalledaripple)superimposed. Theregulator 
is designed to reduce this unwanted AC component relative to the DC. Our task is 
todeterminethemagnitudeoftherippleintheoutput, andtheextenttowhichour 
regulatorhasbeenabletoreducetherippleamplituderelativetotheDCvoltage. 

To understand how the circuit operates, we will perform an incremental analysis on 
thecircuitbyfollowingtheset wo steps: 

1 . FindtheDCoperatingvariableslDandV obysettingallsmall-signalsourcesto 
zero.Thiswillrequireanonlinearanalysisusingoneofthenonlinearapproaches 
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R 




(a) 



R 




(b) DC subcircuit for operating 
point analysis 



R 

50 mV AC 

rd vd 

0 V 



(c) Incremental AC subcircuit 



FIGURE 4.44 Nonlinearresistor 

voltageregulator.Parts(b)and(c) 

showtheDCandtheincremental 

subcircuits respectively . Thesub - 

circuitsarederivedaccordingto 

thediscussionprecedingthis 

example.Formorediscussionof 

DCandincrementalsubcircuits, 

seeSection8 .2. 1 inChapter8 . 



previouslydiscussed,forexample,analytical(usingthenodemethod),graphicalor 

piecewiselinear. 

2. Findtheincrementaloutputvoltagevoandincrementalnonlineardevicecurrentid 
byforminganincrementalsubcircuitinwhichthenonlineardeviceisreplacedbya 
linearresistorofvaluerd(fromEquation4.75),andallDCsourcesaresettozero. 
Theincrementalcircuitwillbelinear,soanyofourlineartechniqueswillapply,for 
example, superposition, Thevenin. 

Followingthefirststepofincrementalanalysis,wedrawtheDCsubcircuitFigure4.44b 

andmarktheoperating-pointvariableslD,Vo.Noticethatwehavesetthesmall-signal 

sourcetozero. 

WewillnowusetheanalyticalanalysismethodtodeterminelDandVo. Byinspection 
fromFigure4.44b, 



-Vi+IdR+Vo=0 

2 

Id=KV P 



(4.78) 

(4.79) 



EliminatinglD,weget 



SolvingforV o, weget: 



RK V 20 + V o- V 1=0 . 



-1+V1+ 4V1RK. 

Vo (4.80) 

= 2RK 



Substituting K = 1 mA/V2, R = 1 k, and Vi = 5 V, we obtain the operating 
pointvalues: 



Vo=1.8V 

lD=3.24mA. 



V o istheDCcomponentoftheoutput. Thiscompletesthefirststepofincremental 
analysis. 
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Next,followingthesecondstepofincrementalanalysiswedrawtheincrementalsub- 

circuitinFigure4.44c.Thistimearound,wesettheDCsourcetozero,andreplacethe 

nonlinearresistorwithalinearresistorofvaluerd. 

Wecannowfindtheincrementalvaluesid,vofromFigure4.44cifweknowthevalueof 
rd. Accordingly, wefirstdeterminethevalueofrd.WeknowfromEquation4.71that 



id= 



d(KvT) 

— Vo 

dvo 

vo=Vo 



SO 



Simplifying, 



rd= 



1 



dv 0 

d(Kvo2) 



vo=Vo 



1 

rd = 2KVo 



S ubstitutingthenumerical values, rd= l/(2x 1 x 10-3X 1 .8)=278 . 



Nowthatweknowthevalueofrd, wecanobtainthesmall-signalcomponentofthe 
outputvo fromthesmallsignalACcircuitinFigure4.44c. Noticethatthecircuitin 
Figure4.44cisavoltagedivider.Thus,thesmallsignalACoutput 

rd 

vo=vi R+rd 



(4.81) 



278 

=50x 1 0-3 1 00 0+278 =10. 9mV. 



and 



Vo 

id= rd 



0.0109 

=0.039mA. 

278 



Thiscompletesouranalysis.2 

AlthoughboththeDCandtheACcomponentsoftheoutputvoltagearesmallerthan 
thecorrespondinginputcomponents, theimportantparameteristhefractionalripple, 
theratiooftherippletotheDC.Attheinput, 



fractionalripple= 5 0x10-3 
5 



= 10-2 



(4.82) 



2. As an interesting aside, we can alternatively obtain vo mathematically by starting from the 
equationrelating vOtovI : 



analysis of nonlinear circuits 



andattheoutput, 



fractionalripple= 10.9x10-3 0 6xl0 _ 2 , (4.83) 

1.8 

sotheripplehasbeenreducedrelativetotheDCbyafactorofaboutl.7. Thislevel 
ofreductionisnotparticularlyexciting. AscanbeseenfromEquation4.8 1 , wecan 
improve the level of reduction by reducing the value of rd. One way to do so is to 
replacethenonlinearresistorofthisexamplewithonewhosev icurvehasasteeper 
slopeasseeninthenextexample. 

Itisimportanttounderstandthatthemathematicalbasisforincrementalanalysisand 
fortheformationofthetwosubcircuits,asinFigure4.44,isnotsuperposition,buta 
particularinterpretationofaTaylorseriesexpansion. Eventhoughwekeeponlythe 
firsttwotermsoftheseries,asinEquation4.61,therelationshipisstillnonlinear,and 
hencesuperpositioncannotapply. 

B 

example 4.21 diode regulator 

B 

example 4.22 small signal analysis using a 

piecewise linear diode model 



ObservingthattheincrementalchangeinvOisgivenbytheproductoftheincrementalchangein 
vlandtheslopeofthevOversusvIcurveevaluatedatVl, wecan write 

-lW 

d 1 +4vTR K 

2RK 



Simplifying, 



vI=Vl 



1 

■ -. vi 

7+4 Wrk”’ 

vo= 

=10.9mV 

whichisthesameasthevalueobtainedbyanalyzingthesmall-signalcircuit. 



r 
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4.6 SUMMARY 

This chapter introduced nonlinear circuits and their analyses. Nonlinear 
circuitsincludeoneormorenonlineardevices,whichdisplayanonlinear 
v4relationship.NonlinearcircuitsobeyKVLandKCLandcanbesolved 
using the basic KVL/KCL method or the node method. Note that the 
KVL/KCL method or the node method do not make any assumptions 
aboutlinearity. 

We discussed four methods for solving nonlinear circuits including the 

analyticalmethod,thegraphicalmethod,thepiecewiselinearmethod,and 

thesmallsignalmethod(alsoknownastheincrementalmethod). 

TheanalyticalmethodusesKVL/KCLorthenodemethodto write 
thecircuitequationsandsolvesthemdirectly.Thegraphicalmethoduses 
agraphofthev irelationofthenonlineardeviceandthegraphcapturing 
thecircuitconstrainttosolvefortheoperatingpoint. Thepiecewiselin- 
earmethodrepresentsthev icharacteristicsofanonlinearelementbya 
successionofstraight-linesegments,thenmakescalculationswithineach 
straight-linesegmentusinglinearanalysistools. 

Thesmallsignalmethodappliestocircuitsinwhichnonlineardevices 
are operated only over a very small range of voltage or current values. 
Forsmallperturbationsofvoltagesorcurrentsaboutanominaloperating 
point, nonlineardevicebehaviorcanbeapproximatedusingapiecewise 
linearmodelthatprovidesagoodfitinthenarrowoperatingrange.Thus, 
incremental variables not only satisfy KVL and KCL, but also linear v i - 
relationsoverthenarrowoperatingrange. 

We introduced the following notation to distinguish between total vari- 
ables,DCoperatingvalues,andsmallsignalvariables: 

We denote total variables with small letters and capital subscripts, 
e.g.,vD, 

DCoperatingpointvariablesusingallcapitals,e.g.,VD, 

andincrementalvaluesusingallsmallletters,e.g.,vd. 

Asystematicprocedureforfindingincrementalvoltagesandcurrentsfor 
acircuitwithanonlineardevicecharacterizedby the v irelation : 



iD=f(vD) 



isthefollowing: 

1 . FindtheDCoperatingvariableslDandVDusingthesubcircuitderived 
fromtheoriginalcircuitbysettingallsmall-signalsourcestozero.Anyof 
themethodsdiscussedintheprecedingsections analytical, graphical, 
orpiecewiselinear — isappropriate. 
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2. Findtheincrementaloutputvoltageandincrementalnonlineardevice 
current by forming an incremental subcircuit in which the nonlinear 
deviceisreplacedbyaresistorofvaluerd , where 

1 

rd= ’ 

dv 

n vd=Vd 
df(vD) 

otherlinearresistancesareretainedasis,andallDCsourcesaresetto 

zero.Theincrementalsubcircuitislinear,soincrementalvoltagesand 

currentscanbecalculatedbyanyofthelinearanalysistechniques. 

exercise 4. 1 Consideratwo-terminalnonlineardevice(seeFigure4.47) whose 
v4characteristicisgivenby: 



iA=f(vA) 



(4. 



Showthattheincrementalchangeinthecurrent(iA =ia)foranincrementalchange 
inthevoltage(v =\^)attheDCoperatingpointV ,1 isgivenby: 

Va. 

ia= df(v^f va=Va 

(Hint:SubstituteiA=lA+iaandvA=VA+vainEquation4.92,expandusingTaylor 
series, ignoresecondorderandhighertermsinv ,anglequatecorrespondingDCand 

smallsignalterms.) 

exercise 4.2 Suppose the two-terminal nonlinear device from the previous 
exercise(seeFigure4.47)hasthefollowingv iGharacteristic: 



i A=f ( v a) = cx v A2+c Y v A+cz forvA>0, andf(vA)=Ootherwise. 

a) FindtheoperatingpointcurrentlAforanoperatingpointvoltageV A, where V A>0. 

b) Findtheincrementalchangeinthecurrentiaforanincrementalchangeinthevoltage 
vaattheoperatingpointV a,Ia. 

c) B y whatfr actiondoesiachangeforaypercentchangein va? 

d) SupposethenonlineardeviceisbiasedatV ins^adofV a; where V isyperc^nt 
greaterthanVA.Findtheincrementalchangeinthecurrent(i)foraniqpremental 
changeinthevoltage(va)atthisnewbiaspoint.Bywhatfractionisiadifferentfrom 
theiacalculatedinpart(b) . 



r 
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e) Find the incremental change in the current iacx for an incremental change in the 
parameter ex (given by ex = ex) from its nominal value of Cx, assuming the 
operatingpointv ivaluesareV Ja a 

Hint:ObservethatifiAdependsontheparametersxAandyB,inotherwords, 

iA=f(xA,yB), 



thentheincrementalchangeiniAforanincrementalchangeinyBisgivenby 



iayb = S f(xA,yR) yb. 

§yB yB=YB 

exercise 4.3 Thenonlineardevice(NLD)inthecircuitinFigure4.48hasthe 
v^characteristicssho wn.FindtheoperatingpointiDandvDforR=9 10. 




FIGURE 4.48 



exercise 4.4 

a) PlottheiA vs. vAcharacteristicsforthenonlinearnetworkshowninFigure4.49. 
Assumethediodeisideal. 




FIGURE 4.49 



b) Thenonlinearnetworkfrompart(a)isconnectedasshowninFigure4.50.Drawthe 
loadlineonyourv iGharacteristicsfrompart(a),andfindiT. 
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3.5 V 




_ 



i T 

+ 

NLD 



VT 




exercise 4.5 Considertwoidenticalsemiconductordiodes,eachofwhichhas 
anv delation: 



. TH 

1D=IS evD/V -l 



(4.93) 



s 



(b) 



a) Find the relation of i to v for the pair connected in parallel as shown in 
Figure4.51a. 



FIGURE 4.51 



b) FindtherelationofitovforthepairconnectedinseriesasshowninFigure4.51b. 



exercise 4.6 ForthecircuitinFigure4. 52,findtheinputcharacteristic,iversus 

v,andthetransfercharacteristici2versusv.Iisfixedandpositive.Expressyourresults 

ingraphs,labelingallslopes,intercepts,andcoordinatesofanybreakpoints. 



FIGURE 4.52 




exercise 4.7 ForthecircuitinFigure4.53andthevaluesshownbelow, sketch 
the waveform of i(t). On your sketch, show when the ideal diode is on and when 
itisoff. 



vi=10sin(t) Vo=5V R=l. 



FIGURE 4.53 
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problem 4. 1 ConsiderthecircuitcontaininganonlinearelementNas shown 
inFigure4 .54. The v irelationforN i sgi venby : 

2 

iA=c ^-^bivA+co forvA>0, andiA=0 otherwise. 




a) SolveforiAandvAusingtheanalyticalmethod. 

b) F indtheoperatingpointvaluesofthenonlinearelement , svoltageandcurrentfor 
vi=Vi,whereViispositive. 

c) FindtheincrementalchangeiniA(givenbyia)foranincrementalchangeinvi(given 
by vi). 

d) Determine the incremental change in the voltage across the resistor R for 
anincrementalchangeintheinputvi(givenbyvi). 

e) FindtheincrementalchangeiniAfora2%increaseinthevalueofR. 

f) FindtheincrementalchangeiniAforanincrementalchangeinvAatthebiaspoint 
Va,Ia. 

g) Suppose we replace the source vi with a DC voltage Vi in series with a small 
time- varying voltage vi= vo cos(cot).DeterminethetimevaryingcomponentofiA. 

h) Supposeweno wreplacevi= V i+vi, whereV i= 1 0 V andvi= 1 V . 

FindthebiaspointDCcurrentlAcorrespondingto V 1= 1 OV. 

^ Findthevalueofi dorrespondingtov =lVusingsmallsignalanalysis. 
iii) 

. Findthevalueofi usingsmallsignalanalysis.(Usei =1 +i .) 

' Findthevalueofi hsingtheanalytie^lihethodforv =V +v =1 IV. 

Now,findtheexactvalueofthei usfngia=i -I . A A a 

vi) Whati stheerrorinth^valueofi conJ)ucedusingthesmallsignalmethod? 

i 

problem 4 . 2 Thecircuitsho wninFigure4 . 5 5 containstwononlinearde vices 
andacurrentsource. Thecharacteristicsofthetwodevicesaregiven. Determinethe 
voltage, v,for(a)is= 1 A,(b)is= 1 0A,(c)is= 1 cos(t). 

problem 4.3 Aplot(hypothetical)ofthev icharacteristics, (terminal voltage 

asafunctionofthecurrentdrawnout,andnotitsassociatedvariables)forabatteryis 

showninFigure4.56(a). 



PROBLEMS 



FIGURE 4.54 




il(A) 




FIGURE 4.55 
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a) Ifa2-resistorisconnectedacrossthebatteryterminals,findtheterminalvoltage 
ofthebatteryandthecurrentthroughtheresistor. 

k) Alightbulbisanonlinearresistancebecauseofself-heatingeffects.Ahypothetical 
v4plotisshowninFigure4.56(b). Findthebulbcurrentandbulbvoltageifthe 
lampisconnectedtothebattery. 

c) Deviseapiecewise-linearmodelforthebatterywhichisreasonablyaccurateover 
thecurrentrangeO 2A. 

d) Usethispiecewise-linearbatterymodeltofindthebatteryvoltageandbulbcurrent 
ifthebulband2-resistorareconnectedinseriestothebattery. 

problem 4.4 

J Assuming the diode can be modeled as an ideal diode, and Ri = R2, plot the 
waveformvo(t)forthecircuitinFigure4. 57, assumingatrianglewaveinput. Write 
anexpressionforvo(t)intermsofvi,Ri,andR2. 

' Ifthetrianglewavehasapeakamplitudeofonly2 volts, andRi = R2, amore 

accuratediodemodelmustbeused.Plotandwriteanexpressionforv assu<piing 

thatthediodeismodeledusinganidealdiodeinserieswithaO.6-voltsource.Draw 

thetransfercurvevoversusvi. 



problem 4.5 Figure 4.58 is an illustration of a crude Zener-diode regulator 
FIGURE 4.56 circuit. 




Ri 



+ 





(V) 



RI = 1 kQ 




FIGURE 4.58 



FIGURE 4.57 



a) Usingincrementalanalysis,estimatefromthegraphananalyticalexpressionforvo 
intermsofV andv. 

k) CalculatetheamountofDCandtheamountofACintheoutputvoltageusingthe 
Zener-diodecharacteristictofindmodelvalues. (Numbers, please.) 
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c) WhatistheTheveninoutputresistanceofthepowersupply,thatis,theThevenin 
resistanceseenlookinginatthevoterminals? 



problem 4 . 6 Theterminalvoltage-currentcharacteristicofasinglesolarcellis 
sho wninFigure4 . 59 a. N otethatthisisasketchoftheterminal voltageas afunctionof 
currentdrawnout(i.e.,nottheassociatedvariableconvention).Anarrayismadebycon- 
nectingatotaloflOOsuchcellsasfollows:Tensolarcellsareconnectedinseries.Tensets 
ofthesearemade.Thesetenseriesstripsarethenconnectedinparallel(seeFigure4.59b). 



1 

2 

r region 3 

r region ^ 

I 

0.1 A 0.2 A 0.25 A 0.3 A 
current drawn out 

(a) (b) 
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FIGURE 4.59 

Ifa3-resistorisconnectedacrossthisnewtwo-terminalelement(thel00-cellarray), 

determinetheterminalvoltageacrossandthecurrentthroughtheresistor. 

problem 4.7 Thejunctionfield-effecttransistor(JFET)withthespecificcon- 
nection shown in Figure 4.60a (gate and source shorted together) behaves as a two- 
terminaldevice.ThevD iRcharacteristicsoftheresultingtwo-terminaldeviceshown 
in Figure 4.60b saturates at current Idss for vd greater than a voltage Vp, called the 
pinch-offvoltage.Inthetwo-terminalconfigurationshown,theJFETcharacteristicis 
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iD=K (vgs-Vt)v 



DS-VDS2 

2 



Substituting vgs = 2 V-l V, Vt = 1 V, vds = vo, and K = 64 mA/V2 , and 
simplifying, weget 



iD=64xlO-3 vo — • 

2 

Equatingtheright-handsidesofEquations7.76and7.77,andsimplifying,wegetthe 
folio wingequationforvo : 



33v02 -72vo+16=0, 



whichyields 



vo=0.25V. 

Whenvo is0.25VitiseasytoseethatMlisindeedinsaturationandM2isinthe 
trioderegion. 



(7.77) 
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7.9 SUMMARY 

Thelasttwochaptershavediscussedasetofprogressivelymoreelabo- 
rate models for the MOSFET. This section summarizes the models and 
discus seswhenitisappropriatetouseeachofthemodels. 

ThesimplestmodelfortheMOSFETistheSmodel.Thisswitchmodel 

modelstheon-offbehavioroftheMOSFET. Accordingly, theSmodelis 

appropriatewhenthedesignercaresonlyaboutthelogicalbehaviorofa 

circuitcontainingMOSFETs;inotherwords,wherethevoltagevaluesof 

interest are only highs and lows. Thus, the S model is commonly used 

toarriveatthetopologyofadigitalcircuittoperformsomegivenlogical 

function.TheSmodelisalsousefulincertainanalogsituationswherethe 

specific properties of the MOSFET beyond its on-off behavior have no 

effectoncircuitbehavior.CertainpowercircuitsthatusetheMOSFETasa 

switchfallunderthiscategory. 

TheSRmodeloftheMOSFETcharacterizesthebehavioroftheMOSFET 
asaresistorwhentheMOSFETisinitsONstate,andvGSisfixed.TheSR 
modelisappropriateformosttypesofsimpleanalysesinvolvingdigitalcir- 
cuits , suchas staticdi sciplinecomputationsofvoltagele vel s , simplepo wer 
calculations, and, aswillbediscussedinlaterchapters,delaycalculations. 
AlthoughtechnicallytheSRmodelisvalidonlyintheMOSFET’striode 
region (that is, when vds < (vgs-Vt)), for simplicity, we ignore this 
limitationandapplyitindigitalcircuitapplicationsirrespectiveofthevalue 
ofthedrainvoltage, sincethemodelissuchagrosssimplificationofthe 
MOSFET’sbehaviorinthefirstplace. 

TheSCSmodelcharacterizesthebehavioroftheMOSFETinitssaturation 
region.Bydesigninganalogcircuitstoadheretothesaturationdiscipline, 
theSCSmodelisappropriateformostofouranalogapplicationssuchas 
amplifiersandanalogfilters . 

TheSUmodelprovidesaccuratemodelsoftheMOSFETinboththetriode 
andthesaturationregions,butismorecomplicated.Initssaturationregion, 
itbehavesastheSCSmodel. So, foranalogcircuitsthataredesignedto 
adhere to the saturation discipline its use is no different than the use of 
the SCS model. Thus the SU model is useful when the designer wishes 
to conduct very accurate analyses of digital or analog circuits in which 
theMOSFETsareallowedtooperateinboththeirtriodeandsaturation 
regions.ToanalyzeacircuitcontainingMOSFETs,thedesignerfirstmakes 
an educated guess as to the region — triode, saturated, or cutoff — in 
which each of the MOSFETs operates. Then, the designer writes node 
equationsforthecircuit,selectingappropriatedeviceequationsforeachof 
theMOSFETs. Aftersol vingthesetofequationsforthenodevoltagesand 
edgecurrents,thedesignermustconfirmthattheirinitialguessastothe 
stateoftheMOSFETisconsistentwiththefinalnodevoltages.Weleavea 
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detailedtreatmentoftheSUmodelformoreadvancedcoursesoncircuits. 

Intherestofthisbook,wewillfocusontheS,theSR,andtheSCSmodels. 

ThischapteralsointroducedtheMOSFET amplifier. Theamplifierisan 

exampleofanonhnearcircuit.Wechosetooperatetheamplifierunderthe 

saturationdisciplinesothatitprovidedavoltagegainforaninputsignal 

andsothattheMOSFEToperatedsolelyinitssaturationregion, where 

theSCSmodelapplied.WealsodiscussedtheapplicationofaDCoffset 

voltageattheinputoftheamplifiertoboostthesignalofinterestsufficiently 

sothattheamplifieroperatedinsaturationfortheentiredynamicrange 

ofinputsignalvariation.TheapplicationofaDCoffsetestablishedaDC 

operatingpointfortheamplifier. 

Weintroducedlargesignalanalysisfortheamplifier.Largesignalanalysis 

summarizeshowtheamplifierbehavesforlargeswingsintheinputsignal 

andinvolvesansweringthefollowingquestions: 

1 . Whatistherelationshipbetweentheamplifieroutputvoanditsinput 

viNinthesaturationregion? 

2. What is the range of valid input values for the amplifier under the 

saturationdiscipline?Whatisthecorrespondingrangeofvalidoutput 

values? 

Thenextchapterwilldiscussasmallsignalanalysisoftheamplifier.Small 
signalanalysisisappropriatewhentheinputsignalperturbationsaboutthe 
operatingpointare very small. 



EXERCISES 




FIGURE 7.66 



exercise 7.1 Determinethevoltagevoacrossthevoltage-dependentcurrent 
sourcesho wninthecircuitinFigure7 . 66 when 



i=f(v)= vK2_. 

exercise 7.2 Consider the circuit containing the dependent current source 
sho wninFigure7. 67 . 



iB 





FIGURE 7.67 
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^0 

} DeterminevointermsofviifiD=Ki vb. WhataretheunitsofKi ? 

b) 

DeterminevointermsofviifiD=K2iB.WhataretheunitsofK2? 

c ) DeterminevointermsofviifiD=K3vB2.WhataretheunitsofK3? 

d) DeterminevointermsofviifiD=K4iB2.WhataretheunitsofK4? 

exercise 7 . 3 TheresistanceRinthecircuitsho wninFigure7 .68dependson 
the voltageacrossresistorRB. Determine vBif 



K 

R = vb - ' 



Ra 




FIGURE 7.68 



exercise 7.4 AMOSFETischaracterizedbythefollowingequation: 

iDS= K2 (vgs-Yt)2 



initssaturationregion.AMOSFEToperatesinthesaturationregionfor 



vds>vgs-Yt andvGS>VT. 

ExpressthevDS>vGS-VTconstraintintermsofiDSandvDS 

exercise 7.5 TheMOSFETinFigure7.69ischaracterizedbytheequation: 

iDS= K2 (vgs-Yt)2 

in its saturation region according to the SCS model. The MOSFET operates in the 
saturationregionfor 




5 sin(cot) 



vds>vgs-Vt andvGS>VT. 
TheMOSFEToperatesinitstrioderegionfor 



FIGURE 7.69 



vds<vgs-Vt andvGS>VT. 

SupposetheMOSFETischaracterizedbytheSRmodelinitstrioderegion. Inother 
words, 



v 

iDS= R 



ON 
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inthetrioderegion.AssumethatRONisaconstantwithrespecttoiDSandvDS,butits 

valueissomefunctionofvGS.FurthersupposethatiDS=OwhenvGS<VT: 



a) ForvGS=5V,whatvalueofRONmakestheMOSFETiDSversusvDS 
continuousbetweenitstriodeandsaturationregionsofoperation? 



characteristic 



b) Plot vr versus vd for the circuit shown in Figure 7.69. This circuit is useful in 
plottingtheMOSFET characteristic s .As sumethatK= 1 mA/V 2and V T = 1 V . 

UsethevalueofR on calculatedin(a).UseavoltscaleforVDandamillivoltscale 
forvR. 




FIGURE 7.70 



exercise 7.6 ConsidertheMOSFETamplifiershowninFigure7. 70. Assume 

thattheamplifierisoperatedunderthesaturationdiscipline.Initssaturationregion,the 

MOSFETischaracterizedbytheequation: 



iDS= K2(vgs-Vt)2 



whereiDS isthedrain-to-sourcecurrentwhenavoltagevGS isappliedacrossitsgate- 
to-sourceterminals. 

a) DrawtheequivalentcircuitfortheamplifierbasedontheSCSmodeloftheMOSFET. 

b) WriteanexpressionrelatingvotoiDS 

c) WriteanexpressionrelatingiDStovi. 

d) Writeanexpressionrelatingvotovi. 



e) SupposethataninputvoltageVi resultsinanoutputvoltageVo. Bywhatfactor 
mustYibeincreased(ordecreased)sothattheoutputvoltageisdoubled? 

f) Suppose, again, thataninputvoltageV iresultsinanoutputvoltageV o .Suppose, 
further, that we desire an output voltage that is 2Vo. Assuming that both the 
inputvoltageandtheMOSFETdonotchange, whatareallthepossiblewaysof 
accomplishingthedesireddoublingoftheoutputvoltage? 



g) ThepowerconsumedbytheMOSFETamplifierinFigure7.70isgivenbyVsiDS 
assumingthatnocurrentisdrawoutofthevoterminal.Whichofthealternatives 
fordoublingYofromparts(e)and(f)willresultinthelowestpowerconsumption? 



exercise 7.7 Consider, again, theMOSFETamplifiershowninFigure7. 70. 

Assume that the amplifier is operated under the saturation discipline. The MOSFET 
indoctoredsoitsthresholdvoltageisO. Inotherwords, thesaturationregionofthe 



7.9 Summary 



CHAPTER SEVEN 



393 



MOSFETisnowcharacterizedbytheequation: 



K 



1DS= 



GS 



whereiDS isthedrain-to-sourcecurrentwhenavoltagevGS isappliedacrossitsgate- 
to-sourceterminals. Thefollowingquestionsrelatetothelarge-signalanalysisofthe 
amplifier: 



a) Derivetherelationshipbetweentheoutputvoltagevoandtheinputvoltagevi. 

b) Derive the range of valid input voltages. Under the saturation discipline, valid 

input voltages are those that result in saturation region operation of the ampli- 

fier.Determinethecorrespondingrangeofoutputvoltages(vo)andoutputcurrents 

(iDS). 

c) SupposewewishtoamplifyanACinputsignalvi.Assumethatvi hasazeroDC 
offset.DrawacircuitshowinghowaseparateDCinputvoltageVicanbeusedto 
biastheamplifierinaregionwheresaturationregionoperationisachievedforboth 
positiveandnegativeexcursionsofvi.Assumingthevihassymmetricpositiveand 
negativeswings,howwouldyouchoosetheinputoperatingpointfortheamplifier 
thatallowsamaximumpeak-to-peakvoltagerangeforvi?Whatisthecorresponding 
outputoperatingpoint(voandiDS )? 

exercise 7.8 ThethreeterminaldeviceshowninFigure7.71aiscalledabipolar 

junctiontransistor(BJT).Figure7.71bshowsapiecewise-linearmodelforthedevice,in 

whichtheparameterpisaconstant.When 



iB>0 



and 



vce>vbe-0.4V, 

theemitterdiodebehaveslikeashortcircuit, thecollectordiodelikeanopencircuit, 
andthecollectorcurrentisgivenby: 



ic=piB. 

Underthegivenconstraints,theBJTissaidtooperateinitsactiveregion.Fortherest 

ofthisexercise,assumethatp=100: 




VCE 



(a) 




(b) 

FIGURE 7.71 (a)Abipolar 
junctiontransistor.Bstandsfor 
base,Eforemitter,andCfor 
collector; (b)apiecewise-linear 
modelfortheBJT. 



a) Determinethecollectoreurrentic forabasecurrentiB = 1 p AandvCE = 2V 
usingthemodelinFigure7.7 lb. 
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b) Sketchagraphofic versusvCE foriB = lpA.UsingthemodelinFigure7.71b. 
Indrawmgmisgraph,assumethatthecurrentsourcetumsofffor 



vce<vbe-0.4V. 




FIGURE 7.72 



exercise 7.9 Considerthebipolarjunctiontransistor(B JT) amplifier shownin 
Figure7.72.AssumethattheBJTischaracterizedbythelargesignalmodelfromExercise 
7.8, and that the BJT operates in its active region. Assume further that Vs = 5 V, 
RL=10k,R =5O0k,andp=lOO. 

a) DrawtheequivalentcircuitfortheBJTamplifierbasedonthelargesignalBJTmodel 

fromExercise7 . 8 . 

b) Writeanexpressionrelatingvotoic. 

c) Writeanexpressionrelatingictovi. 

d) WriteanexpressionrelatingiEtoiB . 



e) WriteanexpressionrelatingvotovL 



f) Whatisthevalueofvoforaninputvoltagevi=0.7V?Whatarethecorrespond- 
ingvaluesofiB,ic,andiE? 

exercise 7.10 In this exercise you will perform a large signal analysis of 
theBJTamplifiershowninFigure7.72. AssumethattheBJTischaracterizedbythe 
largesignalmodelfromExercise7.8. AssumefurtherthatVs = 5V, Rl = 10k, 

R : =500k,andp= 1 00. 

a) Writeanexpressionrelatingvotovi. 

b) Whatisthelowestvalueoftheinputvoltagevi forwhichtheBJToperatesinits 

activeregion?WhatarethecorrespondingvaluesofiB,ic,andvo? 

c) Whatisthehighestvalueoftheinputvoltagevi forwhichtheBJToperatesinits 

activeregion?WhatarethecorrespondingvaluesofiB,ic,andvo? 

d) Sketchagraphofvoversusviforthefourparametervaluesgiven. 

PROBLEMS problem 7.1 Consider the MOSFET voltage divider circuit shown in 

Figure7 .73 . AssumethatbothMOSFETsoperateinthesaturationregion.Determine 
the output voltage Vo as a function of the supply voltage Vs, the gate voltages Va 
andVB,andtheMOSFETgeometriesLi,Wi,andL2,W2.AssumethattheMOSFET 
thresholdvoltageisVT,andremember,K=KnW/L. 
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problem 7.2 An inverting MOSFET amplifier is shown in Figure 7.74, 
togetherwithaniDS vDScharacteristicfortheMOSFET.Thischaracteristicissimpler 
thantheSCSmodelpresentedinthischapter.Thecharacteristicissimplythestandard 
MOSFETcharacteristicwiththetrioderegioncompressedontothey-axis. 

Alternatively, thischaracteristiccanbeviewedasdescribingidealswitchbehaviorthatis 
extendedtoexhibitasaturatingdrain-sourcecurrent.Inotherwords,forvGS<VT ,the 

MOSFET behaves like an open switch with iDS = 0. For vGS > Vt, the MOSFET 
behaves like a closed switch with vds = 0 provided that i <K/2(v DS -V )2. GS 

However, once iDS reaches K/2(vgs - V )2, Which is the maximum current the 
MOSFET can carry for a given vGS, MOSFET operation enters a saturation region 

inwhichtheMOSFETbehavesasacurrentsourceofvalueK/2(vGS-VT)2 .Saturated 
operationisasdescribedbythesaturationmodelgiveninFigure7.74. 




FIGURE 7.73 



a) DeterminevoUTasafunctionofviNforCKviN 

b) WhatisthelowestvalueofviNforwhiehvoUT=0? 

c) AssumethatVs=15V,R=15k,VT=l V,andK=2mA/V 2.Graphv0UT 

versusv %rOV<v <3^. 

d) Ontheinput-outputgraph,identifytheregionsoverwhichtheMOSFETbehaves 

asanopencircuit,behavesasashortcircuit,andexhibitssaturatedbehavior. 




n-channel MOSFET 
lDS characteristic 



Closed switch 
behavior on the 
iDS axis 



0 

Saturation region 

vgs> V 



YDS 

— 

Open switch behavior 
on the vds axis 



T 



n-channel MOSFET model 
for the saturation region 

+ 

VDS 

--(vGS - VT)2 



D 




FIGURE 7.74 



problem 7.3 Atwo-stageamplifierisshowninFigure7.75.Itisconstructed 
by cascading two one- stage amplifiers of the type seen in Problem 7.2. In analyzing 
this amplifier, use the MOSFET model described in Problem 7.2 and illustrated in 
Figure7.74. 
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FIGURE 7.75 



YIN 



0 



vs 

R 



vs 



R 



+ 

VMID 



YOU' 



a) Thefactthatasecondamplifierstageisconnectedtothefirstamplifierstagedoes 

notchangetheoperationofthefirststage.Thatis,therelationbetweenvMiD and 

vin hereisthesameastherelationbetweenvoUT andviN inProblem7.2. Why? 
WhatterminalcharacteristicofthesecondMOSFETmustchangeinorderforthis 
nottobetrue? 

b) DerivetherelationbetweenvMiD andviN forO < vin, andtherelationbetween 

voUTandvMiDforO<vMiD<Vs.(Hint: seeProblem7.2.) 

c) DerivetherelationbetweenvoUTandviNforO<viN 

d) DeterminetherangeofinputvoltagesforwhichbothMOSFETsoperateunderthe 

saturationdiscipline.WhatarethecorrespondingrangesforvMiDandvoUT ? 

e) UsingthenumericalparametersgiveninProblem7.2, graphvoUT versusviN for 

viNforOV<viN <3V.Comparethisgraphtotheinput-outputgraphfoundin 
Problem7 . 2 ,andexplainthedifferences . 

problem 7.4 Consider again the two-stage amplifier shown in Figure 7.75. 

Suppose that the MOSFETs are characterized by the following equation in their 
saturationregion: 

K 2 

iDS— 2 y 

GS 

Inotherwords, thethreshold voltage Yt =0. Furthermore, theMOSFETsoperatein 
theirsaturationregionwhen 



vds>vgs andvGS>0. 

Showthatthereisonlyoneinputvoltageforwhichbothstagessimultaneouslyoperate 

underthesaturationdiscipline.Whatisthatinputvoltage? 

problem 7.5 Consider the “source-follower” or “buffer” circuit shown in 
Figure 7.76. Use the SCS MOSFET model (with parameters Vt and K) to perform 
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alarge-signalanalysisofthiscircuitaccordingtothefollowingsteps: 



a) AssumingthattheMOSFEToperatesinitssaturationregion, showthatvoUT is 

relatedtoviNaccordingto 



VOUT= 



2 

(? ,/RK )+4( v tn - Vt)- 2 /RK 

2 



b) Determine the range of vin over which the assumption of saturated MOSFET 
operationholds.WhatisthecorrespondingrangeforvoUT ? 




FIGURE 7.76 

problem 7.6 ThisproblemstudiestheuseofamythicalMOSFET-likedevice 
calledaZFETtoconstructanamplifierasshowninFigure7.77.TheZFEToperates 

initssaturationregionwhenvGS > Oandv > 0. S¥thisregion, thedrain- source 
terminalrelationisiDS = Kv3 , WhereKisaconstanthavingunitsofA/V3 . When 

vDS=0,theZFETexhibitsashortcircuitbetweenitsdrainandsourceterminals,andis 
saidtooperateoutsideitssaturationregion.Similarly,theZFETexhibitsanopencircuit 
forvGS <Oasitagainoperatesoutsideitssaturationregion.Finally,thegateterminal 
always exhibits an open circuit. These characteristics are summarized in Figure 7.77, 
beneaththesymbolfortheZFET. 

a) AssumingsaturatedoperationoftheZFET,determinevoUTasafunctionofviN 



ZFET Symbol 



0 



VDS 



G + 
vGS 

S 

iDS = Kvgs: 

For vGS > 0 
VDS 

> 0 

pT Amplifier 

VS 
Rl 



VI s[ G 



VOUT 

ID 



FIGURE 7.77 



b) OverwhatrangeofviNwilltheZFEToperateinitssaturationregion? 



c) AssumethatV s= 1 0 V,Rl= 1 k,andK=0.00 1 A/V 3 . Sketchandclearlylabel 

V ° UT asafunctionofv for-lV<v <3V. 

d) Giventheparametersofpar?(c),can8ieamphfierbeusedasaninverterthatprovides 

avalidoutputhighvoltagethresholdofV h= 7 V ?Whyorwhynot?Assumethat 
Vh=2V. 

e) Giventheparametersofpart(c), cantheamplifiercanbeusedasaninverterthat 

providesavalidoutputhighvoltagethresholdofVH=7V?Whyorwhynot?This 
timearound,assumethatV =N V. 
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problem 7.7 Consider the difference amplifier circuit shown in Figure 7.78. 
Notice that the difference amplifier is powered by +Vs and -Vs power supplies. 
AssumethatallMOSFETsoperateunderthesaturationdiscipline,and,unlessindicated 
otherwise, arecharacterizedbytheparametersKandVT. 



FIGURE 7.78 





a) Determinevo andvs fortheconnectionshowninFigure7.78a.Inthisfigure,the 

gatesoftheMOSFETsareconnectedtoground. 

b) Consider the difference amplifier version shown in Figure 7.78b. In this figure, a 
MOSFETimplementationofacurrentsourcereplacestheabstractcurrentsource 
fromFigure7.78a.DeterminevaluesforVB andW/Lsuchthatthecircuitin(b)is 
equi valenttothatin(a) . 




c) ThedifferenceamplifierinFigure7.78cisdrivenbytwoinputvoltagesviAandviB 



shown.AssumethattheinputvoltagessatisfythefollowingconstraintviA 

atalltimes.DeterminevOA,vOB,andvoasafunctionofviA. 



— — VlB 



problem 7 . 8 ConsidertheamphfiercircuitshowninFigure7.79.Theampli- 
fierispo weredbya+Vsanda-V spowersupply . 

a) DeterminevoandiDasafunctionofviunderthesaturationdiscipline.Assumethat 

theMOSFETparametersKandVTaregiven. 

b) Determine the range of valid input voltages for saturation region operation. 

DeterminethecorrespondingvalidrangeforvoandiD. 

c) Determine the output voltage when the input is grounded; in other words, for 

vi=0. 



FIGURE 7.79 



d) Determinethevalueofviforwhichvi=vointermsofV s,RL,andtheMOSFET 
parameters. 



r 
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problem 7.9 ConsiderthecurrentmirrorcircuitinFigure7.80. 





FIGURE 7.80 



a) ReferringtoFigure7.80a,determinelLasafunctionoflassumingbothMOSFETs 
operateunderthesaturationdiscipline. BothMOSFETshavethesamevaluesfor 
KnandVT. DoeslL changeifVL changes? Whataretheconditionsunderwhich 
Il=I? 



b) NowconsiderFigure7.80b.ThecurrentIcanbeincreasedeitherbyincreasingVsor 
decreasingRc.AssunringthateitherVsorRcmaybechanged,andthatWi/Li= 
W7L ?W/L,determinetherangeofvaluesofIforwhichbothMOSFETsoperate 
underthesaturationdiscipline. AssumebothMOSFETshavethesamevaluesfor 
KnandVT. 

problem 7.10 Consider the circuit shown in Figure 7.81. Assume that the 
MOSFEToperatesunderthesaturationdiscipline. 




FIGURE 7.81 



a) DrawtheSCSequivalentcircuitbyreplacingtheMOSFETbyitsSCSmodel. 

b) Determine vo and iD in terms of Rd, Rs, Vs, and the MOSFET parameters K 

andVT. 

problem 7.11 Consider the “common-gate amplifier” circuit shown in 
Figure7.82.AssumethattheMOSFEToperatesunderthesaturationdiscipline. 



a) DrawtheSCSequivalentcircuitbyreplacingtheMOSFETbyitsSCSmodel. 
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FIGURE 7.83 




FIGURE 7.82 



b) Determine vo and iD in terms of vi, Rd, Vs, and the MOSFET parameters K 

andVT. 

c) Determine the range of values of vi for which the MOSFET operates under the 

saturationdiscipline.Whatisthecorrespondingrangeofvo? 



problem 7.12 ConsidertheMOSFETcircuitshowninFigure7. 83 .Determine 

the value of vo in terms of the other circuit parameters. Assume the MOSFET is in 

saturationandischaracterizedbytheparametersKandVT. 

problem 7.13 ConsidertheMOSFETcircuitshowninFigure7.84.Determine 

the value of vo in terms of the other circuit parameters. Assume the MOSFET is in 

saturationandischaracterizedbytheparametersKandVT. 

problem 7.14 Figure7.85showsaMOSFETamplifierdrivingaloadresistor 

RE.TheMOSFEToperatesinsaturationandischaracterizedbyparametersKandVT. 

DeterminevoUTversusviNforthecircuitshown. 

problem 7.15 DeterminevoUTversusviNforthecircuitshowninFigure7.86. 

AssumethattheMOSFEToperatesinsaturationandischaracterizedbytheparameters 

KandVT.WhatisthevalueofvoUTwhenviN=07 

problem 7.16 Determine vo versus vi for the circuit shown in Figure 7.87. 

AssumethattheMOSFEToperatesinsaturationandischaracterizedbytheparameters 

KandVT.Whatisthevalueofvowhenvi=07 

problem 7.17 Determine vo versus vi for the circuit shown in Figure 7.88. 

AssumethattheMOSFEToperatesinsaturationandischaracterizedbytheparameters 

KandVT. 

problem 7.18 Consider theBJT circuit called the “common-collector 
amplifier’ ’ showninF igure7 . 89 . ThisB JT amplifierconfigurationisalsocalledthesource 
followercircuit.Forthisproblem,usethepiecewise-linearBJTmodelfromExercise7.8. 
As sumethattheB JT operate sinits acti veregion . 



a) Drawtheactive-regionequivalentcircuitoftheBJTsourcefollowerbyreplacingthe 
FIGURE 7.85 BJTbyitspiecewise-linearmodel. 



FIGURE 7.84 
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FIGURE 7.86 



FIGURE 7.87 





FIGURE 7.88 



FIGURE 7.89 



b) Assumingactiveregionoperation,determinevointermsofvi,Ri,RE,andtheBJT 

parameterp. 

c) WhatisthevalueofvowhenpRE»Ri? 

d) Computethevalueofvogiventhatvi=3 V,Ri= 1 Ok,RE= 1 00k, p= 1 00, 

andVs=10V. 

e) Determinetherangeofvaluesofvi forwhichtheBJToperatesinitsactiveregion 

fortheparametervaluesgivenin(d).Whatisthecorrespondingrangeofvo? 




problem 7.19 Considerthecompoundthree-terminaldeviceformedbycon- 
necting twoBJTsintheconfigurationshowninFigure7.90. Thethreeterminalsare 



FIGURE 7.90 
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labeledC, B, andE. ThetwoBJTsareidentical, eachwithp = 100. Assumethat 
eachoftheBJTsoperatesintheactiveregion. 



a) Drawtheactive-regionequivalentcircuitofthecompoundBJTbyreplacingeachof 
theBJTsbythepiecewise-linearmodelshowninExercise7.8.ClearlylabeltheC, 

B ,andEterminals . 



b) Intheconfigurationshown,thecompounddevicebehaveslikeaBJT.Determinethe 
valueofthecurrentgainpforthiscompoundBJT. 



c) When the base current iB > 0, determine the voltage between the B and E 
terminals. 
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8.1 OVERVIEW OF THE NONLINEAR 
MOSFET AMPLIFIER 



AnunfortunatefeatureoftheMOSFETamplifierdiscussedinChapter7was 
its nonlinear input-output relationship. Shown in Figure 8.1, the MOSFET 
amplifierhasthefollowinginput-outputrelationship: 

vo=Vs-iDRL. ^ 

SubstitutingforthecurrentiDintermsoftheMOSFETinputvoltageunder 
thesaturationdiscipline,wegetthefollowingnonlinearrelationshipbetween 
viand vo : 



vo=VsK( vi -Vt^Rl. ( 

2 

The nonlinear relationship between the input and the output voltage is 
plotted in Figure 8.2. The nonlinear relationship makes it difficult for us to 
analyzeandtobuildcircuitsusingtheamplifier. 

8.2 THE SMALL-SIGNAL MODEL 

Manycircuitapplications, suchasaudioamplifiers, demandalinearamplifier 

of the form depicted in Figure 8.3. The amplifier shown in the figure has a 

constantgainAthatisindependentoftheinputvoltage.Doesthatmeanwe 

cannot use the MOSFET amplifier in these linear applications? It turns out 

thattotalvariablesrepresentingsignalssuchasthoseinputtoanaudioampli- 

fiercommonly consistoftwocomponents : aDCoff set(oranaveragevalue) , 

plusatime-varyingcomponentwithazeroaverage.Wewillshowthatifthe 

time-varyingcomponentissmall,thentheincrementalamplificationprovided 

bytheMOSFETamplifiertothetime-varyingcomponentabouttheoperating 

pointdefinedbytheinputDCoffsetwillbeapproximatelylinear.Aswesawin 

Section4.5,thisobservationactuallygeneralizestoarbitrarynonlinearcircuits: 

Theresponseofacircuittosmallperturbationsaboutanoperatingpointwill 

belinear.Thus,ifthesignalsofinteresttouscanberepresentedassmallper- 

turbationsaboutanoperatingpoint, thentheresponseofarbitrarynonlinear 





FIGURE 8.1 TheMOSFET 
amplifieranditsSCScircuitmodel. 
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FIGURE 8.4 Asmallsegmentof 
thevOversusvIcurve. 




VO = f(Vl+ vi) 



vi 



Vi 




FIGURE 8.5 Superimposinga 

small(possiblytime-varying)signal 

ontheDCbiasvoltageattheinput 

oftheMOSFETamplifier,andthe 

correspondingSCScircuitmodel 

forthecombinedinputsignal. 



LetusrevisitthetransfercurveoftheamplifiershowninFigure8.2.Con- 
sideraverysmallregionofthetransfercurveinthevicinityoftheoperating 
point (Vi, Vo). The slope of the curve segment is depicted in the figure. As 
illustratedinFigure8.4,ifwefocusourattentiononthesmallcurvesegment 
shown, itlooksmoreorlesslinear. Wewillusethisintuitiontodevelopan 
abstraction for amplifiers that appears linear for very small variations in the 
input voltage. 

Thebasicideaisthattheamplifiertransferfunctionappearslinearforsmall 
perturbationsintheinputvoltageaboutagivenbiaspoint.Wecanarriveatthe 
sameresultanalytically.Supposethattheamplifierisbiasedatsomebiaspoint: 
(Vi,Vo).Nowsupposethatwesuperimposeasmallsignalvi =vionVias 
depictedinFigure8. 5. AnexampleofaDC signal withasmallsuperimposed 
time- varyingsignalis sho wninFigure8 . 6 . 

WeknowfromtheSCSmodeloftheMOSFET(seeEquation7.8)thatthe 

currentthroughtheMOSFETisrelatedtoitsgatevoltageas: 



r 
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FIGURE 8.6 Asmalltime- 

varyingsignalcombinedwith 

aDCoffsetvoltage. 



FIGURE 8.7 Outputcurrentfor 
theMOSFETforthecombined 
input voltage. 
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ForthecombinedinputsignalshowninFigure8 .5 ,theresponsecurrent 
iDthroughtheMOSFETisthesumoftwocomponents:abiascurrentlDand 
achangei 4 ue t°theincrementalinput signal vi . AsdepictedinFigure 8.7, 
thiscombinedcurrentcanbeobtainedbysubstitutingforvGSas 

K(Vi vi V t )2. 

iD f(Vi vi) Id id — — (8.4) 



Since weknowthatviissmallcomparedto Vi, wecanadoptthefollo wing 
linearizationtechniquetoobtainthecombinedresponse:ModeltheMOSFET 
characteristiccurveaccuratelyonlyinthevicinityofthebiaspointVianddis- 
regardtherestofthecurve.TheTaylorseriesexpansionisthenaturaltoolfor 
thistask. 

The Taylor series expansion for the function y f(x) in the vicinity of 
x Xoisgivenby: 



y f(x) f(Xo) 



— (x Xo) 
dx xo 

df 



1 d2f 



(X Xo)2 



Xo 



2 dx2 



r 
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OurgoalistousetheTaylorseriesmethodtoexpandtheMOSFETSCS 
equationforthecombinedinputvoltagegiveninEquation8.4aboutthebias 
voltageVi. ForourTaylorexpansion, Vi correspondsto Xo, xcorresponds 
toVi+vi, orx-Xo correspondsto vi, andycorrespondstoiD = iD+id. 
ApplyingtheT aylorexpansiontoEquation8 .4aboutV weget 



iD=f(Vi+vi)= K[(Vi±yi^VT]2 



2 

= K(Vi-Vt)2 
2 



+K(Vi-VT)vi+ 



K 2 

v 2 1 



(8.5) 

( 8 . 6 ) 



Iftheincrementalsignalviissmallenoughtopermitustoignorethesecond 

orderterm(andhigherterms,whentheyexist)intheTaylorseriesexpansion, 

thefollowingsimplificationresults: 



jp~ K (Vi-Vt)2 

+K(Vi— Vt)vl 

2 

WeknowthattheoutputcurrentiscomposedofaDCcomponentlDand 

asmallperturbationid.Thus,wecanwrite 



(8.7) 



+K(Vi-VT)vi. 



lD+id= Kt YT-VT^ 

2 

EquatingDCtermsandcorrespondingincrementalterms: 



( 8 . 8 ) 



Id= K(Vi-Vt)2 



id=K(Vi-VT)vi. 



(8.9) 

( 8 . 10 ) 



NotethatlDis simply theDCbiascurrentrelatedtotheDCinputvoltage Vi. 
Accordingly, theDCtermsrelatinglDtoVicanbeequatedasinEquation8. 9 
because the operating point values Id,Vi satisfy Equation8.3, which is the 
MOSFET equation. When the DC terms are eliminated from both sides of 
Equation8 . 8 ,theincrementalrelationsho wninEquation8 . 1 Oresults. 

Noticethatthechangeintheoutputcurrent i i s li ng ar 1 y rel atedto the 

changeintheinputvoltagevi providedthatvi issmallcomparedtoVi . We 
notethatEquation8.9isexactbecausethesmall-signalmodelgoesthroughthe 
exactmodelattheoperatingpoint. However, Equation8 . 1 Oisapproximate 
becauseofthelinearization. 

A graphical interpretation of this result provides additional intuition. As 
sho wninFigure8 . 8 , Equation8 . 8isastraightlinepassingthroughtheDC 
operatingpointVijDandtangenttothecurveatthatpoint.Usingthetangent 
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FIGURE 8.8 Incremental 
changeintheoutputcurrentfor 
theMOSFETforasmallchangein 
theinput voltage. 




tocomputetheincrementalchangeinthesignalabouttheoperatingpointis 
tantamounttoreplacingtheactualcurvewiththetangent.Clearly,thetangent 
approximationisvalidonlyforpointsthatareclosetotheoperatingpoint.The 
higher-order term in Equation 8.6 that we neglected would add a quadratic 
termtothemodel,therebymakingthefitexactforourmodel. 

Letusreturntotherelationshipbetweentheincrementaloutputcurrent 

andtheincrementalinputvoltagefortheMOSFET: 



id=K(Vi— VT)vi. v 

The K(Vi-Vt) term in Equation 8.11 relates the input voltage to the 

currentthrou 2 htheMOSFCT.NoticelEatforagivenpCbiasdh|eK(V., . VV 1 ) T 
term is a constant, since the rorm or Equation s.TTis sirhiTar to that lor a 

conductance, theK(Vi-VT)termiscalledtheincrementaltransconductancegm 

oftheMOSFET .Accordingly , wecan write 



id=gmVi 



( 8 . 12 ) 



where 



gm=K( V GS — V T) . 

Inourexample,VGS=Vi. 1 

Returnmgtoouramplifier,wecanexpressthetotaloutputvoltagevoas 

thesumoftheoutputoperatingvoltageVoandtheincrementalchangevoas 



vo=Vo+vo. 
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FromEquation8 . 1 wekno wthat 

vo=Vs-iDRL. 



(8.14) 



Replacing vo and iD with their corresponding DC and incremental 
components, 



V o+ Vo= V s-(lD+id)RL 

=V s _ I dRl - idRL. 



Therefore, 



Vo=Vs-IdRl 



Vo— — idRL 



=— gmViRL. 



Inother words, 

V 

Smallsignalgain= vi ziS -gmRL=A. 



(8.15) 

(8.16) 



(8.17) 

(8.18) 
(8.19) 



(a ?.n> 



NoticefromEquation8.20thatthesmallsignalgainisaconstant-gtnRL. 
Note,however,tharg ,qfldthereforethegam,dependsonthechoiceofDias 

pointfortheamplifier . Equation8 . 1 9demonstratesthatforsmallexcursions 

fromaDCoperatingpoint,alinearamplifierresults!Thisresultformsthebasis 

ofthesmall-signalmodel. 

We can directly arrive at the small signal response — be it voltage or 
current — usingbasiccalculusforcircuitresponsesthataredifferentiable, which 
basicallyincludesallphysicallyrealizableanalogcircuits.Recallthatthederiva- 

tiveofafunctiony = f(x)atthepointx isthe^lopeofthefunctionatthat 
point, orf(x ).oAsdepictedinFigure8.9, givenasmallchangexfromthe 
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“T(xoT’Ax)"“ 



Ay 



yo 



xo 



x 



f(xo) + f ' 



'xo)Ax 



FIGURE 8.9 Incremental 
response. 
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pointxo, wecancomputetheresponsetothechangeastheproductofthe 
slopeatthatpointandx.Inotherwords, 

f(xo+x)=f(xo)+ df(x) Xo 

Thustheincrementalchangeintheoutputisgivenby 

*. (^044 

y= ft xo 

In particular, we can obtain the incremental voltage gain directly from 

thevoltagetransferfunction,withoutfirstdeterminingtheincrementaloutput 
current. The input-output voltage relationship for the MOSFET amplifier is 
givenby 

vo=f(vi) 

=V -K(vi-VtI2Rl. 

S 2 

Asbefore,letvi=videnoteasmallchangeintheinputvoltage,andlet 
vo=v deffotethecorrespondingchangeintheoutputvoltage.Then, 




Vi 

Vo= df(Vl') 1 vI=Vl 

Vi 

vi=Vi 

= -K(vi-Vt)Rl 
=— K(V -V )R t v Ll 

— ~ gmRLVi. 

Notsurprisingly,thisresultisthesameastheoneweobtainedearlier. 

Tosummarize, thesmall-signalmodelisastatementofaparticulartype 
of linearized analysis of our circuits, which applies when the desired circuit 
respondstosignalsthatcanberepresentedasanincrementalperturbationover 
aDCoperatingvalue.Putanotherway,itisastatementofaparticulartypeof 
constraintonouruseofcircuitscalledthesmall-signaldisciplinethatallowsus 
toobtainlinearbehaviorfromnonlinearcircuitsoversmallrangesofoperation. 

Smallsignalmodel Theresponsesofcircuitstoincrementalchangesfroma 
knownDCoperatingpointwillbelineartoagoodapproximation. 



r 
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Asystematicprocedureforfindingincrementalsignalresponsesbasedon 

theprecedingdiscussioninvolvestwosteps: 

1 . FindtheDCoperatingpointofthecircuitusingDCvaluesandthe 

completecharacteristicsofthedevices.Determinethecorresponding 

large-signalresponse(possiblynonlinear)tothedesiredinput. 

T. ApplytheTaylorexpansionmethodtothelarge-signalresponsetoderive 
thesmall - signalresponse . Alternatively, asdiscus sedinS ection 8.2.1, 
replacethelarge-signalcircuitwithitsequivalentsmall-signalmodel 
basedontheTaylorexpansionandobtainthesmall-signalresponse. 

Small-signal analysis is an extremely useful technique that applies to all 
physicalsystemswithdifferentiablecharacteristics.Inessence,itsaysthatifwe 
operate within a small-signal discipline, the response of any physical system 
to small perturbation will be linear! In turn, the effectively linear system is 
amenabletolinearanalysistechniques,suchassuperposition. 

For example, consider a two-terminal sensor S that behaves like a 
temperature-dependentvoltagesourcewiththefollowingnonlinearrelation- 
shipbetweenitsterminalvoltagevsanditstemperaturets: 



VS=Bt3S 

whereBissomeconstant.IftheambienttemperatureisTsandthecorrespond- 
ingvoltageisVs,wecanrelatetheincrementalchangeintheterminalvoltagevs 
toanincrementalchangeinthetemperaturetsusingEquation8 .2 1 asfollows : 



vs=3 Bt 



2 

S 

tS=Ts 



ts. 



Inother words, 



2 

vs=3BT t§. 

Whenoperatingatagivenambienttemperature,3BT2isa(gOnstant.Therefore, 

thevoltageresponseofthesensortosmallchangesinthetemperaturearound 

anambientwillbelinear. 

8.2.1 SMALL-SIGNAL CIRCUIT REPRESENTATION 

A model that involves only the small -signal variables of a circuit, and hence 

describespurelythesmall-signalbehaviorofthatcircuit,wouldgreatlyfacilitate 

small-signalanalysis.Fortunately,suchasmall-signalmodelisrelativelystraight 
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forwardtodevelopbyexecutingthefollowingprocedure: 

1. Seteachsourcetoitsoperating-pointvalue,anddeterminetheoperating- 
pointbranchvoltagesandcurrentsforeachcomponentinthecircuit. 
Thisismostlikelythelongeststepintheprocedure. 

2 . Linearizethebehaviorofeachcircuitcomponentaboutitsoperating 
point.Thatis,determinethelinearizedsmall-signalbehaviorofeach 

component, andselectalinearcomponenttorepresentthisbehavior. 

Theparametersofthesmall-signalcomponentswillcommonlydepend 

ontheoperatingpointvoltagesorcurrents. 

3 . Replaceeachoriginalcomponentinthecircuitwithitslinearized 
equivalentandre-labelthecircuitwiththesmall-signalbranchvariables. 
Theresultingcircuitisthedesiredsmall-signalmodel. 

Thecircuitthatisgeneratedbythisprocedureisthedesiredsmall-signal 
circuit model, and is analogous to equating the small signal terms on both 
sidesofEquation8 . 8yieldingtheequalitiesinEquation8 .10. Further, itisa 
linearcircuit,andhencetheanalysistoolsdevelopedforlinearcircuits,suchas 
superpositionandtheTheveninequivalentmodel,maybeappliedtoitsanalysis. 

Atthispoint,itis worthdiscussing whytheprocedure works. Tobegin, 
recognize that the operation of a circuit is described in total by two sets of 
equations :thecircuitconnectionlawsofKVLandKCL,andtheconstitutive 
lawsthatdescribethebehavioroftheindividualcircuitcomponents.Withthis 
recognition, thesmall-signalanalysisofacircuitmayalsobedescribedbythe 
followingmoredirectmathematicalprocedure: 

1. Seteachsourcetoitsoperating-pointvalue,andcombinetheequations 
todeterminetheoperatingpointofthecircuit.Thisisessentiallythe 
samestepasinthepreviousprocedure. 

2. Returntotheoriginalsetofequations.Foreachvariableinevery 
equation, substituteforthetotalvariablethesumofitsoperating -point 
valueanditssmall-signalvalue.Then,linearizetheequationsaroundthe 
operatingpointassumingthatthesmall-signaltermsaresmall. 

3. Canceltheoperating-pointvariablesfromthelinearizedequationstoyield 
asetoflinearequationsthatrelatethesmallsignalstothemselves.This 
cancellationmustalwaysbepossiblesincethelinearizationisdefinedto 
passthroughtheoperating-point.Thiscancellationisakintoseparately 
equatingtheoperatingpointvariablesandtheincrementalvariablesaswe 
didinEquation8 .10.1 



l.Inotherwords,westartwithasetofequalitiesdefiningtheoperatingpointusingoperating-point 
variables, forexample, 



VO=AVl. 
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4. Completethesmall-signalanalysisbycombiningthelinearizedequations 
todeterminethedesiredsmall-signalvariablesintermsofthesmall-signal 
inputsatthesources. 

Now,letusexaminethelastproceduremoreclosely.NoticethatinStep2 
itisactuallynecessarytolinearizeonlytheconstitutivelawsthatdescribethe 
behavioroftheindividualcircuitcomponentsbecauseKVLandKCLarealready 
linear equations. It is for this reason that the first procedure called for the 
linearizationofonlytheconstitutivelaws. Further , becauseKVLandKCLcon- 
stitutealinearsetofequations, theyareunchangedbythelinearizationstep. 

This is important to recognize because KVL and KCL contain the informa- 

tionconcerningthetopologyoftheoriginalcircuit.Thatis,theystatewhich 

branchesareconnectedtowhichnodes,andwhichbranchesconnecttoform 

which loops. Since KVL and KCL are unaffected by the linearization step, 

thetopologicalinformationispreservedduringlinearization.Itisforthisrea- 

sonthatthesmall-signalcircuitmodelhasthesametopologyastheoriginal 

circuit. Thus, the linearized set of equations describing the behavior of the 

small-signalcircuitvariablesthatisgeneratedbythemoreformalmathemati- 

calprocedurecomprisestheoriginalKVLandKCLequations, andlinearized 

component constitutive laws. Thus, to develop a small-signal circuit model 

itisnecessarytodetermineonlyequivalentlinearizedcircuitcomponentsand 

substitutethemintothecircuitinplaceoftheircorrespondingoriginalcircuit 

components. 

Small-signal circuit models for various devices are summarized in 
Figure8.10. 

Thesmall-signalequivalentmodelforanindependentDCvoltagesource 

isashortcircuitbecauseitsoutputvoltagedoesnotchangeforany 

perturbationofthecurrentthroughit.Inparticular,thepowersupply 

connectionlabeledVsinmostofourcircuitsgetsshortedtogroundin 

theincrementalcircuit. 

Thesmall-signalmodelforanindependentDCcurrentsourceisanopen 

circuit. 



We then linearize, and obtain a new set of equalities in operating-point variables and 
incrementalvariables,forexample, 



V 0+vo= AV 1+ Avi. 

Theequalitiesthatdefinedtheoperatingpointinthefirstplace(namely , V O = AV I inour 

example)mayalwaysbecancelledoutofthelinearizedequationssincetheyareonlyadditively 
connectedtothesmall-signalvariables.Forourexample,wethusobtain 



vo=Avi. 
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FIGURE 8.10 Small-signal 
equivalentmodels . 



Large signal Small signal 
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tt A = f(VA) 




df(v A ) 

dv 
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i. 



VA= f(iA) 



ia 




di A 



IA 



Aresistorbehavesidenticallyforalargesignalorasmall-signal.Therefore 

itssmall-signalandlarge-signalmodelsarethesame. 

ForaMOSFET,thederivationresultinginEquation8. 1 lshowshowto 
relatetheincrementaldraintosourcecurrentidstotheincrementalgate 
tosourcevoltagevgs. 

Bydefinition, aninputsignalvihasanincrementalcomponentviand 
aDCcomponentV i. 

Ingeneral, ifade vice variablexBdependsonsomeothervariablexAas 

xB=f(xA), 

thentheincrementalchangeinxBduetoansmallchangeinxAisgivenby 

Xb= d f(xA) Xa (8 

dxA 

xa=Xa 

whereXAistheoperatingpointvalueofxA. 
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example 8.1 a mosfet with its gate and drain 
tied together LetusderivetheincrementalmodelforaMOSFETthathas 
itsgateanddrainterminaltiedtogetherasshowninFigure8. 1 1 . WhentheGandD 
terminalsoftheMOSFETaretiedtogether, wegetaneffectivetwo-terminaldevice. 
LetusdenotethetwoterminalsasDandS, respectively. Becausethegate-to-source 
voltageofthedeviceisthesameasthedrain-to-sourcevoltage,thecurrentiDS through 

thedeviceisrelatedtothevoltagevDSacrossthedeviceas 



iDS =K( vgs-2Vt)2. 




+ 



YDS 



Sincethegateanddrainareconnected,vGS=vDS .Therefore, 



FIGURE 8.11 MOSFET withits 

GandDterminalsconnected 

together. 



iDS =K( vds-Vt)2. 

2 

Thelarge-signalmodelforthemosfetisshowninFigure8.12. 

WecanderivethechangeiniDSforasmallchangeinvDSasfollows.LettheDCvalue 
ofvDS be Yds andletthechangebedenotedvds. LetthecorrespondingDCvalueof 
iDSbelDSandletitschangebedenotedids .Then, 

diDS 

Ids _ Vds 

dv DS y DS 



= K(vDS-Vt)YdsV ds 
=K(Vds-V )?ds. 



0 



VDS 



Ids = K-2— (vds - 2 
i/T) 



FIGURE 8.12 Large-signal 

modelforaMOSFETwithitsGand 

Dterminalsconnectedtogether. 



Inotherwords, 



ids 

vds= K(Vds-Vt). 



Notice that because 1 /K(Vgs-Vt) is a constant, vds is directly proportional to ids, 
whichisaresistorrelationship.Remarkably,aMOSFETwithitsgateanddrainterminals 
connectedbehaveslikearesistorwithresistancel/K(VGS-VT)tosmallsignals. 
Thesmall-signalequivalentcircuitfortheprecedingelementissho wninFigure8 .13. 
Becauseofitsresistivebehaviorforsmallsignals, andbecauseMOSFETswithahigh 
resistanceareeasiertofabricatethanresistors, MOSFETsarecommonlyusedasthe 
loadresistorinamplifiers. 



+ 



D 

1 



r = - -DS-- T__. 

K(V 

-V ) 



S 



FIGURE 8.13 Small-signal 

modelforaMOSFETwithitsGand 

Dterminalsconnectedtogether. 
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8.2.2 SMALL-SIGNAL CIRCUIT FOR THE 
MOSFET AMPLIFIER 

Letusnowdevelopthesmall-signalequivalentcircuitfortheMOSamplifier 
showninFigure8.14. Recallthatdevelopingthesmall-signalmodelinvolves 
thefollowingsteps: 

1. Seteachsourcetoitsoperating-pointvalue,anddeterminetheoperating- 
pointbranchvoltagesandcurrentsforeachcomponentinthecircuit. 

o 

Determinethelinearizedsmall-signalbehaviorofeachcomponent,and 

selectalinearcomponenttorepresentthisbehavior. 

Q 

J • Replaceeachoriginalcomponentinthecircuitwithitslinearized 

equivalentandre-labelthecircuitwiththesmall-signalbranchvariables. 

Theresultingcircuitisthedesiredsmall-signalmodel. 

As the first step, let us determine the operating point of the MOSFET 
amplifierforitsbiasvoltagesusingthelarge-signalSCScircuitmodeldepicted 
inFigure8 . 1 5 . Assumingthattheinputbiasvoltageis V I, wecandeterminethe 
outputoperatingcurrentlDandtheoutputoperating voltage Vo. Weexplicitly 
showthepowersupplyvoltagesourceVstofacilitatederivingthesmall-signal 
model. 



FIGURE 8.14 TheMOSFET 
amplifier. 




FIGURE 8.15 Computingthe 
operatingpointoftheMOSFET 
amplifierbasedonthelarge-signal 
SCSmodel. 
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TheoutputoperatingcurrentlDisdirectlycalculatedfromtheMOSFET 
characteristicequationas : 



Id= K2(Vi-Vt)2. 



The output operating voltage is obtained by applying KVL for the loop 
comprisingthepowersupply,theMOSFET,andRLasfollows: 



Vo=Vs-IdRl 

= V s-K2(V i- V t) 2 Rl. 



(8.23) 

(8.24) 



Asthesecondstep, wedeterminethelinearizedsmall-signalmodelsfor 
eachcomponent.ReferringtoFigure8.10,weseethatthesmall-signalmodel 
fortheDCpowersupplyisashort.Thesmall-signalmodelfortheresistoristhe 
sameasitslarge-signalmodel.Finally,thelinearizedsmall-signalmodelforthe 
MOSFETinsaturationisavoltage-dependentcurrentsourcewhosesmall-signal 
currentislinearlyrelatedtothesmall-signalgate-to-sourcevoltageas: 



ids=K(VGS-VT)Vgs. 

Noticethatthebiasingofthelarge-signalcircuitdeterminestheparametersof 
thesmall-signalcircuit(forexample,thesmall-signalcurrentsourceparameter 
K( V I- V T)dependsontheinputbias voltage, V i) . 

Asthethirdstep,wereplaceeachoriginalcomponentinthecircuitwith 
its linearized equivalent and re-label the circuit with the small-signal branch 
variablesvi,vo,andi %sdepictedinFigure8 .16. 

The small-signal circuit model can be analyzed to determine the circuit 
responsetosmallsignals. Forexample, wecanuseFigure8. 16todetermine 
thesmall-signalgainoftheMOSFETamplifier.ApplyingKVLattheoutput, 
weget 



vo=idRL 



=-K(Vi-VT)viRL 



(8.25) 

(8.26) 



Vi 



0 

+ id=K(Vi-VT)vi 



FIGURE 8.16 Thesmall-signal 

SCScircuitmodelfortheMOSFET 

amplifier. 
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Thus,thesmall-signalgainisgivenby 



Vo 

vT=-K(Vi-Vt)Rl 



where 



— — gmRL 



(8.27) 

(8.28) 



g m =K(VGS-VT) vu 

isthetransconductanceoftheMOSFET. 

As an example, let us compute the small-signal gain for the following 
amplifierparameters : 



Vs=10V 

K=lmA/V2 

RL=10k 

Vt=1V. 

, Also, suppose the input bias voltage is chosen to be Vi = 2 V. As 
determmedeanierinEquation8 .24, 

Vo=Vs-K2(^i-Vt)2Rl. 



Substituting, 

Wecann 



thegiy enparameter s , weget Yp=5 V . 
owcalcuratethemagmtuaeofthevoltagegamas 



Vo 

vT =K(Vi-Vt)Rl 



=10-3(Vl-l)104 

= 10 . 

8.2.3 SELECTING AN OPERATING POINT 

Small-signal operation requires that the total input signal appear as a small 

perturbationaboutaDCoffset.TheinputDCoffsetestablishesanoperating 

pointfortheamplifier.Section7.7discussedtheissueofoperatingpointsinthe 

contextoflargesignals,andproposedamethodforselectingtheoperatingpoint 

basedonmaximizingthedynamicinputsignalrange.Specifically,Section7.7 

suggestedthattheoperatingpointbechosenasthemidpointofthevalidinput 

voltagerangeofamplifieroperationunderthesaturationdiscipline.Thismade 
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FIGURE 8.17 Magnitudeofthe 
small-signalgainoftheamplifier 
forvariousvaluesoftheinput 
operatingpointvoltageVl. 



sense, since the input signals were large and maximizing the input dynamic 
rangeenabledtheamplifiertodealwiththelargestpossibleinputsignals. 

Whendealingwithsmallsignals,othercriteriaareoftenmoreimportantin 
selectingtheoperatingpointthanj ustobtainingmaximumdy namicrange . One 
criterionisthesmall-signalgainoftheamplifier.AsevidentfromEquation8.28, 
thesmall-signalgainoftheamplifierisdependentontheinputoperatingpoint 
voltageVi.Themagnitudeofthesmall-signalgainisgivenby 



=K(Vi-Vt)Rl. 

Figure8 . 1 7plotsthemagnitudeofthegainforvariousvaluesofV i.Thegraph 
indicatesthattheamplifiergainincreaseswithincreasingVi. 
Asanexample,assumingtheseparametersforouramplifier, 



(8.30) 



Vs=10V 

K=lmA/V2 

RL=10k 

Vt=1V 

letusdetermineavaluefortheinputoperating-pointvoltageVithatwillresult 

inagainofl2. 

SubstitutingtherequiredgainintoEquation8.30,wehave 

12=1x10-3(Vi-1)10x103. 



Solving. weobtainV i. =2.2V,ThismeansthataninputDCoffsetof2.2V 
willresultinasmall-signalgammagmtudeofl2. 
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Now,assumingthattheinputsignalisasmall-signalsinusoidsuperimposed 

ontheDCoffsetof2.2V,letusdeterminethemaximumvalidpeak-to-peak 

swingforthesinusoid.WereferbacktoSection7.6.2toanswerthisquestion. 

FromSection7.6.2,weknowthatunderthesaturationdiscipline,themaximum 

validrangefortheinputvoltageis Vt— 1 + 1 +2 V sRlK/RlK+ Vt. 

For the given parameters, the valid range for input voltages is 1 V — > 



2.32V. Inother words , asdiscus sedinS ection7 . 6 . 2 ,inputvoltage sunder 1 V 
willresultincutoffregionoperationoftheMOSFET,whilethoseover2.32V 
willresultintrioderegionoperation.Operationineitherthecutoffregionor 




2.32 V, the maximum positive swing for saturation region operation of the 
MOSFETisgivenby2.32V-2.2V = 0.12V. Thus, themaximumpeak- 
to-peakswingfortheinputsinusoidis2x0.12V=0.24V.Noticetheclear 
tradeoffwehavemadebetweengainanddynamicrange.Toincreasethegain, 
wehadtobiastheamplifierwithahighinputbiasvoltage, whichwasclose 
tothehighendofthevalidinputsignalrange. However, thehighinputbias 
voltagelimitedthepositivesignalswing. 

Another criterion that is often important is the output operating -point 
voltage.Thisisimportantwhentheamplifiermustdriveanothercircuitstage 
andtheoutputoperating-pointvoltageoftheamplifierdeterminestheinput 
operating-pointvoltageofthenextstage. 

For example, consider the two-stage amplifier shown in Figure 8.18. In 
thiscircuit,ViAprovidestheDCbiasforthefirststage.Itsoutput, inturn, Voa 
providestheDCbiasforthesecondstage.Thus,VOA=ViB. 

Assumingthefollowingparametersforouramplifier, 



Vs=10V 

K=lmA/V2 

R=10k 

Vt=1V 



0 



R 



R 



+ 

Voa 



+ 

V IB 



FIGURE 8.18 Atwo-stage 
amplifier. 



Via 



+ 



-I 

Vo i 
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supposethefirststageisbiasedatViA =2.2Vtoachieveasmall-signalgain 
magnitudeofl2.Letusdeterminewhethertheoutputoperating-pointvoltage 
ofthd^stst^^anprovideavalidinputbiasvoltageforthesecondstage. 
outpmv(^a^vBAi^^eni)y^quation=8. 24.2.2V, Substitutingthefirststagetheoperating- 



K 

Voa=Vs- 2(V1a-Vt)2R 



=10-1x10-3 



2 



(2.2-1)210x103 



=2.8V. 



From Section 7.6.2, we know that under the saturation discipline, the max- 



imum valid range for the input voltage of the second stage is Vt — ► -1+ 

1+2V F?K/RK+V . Substituting the circuit parameters, the valid input 

rangeforthesecondstagegpmesouttobelV^2.32Y l SinceV 0A excee s 

theupperbound(2 . 8 V>2 . 3 2 V) , weconcludethatthefirststagecannotpro - 

videavalidinputbiasvoltageforthesecondstagewhenthefirststageinputbias 

issetat2.2V.WecancorrectthissituationbyincreasingViA,orbyincreasing 

Rforthefir ststage . 



8.2.4 INPUT AND OUTPUT RESISTANCE, 

CURRENT AND POWER GAIN 

Thesmall-signalequivalentcircuitalsoallowsustodetermineotherimportant 

circuitparameters,suchasthesmall-signalinputresistance,outputresistance, 

currentgain,andpowergain.Sincetheamplifierbehavesasalinearnetwork 

forsmallsignals,itcanbecharacterizedbyaTheveninequivalentwhenviewed 

fromanygivenport. Theinputandoutputresistancecomeinhandyinthis 

Thevenin characterization. Let us determine these values for the MOSFET 

amplifierusingitssmall-signalcircuitinFigure8.16.Sincetheseparametersare 

externallyobservedquantities,theyaredefinedwithrespecttotheexternalports 

oftheamplifierabstraction.Thus,itisimportantthatwedefinepreciselywhat 

constitutestheinputandoutputportsofthesmall-signalamplifier .Figure8 . 1 9 

showstherelationshipbetweentheexternalportsoftheamplifiercircuitandthe 

small-signalmodel.Noticethatwehaveinternalizedtheinputbiasvoltageinto 

thesmall-signalamplifierabstractionsotheuseroftheamplifierdoesnothaveto 

providetheappropriateinputbiasvoltage. Instead, theusercansimplyprovide 

asmallinputsignalandobservetheresultingsignaloutputsuperimposedon 

theDCoutputoffset. 
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FIGURE 8.19 Amplifierinput 
andoutputports : (a)amplifier 
circuit;(b)small-signalmodel.As 
shownintheamplifiercircuit,we 
haveintemalizedtheinputbias 
voltageintothesmall- signal 
amplifierab straction . 



InputResistanceri 

IncrementalinputresistanceThechangeintheinputcurrentforasmallchange 

intheinputvoltage. 

Accordingly, asdepictedinFigure8.20wecomputeitbyapplyingasmalltest 
voltagev t $ftheinputandmeasuringthecorrespondingcurrenti .All^|Jier 
independentsmall-signalvoltagesorDCvoltagesourcesareshorted.Similarly, 
allotherindependentsmall-signalorDCcurrentsourcesareturnedintoopen 
circuits. 

TheinputresistancefortheMOSFETamplifierisgivenby 



Vtest 
0 = 00 . 



(8.31) 



FIGURE 8.20 Inputresistance 
measurement. 
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FIGURE 8.21 Outputresistance 
measurement. 



ForthpSCSMOSFEXniodel,thegatedoesnotdrawanycurrent(itest =0), 
sotheinputresistanceisinrimte. 

OutputResistancerout 

Incremental output resistance The change in the output current for a small 
changeintheoutputvoltage . 

Wemustassume,ofcourse,thatthecircuitisbiasedproperly.Asdepictedin 
Figure8 .2 1 , wecomputetheoutputresistancebyapplyingasmalltestvoltage 
v test at the output and measuring the corresponding current i . As before, 
allotherindependentsmall-signalvoltagesorDCvoltagesourcesare&Morted. 
Thusthesmall-signalinputvoltageviissettoO. Similarly, allotherindependent 
small- signalorDCcurrentsourcesareturnedintoopencircuits. 
Theoutputresistanceisgivenby 



v 

rout= itesttest =Rl. 



(8.32) 



Becausetheinputsmall-signalvoltageissettozero,thecurrentthrough 

theMOSFETisO.Inotherwords,theMOSFETbehaveslikeanopencircuit. 

ThustheoutputresistanceforsmallsignalsisRL. 

CurrentGain 

Analogoustothevoltagegain, wecandefineacurrentgainforanamplifier 
thatsuppliesanexternalcurrent. 

Incremental current gain The change in the output current divided by the 
changeintheinputcurrent,foragivenexternalloadresistance. 

As depicted in Figure 8.22, we can compute the current gain by applying a 
smalkestvokageattheinputandmeasuringboththeinputcurrenti test and 

theoutputcurrentio.Theratioio/i isthecurrentgain.Notethattheoutput 
current is not the current that flowskhrough the dependent current source, 
ratheritisthecurrentthatisdrawnbyanexternalloadresisterRo . B ecause 

it is dependent on the value of the load resistor, the current gain is defined 
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FIGURE 8.22 Currentgain 
measurement. Asanexercise, we 
placearesistanceRibetweenthe 
inputterminalandground.Fora 
MOSFET,Ri=oo. 




Vo 

Ro 



foragivenloadresistance.Theintroductionofanexternalloadresistancealso 

reducesthevoltagegainoftheamplifierbecauseitappearsinparallelwiththe 

internalloadresistorRL. 

ThecurrentgainwithanexternalloadresistanceRoisgivenby 

Currentgain= itesii^. (8.33) 



Let us go through the exercise of determining the value of io assuming 
thereissomefiniteinputresistanceRiasshowninFigure8.22.Substitutingfor 
ioanditesdntermsoftherespectivevoltages, 



(8.34) 

(8.35) 



Equation8 . 3 5 saysthatthecurrentgainisproportionaltotheproductofthe 
voltagegainandtheratiooftheinputresistanceandtheoutputresistance. 

W ecandeterminethe voltagegainvo/v by§pbstitutingforvointerms 

ofthecurrentidandtheparallelresistancepairRLandRoas 



Currentgain= 



^ test 

Ri 



Vo R 
v testRO 



Yl r . sto =-K(YT-VT)vtP,st(RT Ro) 

V V 

test 

Inother words, 



Vo 

— =-K( V i- V t ) (RlRo) . 



(8.36) 



Noticethatthevoltagegainoftheamplifierwithanexternalloadislowerthan 
an unloaded amplifier. Substituting the expression for the voltage gain into 
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Equation8.35,wegetanexpressionforthecurrentgain: 

Currentgain=-K(Vi-VT)(RLRo)RRi (8.37) 

o 



. Since Ri = oo for the MOSFET, the corresponding current gain is also 
infinite. 

PowerGain 



IncrementalpowergainTheratioofthepowersuppliedbytheamplifiertoan 

externalloadtothatsuppliedtotheamplifierbytheinputsource. 

ReferringtoFigure8.22,wecancomputethepowergainasfollows:Weapply 
asmalltestvoltageattheinputandmeasuretheinputcurrenti . We^o 
measurethecorrespondingoutputvoltagevoandoutputcurrentiosuppliedto 
theexternalloadresistor.Wecomputethepowersuppliedbytheinputsource 
asv testiest • Similarly, wecomputethepowersuppliedtotheexternalloadas 
voio. Aswedidforthecurrentgain, letusassumethattheamplifierhasan 
inputresistanceRi.Thepowergainisgivenby 



Powergain= vvoia = wn i< 

testiest 



1 

test test 



W ekno wboththevoltagegainandthecurrentgainfromEquations 8.36 
and8.37,respectively.Substitutingintheaboveequationweget, 



(8.38) 



Vo io 

Powergain= v ; 

& test test 



(8.39) 



(8.40) 

=[— K( Vi- V t) (RlRo) ]— K( Vi— Vt) (RlRo) Ro 



=[K( V i— V t)(RlRo)] 



2 R 

1 Ro 



(8.41) 



SinceRi =oofortheMOSFET amplifier, thepo wergainisalsoinfinite. 

In practical circuits, however, there is always some input resistance, so the 
powergainisfinite. 



example 8.2 voltage-controlled current source 

Let us perform a small-signal analysis of the voltage-controlled current source circuit 
shown in Figure 8.23. Referring to Figure 8.23, the current io depends on voltage 
sourceviaccordingto 



io = LTvFTT 
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FIGURE 8.23 Dependent 
currentsourcecircuit. 




where vi > landLissomeconstant. Whatisthechangeinvo foranincremental 
changeinvi,whentheoperating-pointvaluesofviandvoareViandVo respectively? 

To find the incremental change in vi, we follow the three- step process outlined in 
Section8 .2. 1 . Webeginby writingthelarge-signalrelationshipbetweenvoandvi: 



vo=ioRL 

1 

=Rl L(vi-1). 

Substitutingintheoperating-pointvalues,weget: 



(8.42) 

(8.43) 



Vo=Rl L(Vi-1). ( 

Next, we linearize the devices. The input voltage source with total voltage vi is 

replacedbyitssmall-signalvoltagevi.Theresistorremainsunchanged.Thesmall-signal 

equivalentofthedependentcurrentsourceisderivedusing: 



io= di<U v, V1 



1 

=— L(Vi— 1)2 



Vi. 



Inthethirdstep, wesubstituteinthesmall-signalmodelsinplaceofthelarge-signal 
models for each of the devices. The corresponding small-signal circuit is shown in 
Figure8.24. 



FIGURE 8.24 Small-signal 
circuitmodelforthedependent 
currentsource. 
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Wecannowderivethechangeintheoutputvoltageforasmallchangeintheinput 

voltagefromthesmall-signalcircuitbywritingKYLfortheoutputloop: 



vo=ioRL=- 



ViRL. 

L(VI-1)2 



We can also derive the change in the output voltage for a small change in the input 
voltagedirectlyfromthevoversusvirelationshipgivenbyEquation8.43. 



vo= dv$ Vl Vl 



1 

=-L(Vi-1)2 



ViRL. 



IB 

example 8.3 small-signal analysis of a differ- 
ence amplifier Thedifferenceamplifierisabuildingblockforhigh-quality 
amplificationandisusefulforprocessingsmallsignals.Whenasignalisnoisy, straight- 
forward use of an amplifier would amplify both the signal and the noise. However, 
under certain conditions that we will see shortly, a difference amplifier (also called a 
differentialamplifier)canbeusedtoamplifythesignalbyamuchlargergainrelative 
tothenoise.Differenceamplifiersarealsousedinbuildingoperationalamplifiers,and 
suitabledifferenceamplifiercircuitsarediscussedinExamples7. 1 9and8 .10. 



Supposethesignalisavailableindifferentialform. Inotherwords, supposethesignal 
isavailableastherelativevoltageoutput(vA-vB)onapairofterminalsAandB .For 
example, astheoutputofthetape-headinatape-recorder,theoutputofaninstrumen- 
tationdeviceorasensor.Suchasensoroftenresemblesoneofourprimitiveelements 
forexample,avariableresistor.Theelementmightproduceavoltagesignalacrossits 
terminals related to some externally sensed parameter such as temperature, gas con- 
centration, ormagneticfieldstrength.Often,apairofwirescarryingthesignalmight 
travelthroughanoisyenvironmentresultinginthecouplingofmoreorlessthesame 
amountofnoise(vn)oneachofthetwo wires, asdepictedinFigure8 .25 .2 Inother 

situations, thetwowiresmightbothcarryacommonDCbias. Insuchsituations, a 

differenceamplifiercanhelpamplifyjustthedifferentialsignalcomponentanddiscard 

thecommonnoisecomponent. 

ThedifferenceamplifierabstractionisshowninFigure8.26.Itisatwo-portdevicewith 
onedifferentialinputportandonesingle-endedoutputport. Theinputporthastwo 
inputterminals.The+inputiscalledthenon-invertinginputandthe-inputiscalled 
theinvertinginput.Ithasanoutputportacrosswhichvo appears. 



2.Infact,thewiresareoftentwistedtogethertoensurethatwhenthereisnoise,thesameamount 
ofnoiseinfectsboth wires . 
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FIGURE 8.25 Adifferential 
signal. 



FIGURE 8.26 Difference 
amplifierblackboxrepresentation. 



FIGURE 8.27 Single-ended 
differenceamplifierstructure. 
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Single-ended difference amplifier 



Wecanalsobuildasingle-endeddifferenceamplifierfromadifferentialoutputdifference 
amplifieras sho wnFigure8 . 27 . 

Thebehaviorofthedifferenceamplifierisbestexplainedbyconsideringitseffectonthe 

followingsignalsrelatedtothetwocomponents,vAandvB: 

1 . Adifference-modecomponentsignal, 

vd=va-vb so 



2 Andacommon-modecomponentsignal, 



( 8 . 46 ) 

VC- VA ±J£ B. 

2 

The output of the difference amplifier is a function of these two components of the 
input, 



vo=Advd+Acvc 



( 8 . 47 ) 
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whereADiscalledthedifference-modegainandAc iscalledthecommon-modegain. 
Thekeyinusingadifferenceamplifieristoencodetheusefulsignalinthedifference- 
modecomponentandthenoiseinthecommon-modecomponent. Thenifwemake 
Ad large and Ac small, we achieve our goal of noise reduction. Usually we use the 
common-moderejectionratio(CMRR)todescribetheabilityoftheamplifiertoreject 
thecommon-modenoise: 



CMRR= A_D- (8 48) 

AC 

MOSFETImplementationoftheDifference Amplifier 

LetusstudyaMOSFETversionofthedifferenceamplifier.Theamplifieremploysapair 

ofmatchingtransistorscalledthesource-coupledpair. Thesource-coupledamplifieris 

sho wninFigure8 .28. v Aand vb aretheinputs , and vxand v Y aretheoutputs .As sume 

va andvB aretheinputvoltagesmeasuredwithrespecttoground. Alsoassumethat 

va andvb aresmallvariationsintheinputs, andthatvx andvy arethecorresponding 

small-signalvariationsintheoutput.Thesource-coupledpairisconnectedinserieswith 

aDCcurrentsourcewithahighinternalresistanceRi.(Wecanimplementthecurrent 

sourceusingaMOSFETbiasedtooperateinitssaturationregion,butwedonotshowit 

here.Forsimplicity,weuseanabstractnon-idealcurrentsourceinstead.Inotherwords, 

thecurrentsourcehasafiniteresistance,Ri.)LetthecurrentprovidedbytheDCcurrent 

sourcebel. 

Letusexaminethedifferenceamplifierusingitssmall-signalmodelshowninFigure8.29. 
Noticethatanidealcurrentsourceactslikeanopencircuit,butacurrentsourcewithan 
internalNortonequivalentresistanceRi behaveslikearesistortoincrementalchanges 
initsterminalvariables. TheMOSFETsarereplacedbytheirsmallequivalentcurrent 
sources. The voltages vgsi andvgs2 arethesmall-signalvoltagesbetweenthegateand 
sourceofthetwoinputMOSFETsresultingfromasmallchangeintheinputvoltages 
vAandvB. 



A4&. 
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FIGURE 8.28 Source-coupled 
differenceamplifier. Allvoltages 
aremeasuredwithrespectto 
ground. 




FIGURE 8.29 Source-coupled 
differenceamplifier — small-signal 
model. 

MOSFETs,givenV TandK, wecanthusfindthebiasinputvoltages V GS l andV GS2 in 

termsofI.Inturn,therespectivegainsgmi andgm2canbedeterminedintermsofV GS l 
andVGS2,whicharethemselvesfunctionsofI. 



The gain parameters gmi and gm2 for the MOSFETs depend on the operating-point 
valuesofthecurrentsthroughthem.AssumingthatthecurrentthroughRiisnegligible, 
by symmetry, wefindthatthecurrentldividesequallybetweenthetwoMOSFETs. 

Thus each has an operating-point current equal to 1/2. From the SCS model for the 



Recallthat 



thedifference-modecomponent: 
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andthecommon-modecomponent 



VC= VAd b. 

2 

Therefore, we can decompose the inputs into their difference- and common-mode 
componentasfollo ws : 



va=vc+v2d 

v 

vb=vc- 2d: — 

Wewilldiscusseachmodeseparately, andthensummarizethebehavioroftheentire 
amplifier. 

Difference-ModeModel 

Wefirstexaminethecircuitwiththedifference-modepartoftheinputonly. Referto 
FigureS.SOforthecircuitanditssmall-signalmodel.AssumethatthetwoMOSFET’s 
haveidenticalcharacteristics, gmi = gm2 = gm. AnapplicationofKCLatthesource 
nodeofthetwoMOSFETs(inotherwords,thenodewiththesmall-signalvoltagev) 
yields 



gmVgs 1 +gmVgs2= Vs/Ri. 
FromFigure8.30wecanalsowrite 



(8 



i^2d -Vgsl=Vs 



— 2vd ~Vgs2=Vs. 



FIGURE 8.30 Difference-mode 
model . Allvoltagesaremeasured 
withrespecttoground. 
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VY 

- -V-2-D- 




(a) Differential mode input only 



(b) Small-signal model 
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FIGURE 8.31 Difference-modesimplified 
model. 
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FIGURE 8.32 Difference-mode 
Theveninequivalentcircuit. 



Substitutingvgsiandvgs2intermsofvdintoEquation8.49,weobtain 

V Vs 

gm 2d “Vs+gm — V 2 d “Vs “ 

-2gmVs= V_s- 
Ri 



(8.50) 

(8.51) 



SincegmandRiareindependentofeachother,vs=O.Thisresultgreatlysimplifiesour 
circuittotheoneinFigure8.31.ConvertingittotheTheveninequivalentmodel,we 
obtainthecircuitsho wninFigure8 .32. 

Weseethat 



g RLVd 
Vx= — m2 



and 



Vy= gmRl Vrl 

2 

Thus,thesmall-signaloutputvoltageacrosstheoutputterminalpairisgivenby 



Vo=Vx-Vy=-gmRLVd. 

Thisyieldsadifference-modesmall-signalgain 



A d= 



v° — 

vd — gmRL. 



Common-ModeModel 

We will now examine the behavior of the circuit for the common -mode input. The 
circuitandsmall-signalmodelisshowninFigure8.33.Thesmall-signalchangeinthe 
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FIGURE 8.33 Common-mode 
model. 




(a) Common-mode input only (b) Small-signal model 
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FIGURE 8.34 Common-modeNorton 
equivalentcircuit. 



FIGURE 8.35 Common-modeThevenin 
equivalentcircuit. 



common-modeinputisdenotedvc.Observethatvgsi=vgs2=vgs,andvgs=vc-vs. 

ApplicationofKCLatvsagainyields 

Vs 

gmVgs+gmVgs = Ri 

~ „ = Vc-Vgs 

2gmVgs 

1 

VgS ft- ; VC. 

= 2gmRi+l 



(8.52) 

(8.53) 

(8.54) 



AssumingRiislarge,sothat2gmRil,wecansimplifyEquation8.54to 

vgs =2i^r vc - 

Therefore, thetwodependentcurrentsourceswillhavevalue 

21RiVc. 



ThesimplifiedcircuitisshowninFigure8.34.TransformingthecircuitintoitsThevenin 
equi valentcircuitgivesthecircuitsho wninFigure8 .35. 
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FromtheTheveninequivalentcircuit,noticethat 



vx_vy=-R9i RVir 



Remarkably, 



Vo=Vx-Vy=0 



effectivelyyieldingacommon-modesmall-signalgainofO. 

O verallB ehavior 

Putting it all together, we combine the small -signal difference-mode circuit from 

Figures 8.32 with the small-signal common-mode circuit in 8.35 and obtain the cir- 

cuitshowninFigure8.36.Noticethatweareabletodosuchasuperpositionbecauseof 

thelinearitypropertyofoursmall-signalcircuits.Theoutputofthedifferenceamplifier 

isthedifferencebetweenvxandvy,whichgivesadifference-modegainof-gmRLand 

common-modegainofO. 

InputandOutputResistances 

Computingtheinputandoutputresistancesforthedifferenceamplifierisfairlyeasy. 

Whenweapplythesmallinputsignalsvaandvb,therewillnotbeanycurrentflowing 

intotheMOSFETs,so,wehaveinfiniteinputresistance. 

Tocomputethesmall-signaloutputresistancelookinginfromoneoftheterminalsof 
theoutputport, weturnoffallindependentsourcesbysetting va = Oandvb = 0, 
ineffect, turningoffv andv . ^eintroduceatestvoltageatthedesiredoutputand 
shorttheotheroutputtoground. Therefore, theoverallcircuitistransformedtothe 
oneshowninFigure8.37.Thustheoutputresistancelookingintoportsvx orvy and 
groundwillbeRL. 



Rl 
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FIGURE 8.36 Difference 



amplifierTheveninequivalent 

circuit. 
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FIGURE 8.37 Difference 
amplifieroutputresistance. 
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FIGURE 8.38 Source-follower 
circuit. 



example 8.4 source follower A useful circuit we have seen 
before3 isthesourcefollowershowninFigure8.38. Thesourcefollowerinthefigure 

isshowndrivinganexternalloadresistorRL. Assumethatthetotalinputvoltagevi 
includestheappropriateDCbiasvoltagetomeetthesaturationdiscipline.Thesmall- 
signalequivalentcircuitforthesourcefollowerisshowninFigure8.39.Letusanalyze 
thiscircuitbycomputingitssmall-signalgain. 

Thesmall-signaloutputvocanbeexpressedintermsofthecircuitparametersas 



Vo=gmVgs(RLRs) 

wherevgsisthevoltagebetweenthegateandthesourceoftheMOSFET.UsingKVL, 
observethatvgs=vi-vo.Therefore,wecan write 



1 

Vo 

RlRs 



Vo=gm(vi — V o)(RlRs) 



+gm =gmVi 



(8.55) 

(8.56) 



RLRSgm 

Vi 

Vo_ RL+RS+RLRSgm 
v 0 RRg 

7 = ^ ■ 

m 

RL+Rs+RLRsgm 

Thusthegainisslightlylessthanl.AnimportantspecialcaseofEquation8.59iswhen 
RLisverylarge.Thus,whenRL— >oo, 



(8.57) 

(8.58) 



Vo Rsgm 
V 1 “ 1+Rsgm 



(8.59) 



FIGURE 8.39 Source-follower 

small-signalmodel.gm ,the 

transconductanceoftheMOSFET, 

isgivenbyK(VGS-VT) , where 

V GSistheoperating-pointvalueof 

thegate-to-sourcevoltageforthe 

MOSFET.(SeeExample7.8or 

Problem7 . 5 inChapter7 tosee 

howtheoperating-pointparam- 

etersofthesourcefollowercanbe 

calculated.) 



+Vgs - 



E 

M gmVgs 



Rs Rl 



+ 

Vo 



3 . SeeExample7 . 8andProblem7 .5inChapter7 . 
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ids = gmVgs 
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RL 
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Vtest 




is 


il 









When gm is large, irrespective of the values of Rl and Rs, Equation 8.58 can be 
rewrittenas 



Vo 

v i~l- 

Tofindoutwhysuchacircuitisuseful,letuscomputetheinputandoutputresistances 

ofthesource-followerdevice. 

Small-SignallnputandOutputResistances 

Theinputresistanceriiseasilycalculated.SincenocurrentflowsintotheMOSFET,the 

inputresistanceisinfinity. 

Computingtheoutputresistanceneedsmorework.AsdepictedinFigure8.40,letus 
turnofftheindependentsources,applyasmalltestvoltagevtestattheoutputterminal 
and measure the corresponding current itest. The output resistance will be given by 

rout=Vtest/itest 

Inordertocomputerout,weapplyKCLatnodeashowninFigure8.40.Thedependent 

sourcecurrentidsdependsonvgs,andvgsequals-vtest.Therefore,wehave 



ids+itest— is+il 

v test 

— gmVtest+itest = RlRS 



Rearrangingthetermsandsimplifyingtheexpression,weobtain 



Thisleadsto 



Vtest gm+ 



1 

RlRs =itest 



(8.60) 

(8.61) 



Vtest RlRs 

rout= i = gmRLRs+RL+Rs. 



Whengm,RL,andRsarelarge,RL+RsbecomesinsignificantcomparedtogmRLRs. 
Therefore, wecansimplify, 
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FIGURE 8.40 Source-follower 
outputresistance. 



rout- g 1 m 



438 



CHAPTER EIGHT 



the small- signal model 



FIGURE 8.41 Small-signal 

modeloftheMOSFETamplifierin 

Figure7.46. 




Sincegmcanbemadeverylarge,theoutputresistancecanbemadelow.Thelowoutput 

resistancemakesthesourcefollowerusefulasabufferdevice,whichcanprovidealarge 

amountofcurrentgain. 

B 

example 8.5 small-signal analysis of another 

mosfet amplifier Inthisexample,weexaminethesmall-signalbehavior 

of the MOSFET amplifier shown in Figure 7.46 and studied in Example 7.12. This 

amplifierworkswellforbothpositiveandnegativevaluesofviN,andsowewillchoose 

theinputbiasvoltagetobeViN=OVforthesmall-signalanalysis. Therefore 



VIN=V IN+ Vin=Vin. 



To determine the remaining bias voltages in the amplifier, we set vin = 0 V, which 

resultsinviN=0V.FromtheresultsofExample7. 1 2,wecanthendeterminethebias 
voltages Vout=6. 4 VandV =P.%V. 

Next,followingthemethodofSection8.2,weconstructthesmall-signalcircuitmodel 

showninFigure8.41.Analyzingthesmall-signalcircuitmodel,weobtain 



Vout=R3K(V GS- V T) Vin= 1 2 Vin. 



Therefore, thesmall-signalgainis 1 2atthebiasvoltageV IN =O.Thesameresultcan 
beobtainedbyevaluating 



dvOUT/dvlNlviN=o 



usingtheresultsofExample7. 12. 

B 

example 8.6 small-signal model for the bjt In 

this example, we will develop the small- signal model for the BJT by linearizing the 
piecewiselinearBJTmodelstudiedearlierinFigure7.49cinExample7.13.Figure8.42b 
depictsthelarge-signalmodel(fromFigure7.49c)fortheBJTundertheconstraintthat 
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theB JT operate sinits acti veregion . Whenoperatingintheacti veregion , theb ase - to - 
collectordiodeshowninFigure7.49cbehaveslikeanopencircuit,andsoitcanbesafely 
ignoredinouranaly sis . 

Figure8.42cdepictsthesmall-signalmodelofthe BJTbasedonthepiecewise-linear 
model in Figure 8.42b. In the active region, the ideal diode in Figure 8.42b behaves 
likeashortcircuit.Furthermore,the0.6-Vvoltagesourceappearsasashortcircuitfor 
incrementalchanges. Finally, sincetheactiveregionrelationshipbetweeniB andic is 
linear, andgi venby 



ic=piB, 



therelationshipbetweentheinerementalsignalsicandibisalsothesame: 



ic=pib. 



Alternatively, wecanderivetheincrementalchangeinthecollectorcurrentforasmall 
changeinthebasecurrentmathematicallyfromEquation8.22asfollows: 



C + 
ic 

VCE 
iE 

E 

(a) BJT symbol 




+ 

VBE 



c 




0.6 V 



U] 



E 

(b) BJT large-signal model 
assuming BJT is in active region 



lb 



die iB=lB 

B 

= drfi' B iB=lB 



=pib. 



Next,wewillusethesmall-signalmodelfortheBJTinafewexamples. 

B 

example 8.7 small-signal analysis of the bjt 

amplifier Inthisexample,wewillstudythesmall-signalbehaviorofthecom- 

monemitterBJTamplifiershowninFigure7.54,whichisredrawnhereinFigure8.43 

toshowthatthetotalinputviNisthesumofaDCoffsetvoltageViNandasmall-signal 

voltagevin.Inkeepingwithourusualsmall-signalnotation,thetotal,operatingpoint, 

andsmall-signalvoltagesattheoutputaregivenbyvo,Vo,andvorespectively.Wewill 

computethesmall-signalgainoftheamplifierassumingthattheamplifieroperatesinits 

activeregion,andgiventhatRi= 1 00k, Rl= 1 0k,andV s= 1 0V. Assumethat 

thecurrentgainparameterpfortheBJTislOO,andthattheinputoperatingvoltageis 

cho sentobe V in= 1 V . 



C 




E 



(c) BJT small- signal model 



FIGURE 8.42 Small-signal 
modelfortheBJT. 



Wenowbeginthesmall-signalanalysisofourBJTamplifier.Thefirststepofsmall-signal 

analysisistodeterminetheoperating-pointvariablesinthecircuit.Althoughnotstrictly 
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FIGURE 8.43 OurBJTamplifiershowing 
thesmall-signalandbiasinputvoltages. 



FIGURE 8.44 Small-signalcircuitmodel 
fortheBJTamplifier. 



necessary, 4wewillgoaheadwiththeoperating-pointanalysistoverifythattheBJTis 
indeedoperatinginitsactiveregionforthegivenparameters.Fromthetransferfunction 
relationinEquation7.5 1 ,weknowthat 



Vo -V sCYill 



-0 6)PRl. 
R 

i 



Substitutingourspecificparametervalues,weobtain 



Vo=6V. 



Since, VCE=Vo=6VandVBE=ViN=lV,itiseasytoseethattheBJTconstraint 
foractiveregionoperationgivenby 



Vce>Vbe-0.4V 



issatisfied. 

Asthesecondstep, wemustdeterminelinearizedsmall-signalmodelsforeachofthe 

circuitcomponents.Thisstepistrivialforourexample,sincealltheelementsarelinear 

(includingtheBJT,sincewearegiventhatitalwaysoperatesinitsactiveregion).The 

small-signalequivalentsfortheDCsourcesareshortcircuits, andthoseforthelinear 

resistorsaretheresistorsthemselves.Finally,wewillusethesmall-signalmodelforthe 

BJToperatinginitsactiveregion(developedinExample8.6)illustratedinFigure8.42c. 

Proceedingwiththethirdstepofsmall-signalanalysis,Figure8.44showsthesmall-signal 

circuitfortheamplifierinwhichthecomponentshavebeenreplacedbytheirrespective 



4.Thisstepisnotstrictlynecessaryinourexamplebecausealltheelementsarelinear(includingthe 
BJT,sincewearegiventhatitalwaysoperatesinitsactiveregion).Forlinearelements,thesmall- 
signalmodelrelationshipsareindependentoftheiroperatingpoints. Compare, forexample, the 
small-signalrelationsfortheBJTandtheMOSFETshowninEquations8.62and8. 10, respectively. 
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linearizedequivalents,andinwhichsmall-signalbranchvariableshavereplacedthetotal 

variables. 

Thesmall-signalgaincannowbedeterminedbywritingthenodeequationfortheoutput 

node 



R^oL =— pib. 



S ub stitutingib= vin/Ri, weget 

Vo Vin 

Rl =— PRi 



Simplifying, weobtainthesmall-signalgainoftheBJTamplifier 



_a.=-BR _L- 
Small-signalgain= v in ri 

NoticeherethatthegainoftheBJTamplifierisindependentoftheoperatingpoint, 

providedtheBJToperatesintheactiveregion.ForagivenBJTdevice(thatis,afixed 

valueforP)thegaincanbeincreasedbyincreasingRLordecreasingRi. 

Fin ally, substitutingRi= 1 00k, Rl= 1 0k,p= 1 00, weobtain 




Small-signalgain=-10. 



Thisconcludesouranaly sis . 

B 

example 8.8 small-signal input and output 

resistance of the bjt amplifier Let us first compute the 

small- signal input and output resistances of the common emitter BJT amplifier. The 

general approach to doing so is to turn off all independent sources and to apply a 

testvoltage(orcurrent)attheinputoroutputportasappropriateandtomeasurethe 

resultingcurrent(orvoltage).Theratioofthevoltagetothecurrentgivestheresistance. 

Theinputresistanceriiseasilycalculated.Foranappliedtestvoltagevin (seeFigure8.45), 
theresultingcurrentintotheinputBterminalibisgivenby 

v 

ib= tes^ 



FIGURE 8.45 Applyinga 
small-signaltestvoltagetothe 
inputportoftheB JTamplifierto 
computethesmall-signalinput 
resistance. 




ThustheinputresistanceriissimplyRi. 

AsillustratedinFigure8.46,wecomputetheoutputresistanceby turningoffallinde- 

pendentsources,andapplyingasmalltestvoltagevtestattheoutputportandmeasuring 

thecorrespondingcurrentio.Theoutputresistancewillbegivenbyrout=vtest/io. 



FIGURE 8.46 Applyinga 
small-signaltestvoltagetothe 
outputportoftheB JTamplifierto 
computethesmall-signaloutput 
resistance. 
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Inordertocomputerout,weapplyKCLatthenodelabeledCshowninFigure8.46. 

SummingallthecurrentsgoingintonodeC,weget 

Vtest 

io- Rl -[3ib=0. 



[x] Re vT 

C . 



itest Rl ib 



bib iout 

Rout 



Vtest + 



B 



Sineeib=0(thevoltageacrossRiiszero),weget 

Vtest 



IB 

example 8.9 small-signal current gain and 

power gain of the bjt amplifier In this example, let us 

computetheincrementalcurrentandpowergainforthecommonemitterBJTamplifier. 

Boththecurrentgainandthepowergainaredefinedasthecurrentorpowersupplied 

toanexternalloaddividedbythecurrentorpowersuppliedbyaninputsource.Accord- 

ingly, asillustratedinFigure8.47, letusaddanexternalloadresistanceRouT toour 

circuittofacilitatecurrentandpowergainmeasurements. 



FIGURE 8.47 Incremental 

circuitfortheBJTamplifier 

includinganextemalloadresistor 

tofacilitatecurrentgainandpower 

gaincalculations. 



Theincrementalcurrentgainisdefinedasthechangeintheoutputcurrent(iout )divided 

bythechangeintheinputcurrent(itest),foragivenexternalloadresistance.Webegin 

bywritingthenodeequationforthenodelabeledC 



V 0 

iout+ic+ Lp. 



(8.63) 



Wewillobtainthedesiredrelationbetweenioutanditesdfwecanreplaceicandvoin 

termsofitest.FromtheBJTrelation,weknowthat 



ic=(3ib=|3itest. 



(8.64) 



Todeterminevointermsofitest,observethatvoisthevoltagedropacrosstheparallel 

resistorpaircomprisingRLandRouT.Inotherwords, 



Vo— — ic(RLROUT). 

Substitutingforic,wegetthedesiredrelationbetweenvoanditest: 

Vo— — |3itest(RLROUT) . 

SubstitutingforicandvofromEquations8.64and8.65into8.63weobtain 

-pitest(RiRQTTT) =0. 

R 



iout+Pitest 



r 
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Dividingthroughoutbyitestandsimplifying,weobtainthecurrentgainas 

i Rl 

Currentgain= i ^ t t =_ ^ L_h ^ uu 1 (8-6£ 

Intuitively, wecanalsoobtainthesamecurrentgainresultintwoshortstepsasfollows: 

First, noticethatthecurrenticissimplyitestamplifiedbyafactorp.Second,thefraction 
oftheamplifiedcurrentpitestthatflowsintoRouTisgivenbythecurrent-dividerrelation 
fromEquation2.84astheratiooftheoppositeresistorRL dividedbythesumofthe 
tworesistors(RL+RouT). 

Next,theincrementalpowergainisdefinedastheratioofthepowersuppliedintothe 
outputresistor(voiout)andthepowersuppliedbytheinputsource(v i ),foragiven 

externalloadresistance.AssuggestedbyEquation8.38,thepowergainise£fhWMentto 
theproductofthecurrentgainandthevoltagegainfortheBJTamplifier. 

FortheBJTamplifierthatincludesanoutputloadresistance,thecurrentgainisgiven 
byEquation8 .66. Forreasonsthatwillbeobviousmomentarily, wewillrewritethe 
currentgainintermsoftheparallelcombinationofRLandRouTas 



W=-p ( RlRniIT > (8-67) 

Test R- 

OUT 

Wecandeterminethevoltagegainbyincludingtheeffectoftheoutputloadresistance 
RouTonthevoltagegainequationoftheBJTgivenbyEquation8.62. Wedosoby 
replacingtheresistanceRLinEquation8.62withtheequivalentresistanceoftheparallel 
resistorpairRLandRouTas 



PRlR -OUL (8.68) 

Vtest & 

I 

Taking the product of the current gain (Equation 8.67) and the voltage gain (Equa- 
tions . 6 8 ) andsimplifying , weobtain 



n q (Rt.Rottt ‘ 

Powerful — p2 

OUT 

a 

example 8.10 small signal of the operational 

amplifier circuit This example develops a small-signal model of the 

operationalamplifiercircuitshowninFigure7.63andpreviouslydiscussedinExam- 

ple 7.21. It then uses that model to determine the small-signal gain of the amplifier. 

Thesmall-signalmodelandgainaredeterminedforthebiasconditionsestablishedby 

Yin i = V IN2=0 . Underthesebalancedbiasconditions ,Id i =Id2=I/2 . 



444 



CHAPTER EIGHT 



the small- signal model 



FIGURE 8.48 Asmall-signal 

modeloftheoperationalamplifier 

circuit. 



glVgsl 



g2Vgs2 




Figure8.48showsasmall-signalmodeloftheoperationalamplifiershowninFigure7.63. 
The three MOSFET transconductances gi, g2, and g3 in Figure 8.48 are not yet 
determined. 

Folio wingtheresultssummarizedinFigure8. 10, thesmall-signaltransconductancesof 
then-channelMOSFETsaregivenby 



gl=Kn(VGSl-VT) 
g2=Kn( V GS2 - V T) . 



(8.69) 

(8.70) 



However, rememberthatwehavechosentobiastheoperationalamplifiersuchthat 



Idi _ i = %i(Vgsi-Vt)2 

lD2 L = K— 

= 2 

2n(V GS2 - V T)2. 

Equations8 .7 1 and8 .72canbesubstitutedintoEquations8 .69and8 .70, respectively, 
toyield 



(8.71) 

(8.72) 



gl— g2— KnI. 



(8.73) 



Asimilarsmall-signalmodelofthep-channelMOSFETcanalsobedeterminedfollowing 
theapproachdevelopedinSection8.2. Specifically, takingtheslopeofEquation8.67at 
itsbiaspointyields 



— id~K(V SG+V T)vsg 

andsothetransconductancefromvsgto-idisingeneralgivenby 



(8.74) 



g=K(V SG+V t)= 2K(-Id) 



(8.75) 
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wherethelarge-signalbiasconditionforthep-channelMOSFEThasbeenusedtoderive 

thelastequality.ApplyingthistotheoperationalamplifiershowninFigure8.48yields 



g3— 2Kp(-lD3). 



(8.76) 



Thesmall-signalmodelcannowbeusedtodeterminethesmall-signalgainoftheoper- 
ationalamplifier.Considerfirsttheportionofthesmall-signalmodelthatcorresponds 
tothedifferentialamplifieralone.KCLappliedtothenodebetweenthetwon-channel 
MOSFET syields 



id 1 +id2=g 1 Vgs 1 +g2 Vgs2=0 . 

Thus,anincreaseinonedraincurrentinthedifferentialamplifierismatchedbyanequal 

decreaseintheotherdraincurrentsincebothdraincurrentsmustsumtoLNext,the 

applicationofKVLtothelooparoundthetwoMOSFETsthroughgroundyields 



Vinl-Vin2=Vgsl-Vgs2. (8.78) 

Finally,combiningEquations8.73,8.77,and8.78withtheobservationfromFigure8.48 
thatvsg3=Rig2vgs2 yields 

=— R 1 V Knl^Vin 1 

vsg3 — 2~ -M } (8 - 79) 

asthesmall-signalgainofthedifferentialamplifier. 

Considemexttheportionofthesmall-signalcircuitthatcorrespondstothecommon- 

sourcestagebuiltwiththep-channelMOSFET.Forthisstage,thesmall-signalmodel 

showsthat 



Vout=R2 2Kp(-lD3)vsg3 

whereEquation8.76hasbeenusedtorewriteg3. Notethatthegainofthisstageis 
positivebecausethatgainisfromvsg3tovout. 

Finally, Equations8.79and8.80canbecombinedtoyield 

Vout = RlR2 2KnKpI(— IP3)(yin2 ) (8.81) 

2 — Vinl 

asthesmall-signalgainoftheunloadedoperationalamplifier. 

Inoperationalamplifierparlance(seeChapter 1 5),fromEquation8 . 8 1 weseethatviN l 
andviN2playtherolesofv-andv+ respectively. 
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example 8.11 more on the small-signal model 

of the operational amplifier Wewillnowworkanumerical 
examplerelatedtotheoperationalamplifierdesigndescribedinExample8 . 1 0, assuming 
that-lD3=0.5mA. 

Substitutionofthis valueof-lD3andtheparametersfromExample8 . 1 0,intoEquation 
8.81 yields 



Vout=50V2(vTn2-Yinl ^ 

Thus,thesmall-signalgainoftheoperationalamplifierisapproximately71. 



(8.82) 



r 
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8.3 SUMMARY 

Thischapterexpandedonourtreatmentofsmall-signalmodels, focusing 
onthemodelforthree-terminaldevicesandamplifiers.Asfirstintroduced 
inSection4.5,small-signalanalysisapplieswhendevicesandcircuitsthat 
arepossiblynonlinearareoperatedoveraverynarrowrange. Small-signal 
analysisfindsapiecewiselinearmodelthatensuresmaximumaccuracyof 
fitoverthatnarrowoperatingrange. Theprincipalbenefitofsmall-signal 
modelsisthatthesmall-signalvariablesdisplaylinearv irelationsoverthe 
narrowoperatingrange,therebyenablingtheuseofallofourlinearanalysis 
techniquessuchassuperposition,Thevenin,andN orton. 

This chapter also introduced the small-signal circuit model. The small- 
signal circuit facilitates small-signal analysis by creating a circuit that is 
representativeoftheoriginallarge-signalcircuitandinvolvesonlyitssmall- 
signal variables. Thesmall-signalcircuitcanbederivedfromtheoriginal 
circuitbyexecutingthefollowingprocedure: 

1. Set each source to its operating -point value, and determine the 

operating-point branch voltages and currents for each component in 
the circuit. This step involves a large-signal analysis that is possibly 
nonlinear. 

2. Determine the linearized small-signal behavior of each component 

aboutitsoperatingpoint, andselectalinearcomponenttorepresent 
thisbehavior. 

3. Replaceeachoriginalcomponentinthecircuitwithitslinearizedequiva- 

lent(alsocalledthesmall-signalequivalentmodel)andre-labelthecircuit 
withthesmall-signalbranchvariables.Theresultingcircuitisthedesired 
small- signalmodel . 

Thesmall-signalequivalentmodelforanindependentDCvoltagesourceis 

ashortcircuit,whilethatforanindependentDCcurrentsourceisanopen 

circuit.Thesmall-signalequivalentmodelforaresistoristheresistoritself. 

Thesmall-signalmodelforaMOSFETisshowninFigure8.10. 

exercise 8.1 ConsidertheamplifiershowninFigure8.49.TheMOSFEToper- EXERCISES 

ates in its saturation region and is characterized by the parameters Vt and K . The 
inputvoltagevicomprisesthesumofaDCbiasvoltageViandasinusoidoftheform 
vi=Asin(cot).AssumethatAisverysmallcomparedtoYi.Lettheoutputvoltagevo 
compriseaDCbiastermVoandasmall-signalresponsetermv . 0 

a) DeterminetheoutputoperatingpointvoltageV ofortheinputbiasofV I. 



b) Determinethesmall-signalgainoftheamplifier. 
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vo 



FIGURE 8.49 



c) Drawtheformoftheinputandoutputvoltagesasafunctionoftime,clearlyshowing 
theDCandtime-varyingsmall-signalcomponents. 

exercise 8.2 Developthesmall-signalmodelforatwo-terminaldeviceformed 
byaMOSFETwithitsgatetiedtoitsdrain,operatingunderthesaturationdiscipline, 
withparameters Y TandK. 

exercise 8.3 Developthesmall-signalmodelforatwo-terminaldeviceformed 
betweenthedrainandsourceterminalsofaMOSFETwitha2voltDCsourceconnected 
betweenitsgateandsourceterminals(Y GS = 2V). AssumetheMOSFEToperates 

underthesaturationdiscipline.AssumefurtherthatV = lVoltfortheMOSFET. 
exercise 8.4 ConsidertheMOSFETamplifiershowninFigure8.50.Assume 
thattheamplifierisoperatedunderthesaturationdiscipline.Initssaturationregion,the 
MOSFETischaracterizedbytheequation 




FIGURE 8.50 



iDS= K2 (vGS-Vt)2 

whereiDS isthedrain-to-sourcecurrentwhenavoltagevGS isappliedacrossitsgate- 
to-sourceterminals. 

a) Writeanexpressionrelatingvotovi.Whatisitsoperating-pointoutputvoltageVo, 

givenaninputoperating-pointvoltageofvi?Whatisthecorrespondingoperating- 
pointcurrentlDS ? 

b) Assuming an operating-point input voltage of Vi, derive the expression relating 

thesmall-signaloutputvoltagevotothesmall-signalinputvifromtherelationship 

betweenvoandvi.Whatisthesmall-signalgainoftheamplifierattheinputoperating 

pointofVi? 

c) Drawthesmall-signalequivalentcircuitfortheamplifierbasedontheSCSmodelof 

theMOSFETassumingtheoperating-pointinputvoltageisYi. 

d) Deriveanexpressionforthesmall-signalgainoftheamplifierfromthesmall-signal 

equivalent circuit. Verify that the gain computed from the small-signal equivalent 
circuitisidenticaltothegaincomputedinpart(b). 

e) By what factor must Rl change to double the small-signal gain of the amplifier? 

Whatisthecorrespondingchangeintheoutputbiasvoltage? 

f) BywhatfactormustVichangetodoublethesmall-signalgainoftheamplifier?What 

isthecorrespondingchangeintheoutputbiasvoltage? 



exercise 8.5 Consider again the MOSFET amplifier shown in Figure 8.50. 
AssumeasbeforethattheMOSFETisoperatedunderthesaturationdiscipline,andthat 
itsparametersare V TandK. 

a) Whatistherangeofvalidinputvoltagesfortheamplifier?Whatisthecorresponding 
rangeofvalidoutputvoltages ? 
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b) AssumingwedesiretousevoltagesoftheformAsin(cot)asACinputstotheamplifier, 

determinetheinputbiaspointYi fortheamplifierthatwillallowmaximuminput 
swingunderthesaturationdiscipline.Whatisthecorrespondingoutputbiaspoint 
voltage Vo? 

c) WhatisthelargestvalueofAthatwillallowsaturationregionoperationforthebias 

pointdeterminedin(b) ? 

d) Whatisthesmall-signalgainoftheamplifierforthebiaspointdeterminedin(b)? 

e) SupposeAissmallcomparedtoVLWriteanexpressionforthesmall-signaloutput 

voltagevoforthebiaspointdeterminedin(b). 



exercise 8.6 Consider once more the MOSFET amplifier shown in 
Figure 8.50. Assume as before that the amplifier is operated under the saturation 
discipline, andthatitsparametersareVTandK. 




FIGURE 8.51 



a) Using the small- signal circuit model of the amplifier, and assuming an input bias 

voltage Vi, determine the small-signal output resistance of the amplifier. That is, 

determinetheequivalentresistanceoftheamplifierattheoutputportofitssmall- 

signalmodelwithvi=0. 

b) DevelopaTheveninequivalentmodelforthesmall-signalamplifierasobservedat 

itsoutputport. 

c) What is its input resistance? That is, determine the equivalent resistance of the 

amplifierattheinputportofitssmall-signalmodel. 

exercise 8.7 Consider the common emitter BJT amplifier shown in 
Figure8.5 1 .TheinputvoltagevicomprisesthesumofaDCbiasvoltageVi =0.7 V 

andasinusoidoftheformv =Asin(mt),whereA=0.001V.Forthevaluesshown, 
youmayassumethatAisverysmallcomparedtoV.Youmayfurtherassumethatthe 

BJTalwaysoperatesinitsactiveregion.Figure8.52sho\^sasmall-signalmodelforthe 
BJToperatinginitsactiveregion.Lettheoutputvoltagevo compriseaDCbiasterm 
Voandasmall-signalresponsetermvo. 



a) Determinetheoutputoperating-pointvoltageV ofortheinputbiasofV 1=0.7 V. 



C + 
ic 

vCE 

iE 

E 

(a) BJT 




C 




b) Drawthesmall-signalequivalentcircuitfortheamplifier. 



(b) BJT small-signal model 



c) Determinethesmall-signalgainoftheamplifier. FIGURE 8.52 

d) Whatisthevalueofvo,thesmall-signalcomponentoftheoutput,giventhesmall- 

signalinputshowninFigure8.5 1 ? 



e) Determinethesmall-signalinputandoutputresistancesoftheamplifier. 
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f) Determinethesmall-signalcurrentandpowergainoftheamplifier,assumingthat 
theamplifierdrivesaloadRo=50kthatisconnectedbetweentheoutputnode 
andground. 

problem 8.1 Thisproblemstudiesthesmall-signalanalysisoftheMOSFET 
amplifierdiscus sedinProblem7 . 3 (Figure7 .75). 

a) First, consider biasing the amplifier. Determine ViN, the bias component of vin, 
so that vout is biased to Vout where 0 < Vout < Vs. Find Vmid, the bias 
componentofvMiDintheprocess. 

b) 

Next,letviN=ViN+vinwherevinisconsideredtobeasmallperturbationofviN 
aroundViN. Makethesubstitutionfor vin andlinearizetheresultingexpression 
forvouT. YouranswershouldtaketheformvouT = VouT+vout, where vout 
takestheformvout =Gvin.Notethatvoudsthesmall-signaloutputandGisthe 
small- signalgain. Deri veanexpressionforG. 

c) 

' For what value of Vin is vout biased to Vout = Vs/2? For this value of Vin, 
evaluateGmusingthenumericalparametersgiveninProblem7.2.Youshouldfind 
thatthisgainistheslopeoftheinput-outputgraphfromProblem7.3evaluatedat 
thebiaspoint. 

problem 8 . 2 ConsideragainthebufferdescribedinProblem7 .5 (Figure7 .76) . 
Performasmall-signalanalysisofthiscircuitaccordingtothefollowingsteps.Assume 
thattheMOSFEToperatesinitssaturationregionandcontinuetousetheSCSMOSFET 
model withparametersV TandK. 

a) Drawthesmall-signalcircuitmodelofthebuffer. 

b) Showthatthesmall-signaltransconductancegmoftheMOSFETisgivenby 

gm=K( V IN- V OUT- V T) 

whereViN andVouT arethebias,oroperating-point,inputandoutputvoltages, 
respectively. 

c) Determinethesmall-signalgainofthebuffer.Thatis,determinetheratiovout/vin. 

d) Determinethesmall-signaloutputresistanceofthebuffer.Thatis,determinethe 
equivalentresistanceofthebufferattheoutputportofitssmall-signalmodelwith 
Vin=0. 

e ) AssumethatVT = 1 V,K = 2mA/V2,R = lk,andVs = lOV.Underthis 
assumption, designtheinputbiasvoltagetosatisfythefollowingtwoobjectives: 

First, MOSFET operation must remain within the saturation region for Ivin | < 
0.25V. Second, theoutputresistanceofthesmall-signalmodelmustbeminimized. 
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f) AgainassumethatYT = 1V,K = 2mA/V2, R = lk, andVs = lOV.For 

ViN=3V,computethesmall-signalgainandoutputresistance. 

g) Determine the small-signal input resistance of the buffer. That is, determine the 
equivalentresistanceofthebufferattheinputportofitssmall-signalmodeL 

problem 8 . 3 Thisproblemstudiesthesmall-signalanalysisoftheZFETampli- 
fier from Problem 7.6 (Figure 7.77). Assume that the amplifier is biased at an input 
voltageViN suchthattheZFETexhibitssaturatedoperation; thecorrespondingbias 
outputvoltageisYouT.Forthiscase,derivethesmall-signalvoltagegainvout/vinofthe 
amplifier. 

problem 8 .4 Thecircuitsho wninFigure8 ,4deliversanearlyconstantcurrent 
to its load despite the fact that the power supply is noisy. The noise is modeled by 
the small signal vs superimposed on the constant- supply voltage Vs. Thus, Vs and 
vs arethelarge-signalandsmall-signalcomponentsofthetotalpowersupplyvoltage 
vs,respectively.lL andiiarethelarge-signalandsmall-signalcomponentsoftheload 
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FIGURE 8.53 



currentiL,respectively .Thenoisevsinthepo wersupply voltagesatisfies vs V s ,and 

isresponsibleforthepresenceofiliniL. 

ThecurrentsourcecontainsaMOSFETwhichoperatesinitssaturationregionsuch 

thatiDS _ 2 (yGS-VT)2.Thecurrentsourcealsocontainsanonlinearresistorwhose 
terminalcharacteristicsaredescribedgraphicallynext.AssumethatV >y >Vn. t 



a) 



As sumevs=0. Determine VGS,thelarge-signalcomponentofvGS,intermsofRB, 
R n V ,MidV . s 
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b) Folio wingtheresultofpart(a),determinelLintermsofRB,RN,VN, Vs, K,andVT. 

c) Nowassumethatvs =O.Drawasmall-signalcircuitmodelforthecombinedcircuit 
comprisingthepowersupply,currentsourceandload,withwhichi canpefound 
fromvs.Clearlylabelthevalueofeachcomponentinthecircuitmodel. 

d) Usingthesmall-signalmodelfrompart(c),determinetheratioii/vs. 

problem 8.5 Figure8.54depictsabipolarjunctiontransistor (BJT).Recallthat 
a BJT has three terminals called the base (B), the collector (C), and the emitter (E). 
Figure 8.54 also shows an alternative small-signal model for the BJT operating in its 
activeregion.Thismodelisslightlydifferentfromthesmall-signalBJTmodeldiscussed 
inthischapterinthatitincludesabaseresistanceRB.Inthemodelshowninthefigure, 
pisaconstant. 



FIGURE 8.54 




FIGURE 8.55 




a) Drawthesmall-signalequivalentcircuitfortheBJTamplifiershowninFigure8.55. 
Usethesmall-signalequivalentcircuittoderivethesmall-signalgainoftheamplifier. 

k) Drawthesmall-signalequivalentcircuitfortheBJTamplifiershowninFigure8.56. 
Noticethattheresistordividerprovidesthenecessarybiasvoltage.Usethesmall- 
signalequivalentcircuittoderivethesmall-signalgainoftheamplifier. 

problem 8.6 Consider the MOSFET-based amplifier circuit discussed in 
Problem7.8(Figure7.79). Assuminganinputbiaspointvoltage Vi, drawthesmall- 
signalcircuitequivalentoftheamplifier.Determinethesmall-signalgainoftheamplifier. 
AssumethroughoutthattheMOSFEToperatesinitssaturationregion. 

problem 8.7 Consider again the amplifier circuit discussed in Problem 7.8 
(Figure7.79).Supposethattheamplifierisbiasedsuchthatvi =vo atthebiaspoint. 
Drawthesmall-signalcircuitequivalentoftheamplifierassumingthisbiaspoint.Deter- 
minethesmall-signalgainoftheamplifieratthisbiaspoint.AssumethattheMOSFET 
operatesinitssaturationregion. 

problem 8 . 8 ConsiderthecommongateamplifiercircuitshowninFigure7.82, 

andanalyzedearlierinProblem7. 1 1 .AssumethattheMOSFEToperatesinitssaturation 
region, andischaracterizedbytheparametersVTandK. 



a) DrawtheSCSequivalentcircuitbyreplacingtheMOSFETbyitsSCSmodel. 

b) Determinetheoutputoperating-pointvoltageV OUT andoperating-pointcurrent 
iDintermsofaninputoperating-pointvoltageV in 

c) Assuming an input bias point voltage ViN, draw the small-signal model of the 
amplifier. 



FIGURE 8.56 



d) Determinethesmall-signalgainvout/vinoftheamplifier. 
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e) Deternrinethesmall-signaloutputresistanceoftheamplifier.Thatis,determinethe 
equivalentresistanceoftheamplifierattheoutputportofitssmall-signalmodel 
withvi=O.Isthesmall-signaloutputresistancegreaterthan,lessthan,orequalto 
thatofthe‘ ‘commonsource’ ’amplifiershowninFigure8.50? 

f) Determinethesmall-signalinputresistanceoftheamplifier.Thatis,determinethe 

equivalent resistance of the amplifier at the input port of its small- signal model. 
Isthesmall-signalinputresistancegreaterthan, lessthan, orequaltothatofthe 
‘ ‘ commonsource ’ ’ amplifiersho wninF igure8 . 50? 

problem 8.9 Consider the circuit illustrated in Figure 7.86 and analyzed in 
Problem 7.15. Assume that the MOSFET operates in its saturation region, and is 
characterizedbytheparametersVTandK. 

a) DrawtheSCSequivalentcircuitbyreplacingtheMOSFETbyitsSCSmodel. 

b) Determinetheoutputoperating-pointvoltageV o andoperating-pointcurrentlD 
intermsofaninputoperating-pointvoltageVi. 

c) AssuminganinputbiaspointvoltageVi,drawthesmall-signalmodel. 

d) Determinethesmall-signalgainvo/vi. 

e) Determinethesmall-signaloutputresistance. 

f) Determinethesmall-signalinputresistance. 

problem 8.10 ConsiderthecircuitillustratedinFigure7.87andanalyzedin 
Problem 7.16. Assume that the MOSFET operates in its saturation region, and is 
characterizedbytheparametersVTandK. 

a) DrawtheSCSequivalentcircuitbyreplacingtheMOSFETbyitsSCSmodel. 

b) Determinetheoutputoperating-pointvoltageV o andoperating-pointcurrentlD 
intermsofaninputoperating-pointvoltageVi. 

c) AssuminganinputbiaspointvoltageVi,drawthesmall-signalmodel. 

d) Determinethesmall-signalgainvo/vi. 

e ) Determinethesmall-signaloutputresistance. 

f) Determinethesmall-signalinputresistance. 

problem 8.1 1 Thisproblemstudiesthesmall-signalanalysisoftheamplifier 

analyzedinProblem7.14(seeFigure7.85).AssumethattheMOSFEToperatesinits 

saturationregion,andischaracterizedbytheparametersVTandK. 

a) Drawthesmall-signalequivalentcircuitoftheamplifierdrivingtheloadresistorRE, 
as suminganinputbias voltage V I. 

k) Determinethesmall-signalgainoftheamplifierwhenitisdrivingtheloadRE. 
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problem 8.12 Thisproblemstudiesthesmall-signalanalysisofthecircuitana- 
lyzed in Problem 7.17 (see Figure 7.88). Assume that the MOSFET operates in its 
saturationregion,andischaracterizedbytheparametersVTandK. 

a) Drawthesmall-signalequivalentcircuitassuminganinputbiasvoltageVi.Whatis 
thevalueofgmfortheMOSFETunderthegivenbiasingconditions? 

k) Determine the small-signal voltage gain vo/vi. What does the vo/vi expression 
simplifyto wheneachofgmRi ,gmR2,andgmRLisrnuchgreaterthan 1 ? 

problem 8.13 This problem studies the small-signal analysis of the source 

follower(orcommoncollector)BJTcircuitanalyzedinProblem7.18(seeFigure7.89). 

AssumethattheBJToperatesinitsactiveregionthroughoutthisproblem. 

a) Determinetheoutputoperating-pointvoltageV o andoperating-pointcurrentlE 
intermsofaninputoperating-pointvoltageVi. 

k) AssuminganinputbiaspointvoltageVi,drawthesmall-signalmodelofthesource- 
followeramplifier. 

c) Determinethesmall-signalgainvo/vioftheamplifier. 

d) Determinethesmall-signaloutputresistanceofthesourcefolloweramplifier.Isthis 
resistancegreaterthan,lessthan,orequaltothatofthe“commonemitter” amplifier 
analyzedinExercise8.7andshowninFigure8.5 1 ? 

e) Determinethesmall-signalinputresistanceoftheamplifier.Istheinputresistance 
greaterthan,lessthan,orequaltothatofthe“commonemitter”amplifiershown 
inFigure8.51? 

f) Determinethesmall-signalcurrentandpowergainofthesourcefolloweramplifier. 

AssumeforthispartthattheamplifierisdrivinganoutputloadofRo connected 

betweentheoutputnodeandground. 

problem 8.14 Consideragainthecompoundthree-terminaldeviceformedby 
connectingtwoB JT sintheconfigurationsho wninFigure7 . 90(Problem7 .19). This 

problemrelatestothesmall-signalanalysisofthisdevice.AssumethatthetwoBJTsare 
identical, eachwithp=100,andthateachoftheBJTsoperatesintheactiveregion. 

a) Drawtheactive-regionequivalentcircuitofthecompoundBJTbyreplacingeachof 

theBJTsbythepiecewiselinear(largesignal)modelshowninExercise7. 8. Clearly 
labeltheC,B ,andEterminals. 

b) Developasmall-signalmodelcontainingasingledependentcurrentsourceforthe 
compounddevicebylinearizingthecircuitmodelin(a)andsimplifyingsuitably. 
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Tothispointinourstudyofelectroniccircuits,timehasnotbeenimportant. 

Theanalysesanddesignswehaveperformedsofarhavebeenstatic, andall 

circuitresponsesatagiventimehavedependedonlyonthecircuitinputsat 

that time. An important consequence of this is that our circuits have so far 

respondedtoinputchangesinfinitelyfast.Thisofcoursedoesnothappenin 

reality.Circuitsdotaketimetorespondtotheirinputs,andthisdelayisoften 

ofsignificantimportance. 

Asanexampleofcircuitdelays,andtheimportanceoftimeindescribingthe 
responseofacircuit,considerthetwocascadedinvertersshowninFigure9.1. 
Theidealresponseofthefirstinverter,basedonouranalysisofelectroniccircuits 
tothispoint, isshowninFigure9.2. Asquare-waveinputyieldsaninverted 
square- wave output. However, in reality, the output shown in Figure 9.3 is 
morelikelytooccur, whichisamuchmorecomplexfunctionoftime. This 
example is discussed in detail in Section 10.4, where we will show that the 
complex time behavior shown in Figure 9.3 directly relates to the speed at 
whichcircuitscanoperate.Inthischapter,wewilllaythefoundationforthat 
discussion. 

Inordertoexplainthetemporalbehaviorofcircuitresponsessuchasthat 
showninFigure9.3,wemustintroducetwonewelements,namelycapacitors 
and inductors. For example, we shall see that it is a capacitance internal to 
theMOSFETthatisresponsibleforthenon-idealinverterresponseshownin 
Figure9.3.Forsimplicity,wedidnotmodelthatcharacteristicoftheMOSFET 
inearlierchapters,butwewillbegintodosonowinSection9.3. 1 . 

Thereareotherwaysinwhichacapacitanceoraninductancecaninad- 
vertently slow down a circuit. One way is shown in Figure 9.4. This figure 




FIGURE 9.1 Twocascaded 
inverters. 
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FIGURE 9.2 Idealresponseofthefirstinvertertoa FIGURE 9.3 Observedresponseofthefirstinvertertoa 

square- waveinput. square- waveinput. 



FIGURE 9.4 Thebehaviorof 
arealinterconnectbetweentwo 
inverters. 




showstwoinverterscommunicatingoveralonginterconnect.Aswediscussed 
inChapter l,withinourlumped-circuitabstraction,theinterconnectisperfect. 
Specifically ,bythedefinitionofthelumpedcircuitabstraction(seeSection 1.2), 
thewiresinterconnectingtheelementshavenoresistance.Furthermore,bythe 
lumped matter discipline which underlies the lumped circuit abstraction, the 
wiresandothercircuitelementsstorenoelectricchargeandlinknomagnetic 
fluxoutsidetheelements. Reality, however, isdifferent,andinsomecasesthis 
differenceisimportant.AsFigure9.4shows,anyinterconnecthavingapotential 
difference withitssurroundingsactuallystoresanelectricchargeqthatsources 
anelectricfieldEbetweenthatchargeanditsimage.Furthermore,inorderto 
supplythecharge, acurrentimustflowaroundtheinterconnectloop. This 
currentinturngeneratesamagneticfluxdensityBthatislinkedbytheloop. 

So, realinterconnectsdostoreelectricchargeanddolinkexternalmagnetic 

flux,therebyappearingtoviolatethelumpedmatterdiscipline.Theywillalso 

exhibitanonzeroresistance.Thesefactorscanallcontributetoareductionin 

thespeedofthecircuitasawhole,andattimesitisimportanttostudythese 

effects. 
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Realitynowpresentsuswithadilemma.Ontheonehand,wewishtowork 
withintheframeworkofthelumpedcircuitabstractionsothatthecircuitswe 
study all fit within this easily-managed framework. On the other hand, we 
shouldnotbeforcedtoignorecircuiteffects, inthiscaseparasiticresistance, 
capacitance, andinductance, thatsignificantlyaffectcircuitperformance. The 
resolutionofthisdilemmaisthemodelingcompromisementionedinChapterl. 
Figurel.27inChapterlusedanidealwireinserieswithalumpedresistanceto 
modelaphysicalwirewithsomeparasiticresistance. Similarly, wewillintroduce 
lumpedcapacitorsandlumpedinductorstomodeltheeffectofthechargeand 
theflux. AsillustratedinFigure9.5, acapacitorcomprisingapairofparallel 
plates collects the positive and negative charge on its plates and effectively 
modelsthedistributedcharge.Noticethatbecausethecapacitorcontainsequal 
positive and negative charges the net charge within the capacitor element is 
zero,therebysatisfyingthelumpedmatterdiscipline.Thus,thecapacitorcan 
beviewedasalumpedelement. Inlikemanner, wewillintroducealumped 
inductortomodeltheeffectofthefluxlinkedwiththewiresasillustratedin 
Figure9.6.Thelumpedmatterdisciplineissatisfiedbecausethefluxisentirely 
contained inside the lumped inductor, and there is no net flux outside the 
element. 

B yusinglumpedresi stor s , capacitors , andinductor stomodeltheeffec t 
oftheresistance, charge, andfluxassociatedwiththephysicalwiringofthe 




FIGURE 9.5 Thecapacitor 

modelstheeffectofthedistributed 

charge. 



0 



FIGURE 9.6 Theinductor 
modelstheeffectoftheflux. 
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(a) 



E l E 
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FIGURE 9.7 Capturingtheparasiticeffects 
ofresistance, charge, andfluxthroughtheuse 
ofresistors ,c apacitors , andinductors , 
respectively.Capacitorsandinductorsare 
formallyintroducedinSection9. 1 . 
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' 0 

Ci 



(b) 

FIGURE 9.8 Twodifferentlumpedmodelsfor 
aninterconnectthataccountforinterconnect 
resistance, capacitance, andinductance. 



circuit, as showninFigure9. 7, the wiring withintheaugmentedcircuitmodel 
remainsperfectinkeepingwiththelumpedcircuitabstraction.Inthefigure,the 
interconnectresistance, capacitance, andinductanceareRi,Ci,andLiintotal, 
respectively. 

Figure9.7representsoneofthesimplestmodelsusedtomodelrealinter- 
connects. For more accuracy, since we can use as many additional lumped 
elements as we wish, we can arbitrarily approach the distributed modeling 
limit, althoughingeneralthisisnotnecessary.Forexample,thetwomodels 
sho wninFigure9 . 8doabetterj obofmodelingreality .Theinterconnectmodel 
inFigure9.8aisa‘ 4 ’ ’modelinwhichtheresistanceandinductanceisplaced 
betweenthesplitcapacitance . TheinterconnectmodelinF igure9 . 8bisa 4 4 T ” 
modelinwhichthecapacitanceisplacedbetweenthesplitresistanceandinduc- 
tance.AsdiscussedinSection9.3.1,wewilladoptasimilarlumpedmodeling 
approachtothecapacitancesatworkwithintheMOSFET. 

Fromtheprecedingdiscussionitmightappearthatcapacitorsandinductors 
appearonlyasparasiticsincircuits,causingundesirabledelays.Thisisfarfrom 
thetruth.Whiletheycananddoactinthatrole,theyarealsooftenpurposefully 
introducedintocircuits,bothasdiscretedevicesonbreadboardsandprinted- 
circuitboards,andasintegrated-circuitcomponentsonachip(seeFigures9.9 
and9.10forexamplesofcapacitorsandinductors,respectively).Forexample, 
theyarethecomerstonesofmemories, filters, samplers, andenergyprocessing 
circuits.Weshallseemanyexamplesoftheseinfuturechaptersaswell.Thus, 
wehavemanyreasonstostudycapacitorsandinductors. 
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FIGURE 9.9 Examplesof 

discretecapacitors(left)and 

integrated-circuitcapacitors(right). 

Theimageontherightshowsa 

smallregionoftheMaxim 

MAX 1 062analog-to-digital 

converterchipanddepictsanarray 

ofpolysilicon-to-polysilicon 

capacitors, eachmeasuring 

1 5 . 9p mby 15.9pm. (Photograph 

CourtesyofMaximlntegrated 

Products.) 




FIGURE 9.10 Examplesof 
discreteinductors . (Photograph 
CourtesyofMaximlntegrated 
Products.) 



9.1 CONSTITUTIVE LAWS 

Inthis section, weformallyintroducethecapacitorandinductorintheabstract, 
anddeveloptheconstitutivelawsthatrelatetheirbranchvariables. Capacitors 
and inductors, which are the electric and magnetic duals of each other, dif- 
ferfromresistorsinseveralsignificantways. Mostimportantly, theirbranch 
variablesdonotdependalgebraicallyuponeachother. Rather, theirrelations 
involvetemporalderivativesandintegrals.Thus,theanalysisofcircuitscontain- 
ingcapacitorsandinductorsinvolvedifferentialequationsintime.Toemphasize 
this,wewillexplicitlyshowthetimedependenceofallvariablesinthischapter. 

9.1.1 CAPACITORS 

To understand the behavior of a capacitor, and to illustrate the manner in 
which a lumped model can be developed for it, consider the idealized two- 
terminallinearcapacitorshowninFigure9. 1 1 .Inthiscapacitoreachterminalis 
connectedtoaconductingplate.Thetwoplatesareparallelandareseparated 
byagapoflengthl.TheirareaofoverlapisA.Notethatthesedimensionswill 
befunctionsoftimeifthegeometryofthecapacitorvaries. Thegapisfilled 
withaninsulatinglineardielectrichavingpermittivity. 
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FIGURE 9.11 Anidealized 
parallel-platecapacitor. 




Ascurrententersthepositiveterminalofthecapacitor, ittransportsthe 
electricchargeqontothecorrespondingplate;theunitofchargeistheCoulomb 
[C]. Simultaneously, anidenticalcurrentexitsthenegati veterminalandtrans- 
portsanequalchargeofftheotherplate. Thus, althoughchargeisseparated 
within the capacitor, no net charge accumulates within it, as is required for 
lumpedcircuitelementsbythelumpedmatterdisciplinediscussedinChapterl. 

plateTheproducechargeanqelectriconthepositivefieldwithinplatetheanddielectric.itsimagel 

tchargefollo ws-qfromontheMaxwell ’ snegative 

Equations and the properties of linear dielectrics that the strength E of this 
fieldis 

anditsdirectionpointsfromthepositiveplatetothenegativeplate.Theelectric 

fieldcanthenbeintegratedacrossthedielectricfromthepositiveplatetothe 

negativeplatetoyield 



v(t)=l(t)E(t). 

CombiningEquations9 . 1 and9 . 2thenresultsin 



q(t)= A^Mt). 
Kt) 



(9.3) 



Wedefme 






A(t) 

l(t) 






whereCisthecapacitanceofthecapacitorhavingtheunitsof'Couloinbs/Volt, 

orFarads[F].SubstitutingforthecapacitanceinEquation9.3,weget 



q(t)=C(t)v(t). 



(9.5) 
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with the latter being the element law for a linear time -invariant 

capacitor. 
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elementinallintegratedcircuits.Toseethisproperty,weintegrateEquation 

9.6toproduce 

t 

i(t)dt (9.11) 

C l (t)= -00 

or,withthesubstitutionofEquation9.8,toproduce 

t 

i(t)dt. (9.12) 

v(t)= Cl 

—oo 

Equation 9.12 shows that the branch voltage of a capacitor depends on the 
entirepasthistoryofitsbranchcurrent,whichistheessenceofmemory.This 
isinmarkedcontrasttoaresistor(eitherlinearomonlinear),whichexhibitsno 
suchmemoryproperty. 

Atfirstglance,itmightappearthatitisnecessarytoknowtheentirehistory 
ofthecurrentiindetailinordertocarryouttheintegralsinEquations9 . 1 1 and 
9.12. Thisisactuallynotthecase. Forexample, considerrewritingEquation 
9. lias 



q(t2)= 



t2 

i(t)dt 



t2 



= i(4)dt+ 

t2 



1 i(t)dt 

—oo 



= i(fo)dt+q(ti). 



(9.13) 



Thelatterequalityshowsthatq(ti)perfectly summarizes, ormemorizes, the 

entire accumulated history of i(t) for t < tl. Thus, if q(tl) is known, it is 
necessary andsufficienttoknowionlyovertheintervalt <t^t inordeo 

todetermineq(t ^.Forthisreason,qisreferredtoasthestateofthecapacitor. 
Forlineartime-invariantcapacitors, vcanalsoeasilyserveasastatebecause 
visproportionallyrelatedtoqthroughtheconstantC. Accordingly, wecan 
re writeEquation9 . 1 2as 



1 

V(t2)= C 

1 

= C 



1 

c 



t2 

i(t)dt 



t2i(t)dt+Cl 

ti 

t2 



tl 

i(t)dt 

— 00 



tl i(t)dt+v(ti). 



(9.14) 
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Thus, weseethatv(tl)alsomemorizestheentireaccumulatedhistoryofi(t) 
fort<tiandcanserveasthestateofthecapacitor. 

Associatedwiththeabilitytoexhibitmemoryisthepropertyofenergy 
storage, whichisoftenexploitedbycircuitsthatprocessenergy.Todetermine 
theelectricenergywEstoredinacapacitor,werecognizethatthepowerivis 
therateatwhichenergyisdeliveredtothecapacitorthroughitsport.Thus, 



dwF , (t) =i(t)v(t). (9.15) 

dt 

Next,substituteforiusingEquation9.6,cancelthetimedifferentials,andomit 

theparametrictimedependencetoobtain 



dwE=vdq. 



(9.16) 



Equation9 . 1 6isastatementofincrementalenergy storage withinthecapacitor. 
Itstatesthatthetransportoftheincrementalchargedqfromthenegativeplate 
ofthecapacitortothetopplateacrosstheelectricpotentialdifferencevstores 
theincrementalenergydwE withinthecapacitor. T oobtainthetotalstored 
electricenergy , wemustintegrateEquation9 . 1 6 withvtreatedasafunction 
ofq.Thisyields 



q 

WE= v(0L)dx 



(9.17) 



wherexisadummyvariableofintegration. Finally, substitutionofEquation 
9 . 8andintegrationyields 



q2(t) Cv(t)2 

i ( -o— 

Storedenergy=wE(t)= 2C = 2 

astheelectricenergystoredinacapacitor.TheunitsofenergyistheJoule[J],or 

Watt-second.Unlikearesistor,acapacitorstoresenergyratherthandissipatesit. 

Capacitorscomeinanenormousrangeofvalues.Forexample,twopieces 
ofinsulatedwireaboutaninchlong,whentwistedtogether,willhaveacapaci- 
tanceofabout 1 picofarad( 1 0- 1 2farads) . Alo w- voltagepo wer supplycapacitor 
aninchindiameterandafewincheslongcouldhaveacapacitanceofl 00,000 
microfarads(0. 1 farad; 1 microfarad, abbreviatedaspF, is 10-6F). 

Arealcapacitorcanexhibitricherbehaviorthanthatdescribedhere. For 
example, leakagecurrentcanflowthroughitsdielectric.Thepracticalsignifi- 
canceofdielectricleakageisthateventuallythechargestoredonacapacitor 
can leak off. Thus, eventually a real capacitor will lose its memory. Fortu- 
nately, capacitorscanbemadewithverylowleakage(inotherwords, with very 
high resistance) in which case they are excellent long-term memory devices. 
However, ifthedielectricleakageislargeenoughtobesignificant,thenitcan 
bemodeledwitharesistorinparallelwiththecapacitor. 
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Othernon-idealitiesincludethedistributedseriesresistance,andevenseries 
inductance, thatarisesinfoil-woundcapacitorsinparticular.Thesecharacter- 
isticslimitthepower-handlingcapabilityofarealcapacitor,andthefrequency 
rangeoverwhicharealcapacitorbehaveslikeanidealcapacitor.Theycanoften 
beexplicitlymodeledwithasingleseriesresistorandinductor, respectively. 



example 9.1 parallel plate capacitor Suppose the 

parallel-plate capacitor in Figure 9.11 is 1 m square, has a gap separation of 1 pm, 
andisfilledwithadielectrichavingpermittivityof2 , where -8.854x1 0i2F/m 

isthepermittivityoffreespace.Whatisitscapacitance?Howmuchchargeandenergy 
doesitstoreifitsterminalvoltageis 1 00V ? 

ThecapacitanceisdeterminedfromEquation9 .4 with= 1.8x10-1 iF/m,A= 1 m2 

andl= 1 0-6m. Itis 1 8 p F.ThechargeisdeterminedfromEquation9 . 8 withv= 1 00 V . 

Itis 1 . 8mC .Finally ,thestoredenergyisdeterminedfromEquation9 . 1 8 .Itis90mJ. 



9.1.2 INDUCTORS 

AswesawinSection9. 1 . 1 ,fromtheperspectiveofmodelingelectricalsy stems, 
thecapacitorisacircuitelementtomodeltheeffectofelectricfields. Corre- 
spondingly, theinductormodelstheeffectofmagneticfields . T ounderstand 
thebehaviorofaninductor, andtoillustratethemannerinwhichalumped 
modelcanbedevelopedforit,considertheidealizedtwo-terminallinearinduc- 
torsho wninFigure9 .13. Inthisinductoracoil withaterminaloneachend 
iswoundwithNturnsaroundatoroidalcoremadefromaninsulatorhaving 
magneticpermeabilityp.Thelengtharoundthecoreislanditscross-sectional 
areaisA.Notethatthesedimensionswillbefunctionsoftimeifthegeometry 
oftheinductorvaries . 

Thecurrentinthecoilproducesamagneticfluxintheinductor.Ideally,this 

magneticfluxdoesnotstraysignificantlyfromthecore,sothatthefluxoutside 
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FIGURE 9.13 Anidealized 
toroidalinductor. 
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theelementisnegligible.Thustheinductorcanbetreatedasalumpedcircuit 

elementthatsatisfiesthelumpedmatterdisciplinediscussedinChapterl.From 

Maxwell’sEquationsandthepropertiesofpermeablematerials,thedensityB 

ofthefluxis 



B(t)=pMO^ (9.19) 

Kt) 

anditsdirectionisaroundthecore.Themagneticfluxdensitycanbeintegrated 

acrossthecoretoyield 



(t)=A(t)B(t) 

whereisthetotalfluxpassingthroughthecore,andhencethroughoneturn 

ofthecoil.SincethefluxislinkedNtimesbytheN-turncoil,thetotalflux 

Alinkedbythecoilis 



A,(t)=N (t)=NA(t)B (t) . 

TheunitsoffluxlinkageistheWeber[Wb] . CombiningEquations9. 19and 

9.21resultsin 



X(i)= p*L 



2A(t)i(t). 

l(t) 



WedefineL,theinductanceoftheinductor,as 



(9.22) 



Ut)= pN 2 A(U (o 03 ) 

Kt) 

LhastheunitsofW eber s/ Ampere, orHenrys[H] .Thatis,inductanceisthe 
numberoffluxlinkagesperampere. Substitutingfor LinEquation9.22we 
obtainthefollowingrelationforthetotalfluxlinkedbytheinductor 



X(t)=L(t)i(t). 



(9.24) 



In contrast to the resistor, which exhibits an algebraic relation between its 
branchcurrentandvoltage,theinductordoesnot.Rather,likethecapacitor,it 
exhibitsanalgebraicrelationbetweenitsbranchcurrentanditsfluxlinkage.Had 
thecorenotbeenmagneticallylinear,thisrelationwouldhavebeennonlinear. 
WhilemostinductorsexhibitsuchnonlinearbehaviorforsufficientlyhighB, 
wewillfocusonlyonlinearinductors. 

AgainfromMaxwell ’ sEquations,therateatwhichfluxlinkagebuildsup 
intheinductoris 

dA(t) 

— =v(t)- 



(9.25) 



468 



CHAPTER NINE 



energy storage elements 



From Equation 9.25 we see that the Volt is equivalent to a Weber/second. 
Equation9.25canbecombinedwithEquation9.24toyield 



v(t)= d(E(t)i(t)) 

dt 



(9.26) 




which is the element law for an ideal linear inductor. For time -invariant 
inductors,Equations9.24and9.26reduceto 






(9.27) 



v(t)=LdidlO), 



(9.28) 



X 

respectively, with the latter being the element law for a linear time -invariant 
inductor. This text will focus primarily on linear time -invariant inductors. 
Nonetheless, many interesting transducers such as motors, generators, and 
other magnetic sensors and actuators, are appropriately modeled with time- 
varyinginductor s . 

ThesymbolforanideallinearinductorisshowninFigure9.14.Itischosen 
torepresentthecoilthatwindstheinductorshowninFigure9. 1 3 . Alsoshown 
inFigure9 . 1 4isagraphoftherelationbetweenthebranchcurrentandflux 
linkageoftheinductor. 

FIGURE 9.14 Thesymboland Oneoftheimportantpropertiesofaninductorisitsmemoryproperty. 

current-flux-linkagerelationforan Toseethisproperty,weintegrateEquation9.25toproduce 

ideallinearinductor.Theelement 
lawforaninductorisv=Ldi/dt. 

t 

v(t)dt (9.29) 

Mt)= _ 




or,withthesubstitutionofEquation9.27,toproduce 

t 

v(t)dt. (9.30) 

i < t >= L1 -00 

Equation9.30showsthatthebranchcurrentofaninductordependsonthe 
entirepasthistoryofitsbranchvoltage, whichistheessenceofmemory. As 
forthecapacitor,thisisinmarkedcontrasttoanidealresistor,whichexhibits 
nosuchmemoryproperty. 

Atfirstglance,itmightappearthatitisnecessarytoknowtheentirehistory 

ofthevoltagevindetailinordertocarryouttheintegralsinEquations9.29 

and9.30.Againasforthecapacitor,thisisactuallynotthecase.Forexample, 
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considerrewritingEquation9.29as 



X(t2)= 



t2 

v(t)dt 



t2 



= v(t)dt+ 

t2 



tl 

v(t)dt 

—oo 



= v(l)dt+X(ti). 



(9.31) 



ThelatterequalityshowsthatA,(ti perfectly summarizes, ormemorizes, the 
entire accumulated history of v(t) for t < tl. Thus, if 2c(ti) is known, it is 



necessaryandsufficienttokno wvqnlyoYertheinteryalt l <t<t. , . inorcferto 
determmeAft i.Forthisreason,A,thetotalnuxlmkedbythecoil,isrererredto 

asthestateoftheinductor.Forlineartime-invariantinductors,icanalsoeasily 

serveasastatebecauseiisproportionallyrelatedtoAfhroughtheconstantE. 

Accordingly , wecanre writeEquation9 . 30as 



1 

i(t2)= l 
1 

= L 
1 



a 

v(t)dt 

—00 

t2 1 “ , ,, 

tl v(t)dt+L — v(t)dt 

—oo 

t2 

tl v (t)dt+i(ti). 



(9.32) 



Equation9.32showsthaticanalsoserveasthestateofaninductor. 

Aswiththecapacitor,associatedwiththeabilitytoexhibitmemoryisthe 
property of energy storage, which is often exploited by circuits that process 
energy .TodeterminethemagneticenergywMstoredinaninductor,werec- 
ognizethatthepowerivistherateatwhichenergyisdeliveredtotheinductor 
throughitsport.Thus, 



dwM(0 =i(t)v(t). (9.33) 

dt 

Next, substituteforvusingEquation9.25, cancelthetimedifferentials, and 
omittheparametrictimedependencetoobtain 



dwM=idl. 



(9.34) 



Equation9.34isastatementofincrementalenergystoragewithintheinductor. 
T oobtainthetotalstoredmagneticenergy , wemustintegrateEquation9 .34 
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withitreatedasafunctionofLThisyields 

X 

(9.35) 

wm= i(^o)dx 

wherexisadummyvariableofintegration. Finally, substitutionofEquation 
9.27 andintegrationy ields 

A2(t) Li(t)2 

_ Storedenergy=wM(t)= 2L “ 2 

as the magnetic energy stored in an inductor. Unlike a resistor, but like a 
capacitor, aninductorstoresenergyratherthandissipatesit. 

Arealinductorexhibitsricherbehaviorthanthatdescribedhere.Forexam- 
ple,itcanexhibitasignificantcoilresistance.Thepracticalsignificanceofthis 
resistance is that it eventually dissipates any energy stored in the inductor. 
Unfortunately, thisresistanceisusuallysignificantsothatinductorsmakepoor 
memory devices. When it is necessary to model this energy loss, the coil 
resistancecanbemodeledasaresistorinserieswiththeidealinductor. 

Other non-idealities include core loss and inter-turn capacitance. These 
characteristics limit the power-handling efficiency of a real inductor, and the 
frequencyrangeoverwhicharealinductorbehaveslikeanidealinductor.They 
canoftenbemodeledwithaparallelresistorandcapacitor, respectively. 

example 9.2 toroidal inductor Supposethetoroidalinduc- 
torinFigure9. 1 3hasacross-sectionalareaof 1 cm2, hasalengtharounditstoroid 

of 1 0cm, hasacoilwith 1 OOturns, andisfilledwithfreespacehavingpermeability 
p° =47i><10-7H/m.Whatisitsinductance?Howmuchfluxdoesitscoillink,and 
whatenergydoesitstoreifitsterminalcurrentisO. 1 A? 

TheinductanceisdeterminedfromEquation9.23withp = 471 xlO-7 H/m, A = 

10-4 m2, 1 = O.lmandN = 100. Itisl3pH.Thefluxlinkageisdeterminedfrom 
Equation9.24withi=0. 1 A.Itis 1 .3 pWb. Finally, thestoredenergyisdetermined 
fromEauation9.36.Itis0.063uJ. 




9.2 SERIES AND PARALLEL CONNECTIONS 

InSection2.3.4,wesawthattheresistancesofresistorsinseriesadd,andthat 

theconductancesofresistorsinparalleladd.Thus,seriesandparallelresistors 

couldberepresentedasasingleresistorwithanappropriateresistance.These 

additionruleslaterbecameusefulasameansofsimplifyingcircuitsandtheir 

analyses. Asweshallseeinthissection,similarrulesmaybederivedforboth 

capacitorsandinductors,andtheserulesareequallyuseful. 



9.2 Series and Parallel Connections 
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9.2.1 CAPACITORS 



ConsiderfirsttheseriescombinationoftwocapacitorsasshowninFigure9. 1 5 ; 
wewillassumeherethatthetwocapacitorswereunchargedatthetimeoftheir 
connection.Sincethetwocapacitorsshareacommoncurrent,itfollowsfrom 
Equation9 . 1 1 thatthey storeacommonchargeq, assho wninFigure9 .15. 

Thus , folio wingEquation9 . 8 , 

q(t)=ClVl(t)=C2V2(t). ' 

Next,usingKVLweobservethat 

v(t)=vi(t)+v2(t). 

Finally, since the effective capacitance C of the two series capacitors is 
q/v,itfollowsthat 

1 v(t) 1 1 , 

C = 9(0 - Cl + C 2 



q 




Cl 

q 

C2 



T 



+ 

Yl 



+ 

V2 



FIGURE 9.15 Twocapacitorsin 
series. 



or, 



C 1 C 2 

C= C 1 +C 2 






wherethesecondequalityresultsfromthesubstitutionofEquation9 . 3 8and 
thenEquation9.37.Thus,weseethatthereciprocalcapacitancesofcapacitors 
in series add. This is consistent with the physical derivation of capacitance 
in Equation 9.4 since placing capacitors in series essentially increases their 
combinedgaplength. 

Now consider the parallel combination of two capacitors as shown in 
Figure 9.16. Since the two capacitors share a common voltage v, it follows 
from9.8that 



v(t)= qiX0-= q2(0 — 
Cl C2 



(9.40) 



q 

..0 qT 

J Cl C2 



FIGURE 9.16 Twocapacitorsin 
parallel. 



Next,usingKCLandEquation9. 1 1 weobservethat 



q(t)=qi(t)+q2(t). 

Finally, sincetheeffectivecapacitanceCofthetwoparallelcapacitorsisq/v ,it 
followsthat 



q(t) 

C= v(t) =Ci+C 2 



424 0) 



where the second equality results from the substitution of Equation 9.41 
and then Equation 9.40. Thus, we see that the capacitances of capacitors 
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FIGURE 9.17 Various 
combinationsofcapacitors 
involvinguptothreecapacitors . 
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FIGURE 9.18 Twoinductorsin 



inparalleladd. Thisisconsistentwiththephysicalderivationofcapacitance 
in Equation 9.4 since placing capacitors in parallel essentially increases their 
combinedcross-sectionalarea. 



example 9.3 capacitor combinations What equivalent 
capacitorscanbemadebycombininguptothreel -juFcapacitorsinseriesand/orin 
parallel? 

Figure9.17showsthepossiblecapacitorcombinationsthatuseuptothreecapacitors.To 

determinetheirequivalentcapacitances,usetheseriescombinationresultfromEquation 

9.39and/ortheparallelcombinationresultfromEquation9.42.Thisyieldstheequivalent 

capacitancesof:(A)lpF,(B)2pF,(C)0.5pF,(D)3pF,(E)1.5pF,(F)0.667pF,and 

(G)0.333pF. 



9.2.2 INDUCTORS 

Consider the series combination of two inductors as shown in Figure 9.18; 
wewillassumeherethatneitherinductorcarriedacurrentatthetimeoftheir 
connection.Sincethetwoinductorsshareacommoncurrenti,itfollowsfrom 
Equation9.27that 

i(t)= *. i (t) = ^21 

T L2 

Ll 

Next,usingKVLandEquation9.29weobservethat 

Finally, since the effective inductance L of the two series inductors is X/i , it 
followsthat 



(9.43) 



(9.44) 



W) 

L= i(t) =Li+L2 






wherethesecondequalityresultsfromthesubstitutionofEquation9.44and 
thenEquation9.43.Thus,weseethattheinductancesofinductorsinseriesadd. 
ThisisconsistentwiththephysicalderivationofinductanceinEquation9.23 
since placing inductors in series essentially increases the total length of core 
aroundwhichtheparallelturnsarewound. 

Now consider the parallel combination of two inductors as shown in 
Figure9 .19. Sincethetwoinductorsshareacommonvoltage,itfollo wsfrom 
Equation9.29thattheyshareacommonfluxlinkageA,,asshowninFigure9.19. 
Thus,followingEquation9.27, 



senes. 



A,(t)=Liil(t)=L2i2(t). 



(9.46) 
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Next,usingKCLweobservethat 



i(t)=il(t)+i2(t). (9.47) 

Finally, sincetheeffectiveinductanceLofthetwoparallelinductorsisA/i , it 

followsthat 



1 L _L’ 

L=W) = Li + L2 



or, 



i 




FIGURE 9.19 Twoinductorsin 
parallel. 



L 1 L 2 

L= L 1 +L 2 






wherethesecondequalityresultsfromthesubstitutionolEquation9.47and 
thenEquation9.46.Thus,weseethatthereciprocalinductancesofinductors 
in parallel add. This is consistent with the physical derivation of inductance 
in Equation 9.23 since placing inductors in parallel essentially increases the 
cross-sectionalareaofthecorearoundwhichthetumsarewound. 

0 

example 9.4 inductor combinations What equivalent 
inductorscanbemadebycombininguptothreel-pHinductorsinseriesand/orin 
parallel? 

Figure 9.20 shows the possible inductor combinations that use up to three induc- 
tors. To determine their equivalent inductances, use the series combination result 
from Equation 9.45 and/or the parallel combination result from Equation 9.48. This 
yieldstheequivalentinductancesof: (A)lpH,(B)0.5pH,(C)2pH,(D)0.333pH, 

(E)0.667pH,(F)1.5pH,and(G)3pH. FIGURE 9.20 Variouscombi- 

nationsofinductorsinvolvingupto 

threeinductors. 

9.3 SPECIAL EXAMPLES 

Inthissection,weexamineseveralparasiticcapacitancesandinductancesthat 
are commonly encountered inside integrated circuits, and in external wiring 
connectionstothemandothercircuitelements.Thereisagainthedangerthat 
thisdiscussionimpliesthatcapacitorsandinductorsappearmostcommonly 
as parasitics in circuits. This is certainly not the case. Rather, we examine 
the parasitics here primarily for interest sake, and because they will provide 
interestingandimportantcircuitexamplesinfuturechapters. 
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9.3.1 MOSFET GATE CAPACITANCE 

LetusnowtakeacloserlookatthestructureandoperationoftheMOSFET 
in order to better understand its dynamic behavior. Figure 9.21 reviews the 



FIGURE 9.21 MOSFET 
structure. 
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FIGURE 9.22 MOSFETwithapositive 

voltageappliedatthegaterelativetothe 

sourceandsubstrate. 
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FIGURE 9.23 Electricchargeandfieldwithin 

theMOSEETwithapositiyevoltageappliedatthe 

gaterelativetothesourceandsubstrate. 



structureofthen-channelMOSFET.Thefigureidentifiesitsn+-typesource 

anddrain,itsp-typesubstrate,itschannelregion,itsgateconductor,andthe 

silicondioxidedielectricthatseparatesitsgateandchannel. 

Figure9.22showsthesamen-channeTMOSFETwithitssourceandsub- 

strate grounded, and positive voltages applied to its gate and drain. As the 

positivegatevoltageisapplied,electronsflowfromthesourceintothechannel 

andaccumulatebeneaththegate.Whenthegatevoltageexceedsthethreshold 

voltageoftheMOSFET,theelectrondensitybeneaththegatebecomessuffi- 

cientlyhightoinvertthechannelfromp-typesiliconton-typesilicon.Thus,a 

continuousn-typechannelformsbetweenthesourceanddrain,therebyallow- 

ingelectronstoflowfromthesourcetothedrain,andhencecurrenttoflow 

fromthedraintothesource,intheresponsetothepositivedrainvoltage. 

The important observation here from Figure 9.22 is that in the process 
ofinvertingitschannel, andturningitselfon, theMOSFET actuallyformsa 
parallel-plate capacitor between its gate and channel. This is emphasized in 
Figure9.23,whichshowstheelectricfieldEinthesilicondioxideemanating 
fromthepositivechargeonthegateandterminatingonthenegativechargein 
thechannel.ComparingthisfiguretoFigure9 . 1 1 leadstotherealization(from 
Equation9.4)thatthegate-to-channelcapacitanceisapproximately 

oxLW 

d 




productLWisthegatearea. 



Sincetheelectronsthatfillthechanneloriginatefromthesource,andsince 
their image charges reside on the gate, the gate-to-channel capacitance that 
we identified in Figures 9.22 and 9.23 appears between the gate and source 
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oftheMOSFETwhenviewedfromtheMOSFET terminals. Forthisreason 
thecapacitanceisusuallyreferredtoasthegate-to-sourcecapacitanceofthe 
MO SFET , orCGS . Inother words , 



Cgs 



oxLW. 



( 9 . 19 ) 



Often, the ratio ox/d is referred to as Cox, the gate-to-channel 
capacitanceperunitareaoftheMOSFETgate.Inotherwords, 



Cox = ox — 
d 




Thisrealizationalsoleadstotheaugmentedswitch-resistor-capacitor(SRC) 
modeloftheMOSFETshowninFigure9.24.Here,alumpedcapacitorisadded 
totheSRmodeltoaccountforthechargethatmustbesuppliedtothegate 
conductorandchannelinordertoturnontheMOSFET.Thus, wedevelop 
amodelthatdescribesthebehavioroftheMOSFETyetsatisfiesthelumped 
matterdiscipline. 

BecausetheSRCmodelcontainsacapacitorbetweenthegateandsource 
terminalsoftheMOSFET,acurrentwillflowintothegateterminalandout 
from the source terminal of that model as the gate -to- source voltage of the 
MO SFET varies. This current transports the charge that accumulates within 
theMOSFETasseeninFigures9.22and9.23. FollowingEquation9.9, the 
currentisgivenby 



dvGS 

ic=C GS 



(9.50) 



VGS < VT 
OFF State 




;D 



RON 



S 



VGS > VT 
ON State 



where 



Cgs=CoxLW. 



FIGURE 9.24 Theswitch- 
resistor-capacitor(SRC)model 
(9.51) oftheMOSFET. 



FromEquation9.50wecannowbegintoseethereasonfortheinverterbehavior 
observedinFigure9 . 3 .Itwilltaketimeforthegatecurrenttotransportcharge 
ontothegate , andhenceit willtaketimeforthegate voltagetorise . Thus , it 
willtaketimefortheinvertertopassasignalfromitsinputtoitsoutput.We 
willha vemoreto say aboutthi sinS ection 10.4. 

Finally, itisimportantrealizethatthedynamicbehaviorofarealMOSFET 
is actually much more complex than described here. In reality a MOSFET 
actuallyhasmanyinternalcapacitancesofimportance, includingcapacitances 
betweenitsgateanddrain,itsgateandsource,itsgateandsubstrate,itsdrain 
andsource,itsdrainandsubstrate,anditssourceandsubstrate.Further,most 
ofthesecapacitancesareactuallyfunctionsofvGSandvDS.Forourpurposes, 
wewillworkprimarilywithCGSandassumethatitisaconstantcapacitance. 
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FIGURE 9.25 MOSFETgates 
withdifferentdimensions ; all 
dimensionsinthefigurearein|um. 




example 9.5 gate capacitances of mosfets Figure9.25 

shows the top view of several rectangular MOSFET gates fabricated within an 

integratedcircuit. Letusassumethatthesilicon-dioxidedielectricischaracterizedby 

Cox~4fF/pm2,andfindthegatecapacitancesCGSforeachMOSFET. 

Todoso, weuseEquation9.51. Tobegin, noticethatMOSFETsM3, M4, andM5 
must have the same capacitance because they have the same area of 12 pm2 . Their 
capacitanceistherefore48fF.MOSFETM5hasthebiggestareaof36pm2, andso 

ithasthebiggestcapacitanceofl44fF,whileMOSFETM2hasthesmallestareaof 
9pm2, andsoithasthesmallestcapacitanceof36fF.MOSFETsMlandM7have 

capacitances64fFand 1 08fF, respectively. 



9.3.2 WIRING LOOP INDUCTANCE 




FIGURE 9.26 Awiringloop. 



The most common parasitic inductance is the inductance associated with a 

wiringloop.Inthelumpedcircuitabstraction,thisinductanceisignoredunless 

it is explicitly modeled in a circuit using an additional lumped inductor. To 

estimatetheinductanceofawiringloop,considerthecircularloopofwirein 

freespaceshowninFigure9.26.TheloophasaloopradiusRandawireradius 

A.ItsinductanceLisgivenapproximatelyby2 



l=h°R Hr a _2 • 

Thisexpressioncanalsobeusedtosuccessfullyapproximatetheinductanceof 

manynoncircularwiringloops. 



2.SeeRamo,Whinnery,andVanDuzer,FieldsandWavesinCommunicationElectronics,P.3 1 1 , 
JohnWiley,1965. 
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example 9.6 inductance of a wiring loop Suppose 

awiringloopinfreespacehasa5-mmdiameterandismadefrom200-pm-thickwire. 

Whati sitsinductance ? 

U singEquation9.52 withR=2.5 x 1 0-3m, A= 1 0-4m,andg °=Ai t x 1 0-7H/m, 
theinductanceisfoundtobe 1 OnH. 



9.3.3 IC WIRING CAPACITANCE AND INDUCTANCE 

LetusnowreturntoFigure9.4,anddevelopamodelforthecapacitanceand 
inductanceoftheconductorsinsideanintegratedcircuit(IC)thatareimplied 
by the figure. Many conductors inside integrated circuits can be modeled as 
aflatconductoraboveaconductingsubstrate, orgroundplane, asshownin 
Figure9.27. 

TheconductorinthefigurehasawidthW,anditislocatedthedistance 
G above the ground plane. Such conductors are typically surrounded by an 
insulatingdielectrichavingapermittivityof > andapermeabilityofp . 

UndertheassumptionthafW G, wecanignorethefringingelectricand 
magneticrieldsaTtheedgesortheconductor.Inthiscase,mecapacitanceCand - 

inductanceL~ oftheconductorperunitlengthalongitslengthisapproximately 



W 



C " G 


(9.53) 


L~ = fiMI. 


(9.54) 



Inothercases, however, thewidthoftheconductorisnotlargecomparedto 
itselevationabovethegroundplane. Anexampleofthisisanarrowprinted 
circuitboardtrace.Insuchcasestheconductormightalternativelybemodeled 
asacylindricalconductoraboveagroundplaneasshowninFigure9.28. 
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FIGURE 9.27 Aflatconductoraboveaconductinggroundplane. 



FIGURE 9.28 Acylindricalconductoraboveaconducting 
groundplane. 
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TheconductorinFigure9.28hasaradiusRandiscenteredthedistance 
Habovethegroundplane. IthasacapacitanceC~ andinductanceL~ perunit 
lengthofapproximately 



C~ = 



In 




2 71 



H 

R + 



H 

ll- 



H2 

r 2 



H2 

R2 



□ 



In R + -II; 



(9.55) 



(9.56) 



alongitslength.Together,theconductorsshowninFigures9.27and9.28can 

beusedtomodelawidevarietyofinterconnects. 

Finally, noticethatforbothinterconnects, 



CL~~ =p°. 

ItfollowsfromMaxwell ’ sEquationsthatthiswillalwaysbethecasefor 
anytwo-wireinterconnecthavingconstantcrosssectionalongitslength.Thus, 
anyefforttoreduceeitherCorLwillresultinanincreaseoftheother. 



example 9.7 capacitance of integrated-circuit 
interconnect Consider an integrated-circuit interconnect, such as the 
one shown in Figure 9.27, with W = 2 pm, G = 0. 1 pm, and = 3.9° . What 
isitscapacitanceandinductanceperunitlength? 

UsingEquations9.53and9.54,C~ =690pF/m =0.69fF/pm,andL~ =63nH/m = 
63fH/pm. 

B 

example 9.8 printed-circuit-board trace Consider 

modelingaprinted-circuit-boardtraceasacylindricalconductoraboveagroundplane, 
as shown in Figure 9.28. Let R = 0.5 mm, H = 2 mm, and = °. What is its 
capacitanceandinductanceperunitlength? 

UsingEquations9.55and9.56,C~ =27pF/m,andL~ =410nH/m. 



9.3.4 TRANSFORMERS 

Atransformerisatwo-portdevicemadebywindingasecondcoilaroundthe 
inductor, forexample,thatshowninFigure9. 1 3 .Letthefirst(orprimary)coil 
haveNlturnsandthesecond(orsecondary)coilhaveN2turns.Thesymbolfor 
anidealtransformerhavingthisconstructionisshowninFigure9.29.Thetwo 
dotsindicatetheendsofthetwocoilsthatarewoundinthesamedirection. 
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FIGURE 9.29 Thesymbolforanidealtransformer. 



FIGURE 9.30 Ausefulmodelforanidealtransformer. 



In an ideal transformer, the coils are wound so tightly against each 
other that each of their turns links the same flux (t). It then follows from 
Equations9 .25 and9 . 2 1 that 



d(t) 



vi=Ni 


dt 




d(t) 


V2=N2 


dt 



(9.57) 

(9.58) 



sothat 



vl (0 - v?(t) (£ 49 ) 

Ni N2 



Inanidealtransformer,thecoreisalsoinfinitelypermeable,thatis,p=oo .For 
asingle-coihnductorcarryingafiniteflux(t)=A,(t)/N,Equation9.22shows 
thatthetotalampere-turnsNi(t)flowingaroundthecorethroughthecoilmust 
vanishaspbecomesinfinite. Inanidealtransformer, thetotalampereturns 
mustsimilarlyvanish,andso 

Niii(t)+N2i2(t)=0 



or 



Niii(t)=-N2i2(t). 

Equations9 . 5 9and9 . 6 1 aretheconstituti veequationsforanidealtransformer . 
B ycombiningEquations9 . 5 9and9 . 6 1 ,itcanbeobservedthat 






v l (t)i l (t)=— V2(t)i2(t) . 

Thus,thepowerflowingintooneportofanidealtransformermustinstanta- 
neouslyflowoutfromthesecondport. Saiddifferently, anidealtransformer 
cannotstoreenergy.Thisisconsistentwithhavinganinfinitelypermeablecore. 

A very useful model for an ideal transformer is shown in Figure 9.30. 
ThismodelusestwodependentsourcestoenforceEquations9 . 5 9and9 .61. 
Thevoltage-dependentvoltagesourceenforcesEquation9.59andthecurrent- 
dependentcurrentsourceenforcesEquation9.6 1 . 
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I(t) 




example 9.9 a transformer Atransformercanbeusedtotrans- 

form the 120- Volt rms utility voltage to a voltage that can power a 5-V DC load. 

Todoso,whatmustbetheapproximateturnsratioofthetransformer? 

Iftheprimaryofthetransformerisconnectedtotheutility,then 

vi=120V2sin(27t 60t), 



FIGURE 9.31 Acurrentsource wherethefrequencyoftheutilityvoltageis60Hz(or60cyclespersecond),or27i 60 

drivingacapacitor. radianspersecond.Thus,theprimaryhasapeakvoltageofl70V.Atthesecondary,it 

isdesiredthatv2haveapeakof5V,andsotheturnsratioshouldbeapproximately 



V(t) 




Ni/N2=34. 

Arealtransformerdesignedforthisapplicationwouldactuallyhaveaslightlysmaller 
turnsratiosothatv2 wouldideallybesomewhatlargerthan5 volts. Thisallowsfor 
voltagedropsacrosscoilresistancesandleakageinductancesfoundinpracticaldevices. 



FIGURE 9.32 Avoltagesource 
drivingacapacitor. 




i(t) 



FIGURE 9.33 Avoltagesource 
drivinganinductor. 




v(t) 



FIGURE 9.34 Acurrentsource 
drivinganinductor. 



9.4 SIMPLE CIRCUIT EXAMPLES 

Tocompleteourintroductiontocapacitorsandinductors,letusnowexamine 

theirbehaviorinthesimplecircuitssho wninFigures9 . 3 1 through9 . 34 .These 

circuitsarethesameasthoseshowninFigures2.25and2.26,exceptforthe 

replacementoftheresistorinthelatterfiguresbythecapacitororinductorinthe 

formerfigures.Becausethetwosetsofcircuitsaresosimilar,wecouldanalyze 

thecircuitssho wninFigures9 . 3 1 through9 . 34usingthesameapproachapplied 

inChapter2tothecircuits sho wninFigures2 .25 and2 . 26 .Alternatively , we 

couldcarryoutanodeanalysisasdevelopedinSection3.3.However,sincethe 

circuitsherearesimple,wewillfollowthemoreintuitiveapproachoutlinedat 

theendofSection2.4,andsavetheformalitiesfortheanalysisofmorecomplex 

circuitsinfuturechapters . 

Considerfirstthecircuitsho wninFigure9 . 3 1 .Inthiscircuit,thecurrentl 
fromthesourcemustcirculatethroughthecapacitor.Thus,thecurrentthrough 
bothelementsiskno wn.Next, folio wingEquation9. 12, the voltagevacross 
thecapacitor,andhenceacrossthecurrentsource,isgivenby 

t 

I(t)dt. (9.63) 

V W=C1 ^ 

Allbranch variablesarenowknown. 

ConsidernextthecircuitshowninFigure9.32.Inthiscircuit,thevoltageV 

fromthesourcemustalsoappearacrossthecapacitor.Thus,thevoltageacross 
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bothelementsisknown.Next,followingEquation9.9,thecurrenticirculating 

throughboththecapacitorandthevoltagesourceisgivenby 



i(t)=cdm 

dt 



(9.64) 



Again, allbranchvariablesarenowknown. 

No wconsiderthecircuitsho wninFigure9 . 3 3 .Inthiscircuit, the voltage 
V from the source must also appear across the inductor, just as it appeared 
acrossthecapacitorinFigure9 . 32 .Thus ,follo wingEquation9 . 30,thecurrent 
circulatingthroughboththeinductorandthevoltagesourceisgivenby 



V(t)dt. (9.65) 

i(t)= LI 

Allbranchvariablesarenowknown. 

Finally, consider the circuit shown in Figure 9.34. In this circuit, the 
current I from the source must circulate through the inductor, just as it did 
throughthecapacitorshowninFigure9.3 1 . Thus, folio wingEquation9. 28, 
the voltage v appearing across both the inductor and the current source is 
givenby 



v(t)=LdIdi£). 



(9.66) 



Onceagain, allbranchvariablesarenowknown. 

In the following subsections, we will consider specific examples of the 
sourcecurrentIandsourcevoltageV.However,beforedoingso,itisworth 
noting the similarity between the analyses of the four circuits we have just 
studied. Because capacitors and inductors are duals of each other, we find 
thatthecircuitsareaswell. Forexample, thecircuitsshowninFigures9.3 1 
and 9.33 are duals. Capacitance interchanges with inductance, and current 
interchanges with voltage, ascanbeseenbycomparingEquations9.63and 
9.65. Similarly, thecircuitsshowninFigures9.32and9.34areduals. Again, 
capacitanceinterchangeswithinductanceandcurrentinterchangeswithvoltage, 
ascanbeseenbycomparingEquations9 . 64and9 . 66 . 

Itisalsointerestingtonotethatthecircuitssho wninFigures9 . 3 1 through 
9.34performeitherintegrationordifferentiationofthesourcecurrentorvoltage 
asitproducesthebranchvoltagesorcurrents,respectively.Thus,ifviewedin 
thiswayeachcircuitisanintegratorordifferentiator.Wewillmakeuseofthis 
capabilityofcapacitorsandinductorsinfuturechaptersaswebuildfiltersand 
othersignalprocessingcircuits. 
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— 9.4.1 SINUSOIDAL INPUTS* 

9.4.2 STEP INPUTS 

Stepfunctions,andtheirintegralsandderivatives,constituteanotherimportant 
classofinputstoelectroniccircuits. So, asanexampleofastepinputtothe 
circuit shown in Figure 9.31 (redrawn here as Figure 9.36 for convenience), 
considerthesourcestepfunction: 




FIGURE 9.36 Acurrentsource 
drivingacapacitor. 



I(t) 




(a) 

v(t) 




0 



I(t)=I° 



t<0 
t 0. 



(9.75) 



> 

Notethatthesourceiszerofort<0,butnonzerofort>0,sothatiteffectively 
turnsonatt=0 . Asketchofthecurrentstepinputissho wninFigure9 .37a. 

To complete the analysis of the circuit, we substitute the correspond- 
ing sourcefunctionfromEquation9 . 7 5 intoEquation9 . 6 3 andcarry outthe 
indicatedintegration.3 ThesubstitutionofEquation9.75intoEquation9.63 
yields 



V(t)= °Il 

C 

6 a 



t<o 



t>0 






forthecircuitsho wninFigure9 . 3 6 .Thisresultissho wninFigure9 .37b. 

Let us now examine the operation of the circuit shown in Figure 9.36 
moreclosely.OncethecurrentsourcestepsitsvaluetoI ,itbeginstodeliver 
charge to the capacitor at that constant rate. The charge then accumulates 
linearlyinthecapacitor,muchlikewaterwouldaccumulateinaglassfroma 
faucetsettodeliverthatwaterataconstantrate.Sincechargeandvoltageare 
proportional through the constant capacitance C of the linear time -invariant 
capacitor, the voltage across the capacitor also increases linearly. This is as 
sho wninFigure9 .37. 

Figure9 .37 alsoillustratesanotherveryimportantpoint,namelythatthe 
chargestoredin,andhencethevoltageappearingacross,acapacitorisacon- 
tinuousfunctionoftime.EventhoughIstepsdiscontinuouslyatt=0,vdoes 
not; the state q, and hence v, is continuous. The only way for v to take a 
discontinuousstepwouldbeforthecurrentsourcetodeliveranonzerocharge 
inzerotime, whichrequiresaninfinitecurrent.Thisisofcoursenotapractical 
possibility, althoughwewillseethatsuchamathematicalconstructioncanbe 
usedveryeffectivelytomodelcertainphysicalphenomena. 



FIGURE 9.37 Thecurrentand 

voltageinthecircuitshownin 

Figure9.36. 



3 .Thisisrelativelyeasyfortheintegration, butaswewillseeshortly, itrequiressomethought 
whenthecircuitinvolvesadifferentiation. 
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The behavior seen in Figure 9.37 also begins to explain the delays seen 
in Figure 9.3, although as we shall see in Chapter 10 the details are slightly 
different. As weseeinFigure9 . 37 ,ittakestimeforafinitecurrentsourceto 
chargeacapacitor,andhencetoraiseitsvoltage.Inthecaseofthetwoinverters 
sho wninFigure9 . 1 ,ittakestimeforthefirstinvertertochangethe voltageat 
theinputtothesecondinverter.Thisisbecauseittakestimeforthefirstinverter 
tochargeanddischargethegate-to-sourcecapacitanceoftheMOSFETinthe 
secondinverter.Thetimeittakesforthisvoltagetocrossthethresholdvoltage 
oftheMOSFETisalsoultimatelyresponsibleforadelayattheoutputofthe 
secondinverter. 



example 9.10 mosfet gate-to-source capacitance 
Supposethatthegate-to-sourcecapacitanceCGS foraparticularMOSFETislOOfF. 
Whatconstantgatecurrentwouldberequiredtoraisethegate-to-sourcevoltageofthat 
MOSFETfromOVto5VinlOns? 



V(t) 




FIGURE 9.38 Avoltagesource 
drivinganinductor. 



ThisproblemiswellmodeledbyFigure9. 3 lwithlbeingacurrentstep.Hence, Equation 
9 . 7 6andFigure9 . 3 7 apply . Sincethevoltageslopeistobe5 V in 1 0ns ,or5 x 1 08 V/s , 

andsincethecapacitanceis 1 00fF,thecurrentmustbe50p A. 

AsecondwaytosolvethisproblemistouseEquation9. 8 withC= 1 00fFandv=5 V 
todeterminethatthegatecurrentmustdeliverachargeof500fC . Sincethischarge 
flowsataconstantrateoveral0-nsperiod.thecurrentmustbe50pA. 

a 

example 9.11 voltage step input to an inductor 
Asournextexample,letusconsideravoltagestepinputofthefollowingform: 



0 

V(t)=V° t>0 



t<0 



(9.77) 



tothecircuitsho wninFigure9 . 3 3 (redrawnhereasFigure9 .38). Thevoltagestepinput 
is sketchedinFigure9 .39a. 

Since they are duals, the operation of the circuit in Figure 9.38 is much the same as 
that of the circuit in Figure 9.36. Once the voltage source steps its value to Y the 
currentthroughtheinductorbeginstoincreaselinearly.Moreformally,thesubstitution 
ofEquation9 .77 intoEquation9 . 65 yields 



0 

i(t)= iY± 

L 

ThisisasshowninFigure9.39b. ' 



t<0 

t>0. 






V(t) 




(a) 

i(t) 




FIGURE 9.39 Thecurrentand 

voltageinthecircuitshownin 

Figure9.38. 
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V(t) 




FIGURE 9.40 Avoltagesource 
drivingacapacitor. 



u(t; T) 




FIGURE 9.41 Therampingunit 
stepfunctionu(t;T) . 



Figure9.39alsoillustratesanimportantpoint,namelythatthefluxlinkedby,andhence 

thecurrentthrough,aninductorisacontinuousfunctionoftime.EventhoughYsteps 

diseontinuouslyatt=0,idoesnot;thestateLandhencei,iseontinuous.Theonlyway 

foritotakeadiscontinuousstepwouldbeforthevoltagesourcetodeliveranonzero 

fluxlinkageinzerotime, whichrequiresaninfinitevoltage.Thisisofcoursealsonot 

apracticalpossibility,althoughwewillseethatsuchamathematicalconstructioncan 

alsobeusedveryeffectivelytomodelcertainphysicalphenomena. 

B 

example 9.12 relay A relay is constructed as an electromagnet that 

opens and closes a mechanical switch. Suppose that the electromagnet can be mod- 

eledasaninductorhavingalO-mHinductance. Supposefurtherthatitwillclosethe 

mechanicalswitchonceitscurrentreacheslOmA.Whatvoltagestepmustbeapplied 

totheelectromagnettoclosetheswitchinlOOps? 

This problem is well modeled by Figure 9.33 with V being a voltage step. Hence, 
Equation9 . 7 8 andFigure9 . 3 9 apply . Sincethecurrentslopeistobe 1 OmAin lOOps, 
orlOOA/s,andsincetheinductanceislOmH,thevoltagemustbelV. 

A second way to solve this problem is to use Equation 9.27 with L = 10 mH and 

i= 1 OmAtodeterminethatthevoltagesourcemustdeliverafluxlinkageof 1 0-4 Wb. 
Sincethisfluxlinkageistobedeliveredataconstantrateoveral 00-p speriod, the 

voltagemustbelV. 



Let us now turn to the circuit shown in Figure 9.32 (redrawn here as 
Figure 9.40). Let us analyze its operation with a voltage source that takes a 
discontinuousstepasexpressedinthefollowingequation 



V(t)= 



0 t<0 

V- t>0 



(9.79) 



u(t) 




FIGURE 9.42 Theunitstep 
functionu(t). 



andsketchedinFigure9 .45 a. 

To analyze its operation with a source that takes a discontinuous 
step, we refer to Equation 9.64, and notice that we must contend with the 
differentiationofthestepatt = 0. Wecandevelopanunderstandingofthis 
differentiationwiththehelpoftherampingunitstepfunctionu(t;T )defined 
inFigure9 .4 1 .Here,u(t;T)isafunctionoftimet,havingtherampdurationT 
asaparameter. 

Notethattherampinu(t;T), whichoccursovertheperiodO < t < T, 
becomesincreasinglysteeperastherampwidthT approachesO. Infact, itis 

u(t;T)inthelimitT^0,orsimplyu(t),asillustratedinFigure9.42.Notice 
thattheidealunitstepisthefunctionatworkinEquation9 .79 .Recognizingthis 
limitingbehavior,ourapproachtodealingwiththedifferentiationofastepwill 
betotakeamoreroundabout,buteasierroute:Wewillcomputetheresponse 
ofthecircuittoarampingunitstepfunction,andthentakethelimitasT— >0. 
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SCt; T ) 




5(t;T) 5(t;T) 6(t; T ) 5(t) 




FIGURE 9.43 Theunit-areapulsefunction 
8(t;T)obtainedbydifferentiatingtheramping 
unitstepfunctionu(t;T). 



FIGURE 9.44 Theunit-areapulsefunctionbecomestheunit 
impulseinthelimitasT— >0. 



Thus,wecanrewriteEquation9.79intermsoftheunitstepfunctionas 



V(t)=V- lmjg(t;T)^V-u(t). * 

Therampingunitstepfunctionu(t;T)canbedifferentiatedtoyieldtheunit-area 
pulsefunction8(t;T)showninFigure9.43.Thisfunctionbecomesincreasingly 
narrowandtallasTapproachesO, butindoingsoitmaintainsunitarea, as 
depictedinFigure9.44.InthelimitT^0,8(t;T)becomestheunitimpulse 
(seetheright-mostgraphinFigure9.44,whichwewillsimplydenoteby8(t). 
Theunitimpulse4hasseveralimportantpropertiesforourpurposes.These 

propertiesare 



8(t)=0 fort=0 

du(t) 

d(t)dt=u(t) ob(t)= dP 

oo8(t)dt=l. 



(9.81) 

44004 

(9.83) 



4.u(t)and5(t)arecommonlyusedtorepresenttheunitstepfunctionandtheunitimpulsefunction, 
respectively. Sometimes, thefollowingnotationisalsoused: uO(t)torepresentaunitimpulseat 
timet=O.Thenotationun(t)isusedtorepresentthefunctionthatresultsfromdifferentiatingthe 
impulsentimes,andthenotationu (t)representsthefunctionthatresultsfromintegratingthe 

impulsentimes. Thusu- 1 (t)representsfheunitstepatti met = 0, u-2(t)theramp, andul(t) 
thedoubletattimet=0. 
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V(0 

0 

Vo 



(a) 

i(t) 

0 

CVo 



(b) 

FIGURE 9.45 Thevoltageand 
currentinthecircuitshownin 
Figure9 . 3 2forastepvoltageinput. 



Eachofthesepropertiescanbededucedfromthepropertiesof8(t;T)inthe 
hmitarereciprocalT^O.Finally,time. notethatinaccordancewithFigure9.43,theunitsof5(t) 

Now that we have the definitions and limiting interpretations of 
u(t;T)and8(t;T)inhand,wecancompletetheanalysisofthecircuitshownin 
Figure9.40withasourcethatstepsdiscontinuously.Supposethatthevoltage 
sourceinthefigureproducestherampingvoltagestepgivenby 



V(t)=V°u(t;T). 



(9.84) 



SubstitutionofEquation9.84intoEquation9.64thenyields 

i(t)=CV»5(t;T). ( 9 - 85 ) 



Equation9.85showsthatthevoltagesourcesuppliesthecurrentCV /Tduring 

theperiodO<t<TasitrampsupthecapacitorvoltagefromOVtoV ;note ° 
that8(t;T)=l/Tduringthatperiod.Inrampingupthecapacitorvoltageto 
V° ,thesourcedeliversthechargeC V inaccordance withEquation9 . 8 .This 

canb &is 

in the limit T — > 0. In this case, V becomes the discontinuous voltage step 
describedbyEquations9 .79and9 . 80,andibecomes 



i(t)=ev°8(t) 

whichisthedesiredresponsetothediscontinuousstepinthesourcevoltage. 
Theformsoftheinputvoltagestepandthecurrentimpulseresponseforthe 
circuitinFigure9 . 32aredepictedinFigure9 .45 . 

ThisresponsecanalsobeobtaineddirectlybysubstitutingEquation9.80 
intoEquation9.64,andthenmakinguseofEquation9.82.Atfirstglance,it 
mightnotappearthatCV 8(t)hastheunitsofcurrent,butitdoesbecauseCV 






hastheunitsofcharge,and8(t)hastheunitsofreciprocaltime.Infact,CV°is 

thetotalchargedeliveredbytheimpulsecurrent. 

Fromourlimitinginterpretationoftheimpulse,weseethatiinEquation 
9.86isacurrentthatinstantaneouslydeliversthechargeCV tothecapacitor 



att=O.Thus,thechargestoredinthecapacitortakesastepatt=0,andso 

thevoltagestepstooasdrivenbythesource.Thisillustratesanimportantpoint 

madeearlier,namelythatittakesaninfinitecurrenttocausethechargestored 

by,andhencethevoltageappearingacross,acapacitortotakeadiscontinuous 

step.Thus,exceptunderunusualcircumstancesinvolvinginfinitecurrents,the 

stateofacapacitorisacontinuousfunctionoftime. 



example 9.13 current step input to a inductor 
Ournextexampleconsidersacurrentstepinputofthefollowingform(andsketched 
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inFigure9.47a): 



I(t)= 



t<0 

t>0 



tothecircuitsho wninFigure9 .34(redrawnhereasFigure9 .46) . 



(9.87) 



Sincetheyareduals,thebehaviorofthecircuitshowninFigure9.46parallelsthatofthe 

circuitshowninFigure9.40.Supposethatthecurrentsourceinthefigureproducesthe 

rampingcurrentstepgivenby 



I(t)=I-u(t;T). 



(9.88) 



SubstitutionofEquation9 . 8 8intoEquation9 . 66thenyields 



v(t)=LI°5(t;T). 



(9.89) 



I(t) 



jiJ “ 

L 



v(t) 



FIGURE 9.46 Acurrentsource 
drivinganinductor. 



Equation 9.89 shows that the current source supplies the voltage LI /T during the 

periodO<t<TasitrampsuptheinductorcurrentfromOAtoI ;noteagainthat 

8(t;T)= 1 /Tduringthatperiod.InrampinguptheinductorcurrenttoL thesource 

deliversthefluxhnkageLI inaccordancewithEquation9.27.Thiscanbeverifiedby 

integratingvoverO<t<T. 

Now consider the circuit behavior described by Equations 9.88 and 9.89 in the 
limit T — ► 0. In this case, I becomes the discontinuous current step described by 
Equation9.87and 

I(t)=I° hmu(t;T)^Lu(t) 

andvbecomes 



v(t)=LI°8(t) 






whichisthedesiredresponsetothediscontinuousstepinthesourcecurrent.Theforms 
oftheinputcurrentstepandthevoltageimpulseresponseforthecircuitinFigure9.46 
aredepictedinFigure9 .47 . 



I(t) 




v(t) 




ThisresponsecanalsobeobtaineddirectlybysubstitutingEquation9.90intoEquation 
9.66, andthenmakinguseofEquation9.82. Atfirstglanceitmightnotappearthat 
LI 5(t)hastheunitsofvoltage,butitdoesbecauseLI hastheunitsoffluxlinkage,and 

5(t)hastheunitsofreciprocaltime.Infact,LI°isthetotalfluxlinkagedeliveredbythe 

impulsevoltage. 

FromourlimitinginterpretationoftheimpulsewenowseethatvinEquation9.91isa 

voltagethatinstantaneouslydeliversthefluxlinkageLI to thei nductoratt=0 . Thu s , 
thefluxlinkedbytheinductortakesastepatt = 0, andsothecurrentstepstooas 
drivenbythesource.Thisillustratesanimportantpointmadeearlier,namelythatittakes 
aninfinitevoltagetocausethefluxlinkedby,andhencethecurrentpassingthrough, 
an inductor to take a discontinuous step. Thus, except under unusual circumstances 
involvinginfinitevoltages.thestateofaninductorisacontinuousfunctionoftime. 



FIGURE 9.47 Thecurrentand 
voltageinthecircuitshownin 
Figure9 . 46forastepcurrentinput . 
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I (t) 

0 “ 



0 

(a) 

I(t) 

0 — 

Q 



0 

(b) 

FIGURE 9.48 (a)Theunit 

impulse8(t);(b)animpulsewith 

areaQ. 



0 

I(t) c 



FIGURE 9.49 Acurrentsource 
drivingacapacitor. 



9.4.3 IMPULSE INPUTS 

Weintroducedimpulsefunctionsintheprevioussection. Recallthatanunit 
impulsedenotedby8(t)hasthefollowingproperties. 



5(t)=0 for t=0 




(9.92) 


8(t)dt=u(t) <=>8(t)= 


du(t) 

dt 


(9.93) 


oo8(t)dt=l. 




(9.94) 



Inotherwords,theimpulse8(t)isnonzerounlyfort=0.Itsintegralproduces 
theumtstepfunction^ndtheareaunderitis 1 . 

Recallfurtherthattheunit-areapulsefunctioninFigure9.44becomesthe 
unitimpulseinthelimitasT — >0. 

Figure9.48ashowsaunitcurrentimpulseandFigure9.48bshowsacurrent 

impulsewithareaundertheimpulseQ.Inotherwords, 



00 

i(t)dt= oc8(t)dt= 1 

forthecurrentinFigure9 .48a, and 



(9.95) 



coi(t)dt= xQ8(t)dt=Q 



(9.96) 



forthecurrentinFigure9 .48b. 

LetusanalyzethecircuitinFigure9 . 3 1 (redrawninFigure9.49forconve- 
nience) foranimpulseinputcurrent withs trengthQ . Inother words , aninput 
currentoftheform: 



+ 

V(t) 



I(t)=Q8(t). 



Recallthatsolvingthecircuitimpliesfindingthevaluesofallthebranch 

variables.Theonebranchvariablethatisunknowninthecircuitisthevoltage 

v(t).Wecanobtainv(t)byintegratingthecurrentthroughthecapacitoras 

v(t)= Ci I( t )dt 



1 

C 



—oo 

1 QS(t)dt 

—oo 



= eiQu(t). 



(9.97) 
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Thus,acurrentimpulseofstrengthQthatoccursattimetdepositsachargeQ 

onthecapacitor Thischargrrrsiiltsinthrcapadtorvoltagrjinnpingto a Q= 

attimetasillustratedinFigure9 .50. 

Before ending this subsection, it is worthwhile to comment on impulse 
sources. Sinceimpulsesareamathematicalinvention,andnotaphysicaloccur- 
rence, it might appear that they have limited practical value. However, this 
isnotthecase.Weoftenencountersourcesthatproduceverynarrowpulses 
ofvoltageorcurrent.Whenthesepulsesaresonarrowthatwedonotreally 
care about the details of their shape, then we can model them very simply 
byanimpulsewithanequivalentarea. Fromamathematicalviewpoint, this 
offersasignificantsavingssinceanimpulsesourceismucheasiertodealwith 
thanasourcethatproducesapulsewithacomplexshape.Thus,impulsesare 
actuallyveryusefulmodeling tools. 

— 9.4.4 ROLE REVERSAL* 

9.5 ENERGY, CHARGE, AND 
FLUX CONSERVATION 

InSection9.2,westudiedtheparallelcombinationofcapacitorsthatstoredno 

chargeatthetimeoftheirconnection,andtheseriescombinationofinductors 

thatlinkednofluxatthetimeoftheirconnection.Inthissection,weextend 

that study to consider connections in the presence of initial charge and flux 

linkage. 

Consider the parallel connection of the two initially -charged capacitors 
showninFigure9.5 1 ;theconnectionoccurs whentheswitchcloses.Wewish 
todeterminethestateofthecapacitorsaftertheswitchisclosed.KCLapplied 
tothebottomnodeofthecircuitdictatesthat 

dq±(Jt)+dq2{JL) — = did(ql(t)+q2(t))=0. (9.98) 

dt dt 



l(t) 




FIGURE 9.50 Thecurrentand 
voltageinthecircuitshownin 
Figure9 . 3 2foranimpulsecurrent 
input. 




+ 

v 



-2 



FIGURE 9.51 Twocapacitors 

Equation9.98statesthatthetotalchargeqi+q2onbothcapacitorsisconstant, connectedinparallelthrougha 

andhenceconservedforalltime,evenastheswitchcloses.Now,lettheswitch switch, 

closeatt = O.Aftertheswitchcloses,thatis,fort > 0,KVLappliedtothe 
loopinFigure9.5 ldictatesthat 



Vl(t)=V2(t), 



(9.99) 



and, withthehelpofEquation9 . 8 ,that 



qi© = <P©- 
Cl C2 



(9.100) 
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We can now use Equations 9.98 and 9.100 to determine the capacitor 
charges, and, with the help of Equation 9.8, the common voltage after the 
switch is closed. To begin, let us denote the charges on the two capacitors 
priortos witchclosureasQ l andQ2.Then,fromEquation9 .9 8 , 



q 1 (t)+q2(t)=Q l +Q2 . 

Next,Equations9 . 1 00and9 .101 canbej ointlysol vedtoyield 

Cl 

qi(t)= Ci+C2(Qi+Q2) 

C2 

q2(t)= Ci+C2(Qi+Q2) 



(9.101) 



(9.102) 

(9.103) 



fort > 0. Finally, Equations9.102and9.103canbesubstitutedinEquation 
9.8toyield 



vi(t)= gi (t) = Q 1 +Q 9 



Cl 



c*+c 2 



(9.104) 



V2(t)= q?(t) = Qi +Q 



C2 



(9.105) 



c'+c 



againfort>0. AccordingtoEquations9 . 1 02and9 . 1 03 ,thecapacitorsshare 
thetotalchargeinproportiontotheircapacitance. 

Whilechargeisconservedduringtheclosureoftheswitch,itisinteresting 
tonotethatenergyisnot.UsingEquation9 . 1 8 ,thetotalenergy storedbetween 
thetwocapacitorsbeforetheswitchisclosedisfoundtobe 



w ^t<0)= Q 21 +2QC2 . (9.106) 

2Ci 2 

UsingEquations9. 102,9. 103, and9. 1 8,thetotalenergystoredaftertheswitch 
isclosedisfoundtobe 



WB(t>0)= C,(Q,»Q2) 2 2C, +C2(Q|+l32) 2 

c +c p p 

= (Ql+Q2)2 C +C 

2(C 1 +C ) 2 



2C2 



(9.107) 
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Thetwoenergiesarenotequal.Further,withalittlealgebraicmanipulation,it 

canbeseenthat 



WE(t<0)-WE(t>0)= 1 C 1 C 2 

2 C 1 +C 2 



Q Q2 2 

c7 ^ 



(9.108) 



andsoenergyisalwayslostduringtheclosureoftheswitch, exceptforthe 

specialcaseinwhichviandv2areequalbeforetheswitchcloses.Wherethelost 

energygoesisnotapparentfromFigure9.51becauseitisanidealizedfigure. 

Perhapstheenergyisdissipatedinthewiresusedtoconnectthetwocapacitors 

andthes witch. Or, perhapsitisdissipatedinasparkastheswitchcloses. It 

mightevenbelostasradiatedelectromagneticenergy. Inanycase, itislost. 

Oneoftheproblemsattheendofthischapterexploresthislossfurther. 

Finally, we note that arguments similar to those presented here can be 
made for inductors connected in series. The corresponding circuit is shown 
inFigure9.52. Initially, theswitchisclosed, allowingeachinductortocarry 
anarbitrarycurrent.Then,theswitchopens.Inthisway,twoinductorswith 
different initial currents are connected in series. Using arguments similar to 
thosepresentedearlieritispossibletodeterminetheinductorcurrentsandflux 
linkagesaftertheswitchopens.Then,itisstraightforwardtoshowthatenergy 
islostduringtheopeningoftheswitch. 



example 9.14 charge sharing in capacitors In 

Figure9.51,supposethatCi=lpFandC2=10pF.Further,supposethatvi=10V 

and v - 1 V before the switch is closed. How much energy is stored in the two 
capacitorsbeforetheswitchisclosed?Also,howmuchenergyislostduringtheswitch 

closure, andwhatisthecommonvoltageacrossthecapacitorsaftertheswitchcloses? 

Tobegin,wefindthechargeoneachcapacitorbeforetheswitchcloses.UsingEquation 
9.8,Qi=10pCandQ2=10pC.Next,useEquations9.102and9.103todetermine 
thatq p20/llpCandq =200/1 lpCaftertheswitchcloses.Equation9.103or 

9. 104canthenbeusedtodeterminethatv =v 1=20/ 1 \ V aftertheswitchcloses. 

Finally, Equations9 . 1 06and9 . 1 08 areusedtodeterminethattheinitialstoredenergy 

is5 5 p J,andthattheenergylostisapproximately3 6 . 8 p J. 



0 



FIGURE 9.52 Twoinductors 

connectedinseriesthrougha 

switch. 
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9.6 SUMMARY 

Inthischapter,weintroducedcapacitorsandinductors,andderivedtheir 
lumped element laws from more fundamental distributed physics. Since 
those element laws involved time derivatives, or alternatively time inte- 
grals, timebecameanimportantvariableinthischapter.Thiswasnotthe 
caseinpreviouschaptersbecausethecircuitswestudiedtherecontained 
only source s ,resistor s , andidealizedMO S FET s , allofwhichhavepurely 
algebraicelementlaws.Becausetimewasanimportantvariableinthischap- 
ter, wealsobegantoconsideraricherclassoffunctionsforthesources 
thatwouldinputsignalsintoacircuit.Thesefunctionsincludedsinusoids, 
steps, andimpulses.Thecircuitresponsestotheseinputsbecameourfirst 
example softransientsinelectroniccircuits. 

Whenwefirstintroducedcapacitorsandinductors,wedidsothroughthe 
effects that parasitic capacitance and inductance can have on the perfor- 
manceofanelectroniccircuit. Thisinturncausedustore-evaluateour 
lumpedmatterdiscipline, underwhichsuchparasiticsdonot, bydefini- 
tion, exist. Intheendwemadeamodelingcompromisetopreservethe 
lumpedmatterdisciplinewhileadmittingtheexistenceofimportantpar- 
asitics.Thatcompromisewastoaugmentanoriginalcircuitwithlumped 
elementstomodeltheimportantparasitics, withtheunderstandingthat 
the augmented model obeys the lumped matter discipline. While this is 
certainlyanimportantissue,itisalsoimportanttorealizethatcapacitors 
andinductorsareusefulwellbeyondthemodelingofparasitics.Asweshall 
seeinfuturechapterstheyarefrequentlyusedonpurpose. 

Throughouranalysisofcapacitorsandinductors,andseveralsimplecircuits 

thatcontainedthem,wehaveseenthattheseelementsexhibitmemoryand 

arecapableofreversibleenergystorage.Asimpleexperimentwillillustrate. 

AsillustratedinFigure9.53, chargeupacapacitorbyconnectingittoa 

power supply (position 1), then disconnect the supply (position 2). The 

capacitorwilT‘remember”thevoltageofthesupplyforhoursifahigh- 

qualitycapacitorisused.Asimilarexperimentperformedwitharesistor 

producesnomemory;whenthepowersupplyisdisconnected,theresistor 

voltageinstantlyfallstozero. 



FIGURE 9.53 Thecapacitor 

holdsitsvoltageforalongperiod 

oftime. 



R (!) 
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Thecorrespondingexperimentonaninductoryieldslessexcitingresults, 
however.EstablishaninductorcurrentbythecircuitinFigure9.54,with 
thes witchinposition 1 .Thenmo vethes witchtoposition2(makebefore 
break). The current will decay to zero in fractions of a second, because 
theenergystoredinthemagneticfieldisrapidlydissipatedintheinternal 
resistanceofthecoil. 



R (l) 


R (l) 


+0 (?) + 
L V - 


(2) 


Rl 





FIGURE 9.54 Theinductor 
holdsitscurrentforaveryshort 
periodoftime. 



Memoryandreversibleenergystoragearecharacteristicsassociatedwith 
the state of the elements: charge in the case of the capacitor and flux 
linkageinthecaseoftheinductor.Thisbehaviorisquitedifferentfromthe 
behaviorofidealresistors.Idealresistorsdonotexhibitmemory,andthey 
irreversiblydissipateenergy. 

Theelementlawforacapacitoris 



i=Cdvdi 



andthatforaninductoris 



v=Ldtdi . 



Theenergystoredinacapacitoris 

q2(t) Cv(t)2. 

d 

wE(t)= 2C = 

Theenergystoredinaninductoris 

A,2(t) 

wM(t)= ~2L~ 2 

Li(t)2. 

Finally, intheprocessofintroducingcapacitorsandinductors,wedefined 
the symbols and units for various physical quantities. These definitions 
aresummarizedinTable9. 1 .Theunitscanbefurthermodifiedwiththe 
engineeringmultiplierslistedinT able 1.3. 
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TABLE 9.1 Electricalengineer- 

ingquantities,theirunits,and 

symbolsforboth. 


Time 

Charge 


t 

q 

t-' 


Second 

Coulomb 


s 

C 

T7 


FluxLinkage 


L 

X 


Weber 


i 1 

Wb 




Inductance 


L 


Henry 


H 




Energy 


w 


Joule 


J 



EXERCISES 



exercise 9.1 Find the equivalent capacitance between the two terminals in 
eachofthenetworksinFigure9 .55. 



(a) 



1 juF 3 pF 

a 



exercise 9.2 Find the equivalent capacitance or inductance for each case in 
Figure9.56. 

exercise 9.3 Considerapowerlineonacomputerbackplanethatis2.5mm 
wide, andseparatedfromitsunderlyinggroundplaneby25 pm. Letthepermittivity 



(b) 1 pF 



0 



3 pF 



andpermeabilityoftheseparatinginsulatorbe2 andp°, respectively. Whatisthe 
capacitanceandinductanceofthelineper 1 Ocmoflength? 

Ifthevoltageonthelineis5V,howmuchenergyisstoredinitscapacitanceperl0cm 
of length? If the current through the line is 1 A, how much energy is stored in its 
inductanceper 1 Ocmoflength? 

exercise 9 .4 Acurrentsourcedrivesacapacitorassho wninFigure9 .57 .The 
sourcecurrentisasshowninFigure9.58forO<t<T.IfthecapacitorvoltageisV°at 



t=T, what wasitatt=0 ? 













0 ’ 




0 


+ 


|x| Qo 

Io 




Kt) 


C 


v(t) 




2 pF 






' 


0 T T 

? 



FIGURE 9.57 Acurrentsourcedrivingacapacitor. FIGURE 9.58 Sourcecurrent. 

FIGURE 9.55 

exercise 9.5 A voltage source drives an inductor as shown in Figure 9.59. 
ThesourcevoltageisasshowninFigure9.60for0<t<T.Iftheinductorcurrentis 

1° att=T, whatwasitatt=0 ? 

exercise 9.6 Figure 9.61 shows four circuits, labeled “ 1 ” through “4,” 
togetherwiththewaveformforthesourceineachcircuit.Thefigurealsoshowsfour 
branch- variablewaveforms,labeled“ a’ ’through 4 ‘d,”thatcouldcorrespondtothebranch 
currentiorbranchvoltagesvlabeledinthecircuits.Matchthebranchvariablewaveforms 
totheappropriatecircuitandsourcewaveform. 
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1 pF 






0 

+ L 




2 pF 


V(t) 



(a) 

1 pF 



a 



10 pF 



(b) 



1 pF 



0 



10 pF 



30 pF 



(c) 



FIGURE 9.59 Acurrentsourcedrivinganinductor. 




FIGURE 9.60 Sourcecurrent. 



1 mH 




2 mH 



(d) 

1 pH 

2 mH 
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1 pH 




1 mH 



(f) 
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0 _ 




0 




t 




t 




t 





(a) (b) ( C ) (d) 



FIGURE 9.56 



FIGURE 9.61 



•< 4 - 



496 



CHAPTER NINE 



energy storage elements 



PROBLEMS problem 9.1 A voltage source is connected in series with two capacitors as 

showninFigure9.62.ThesourcevoltageisV(t)=5Vu(t),asshown.Ifthecurrenti 
andvoltagevaregivenbyi(t)=4pC5(t)andv(t)=lVu(t),againasshown,whatare 
CiandC ?2 





pts™ 

+ 

C2 


i 








5 V 


i 

+ 

V 


S*“ 

4 pC 


V 


a* 



t t 1 



FIGURE 9.62 

problem 9 . 2 Acurrentsourceisconnectedinparallel withtwoinductorsas 
showninFigure9.63.Thesourcecurrentisi(t)=400A/su(t),asshown.Ifthecurrent 
iandvoltagevaregivenbyi(t)=100A/su(t)andv(t)=0.3Vu(t),againasshown, 
whatareL andL ?2 




FIGURE 9.64 



i(t) 




FIGURE 9.65 




FIGURE 9.63 

problem 9 . 3 Acurrentsourcedrivesaseries-connectedcapacitorandinductor 

as shown in Figure 9.64. Let I(t) = I sin(oot)u(t), and assume that the inductor and 
capacitorbothstorednoenergypriortot=0. 

Determinethevoltagevfort>0 . 

Isthereanyrelationbetweenl ,co,C,andLforwhichvisconstantfort > 0?lfso, 
statetherelationanddeterminev. 

problem 9.4 Avoltagesourcedrivesaparallel-connectedcapacitorandinduc- 

torasshowninFigure9.65.LetV(t)=V sin(wt)u(t),andassumethattheinductorand 
capacitorbothstorednoenergypriortot=0. 

Determinetheeurrentifort>0. 

IsthereanyrelationbetweenV ,o>,C,andLforwhichiisconstantfort>0?Ifso, 
statetherelationanddeterminei. 
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problem 9 . 5 AconstantvoltagesourcehavingvalueV drivesatime- varying 
capacitor as shown in Figure 9.66. The time-varying capacitance is given by C(t) = 
C Of C si in (cot) . Determinethecapacitorcurrenti(t) . 

problem 9 . 6 Aconstantcurrentsourcehavingvalueldrivesatime- varying 
inductor as shown in Figure 9.67. The time- varying inductance is given by L(t) = 
Lof L sin(oot) . Determinetheinductorvoltage v(t) . 

problem 9.7 Consider the parallel plate capacitor shown in Figure 9.68. 
Assumethatthedielectricisfreespacesothat=°. 



i(t) 





FIGURE 9.66 




FIGURE 9.67 



FIGURE 9.68 

SupposethecapacitorischargedtothevoltageV.Determinethechargeandtheelectric 

energystoredinthecapacitorinthiscase. 

Thecapacitorisdisconnectedfromthechargingsourcesothatitsstoredchargeremains 
constant.Followingthat,itsplatesarepulledapartsoastodoublethedistancebetween 
them;thatis,thegapseparationisnow2LForthisnewconfiguration,determinethe 
voltage across the terminals of the capacitor and the energy stored in the capacitor. 
Explainhowthestoredenergychanges. 

problem 9.8 Figure9.69showstwocapacitivetwo-portnetworks.Oneisa 
‘ ‘ ’ ’ network, andoneisa 4 ‘T’ ’network.Forthenetwork,findiiPandi2Pasfunctions 
ofviPandv2P.FortheTnetwork,findiiTandi2TasfunctionsofviTandv2T 

HowmustCiP,C2P,andC3P berelatedtoCiT,C2T,andC3T forbothnetworksto 
havethesameterminalrelations? 

problem 9.9 Figure9.70showstwoinductivetwo-portnetworks. Oneisa 

network, and one is a “T” network. For the network, find vip and v2P as 

functionsofiiPandi2P.FortheTnetwork,findviTandv2TasfunctionsofiiTandi2T 
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FIGURE 9.69 (a)AcapacitiveT 

two-portnetwork;and(b)a 

capacitivetwo-portnetwork. 





(b) 



HowmustLiP, L2P, andL3P berelatedtoLiT, L2T, andL3T forbothnetworksto 
havethesameterminalrelations ? 



FIGURE 9.70 (a)AninductiveT 

two-portnetwork;and(b)an 

inductivetwo-portnetwork. 



problem 9.10 Thisproblemexaminesinmoredetailwhyenergyislostwhen 
theswitchinFigure9.71closes.Todoso,weexaminethetransientthatoccursduring 
theclosureoftheswitch. Inpreparationforthis, lett = Obethetimeatwhichthe 
switchfirstbeginstoclose,andlett=Tbethetimeatwhichthecircuitreachessteady 
state. The charges on the two capacitors prior to switch closure are given to be Q 
andQ2. 

Further ,letq l (t)beanyfunctiondefinedo vertheintervalO<t<T suchthat 

qi(0)=Qi 

andqi(T)isthesteadystatechargeonthecapacitorgivenby 

Cl 

qi(T)= Ci+C 2 (Qi+Q 2 ). 

In this way, the function qi is an arbitrary transient connecting the initial and final 
chargeduringtheswitchclosure. 

(a) Usethechargeconservationrelation: 

q 1 (t)+q2(t)=Q l +Q 2 



+ 

V 

2 



FIGURE 9.71 





tofindq2intermsofqiforO<t<T.Then,usetheequation: 



ore care needs to be taken in the choice of resistance values and the MOSFET 
parameters. Specifically, for our inverter design, the voltage output for a logical 
0 must be low enough that the MOSFET in the receiver stays OFF. Because 
the MOSFET turns ON for an input voltage greater than Vr, the following 
condition must be met for the low output of one inverter to be able to drive 
the MOSFET in another inverter into its OFF state: 


Vs 


Ron 

Ron + Rl 


< Vt- 


( 6 . 6 ) 


Equation 6.6 specifies a key relation between the inverter device parameters 
for it to be usable as a switching device. Note that we do not distinguish between 
the MOSFET or resistance value parameters for the sender and the receiver, 
since the device must be able to serve as both a sender and a receiver. 


EXAMPLE 6.5 SWITCHING ANALYSIS OF AN INVERTER 
Assume the following values for the inverter circuit parameters: Vs = 5 V, Vj = 1 V, 
and Ri = 10 k£2. Assume, further, that R n = 5 kfi for the MOSFET. Determine a W/L 
sizing for the MOSFET so that the inverter gate output for a logical 0 is able to switch 
OFF the MOSFET of another inverter. 

Equation 6.6 shows the condition that our inverter must satisfy for its logical 0 output 
to be able to turn off a MOSFET. From Equation 6.4, we know that the ON state 
resistance of the MOSFET is given by 

L 

Ron = Rn —• 

w 

Substituting this relation into Equation 6.6, we get the following constraint on the W/L 
ratio of the inverter MOSFET: 


Vs 


D L 


R ”W + Rl 


< Vt- 
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Simplifying, we obtain the following constraint on W/L: 

W RniVs-Vr) 

L > V t Rl 

Substituting, R n = 5 k£2, Vs = 5 V, Vt = 1 V, and Ri = 10 kS2, we obtain 

W 

— > 2 . 

L 

For the parameter values that we have been given, this result indicates that our inverter 
MOSFET must be sized such that its W/L ratio is greater than 2. 


Commonly, it is not enough for the inverter to meet the preceding switch¬ 
ing criteria. In real systems, however, it must also provide for adequate noise 
margins by satisfying a static discipline. The inverter characteristic shown in 
Figure 6.40 provides us with adequate information to determine whether the 
inverter satisfies a given static discipline. As an example, let us determine 
whether the inverter satisfies a static discipline with the following voltage 
thresholds: 

Vqh = 4.5 V, Vql = 0.5 V, Vih = 4 V, and V IL = 0.9 V. 


Figure 6.41 shows the voltage thresholds for the given static discipline 
superimposed on the inverter transfer function. Let us check each of the output 
and input thresholds. 

Voh- The inverter produces an output high of 5 V. Clearly, this output 
voltage level for a logical 1 is greater than the 4.5-V output-high 
threshold required by the static discipline. 19 

Vol'- The inverter produces an output low of 0.33 V. This output voltage is 
lower than the output-low threshold of 0.5 V required by the static 
discipline. 20 

Vih■ For our static discipline, Vm — 4 V. To obey the static discipline the 
inverter must interpret any voltage above 4 V as a logical 1. This is 
certainly tme for our inverter. 21 

Vih- For our static discipline, V// = 0.9 V. This means that to obey the 

static discipline the inverter must interpret any voltage below 0.9 V as 
a logical 0. This is also tme for our inverter. 22 


19. In fact, our inverter can satisfy a static discipline with a Voh as high as 5~ V. 

20. Notice that our inverter can satisfy a static discipline with a Vol as l° w as 0.33 + V. 

21. In fact, our inverter can satisfy a static discipline with a Vjh as low as Vj V. 

22. In fact, our inverter can satisfy a static discipline with a Vjl as high as V. 
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Thus our inverter satisfies the static discipline with the voltage thresholds: 
Voh = 4.5 V, Vol = 0.5 V, Vjh = 4 V, and V IL = 0.9 V, even when the SR 
model is used when R/ = 14 k<2 and Ron = 1 kfi. 


EXAMPLE 6.6 DESIGNING AN INVERTER TO MEET THE 
CONSTRAINTS OF A GIVEN STATIC DISCIPLINE Supposewe 
are given a static discipline with the following voltage thresholds: Voh = 4.5 V, 
Vol = 0-2 V, Vjh = 4 V, and Vjl = 0.9 V. Let us determine whether our inverter 
satisfies the constraints of this static discipline, and if it does not, let us redesign the 
inverter so that it does. 

Let us begin by comparing the transfer characteristics of our inverter against the voltage 
thresholds of the given static discipline. As shown in Figure 6.40, recall that our inverter 
produces a high output of 5 V, and a low output of 0.33 V. It can interpret voltages 
below Vj- = 1 V as a logical 0 and voltages above Vj = 1 V as a logical 1. 

1. When outputting a logical 1, the voltage produced by our inverter must be greater 
than Voh — 4.5 V. Since our inverters produce a 5-V output for a logical 1, they 
satisfy this condition. 

2. When outputting a logical 0, the voltage must be no greater than Vol — 0.2 V. 
Since our inverters produce a 0.33-V output for a logical 0, they violate this 
condition. 

3. At their inputs, they must recognize voltages greater than Vjh = 4 V as a logical 
1. Since our inverters recognize voltages above 1 V as a logical 1, they satisfy this 
condition as well. 


FIGURE 6.41 A mapping 
between logic values and voltage 
levels corresponding to a static 
discipline appropriate for the 
inverter analyzed using the SR 
model. 
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4. Finally, at their inputs, the inverters must recognize voltages less than Vji = 0.9 V 
as a logical 0 if they are to satisfy the static discipline. Our inverters satisfy this 
condition as well. 


Since the output low voltage produced by our inverters is 0.33 V, which is higher than 
the required Vol — 0.2 V, our inverters do not meet the constraints of the given static 
discipline. 

How might we redesign our inverter to meet the given static discipline? Notice that 
according to Equation 6.5 the output voltage of the inverter for a high input is given by 


t'OUT = 


Vs 


Ron 

Ron + Rl 


The output t'oUT is 0-33 V for V$ = 5 V, Ron = 1 kfi and Rl = 14 k£2. 

We need our inverter to produce an output lower than 0.2 V for a high input. In other 
words, 


0.2V > Vs 


Ron 

Ron + Rl 


(6.7) 


We have three choices to reduce the output voltage: reduce Vs, reduce Ron> or increase 
Rl. Reducing Vs will also reduce the output high voltage, so that is not such a good 
strategy. Instead, we will look to working with the resistances. 

First, let us try to increase Rl. Rearranging Equation 6.7, we get: 


Rl>V s 


Ron 

0.2 


Ron- 


For Vs = 5 V and Ron — 1 k£2, we have 

R l > 24 kQ. 

In other words, we can choose Rl > 24 kll, which will result in a output voltage for a 
logical 0 that is lower than 0.2 V. However, it turns out that large values of resistance 
are hard to achieve in VLSI technology. Section 6.11 shows how another MOSFET can 
be used in place of the pullup resistor. 

Alternatively, we can try to reduce Ron by increasing the W/L ratio of the MOSFET. 
Let us determine the minimum W/L ratio. 

From Equation 6.7, we can find the constraint on Ron that allows the output low 
voltage to be less than 0.2 V as 


0-2 R l 
V s-0.2' 


Ron < 





6.8 Static Analysis Using the SR Model 


CHAPTER SIX 


For Vs = 5 V and Rp = 14 kf2, we have 

Ron < 0-58 k. 

Since Ron — R« te,, (see Equation 6.4), and assuming R n = 5 k£2 for our MOSEET, 
we get 


5 kft— < 0.58 kQ. 

W 

In other words, choosing a MOSFET with W/L > 8.62 will result in an output voltage 
for a logical 0 that is lower than 0.2 V. 


6.8.1 STATIC ANALYSIS OF THE NAND 
GATE USING THE SR MODEL 

We can also analyze other gates in like manner. Figure 6.42 shows the equivalent 
circuit for the NAND gate shown in Figure 6.20 based on the SR MOSFET 
model. 

In this case, the output voltage when both inputs are high is given by 


WUT = 


V5 


2 -Rqn 
2Ron + Rl 


Let us determine whether our NAND gate with Vs = 5 V, Rl = 14 k£2, 
and MOSFET properties Ron = 1 k£2 and Vp = 1V, satisfies a static discipline 
with the following voltage thresholds: 

Voh = 4.5 V, Vol = 0.5 V, Vm = 4 V, and V IL = 0.9 V. 

Recall that our inverter with characteristics shown in Figure 6.40 satis¬ 
fied this static discipline. Now let’s check out our NAND gate. Figure 6.43 
shows the voltage thresholds for the given static discipline superimposed on the 
inverter transfer function. As before, let us check each of the output and input 
thresholds. 

Like the inverter, the NAND gate produces an output high of 5 V, and 
therefore satisfies the output-high voltage threshold of 4.5 V. Similarly, the 
NAND gate satisfies both the Vjh — 4 V and the V/p — 0.9 V thresholds since 
it interprets voltages above 4 V at its input as a logical 1 and voltages below 
0.9 V at its inputs as a logical 0. 

Let us now look at Vol- When outputting a logical 0, the NAND gate 
produces a voltage 


t^OUT = 


Vs 


2Rqn 
2Rqn + Rl 


o-o 

A = High 

o-o 

B = High 

FIGURE 6.42 

for NAND gate. 
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FIGURE 6.43 The voltage levels 
corresponding to a static discipline 
superimposed on the NAND gate's 
transfer characteristics. 



For Vs = 5 V, Rl = 14 kQ, and Ron = 1 kO, we get t’om = 0.625 V, which 
is nearly twice that produced by the inverter for a logical 0 output. This is not 
surprising since there are two MOSFETs in series in the pulldown network. 
Since this output voltage is greater than Vol = 0.5 V, we conclude that our 
NAND does not satisfy the static discipline. 

How might we redesign our NAND gate such that it satisfies the static 
discipline? One approach is to increase Rl such that 

,, 2R 0 n 

0.5 V > Vs-■ 

2Rqn + Rl 


In other words, 


Rl > V S 


2Rqn 

0.5 


- 2Rqn- 


For Vs = 5 V and Ron = 1 kO, we have 

Rl > 18 kO. 

This means that we can choose Rl > 18 kO for the NAND gate, which will 
result in a output voltage for a logical 0 that is lower than 0.5 V, thereby 
satisfying the static discipline. 









6.8 Static Analysis Using the SR Model chapter six 


313 


EXAMPLE 6.7 SWITCHING ANALYSIS OF A NAND GATE 
Consider the NAND gate in Figure 6.42. Assume the following values for the circuit 
parameters: Vs = 5 V, Vj = IV, and Rl = 10 k£2. Assume, further, that R n = 5 kfi 
for each of the MOSEETs. Determine a W/L sizing for the MOSFETs so that the 
NAND gate output is able to switch ON or OFF the MOSFET of another gate such as 
an inverter. 

Since the NAND gate produces a high output of 5 V, its output applied to the gate of 
another MOSFET (with a Vj = 1 V) can clearly drive the MOSFET into its ON state. 

We now have to determine whether its low output can turn a MOSFET OFF. Recall 
that the NAND gate produces the following output voltage for a logical 0: 


I'OUT = 


Vs 


2 Rqn 
2 Rqn + Rl 


For a MOSFET driven by the output to remain OFF, we must have 


t'OUT = 


Vs 


2 Rqn 
2 Rqn + Rl 


< V7-. 


From Equation 6.4, we know that the ON state resistance of the MOSFETs is given by 

* ON = Rn W - 

Thus, we can write the following constraint on the W/L ratio of the two NAND gate 
MOSFETs: 


Vs 


2Rn w 

2-Rn ^ 4- Rl 


< Vj. 


Simplifying, we obtain the following constraint on W/L: 


W 2 R n (V s - V T ) 

L > V T R L 

Substituting, R n — 5 kll, Vs — 5 V, Vj = 1 V, and Rl = 10 kll, we obtain 

W a 

— > 4. 

L 

In other words, the two MOSFETs must be sized such that each of their W/L ratios is 
greater than 4. Notice that as the number of MOSEETs connected in series increases, 
so must their sizes to ensure they produce a low enough output voltage that is able to 
switch OFF a MOSFET connected to the output. 
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FIGURE 6.44 Noise margins 
and signal transmission. 
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6.9 SIGNAL RESTORATION, GAIN, 

AND NONLINEARITY 

We saw in an earlier chapter (Figure 5.7) that the provision of noise margins 
enables error-free communication in the presence of noise. We will revisit the 
example in Figure 5.7 to demonstrate that logic devices must incorporate both 
gain and nonlinearity to provide nonzero noise margins. 23 

6.9.1 SIGNAL RESTORATION AND GAIN 

Figure 6.44 shows a situation similar to that in Figure 5.7, but for concreteness, 
replaces the first logic gate with an inverter I and the second with a buffer B. 
Like the inverter, the buffer has a single input and a single output. It performs 
the identity function, that is it simply copies the input value to its output. This 
time around, we will focus on the conditions at the buffer. Assume that both 
our logic gates adhere to a static discipline with the following voltage levels: 


V IL = 2 V 
% = 3V 
Vol = 1 V 
Vqh = 4 V. 


In our example, the inverter sends a 0 by placing lout = 1 V (correspond¬ 
ing to Vol) on the wire. Figure 6.44 shows 0.6 V of noise being added to 
the signal by the transmission channel. However, the buffer is able to correctly 
interpret the received value as a 0 because the received value of 1.6 V is within 
the low input voltage threshold of V/;, = 2 V. The buffer, in turn, performs the 
identity logical operation on the signal and produces a logical 0 at its output. 
According to the static discipline, the voltage level at the buffer’s output is 1 V 
corresponding to Vol- 

Figure 6.45 shows the same situation replacing the actual voltage levels 
with the respective parameters for transmitting a logical 0 and a logical 1. 


23. We will see the concept of gain showing up again in the context of analog design in Chapter 7. 
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Noise 0.6 V 

Send 0 / Receive 0 Send 0 



v / < V IL 


v OL 


Send 1 
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Receive 1 Send 1 


/ 




V/ > V IH v 0 = V ( 


OH 


FIGURE 6.45 Low and high 
thresholds for the input and output. 
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FIGURE 6.46 Signal restoration 
and amplification. 


In Figure 6.44, notice that to obey the static discipline, the buffer must 
convert the 1.6-V signal at its input to a 1-V value at its output. In fact, the 
buffer must restore any voltage up to 2 V at its input to voltage of 1 V or lower 
at its output. Similarly, corresponding to a logical high, it must restore any 
voltage above 3 V at its input to 4 V or higher at its output. This restoration 
property is key to our being able to compose multiple logic devices together. 
Because each level of logic restores or cleans up signals, we can decouple the 
noise introduced between each pair of levels. This noise decoupling benefit of 
restoring logic enables us to build complicated multistage logic systems. 

As Figure 6.46 depicts, logic devices must restore input signals that lie in 
the range 0 V < vj < Vjl for logical 0’s and Vj// < vj < 5 V for logical l’s to 
output signals that are restricted to the range 0 V < vo < Vol for logical 0’s 
and V oh < vo < 5 V for logical l’s, respectively. 

Observe further that the restrictions in Figure 6.46 imply that a non¬ 
inverting device such as a buffer or an AND gate must convert an input low to 
high transition of the form Vn — f Vjh to an output low to high transition of 
the form Vol (or lower) —> Voh (or higher). This scenario is depicted by the 
arrows in Figure 6.46. The same situation is described using input and output 
waveforms in Figure 6.47. It is clear from the figures that a static discipline 
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FIGURE 6.47 Input waveform 
and restored output waveform. 
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that provides for nonzero noise margins requires logic devices that provide a 
minimum gain. 

Algebraically, nonzero noise margins require that 


VlL > VOL- 


( 6 . 8 ) 


and 


VqH > Vih- 


(6.9) 


The magnitude of the change in the voltage for an input transition from 
Vjl — f Vih is given by 


A vi = Via - Vjl- 


The corresponding magnitude of the (minimum) change at the output is 
given by 


A vq = Voh - Vql- 


Therefore, the gain of a device that can convert a Vjl —> Vjjj transition at 
its input to a Vol —f Vojj transition at its output is given by 

. Av 0 Voh - Vol 

Gam = -= -. 

A vi Vih - Vjl 

From the noise-margin inequalities in Equations 6.8 and 6.9, we have 


Voh - Vql > Vjjj - Vjl- 
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Therefore, the magnitude of the gain for an input transition V// —> V;// must 
be greater than 1. In other words, 


r, ■ v oh - Vol , 

Crain = - > 1 . 

(6.10) 

Vjh-Vjl 



Similarly, inverting devices such as inverters or NAND gates must convert 
input low to high transitions of the form V//, —x V/// to output high to low 
transitions of the form Voh —»■ Vol- Like the non-inverting case, the conditions 
on the magnitude of the gain for transitions from Vjl —> Vjh remain unchanged. 

Returning to our buffer example, the gain for the Vjl -* Vjh transition is 
given by 


Gain = 


Voh - Vql 
Vjh-Vjl 


4V -IV 
~~ 3V-2V 
= 3. 


Since the buffer and the inverter follow the same voltage thresholds, the 
magnitude of the gain for the Vjl Vjh transition at the input of the inverter 
is also 3. Clearly, the greater the noise margins, the greater the required gain 
for the Vjl —> Vjh transition. 

6.9.2 SIGNAL RESTORATION AND NONLINEARITY 

You might have realized that although logic devices must demonstrate a gain 
greater than unity when they transition from Vjl to Vjh, they must also atten¬ 
uate the signal at other times. For example, Figure 6.48 shows the signal 
from Figure 6.47 with some noise superimposed on it. It should be clear from 
Figure 6.48 that to obey the static discipline the buffer has reduced the 0-V to 
2-V noise excursions at the input to 0-V to 1-V noise excursions at its output. 

We can also verify this fact using the basic noise-margin inequalities in 
Equations 6.8 and 6.9. Equations 6.8 implies that any voltage between 0 and 
Vjl at the input must be attenuated to a voltage between 0 and Vol at the output 
(see Figure 6.49). Since Vjl > Vol according to Equation 6.8, it follows that 
voltage transfer ratio must be less than unity. In other words, 

Vql- 0 _ Vql . 1 
Vjl- 0 V IL < 

The same reasoning applies to valid high voltages. Because Vjh < Voh, 

5-Vqh „ 


5 — Vjh 
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FIGURE 6.48 Input waveform 
and restored output waveform in 
the presence of noise. 
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The amplification requirement for low to high transitions of the form 
Va —> Vih, and the attenuation requirement in other regions, mandates the 
use of nonlinear devices in logic gates. 24 

6.9.3 BUFFER TRANSFER CHARACTERISTICS AND 
THE STATIC DISCIPLINE 

The presence of gain and nonlinearity in the buffer become abundantly clear if 
we look at its transfer characteristic. Figure 6.50 graphically plots the transfer 
characteristic of a logic device that can serve as a valid buffer. The shaded 
region depicts the valid region for the buffer transfer curve. The x-axis shows 
input voltages and the y-axis output voltages. We can make several interesting 
observations from this graph. Notice that valid input voltages result in valid 
output voltages. For example, input voltages less than V// produce output 
voltages less than Vol, and input voltages greater than Vih produce output 
voltages greater than Vqh- Also notice that the amplification occurs when the 


24. As an exercise in futility, you might want to attempt building a simple logic gate, such as a 
buffer, with nonzero noise margins, using resistors alone. 
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FIGURE 6.50 The buffer 
characteristic. 


curve is in the forbidden region. In other words, the slope of the transfer curve 
in the forbidden region is greater than one. 

As discussed earlier, recall that it is not sufficient for a valid logic 
device to have gain in the forbidden region. The transfer characteristic for input 
values between 0 V and Vjl must have an overall gain of less than unity. Accord¬ 
ingly, notice that the transfer curve shown in Figure 6.50 attenuates voltages 
that lie in the valid input low or valid input high intervals. 

Observe further that the transfer curve for the buffer passes through the 
forbidden region. Doesn’t this violate our initial premise that voltages in the 
forbidden region were disallowed? Recall that the static discipline requires 
the logic gate to guarantee valid outputs only for valid inputs. That the outputs 
are in the forbidden region when the inputs are invalid is of no consequence. 

6.9.4 INVERTER TRANSFER CHARACTERISTICS AND 
THE STATIC DISCIPLINE 

Let us now briefly examine a transfer curve for the hypothetical, but valid, 
inverter shown in Figure 6.51. Referring to Figure 6.51, provided the input volt¬ 
age is lower than Vjl, an inverter satisfies the static discipline if it guarantees to 
provide an output voltage level greater than Voh ■ Similarly, for an input voltage 
higher than V///, the inverter guarantees to provide an output that is below Vol- 

As discussed for the non-inverting buffer, the magnitude of the slope of 
the transfer curve in the forbidden region is greater than unity. Similarly, the 
magnitude of the slope of each of the curve segments in the valid regions is less 
than unity. 

For maximum noise immunity, the separation between Vol and Voh 
should be as high as possible at output, and that between Vjl and Vjjj to be 
as low as possible. This is equivalent to maximizing the area of the grey boxes 
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FIGURE 6.51 The inverter 
characteristic. 
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FIGURE 6.52 Power 
consumption in logic gates. 




shown in Figure 6.51. An ideal inverter characteristic will look like the thick line 
shown in the figure. 

6.10 POWER CONSUMPTION IN LOGIC GATES 

We can use the SR model to calculate the maximum power consumed by logic 
gates. We consider a simple case here, and postpone more discussion to Chap¬ 
ter 11. Referring to Figure 6.52, the power consumed by a logic gate is given by 

Vi 

Power = Vsl= -. (6.11) 

R L + Rpd 

The power consumed depends on the load resistance and the resis¬ 
tance of the pulldown network Rpj. For the inverter, the power consumed 
is zero when the input is low. The maximum power is consumed when the 
input is high and Rpj — Ron- 


EXAMPLE 6.8 POWER IN LOGIC GATES Write a boolean equa¬ 
tion for OUT in terms of the inputs for the circuit in Figure 6.53. 

OUT = A(B + Q. 

Determine the power consumed by the circuit when A = 1, B = 1, and C — 1. Assume 
that the on-state resistance of the MOSFETs is Ron- 

When all the inputs are high, the relevant equivalent circuit is shown in Figure 6.54. The 
power is given by 


P=Vs 


1 


1 


2Ron + R6 Ron + R7 


FIGURE 6.53 A logic circuit 
comprising MOSFET switches and 
resistors. 
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FIGURE 6.54 Equivalent circuit 
when all inputs are high. 
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6.12 SUMMARY 

► This chapter introduced our first three-terminal device, namely a switch. A 
common way of using three-terminal devices is to pair their terminals into 
a pair of ports called the control port and the output port. 

► We also introduced the MOSFET device, which is a three-terminal circuit 
element. Although, as we will see in Chapter 7, the MOSFET has a very 
rich behavior, it can be grossly characterized as a switch. We developed the 
S and the SR models for the MOSFET, which capture its basic switch-like 
behavior. 

► This chapter also showed how digital gates could be built using MOSFETs 
and resistors. We discussed how the digital circuits had to be designed so 
they met the V;/ /, Voh , Vjl, and Vol voltage thresholds specified by a 
given static discipline. We also estimated the power dissipation of logic 
gates using their circuit models. 

EXERCISES EXERCISE 6.1 Give a resistor-MOSEET implementation of the following logic 
functions. Use the S model of the MOSFET for this exercise (in other words, you may 
assume that the on-state resistance of the MOSFETs is 0). 


(A + B)-(C+D) 
AB-C-D 
(Y^W)QCW)QC- Y-W) 


EXERCISE 6.2 Write a boolean expression that describes the function of each 
of the circuits in Figure 6.59. 

EXERCISE 6.3 Figure 6.60 shows an inverter circuit using a MOSFET and a 
resistor. The MOSFET has a threshold voltage Vj = 2 V. Assume that Vs = 5 V and 
Rl — 10 kf2. For this exercise, model the MOSFET using its switch model. In other 
words, assume that the on-state resistance of the MOSFET is 0. 

a) Draw the input versus output voltage transfer curve for the inverter. 

b) Does the inverter satisfy the static discipline for the voltage thresholds Vol = 1 
V, Vn — 1.5 V, Voh = 4 V and V m = 3 V? Explain. (Flint: To satisfy the 
static discipline, the inverter must interpret correctly input values that are valid logic 
signals. Furthermore, given valid logic inputs, the inverter must also output valid 
logic signals. Valid logic 0 input signals are represented by voltages less than Vjl, 
valid logic 1 input signals are represented by voltages greater than Vjh, valid logic 0 
output signals are represented by voltages less than Vol, and valid logic 1 output 
signals are represented by voltages greater than Voh-) 
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c) Does the inverter satisfy the static discipline if the Vjj, specification was changed to 
Vn = 2.5 V? Explain. 

d) What is the maximum value of Vil for which the inverter will satisfy the static 
discipline? 

e) What is the minimum value of Vjh for which the inverter will satisfy the static 
discipline? 

EXERCISE 6.4 Consider, again, the inverter circuit shown in Figure 6.60. The 
MOSFET has a threshold voltage Vj = 2 V. Assume that Vs = 5 V and Ri = 10C 
For this exercise, model the MOSFET using its switch-resistor model. Assume that the 
on-state resistance of the MOSFET is Ron = 8 kfi. 

a) Does the inverter satisfy the static discipline, which has voltage thresholds given by 
Vol — F/l = 1 V and Voh — VlH = 4 V? Explain. 

b) Does the inverter satisfy the static discipline for the voltage thresholds Vol = VjL = 
2.5 V and Voh — VlH = 3 V? Explain. 

c) Draw the input versus output voltage transfer curve for the inverter. 

d) Is there any value of Vll for which the inverter will satisfy the static discipline? 
Explain. 

e) Now assume that Ron = Ik and repeat parts (a), (b), and (c). 

EXERCISE 6.5 Compute the worst-case power consumed by the inverter shown 
in Figure 6.60. The MOSFET has a threshold voltage Vj- = 2 V. Assume that V$ = 5 V 
and Ri = 10 kf2. Model the MOSFET using its switch-resistor model, and assume that 
the on-state resistance of the MOSFET is Ron — 1 k£2. 

EXERCISE 6.6 Consider again the circuits in Figure 6.59. Using the switch- 
resistor model of the MOSFET, choose minimum values for the various resistors in 
Figure 6.59 so each circuit satisfies the static discipline with voltage thresholds given by 
Vil = Vol — Vs/10 and Vjh — Voh = 4Vs/5. Assume the on-state resistance of the 
MOSFET is Ron and that its tum-on threshold voltage Vj = Vs/9. 

EXERCISE 6.7 Consider a family of logic gates that operates under the static 
discipline with the following voltage thresholds: Vol — 0-5 V, Vji = 1.6 V, Voh = 
4.4 V, and V IH = 3.2 V. 

a) Graph an input-output voltage transfer function of a buffer satisfying the four voltage 
thresholds. 

b) What is the highest voltage that can be output by an inverter for a logical 0 
output? 



OUT 




FIGURE 6.59 
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c) What is the lowest voltage that can be output by an inverter for a logical 1 
output? 

d) What is the highest voltage that must be interpreted by a receiver as a 

logical 0 ? 

e) What is the lowest voltage that must be interpreted by a receiver as a 

logical 1 ? 

f) What is the 0 noise margin provided by this logic family? 

g) What is the 1 noise margin provided by this logic family? 

h) What is the minimum voltage gain the buffer must provide in the forbidden 
region? 


PROBLEMS 



PROBLEM 6.1 

a) Write a truth table and a boolean equation relating the output Z to A, A, B, and C, 
when these are input to the circuit shown in Figure 6.61. 

b) Suppose the circuit in Figure 6.61 suffers a manufacturing error that results in a short 
between the pair of wires depicted in Figure 6.62. Write a truth table and a boolean 
equation relating the output Z to A, A, B, and C, for the resulting circuit. 



FIGURE 6.62 

PROBLEM 6.2 A specific type of MOSFET has Vt = — 1 V. The MOSFET is 
in the ON state (a short exists between its drain and source) when vgs > Vt- The 
MOSFET is in the OFF state (an open circuit exists between its drain and source) when 
vgs < Vt- 

(a) Graph the ijrs versus vgs characteristics of this MOSFET. 

(b) Graph the ijrs versus vjts characteristics this of the MOSEET for vgs 2 Vt and 
vgs < Vt- 
















6.12 Summary chapter six 


325 


PROBLEM 6 . 3 Consider a family of logic gates that operate under the static dis¬ 
cipline with the following voltage thresholds: Vol = 1 V, Vjj. = 1.3 V, Voh = 4 V, 
and Vjh = 3 V. Consider the N-input NAND gate design shown in Figure 6.63. In the 
design R = 100k and Ron for the MOSEETs is given to be lk. Vj for the MOSFETs 
is 1.5 V. What is the maximum value of N for which the NAND gate will satisfy the 
static discipline? What is the maximum power dissipated by the NAND gate for this 
value of N? 



PROBLEM 6.4 Consider the N-input NOR gate shown in Figure 6.64. Assume 
that the on-state resistance of each of the MOSEETs is Ron■ For what set of inputs does 
this gate consume the maximum amount of power? Compute this worst-case power. 



PROBLEM 6.5 Consider the circuit shown in Figure 6.65. We wish to design the 
circuit so it operates under a static discipline with voltage thresholds Vql, Vh, Vqh, and 



FIGURE 6.65 
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FIGURE 6.66 


Vjh- Assume that the on-state resistance of each of the MOSFETs is Ron and that the 
MOSFET threshold voltage is Vy. Assume that the given values satisfy the constraints 
Vs > Voh and Vjl < Vj- For what values of n and m does this gate operate under the 
static discipline? What is the worst case power consumed by this circuit? 

PROBLEM 6.6 Consider a family of logic gates that operate under the static dis¬ 
cipline with the following voltage thresholds: Vql = 0-5 V, V/y = 1 V, Voh — 4.5 V, 
and V IH = 4.0 V. 

a) Graph an input-output voltage transfer function of an inverter satisfying the four 
voltage thresholds. 

b) Using the switch-resistor MOSFET model, design an inverter satisfying the static 
discipline for the four voltage thresholds using an n-channel MOSFET and a resistor. 
The MOSFET has R n = 1 kfi and Vy = 1.8 V. Recall, Ron — R n (T/W). Assume 
Vs = 5 V and Rn for a resistor is 500 Further assume that the area of the inverter 
is given by the sum of the areas of the MOSFET and the resistor. Assume that the 
area of a device is L x W. The inverter should take as little area as possible with 
minimum size for L or W being 0.5 |xm. Graph the input-output transfer function 
of the inverter. What is the total area of the inverter? What is its maximum static 
power dissipation? 



A_ 

B- 


NAND 

circuit 


— b 

NAND 

— r 

circuit 


Circuit X 


FIGURE 6.67 


PROBLEM 6. 7 Consider a family of logic gates that operates under the static dis¬ 
cipline with the following voltage thresholds: Vol — 0-5 V, V/y — 0.9 V, Voh — 4.5 
V, and Vjh = 4 V. Using the switch-resistor MOSFET model, design a 2-input NAND 
gate satisfying the static discipline for the four voltage thresholds using three n-channel 
MOSFETs as illustrated in Figure 6.66 (the MOSFET with its gate connected to a volt¬ 
age V/\ and drain connected to the power supply Vs serves as the pullup). Va is chosen 
such that Va > Vs + Vy. The MOSFETs have R n = lk£2 and Vy = 1.8 V. Recall, 
Ron = R n (L/W). Assume Vs = 5 V. Further assume that the area of the NAND gate is 
given by the sum of the areas of the three MOSFETs. Assume that the area of a device 
is L x W. The NAND gate should take as little area as possible with minimum size for 
L or W being 0.5 p,m. What is the total area of the NAND gate? 

PROBLEM 6.8 Remember that a NAND gate can be implemented as a circuit 
with two n-channel MOSFETs and a pullup resistor Ry. Eet us call it the NAND cir¬ 
cuit shown in Figure 6.67. These NAND circuits are used by Penny-Wise Computer 
Corporation in their computer boards. In one ill-fated shipment of computer boards, 
the outputs of a pair of NAND circuits get shorted accidentally resulting in the effective 
Circuit X shown in Figure 6.67. 


a) What logic function does Circuit X implement? Construct its truth table. 

b) If we connect n identical NAND circuits together in parallel forming Circuit Y as 
shown in Figure 6.68, what is the general form of the logic function it implements? 
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c) If for each MOSEET, R on = 500 £2, Ri = 100 kfl, and Vj = 1.8 V, how many 
NAND circuits can we connect in parallel and still satisfy the static discipline for the 
voltage thresholds given by: Vjl = Vol — 0-5 V and Vjh = Voh = 4.5 V? 

d) We now connect identical NAND circuits together and have the resulting Circuit Y 
satisfy the static discipline for the voltage thresholds in part (c) with Rl = 500 £ 2 . 
Give specifications on the dimensions of the MOSFETs such that total MOSFET 
area is minimized. As before, assume that the area of a device is LxW. Assume that 
R n = 1 kfl and no resistor dimension or MOSEET gate dimension should be smaller 
than 0.5 pm. For what inputs does Circuit Y dissipate maximum static power, and 
what is that power? 



Circuit Y 


e) Now, choose a static discipline with voltage thresholds given by: Vol = 0.5 V, 

V il = 1.6 V, Voh = 4.4 V, and V IH = 3.2 V. As before, each MOSFET has FIGURE 6.68 

R on = 500 Q, Ri = 100 k£2, and Vj = 1.8 V. How many NAND circuits can 
we connect in parallel and still satisfy this static discipline? 


f) Repeat part (d) assuming the voltage thresholds given in part (e). 


PROBLEM 6.9 Consider a family of logic gates that operates under the static 
discipline with the following voltage thresholds: Vol — 0.5 V, V/l = 1.6 V, Voh — 
4.4 V, and Vih = 3.2 V. 

a) Graph an input-output voltage transfer function of an inverter satisfying the four 
voltage thresholds. 

b) Using the switch-resistor MOSFET model, design an inverter satisfying the static 
discipline for the four voltage thresholds using an n-channel MOSFET with 

R„ = 1 k£2 and Vt = 1-8 V. Recall, Ron = R n (L/W). Assume Vs = 5 V and Rn 
for a resistor is 500 f2. Further assume that the area of the inverter is given by 
the sum of the areas of the MOSEET and the resistor. Assume that the area of a 
device is LxW. The inverter should take as little area as possible with minimum 
size for L or W being 0.5 pm. Graph the input-output transfer function of the 
inverter. What is the total area of the inverter? What is its static power dissipation? 
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7.1 SIGNAL AMPLIFICATION 

This chapter introduces the notion of amplification. Amplification, or gain, is 
key to both analog and digital processing of signals. Section 6.9.2 discussed 
how gain is employed in digital systems to achieve immunity to noise. This 
chapter will focus on the analog domain. 

Amplifiers abound in the devices we use in our day to day life, such as 
stereos, loud speakers, and cell phones. Amplifiers can be represented as shown 
in Figure 7.1 as three-ported devices with a control input port, an output port, 
and a power port. Each port comprises two terminals. An input signal rep¬ 
resented as a time-varying voltage or current is applied across or through the 
input terminals. An amplified version of the signal (either a voltage or a current) 
appears at the output. Depending on its internal structure, an amplifier can 
amplify the input current, the input voltage, or both. When the V x I product 
of the output exceeds that of the input, a power gain results. The power supply 
provides the necessary power for the resulting power amplification. The power 
supply also provides for the internal power consumption within the amplifier 
as well. A device must provide power gain to be called an amplifier. 1 


Power supply 


In 


Amp 


Out 


FIGURE 7.1 Signal 
amplification. 


6 

- Power supply 

In practical amplifier designs, the input and the output signals commonly 
share a reference ground connection (see Figure 7.2). Correspondingly, one 


1. We will see later a device called a transformer, which can provide a voltage gain but no power 
gain. 
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Power supply 


In 


Amp 


_o Out 


In 


Amp 


, Out 


FIGURE 7.2 Reference ground 
and implicit power connections. 


of the terminals of each of the ports is commonly tied to a reference ground. 
Furthermore, the power port is commonly not shown explicitly. 

Besides their use in communication to overcome the dissipative effects of 
the communication medium (for example, in loud speakers or in wireless net¬ 
working systems), amplifiers are useful for signal transmission in the presence of 
noise. Figures 7.3 and 7.4 show two signal transmission scenarios. In Figure 7.3, 
the signal transmitted in its native form is overwhelmed by noise at the receiver. 
In Figure 7.4, however, the amplified signal is seen to be much more tolerant to 
noise. (Contrast this with the application of amplification for noise immunity 
in digital systems as discussed in Section 6.9.2.) 

A less obvious but equally important application of amplifiers is buffering. 
As the name implies, a buffer isolates one part of a system from another. Buffers 
allow us to compose complicated systems from smaller components by isolat¬ 
ing the behavior of the individual components from each other. Many sensors, 
for example, produce a voltage signal, but cannot supply a large amount of 
current. (For instance, they might have a high Thevenin resistance.) However, 
later processing stages might require that the device supply a given amount of 
current. If this high current is drawn, a large voltage drop across the internal 
resistance of the sensor seriously attenuates the output voltage. In such situa¬ 
tions, we might employ a buffer device that replicates the sensor’s voltage signal 
at its output but can also provide a large amount of current. In such buffering 
applications, we shall often see amplifiers with less than unity voltage gain, but 
greater than unit current and power gain. 


7.2 REVIEW OF DEPENDENT SOURCES 

Before we get into the design and analysis of amplifiers, let us take a moment 
to review dependent sources. Because amplifiers are naturally modeled using 

FIGURE 7.3 Signal transmission 
in the presence of noise. 


Transmission channel 
Sender Useful f 


signal 


Noise 


Signal overwhelmed 
by noise 

Receiver 


FIGURE 7.4 Amplification 
provides noise tolerance. 
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'in - 0 


'out 


Control 

port 



FIGURE 7.5 Voltage-controlled 
current source. 


dependent sources, analysis of circuits with dependent sources will come in 
handy in their design. 

Dependent sources serve to model control of energy or information flow. 
Recall that control of energy or information flow was one of five basic processes 
identified in Section 1.6 in Chapter 1. Figure 7.5 shows the familiar voltage 
controlled current source that we saw in Chapter 2. As we shall illustrate shortly, 
small amounts of energy at the control port of such dependent sources can 
control or steer huge amounts of energy at the output port. 


EXAMPLE 7.1 VOLTAGE-CONTROLLED CURRENT SOURCE 
CIRCUIT Consider the circuit shown in Figure 7.6. Let vj be the voltage sourced 
by an independent voltage source. The current Iq = f{x ) produced by the dependent 
current source is a function of other values in the circuit. Let us first analyze the circuit 
when the output of the current source depends on a voltage: 

*0 = f{vi) = -gmvi- 

Vo versus vj Let us attempt to determine vo as a function of vj. Figure 7.6 shows 
our selection of a ground node and the labeling of nodes with their node voltage vari¬ 
ables. vo is the only unknown node voltage. Writing the corresponding node equation, 
we get 






FIGURE 7.6 A circuit using a 
Voltage-controlled current source. 
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Since f(vj) — —g m vi, we get our node equation 

V ° ,7H 

— = - g,„vi■ (7.1) 

R L 

Equation 7.1 shows the desired relationship between vo and vi and completes 
our solution. The voltage gain is given by 

vo _ „ 

— gm R L* 

VI 

Notice that we obtain a voltage gain greater than unity if g m Ri > 1. Thus, the circuit in 
Figure 7.6 behaves as an amplifier for properly chosen values of Ri. In other words, the 
circuit produces an amplified version of f/ at its output vq. Section 7.4 will introduce 
a physical device that behaves as a voltage-controlled current source and develops an 
amplifier based on that device. 

Iq versus ij Next, let us determine io versus fi. Substituting vj = ijRi and vq = io R L 
in Equation 7.1, we can write 


io R L = -gn.RUlRl, 


which simplifies to 


io = -gmRlh- 


(7-2) 


Thus, the current gain is given by 

b _ „ 

— gmRl- 

n 

Notice that the dependent source provides a current gain greater than unity if g m Ri > 1. 

Po versus P/ Let us now determine the input power Pj versus the output power Po- 
By multiplying the left-hand sides and the right-hand sides of Equations 7.1 and 7.2, we 
can write 


voio = ghRiRmh- 


(7.3) 


In other words, 


p O = g^LRlPl- 


The power gain is given by 


- = gm R L R I- 

n 
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Thus, the dependent source provides a power gain greater than unity when 
g», R l. R I > 1 - 


EXAMPLE 7.2 CURRENT-CONTROLLED CURRENT SOURCE 
Let us rework the circuit of Figure 7.6 and obtain its vo versus vj relation assuming that 
the output of the current source depends on a current: 


b = fi.il) = ~Ph 


where p is a constant. As before, let us attempt to determine vq as a function of vj. 
Writing the node equation, 


vo 

Rl 


= b = fin) 


or, 


vo 

Rl 


= fin)- 


Substituting f(ij) = ~pii, we get our desired node equation 


vo 

Rl 


= -Pn- 


Since ij = vj/Rj, we get 


vo = ~P 



(7.4) 


Equation 7.4 gives the relationship between vq and v1 and completes our solution. 


7.3 ACTUAL MOSFET CHARACTERISTICS 

Chapter 6 introduced the MOSFET and developed simple digital logic circuits 
using the device. That chapter also used the simplistic S model and the SR 
model of the MOSFET to analyze digital logic circuits. The SR model uses a 
fixed Ron between the D and S terminals of the MOSFET when vqs > V'i - 
This model is a reasonable representation of MOSFET behavior only when the 
drain voltage is smaller than the gate voltage minus one threshold drop. In other 
words, when 


vds < vgs ~ Vt- (7.5) 

Accordingly, the SR model is useful to design and analyze digital circuit 
gates because a common mode of operation for the MOSFET within digital 
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gates is one in which the gate voltage is high and the drain voltage is relatively 
low. For example, we might have Voh = 4 V applied as a logical-high input 
to the gate of a MOSFET in an inverter (assume V y for the MOSFET is given 
to be 1 V), which might produce as the output a corresponding logical-low 
drain voltage Vol = 1 V. With these values, vds = 1 V, vgs — 4 V. Since 
Vr = 1 V, the constraint in Equation 7.5 is satisfied. 

However, there are other situations demanding higher drain voltages in 
which we wish to use the MOSFET in an ON state. The SR model of the 
MOSFET is inappropriate in this region. This section will first show why the SR 
model is inadequate when vds > vgs~Vt ■ We will then take a look at the actual 
MOSFET characteristics and then explore the possibility of creating a simple 
piecewise-linear model for the MOSFET in the region where vds > vgs — Vr. 

We will use the setup shown in Figure 7.7 to observe the actual MOSFET 
characteristics. Let us start by applying a fixed, high gate-to-source voltage 
such that 


FIGURE 7.7 Setup for VGS > Vr 

observing MOSFET characteristics. 

and observing the value of bs as the drain-to-source voltage vds is increased. 
As illustrated in Figure 7.8, we observe that Ids increases more or less linearly 
as vds is increased from 0 V. The approximately linear relationship between 
iDS and vds exists for small values of vds, and 


bs 

The linear relationship between bs and vds reflects resistive behavior for small 
vds, and is nicely captured by our SR model of the MOSFET. 

Now, keeping the value of vgs at the same fixed value, we increase vds 
further, and plot our observations in Figure 7.9. Notice that as vds approaches 
the value of vgs ~ Vr, the curve bends and begins to flatten out. In other 
words, the current bs saturates as vds begins to exceed vgs — Vr- In fact, 


FIGURE 7.8 The MOSFET 

characteristics match the SR 
model for a fixed value of vq $, 
when vgs > V an< f V DS ' s sma ll 
(specifically, when 
V DS < ^GS - v t)- 



0 
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Saturation 

region 


DS 


0 


FIGURE 7.9 The current/'os begins to saturate as 
V DS approaches the value of vgg — I/ 7 -. 


FIGURE 7.10 The saturation region of MOSFET 
operation. 


as illustrated in Figure 7.10, for a given value of vgs, the ips curve becomes 
virtually flat for large values of vds . Accordingly, the region where vds > 
vcs — Vy is called the saturation region of MOSFET operation. In contrast, 
the region where vds < vcs — Vy is called the triode region. Not surprisingly, 
the SR model applies with a fair degree of accuracy only in the triode region 
of MOSFET operation. In the saturation region, because ins does not change 
as vds increases, the MOSFET behaves like a current source. (Recall, from 
Figure 1.34, the v—i curve for a current source is a horizontal line.) 

The iDS curve in Figure 7.10 was measured keeping vcs constant at some 
value greater than Vy. It turns out that the ins curves saturate at a different 
value for different values of vcs- Thus, as illustrated in Figure 7.11, we get a 
different ins versus vds curve for each setting of vcs (for example, vgs\, v GSi, 
and so on), resulting in a family of ins versus vds curves. This family of curves 
represents the actual MOSFET characteristics. Notice that the slope of each of 
the curves in the triode region also varies somewhat with vgs- 

The actual MOSFET characteristics with the triode, saturation, and cutoff 
regions marked are shown in Figure 7.12. The dashed line represents the locus 
of the points for which 


vds — vcs ~ Vy. 


The MOSFET is in cutoff for 


vgs < Vy. 


The MOSFET operates in its triode region for points to the left of the dashed 
line, where 


vds < vgs - Vy and vgs > Vy. 
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FIGURE 7.11 Actual characteristics of the MOSFET. Each 
setting of vqs results in a separate i'qs versus vqs curve. 




i 



FIGURE 7.12 Actual characteristics of the MOSFET 
showing the triode, saturation, and cutoff regions. 


The MOSFET operates in its saturation region for points to the right of 
the dashed line, where the following two conditions are met 

vds > VGS - Vt and vgs > Vt- 


Saturation Region Operation of the MOSFET A MOSFET operates in the 
saturation region when the following two conditions are met: 

t>GS > Vt (7.6) 

and 

vds > vgs - Vt■ (7.7) 

Given the more or less straight-line behavior of the ijjs versus vt>s curves 
to the left and to the right of the dashed line in Figure 7.12, it is natural 
to seek a piecewise-linear model for the MOSFET. Recall from Section 4.4, 
piecewise-linear modeling represents nonlinear v-i characteristics by a succes¬ 
sion of straight-line segments, and makes calculations within each straight-line 
segment using linear analysis tools. Figure 7.13 shows our choice of straight-line 
segments that model the actual MOSFET characteristics. 

To the right of the vt>s = vgs — Vt boundary (represented by the dashed 
line in Figure 7.13) we have the saturation region, in which we use a set of 
horizontal straight-line segments (one for each value of vgs) to represent the 
actual MOSFET characteristics. The straight-line segments representing the 
model are shown as thick grey lines. The circuit interpretation of each of 
the horizontal straight-line segments is a current source. Furthermore, because 



















7.3 Actual MOSFET Characteristics 


CHAPTER SEVEN 


339 



FIGURE 7.13 SR and SCS 

models. 


the value of the current depends on the value of vgs , the behavior is that of a 
voltage-controlled current source. This behavior, captured by the switch current 
source (SCS) model of the MOSFET, applies only in the saturation region of the 
MOSFET. We will have a lot more to say about this saturation region model 
of the MOSFET in Section 7.4. 

To the left of the vt>s = vgs — Vt boundary, we have the triode region, 
in which one possible modeling choice uses a single straight-line segment to 
approximate the ips versus v^s curve for a given value of vgs■ Such a straight- 
line segment approximating the ijos versus vds curve for a given vgs is shown as 
the thick grey line to the left of the vds = vgs — Vt boundary. You will notice 
that this choice of a single straight-line segment with a given slope 1 /Ron for 
a fixed value of vgs is our familiar SR model from Section 6.6. Intuitively, the 
single straight-line segment model suggests that the MOSFET behaves like a 
resistor with a fixed value Ron f° r a given value of vgs, provided that vgs > Vt 
and i’ds < vgs - Vt- 

When the MOSFET curves are drawn using a compressed scale on the 
x-axis as in Figure 7.14, we see even the S model is not unreasonable in the 
triode region since it captures the gross characteristics of the MOSFET. 

Of course, it is also possible to model the complete operation of the 
MOSFET (for any value of vgs ) using a more sophisticated nonlinear model. 
This results in the Switch Unified (SU) model, which is discussed further in 
Section 7.8. Although the SU model captures the complete characteristics of 
the MOSFET, for simplicity, we will focus on the SR and the SCS models. 
Accordingly, unless specifically mentioned otherwise, we will use the SR model 
for the triode region of the MOSFET when analyzing digital systems (since we 
work with a fixed high value of vgs, where vgs > Vt and vt>s < vgs — Vt), 
and the SCS model in the saturation region (vgs > Vt and vt>s > vgs — Vt) 
for analog systems. 
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FIGURE 7.14 SandSCS 
models. 



As one final observation on the various models, notice in Figure 7.13 the 
discontinuity in the ins versus vus curve according to the SR model in the 
triode region, and the SCS model in the saturation region. In other words, if a 
MOSFET operates in a circuit such that vds = v C,s — V'l , the two models will 
give very different results. We can live with this discontinuity provided we do not 
attempt to reconcile the results from the two models in the same analysis. 2 You 
must choose between the two models depending on the particular situation. 
Specifically, use the SR model when operating with a fixed vqs in the triode 
region, and use the SCS model when operating in the saturation region. The 
SR model is appropriate for use in our digital circuits because of the inverting 
property of the type of digital circuits discussed here (for example, our familiar 
inverter). Since the drain voltage in our digital circuits is low when the gate 
voltage is high, the triode region of MOSFET operation applies, and therefore, 
the SR model is appropriate. Conversely, in the design of amplifiers, we will 
establish the saturation discipline, which will constrain amplifier designs to 
operate MOSFETs exclusively in their saturation region, thereby allowing the 
use of the SCS model. 

7.4 THE SWITCH-CURRENT SOURCE (SCS) 
MOSFET MODEL 

We saw in the previous section that when the gate voltage of the MOSFET 
is greater than the threshold voltage, and the drain voltage is greater than the 
gate voltage minus one threshold drop (vds > vgs ~ V'/'), a voltage-controlled 
current source model is appropriate for the MOSFET. The switch-current source 


2. As discussed in Section 7.8, the SU model eliminates the discontinuity. 
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(a) MOS device 
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V GS < ^T 


i G = 0 


D 


l ds 


-fi v GS> 

K{v GS -v T r- 


V GS — ^T 


Valid when v DS > v GS - V T 


(b) Open state 


(c) Closed state 


FIGURE 7.15 The switch- 
current source model of the 
MOSFET. 


model (or SCS model) of the MOSFET captures this behavior and is depicted 
in Figure 7.15. 

As depicted in Figure 7.15b, when vgs < Vt, the MOSFET is OFF and an 
open circuit exists between the drain and the source. For the SCS model, the 
current ic into the gate terminal is zero. 

When vgs > Vt, V DS > ( vgs ~ Vt), the amount of current provided 
by the source is given by 


K(v gs - V T ) 2 

ids = --- (7.8) 

where K is a constant having units of A/V 2 . The value of K is related to the 
physical properties of the MOSFET. ’ 

As in the OFF state, the current ic into the gate terminal is zero, reflecting 
an open circuit both between the gate and the source, and the gate and the 
drain. 

As mentioned earlier, the region of operation in which vt>s > ( vgs ~ Vt) 
is called the saturation region. The region in which vt>s < (vgs — Vt) is 
called the triode region. The characteristics of the MOSFET in the saturation 
region according to the SCS model are summarized graphically in Figure 7.16. 
Compare these characteristics with those for the SR model in the triode region 
displayed earlier in Figure 6.31. 

The constraint curve separating the triode and saturation regions in 
Figure 7.16 given by 

vds = vgs~Vt (7.10) 


3. The parameter K is related to the physical structure of the MOSFET as follows: 

W 

K=K n ~. (7.9) 

L 

hi Equation 7.9, W is the MOSFET gate width and L is the gate length. K n is a constant related to 
other MOSFET properties such as the thickness of its gate oxide. 
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FIGURE 7.16 Characteristics of 
the MOS device in the saturation 
region. 



can also be rewritten in terms of ips and V DS by substituting vds = (vgs ~ Vt) 
in Equation 7.8 as follows: 


K 2 


IDS = ~V DS . 

(7.11) 


The following is a summary of the SCS model of the MOSFET in algebraic 
form. The model applies only in the saturation region of MOSFET operation, 
that is, when vds > vgs ~ Vt- 


bs = 


K(vgs - Vt)- 
2 

0 


for vgs > Vt and vds > vgs — Vt 
for vgs < Vt- 


(7.12) 


EXAMPLE 7.3 A MOSFET CIRCUIT Determine the current ids for 
the circuit in Figure 7.17. For the MOSFET, assume that K = 1 mA/V 2 and Vj = IV. 

It is easy to see that the MOSFET in Figure 7.17 is operating in its saturation region, 
since the drain-to-source voltage (5 V) is greater than vgs ~ Vt (2 V — IV = IV). 
Therefore, we can directly calculate the desired current using the MOSFET equation for 
saturation region operation 

K{vgs - Vj) 2 
tDS = - 2 -’ 

Substituting vqs = 2 V, K = 1 mA/ V 2 and Vt = 1 V, we obtain ijjs = 0.5 mA. 


FIGURE 7.17 A simple 
MOSFET circuit 



























7.4 The Switch-Current Source (SCS) MOSFET Model 


CHAPTER SEVEN 


343 


EXAMPLE 7.4 SATURATION REGION OPERATION Keeping 
the gate-to-source voltage for the MOSFET in the circuit shown in Figure 7.17 at 2 V, 
what is the minimum value of the drain-to-source voltage vds for which the MOSFET 
will operate in saturation? 

The MOSFET operates in saturation under the following constraints 

vgs > Vt 


and 


i'DS > vgs — Vj- 

Since vgs is given to be 2 V and Vj is 1 V, the first constraint is satisfied. Substituting 
for vgs and Vt in the second constraint, we obtain the following constraint on vt>s for 
saturation region operation 


vds > 1 V. 

Thus the minimum value for vt>s is 1 V. 


EXAMPLE 7.5 SATURATION REGION OPERATION Next, 
keeping the drain-to-source voltage for the MOSFET in the circuit shown in Figure 7.17 
at 5 V, what is the range of values for vgs for which the MOSFET will operate in 
saturation? 


The lowest value for vgs is 1 V, since below that the MOSFET enters cutoff. 


The highest value for vgs is determined by the constraint 

vds > vgs — Vt- 

For vds = 5 V and Vt = 1 V, the highest value for vgs is 6 V. If vgs is increased 
beyond 6 V, the MOSFET enters the triode region. 


EXAMPLE 7 .6 A CIRCUIT CONTAINING TWO MOSFETS 
Determine the voltage vq for the MOSFET circuit shown in Figure 7.18. You are given 
that both MOSFETs operate in the saturation region. The MOSFETs are identical and 
are characterized by these parameter values: K = 4 mA/ v and Vt = 1 V. 

Since we are told that both MOSFETs operate in the saturation region, and since ids 
for both MOSFETs is the same, their respective gate-to-source voltages must also be 
equal. Recall that the drain-to-source current according to the SCS model is independent 



FIGURE 7.18 A circuit con¬ 
taining two MOSFETs. We are told 
that both MOSFETs operate in the 
saturation region. 
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FIGURE 7.19 The MOSFET 
amplifier. The up-arrow labeled l/g 
represents a connection through a 
power supply voltage source to 
ground. 



FIGURE 7.20 SCS circuit model 
of the MOSFET amplifier, iq is the 
MOSFET drain-to-source current. 
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of vds, provided the MOSFET is in saturation. Thus, equating the gate-to-source 
voltages for MOSFETs Ml and M2 we have 

5 - v 0 = 2. 

In other words, vo = 3 V. It is easy to verify that vo = 3 V implies that both MOSFETs 
are indeed in saturation. 

Observe further that the drain-to-source voltages across the two MOSFETs operating 
as voltage-controlled voltage sources are not equal, even though the currents through 
the two devices are identical. 


7.5 THE MOSFET AMPLIFIER 

A MOSFET amplifier circuit is shown in Figure 7.19. Remarkably, this circuit 
is identical to the inverter circuit we saw earlier! Unlike the inverter circuit, 
however, the input and output voltages of the MOSFET amplifier must be 
carefully chosen so that the MOSFET operates in its saturation region. In the 
saturation region of operation, the SCS model can be used to analyze the 
MOSFET amplifier. Constraining the inputs so that the MOSFET is always 
in saturation results in the desired amplifier behavior, and furthermore, it sig¬ 
nificantly simplifies our analysis. This constraint on how we use a MOSFET 
amplifier is yet another example of a discipline to which we adhere in circuit 
design and analysis. This discipline is called the saturation discipline and is 
discussed further in Section 7.5.2. 

Let us examine the amplifier circuit in Figure 7.19. We will do so by replac¬ 
ing the MOSFET in Figure 7.19 with its SCS circuit model from Figure 7.15 as 
illustrated in Figure 7.20. As our first step, let us determine the conditions on 
the circuit such that the MOSFET is in saturation. When the MOSFET is con¬ 
nected in a circuit as shown, the following relationships between the MOSFET 
voltages and the circuit voltages apply: 

vgs — UN 

VDS = VQ 


and 


bs = Id- 


Accordingly, the MOSFET is in saturation when the following constraints 
are met: 


UN > Vt 
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and 


VQ > ITN - Vt- 


In saturation, recall that the drain-to-source current of the MOSFET is given 
by Equation 7.12 in terms of the MOSFET parameters as 

K(v gs -Vt) 2 


In terms of the amplifier circuit parameters, this equation becomes 


b — 


m n - Vt) 2 
2 


(7.13) 


Next, we will attempt to answer the following question: What is the rela¬ 
tionship between the amplifier output vo and its input iqN? This relationship 
will describe the gain of the amplifier. Notice here an advantage of the satura¬ 
tion discipline — our constraint that the circuit inputs will be chosen so that 
the MOSFET is always in saturation allows us to focus on the saturation region 
of operation of the MOSFET and ignore its triode and cutoff region operation. 

We will begin by formulating the output voltage vo as a function of the 
input voltage Any of the methods described in Chapters 2 and 3 can be 
used to analyze this circuit. We will use the node method here. The ground 
node is marked in the circuit in Figure 7.20, and so are the node voltages vo, 
viN, and Vs- Since the current into the MOSFET gate is zero, the node with 
voltage vo is the only interesting node in the circuit. Writing the node equation, 
we get 


b = 


Vs - vo 

Rl 


Multiplying throughout by R/ and rearranging terms, we get 


vo = Vs - >dRl- 


In other words, vo is equal to the power supply voltage minus the voltage drop 
across Rl- When > Vt and vo > vest — Vt, we know that the MOSFET 
is in saturation and the SCS model for the MOSFET applies. Substituting for 
b from Equation 7.13, we get the transfer function of the amplifier given by 


~ Vt) - d 

vq = Vs - R --- Rl- 


(7.14) 
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FIGURE 7.21 i/o versus ^IN 
curve for the amplifier. 


• Cutoff 

region (v m < V T ) 


MOSFET is in 
saturation within 

\this region ( v 0 > v IN - V T and v IN > V T ) 



Triode region 

( v O ' V IN ” an ^ 1? in ~ V T> 


The transfer function relates the value of the output voltage to that of the 
input voltage. Accordingly, the gain of the amplifier is given by 


v Q V S - 


VJN 




(7.15) 


Figure 7.21 plots vo versus t/|\ for the MOSFET amplifier. This decidedly 
nonlinear relationship is called the transfer function of the amplifier. When 
z/in < Vi , the MOSFET is off and the output voltage is V 5 . In other words, 
i D — 0 when t^si < Vt- As t^si increases beyond the threshold voltage V-; , 
so does the current sustained by the MOSFET. Therefore vo rapidly decreases 
as i/[n increases. The MOSFET operates in the saturation region until the out¬ 
put voltage vo falls one threshold below the gate voltage, at which point the 
MOSFET enters the triode region (shown as a dashed line in Figure 7.21), and 
the saturation model and Equation 7.14 are no longer valid. 

As shown in Figure 7.22, notice that the magnitude of the slope of certain 
regions of the curve is greater than one, thereby amplifying input signals that 
fall within this region. Shortly, we will take a more careful look at how we can 
connect an input signal to the amplifier so that it is amplified by leveraging the 


FIGURE 7.22 In certain parts, 
the magnitude of the slope of the 
</q versus pin curve is greater 
than one. 
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amplifier transfer function. But before we do so, let us examine the transfer 


function using numerical quantities to build up our insight. 

We will examine the relationship between t^N and t'ouT for the amplifier 
shown in Figure 7.20 for the following parameters: 

V s = 10 V 


K= 1 mA/V 2 


R l = 10 k£2 


V T = 1 V. 


Substituting in Equation 7.14, we get 


<N 

£ 

1 ^ 

1 

£ 

II 

o 

(7.16) 

-10 (HT 3 )^^ 1)_ ^10xl0 3 

(7.17) 

= 10 - 5(tqN - l) 2 . 

(7.18) 

For example, substituting i/psi = 2 Vin Equation 7.18, we 
We can tabulate the input-output voltage relationship for a 
quantities as shown in Table 7.1. 

obtain vo = 5 V. 
larger number of 


“IN 

“OUT 


1 

10 


1.4 

9.2 


1.5 

8.8 


1.8 

6.8 

TABLE 7.1 versus vqut for 

1.9 

6 

the MOSFET amplifier. All values 
are in volts. Observe that the 

2 

5 

MOSFET amplifier goes into the 

2.1 

4.0 

triode region for i/|n > 2.3 V and 
the SCS model for the MOSFET 

2.2 

2.8 

does not apply. 

2.3 

1.6 


2.32 

1.3 


2.35 

0.9 


2.4 

- 0 
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We can make a number of observations from Table 7.1. First, the amplifier 
clearly demonstrates voltage gain (change in the output voltage divided by the 
change in the input voltage) because the input ranging from 1 V to 2.4 V causes 
the output to change from 10 V to 0 V. 

Second, the gain is nonlinear. From Table 7.1, when the input changes 
from 2 V to 2.1 V, the output changes from 5 V to 4 V, exhibiting a local 
voltage gain of 10. However, when the input changes from 1.4 V to 1.5 V, the 
output changes by merely 0.4 V, exhibiting a local voltage gain of 4. This fact is 
evident from the different slopes at various points in the transfer curve shown 
in Figure 7.22. 

Third, the saturation discipline is met only for pin values between 1 V and 
approximately 2.3 V. When the input pin is less than 1 V, the MOSFET is 
in cutoff. Similarly, when pin is greater than approximately 2.3 V, the output 
falls more than one threshold drop below the input. For instance, notice that 
when pin is 2.32 V, the output is 1.3 V, which is more than one threshold drop 
below the input voltage. 


A 5V 



example 7.7 A MOSFET AMPLIFIER Consider the MOSFET 
amplifier shown in Figure 7.23. Assume that the MOSFET operates in the saturation 
region. For the parameters shown in the figure, determine the output voltage vq given 
that the input voltage pin = 2.5 V. From the value of vq verify that the MOSFET is 
indeed in saturation. 

From Equation 7.14 we know that the relationship between the input and output 
voltages for a MOSFET amplifier under the saturation discipline is given by 


FIGURE 7.23 A MOSFET 
amplifier example. 


vo=Vs- K 


(pin - Vt) 2 


Rl- 


Substituting for K, Vs, Vj, Ri, and i^n, we obtain directly the value of vq: 


r n r , n -3 (2-5 — 0 . 8 ) 3 

vq = 5 — 0.5 x 10 ---1 x 10 


= 4.28 V. 


For the MOSFET to be in saturation, two conditions must be met: 


vgs > Vt 


and 


vds > vgs ~ Vt- 
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Since vqs — flN = 2.5 V, and Vj = 0.8 V, the first condition is met. Similarly, since 
vds = vq = 4.28 V, and vq $ — Vj = 1.7 V, the second condition is also met. Thus 
the MOSFET is indeed in saturation. 


EXAMPLE 7.8 A MOSFET SOURCE-FOLLOWER CIRCUIT 
Another useful MOSFET circuit is the source follower shown in Figure 7.24. For rea¬ 
sons that will be clear in our discussion of the source follower in Chapter 8, the source 
follower is also called a buffer circuit. Assuming that the MOSFET operates in the sat¬ 
uration region, determine the output voltage rroUT and the current ipj given that the 
input voltage = 2 V, for the parameters indicated in the Figure 7.24. 

We determine foUT by writing the node equation for the output node: 


t'OUT 

~ 1 x 10 3 ‘ 


(7.19) 


Substituting for /£> using the SCS model for the MOSFET we get 


1 x 10 _3 (2 V - 1 V - tr OUT ) 2 _ tpUT 
2 ~~ 1 X 10 3 ‘ 


Simplifying we get 




t'oUT - 3l/ OUT + 1 = 0. 


FIGURE 7.24 Source follower 
circuit. 


The two roots of the equation are 2.6 and 0.4. We pick the smaller of the two roots, 
since, for saturation operation, the solution must satisfy 


iTN - ^OUT > Vt- 


In other words, 


2.5 V - t/our > 1 V. 
Thus, foUT = 0.4 V. Substituting into Equation 7.19 

i D — 0.4 mA. 


7.5.1 BIASING THE MOSFET AMPLIFIER 

Figure 7.21 showed that the MOSFET is in saturation only within a certain 
region of the amplifier transfer curve. The MOSFET circuit works as a reason¬ 
able amplifier only within this region, which, as shown in Table 7.1, ranges 
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FIGURE 7.25 Boosting the 
input signal of interest with a 
suitable DC offset so that the 
MOSFET operates in its saturation 
region for the entire range of input 
signal excursions. 


FIGURE 7.26 Circuit for 
boosting the input signal of interest 
{vfy) with a suitable DC offset (1//) 
so that the MOSFET operates in its 
saturation region for the entire 
range of input signal excursions. 



from an input of 1 volt to about 2.32 volts. In order to ensure that the amplifier 
operates within this region of the curve, we must transform the input voltage 
appropriately. As illustrated in Figure 7.25, one way of doing so is to boost the 
signal that we want to amplify (for example, va) with a DC offset (say, Vx) so 
that the amplifier operates in its saturation region even for negative excursions 
of the input signal. Figure 7.26 shows the corresponding circuit that adds an 
offset to the input signal by connecting a DC voltage source (Vx) in series with 
the input signal source {va)- In other words, we have 

Dn — Vx+va 

where va is the desired input signal. 

Notice in Figure 7.25 that the corresponding output voltage vo also con¬ 
tains a DC offset Vy added to the time varying output signal i’i>. vg is an 
amplified version of the input signal va- 
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FIGURE 7.27 A sinusoidal input 
signal with zero offset results in a 
highly distorted output signal. 


Contrast the amplifier behavior for the input signal source with a suitable 
DC offset voltage shown in Figure 7.25 with that for the input signal source 
applied directly Figure 7.27. When the input signal is applied to the amplifier 
without a DC offset, the MOSFET operates in its cutoff region for most of 
the input signal, and the output is highly distorted, bearing little resemblance 
to the input. The form of distortion suffered by the signal in the example in 
Figure 7.27 is called clipping. 

The use of the amplifier with an input DC offset (and a resulting output 
offset) is important enough to merit some new terminology. The DC offset (for 
example, Vx) applied to the input of the amplifier is also called a DC bias. The 
use of the DC offset voltage at the input establishes an operating point for the 
amplifier. The operating point is sometimes referred to as the bias point. As an 
example, the operating point values of the input and output voltages for the 
amplifier in Figure 7.26 are Vx and Vy, respectively. We can select different 
operating points for the amplifier by applying different values of the input DC 
offset voltage. Section 7.7 discusses various methods of choosing an operating 
point. 

We make one final observation about our amplifier. Although vb is an 
amplified version of the input signal va when the input signal is boosted with 
a DC offset, vb is not linearly related to va- Notice from Equation 7.14 
that our amplifier is nonlinear even when the MOSFET operates in the 
saturation region. Fortunately, the MOSFET amplifier behaves as an approxi¬ 
mately linear amplifier for small signals; in other words, when the desired input 
signal va is very small. However, we will postpone a more detailed analysis of 
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FIGURE 7.28 The MOSFET 
amplifier abstraction. 



the amplifier’s small signal behavior to Chapter 8. Accordingly, for now, and 
in the rest of this chapter, we will not assume that the input is a small signal. 
Rather, we will assume that the input t'i\i that is fed into the amplifier comprises 
both the signal component of interest to this user (which may be a large valued 
signal), and a DC offset (or DC bias). For simplicity, all calculations will be 
performed on this boosted signal. 

7.5.2 THE AMPLIFIER ABSTRACTION AND 
THE SATURATION DISCIPLINE 

We would like the user of a MOSFET amplifier to be able to treat it as 
the abstract entity depicted in Figure 7.28, ignoring the internal details of the 
circuit. This abstract amplifier has i^N and *IN at its input port and vo and z’o 
at its output port, and provides power gain. Details such as the power supply 
and the like are hidden from the user. The amplifier shown in Figure 7.28 uses 
ground as an implicit second terminal for both the input port and the output 
port. This form of amplifier is also called the single-ended amplifier. 

Much like the gate abstraction went hand in hand with the static 
discipline—which dictated the valid range for applied inputs and expected 
outputs—the amplifier abstraction is associated with the saturation discipline, 
which prescribes constraints on the valid set of applied input signals and 
expected output signals. The saturation discipline simply says that the ampli¬ 
fier be operated in the saturation region of the MOSFET. As we shall see shortly, 
we choose this definition of the saturation discipline, because the amplifier pro¬ 
vides a good amount of power gain in the saturation region, thereby operating 
well as an amplifier. 

Specification of the saturation discipline serves two purposes: First, it pre¬ 
scribes constraints on how the device can be used; and second, it establishes a 
set of design criteria for the device. The amplifier abstraction and its associated 
usage discipline can be likened to procedural abstractions in software systems. 
Software procedures are an abstraction for the internal function they imple¬ 
ment. Procedures are also associated with a usage discipline often articulated 
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as comments at the head of the procedure. Section 7.6 will be concerned with 
identifying valid usage ranges under the saturation discipline. 


7.6 LARGE-SIGNAL ANALYSIS OF 
THE MOSFET AMPLIFIER 


Two forms of analysis come in handy for amplifiers: a large signal analysis and a 
small signal analysis. Large signal analysis deals with how the amplifier behaves 
for large changes in the input voltage, in other words, changes that are of 
the same magnitude as the operating parameters of the amplifier. Large signal 
analysis also determines the range of inputs for which the amplifier operates 
under the saturation discipline for the reasons discussed in Section 7.5.1. This 
section deals with large signal analysis. The next chapter deals with small signal 
analysis. 

Large signal analysis attempts to answer the following specific questions related 
to the design of the amplifier: 

1. What is the relationship between the amplifier output vo and its input 
in the saturation region? Equation 7.14, developed using the analytical 
method, summarized the answer to this question. For variety, this section 
will use the graphical method to determine the same relationship. 

2. What is the range of valid input values for the amplifier under the 
saturation discipline? What is the corresponding range of output values? 

Figure 7.29 shows the MOSFET amplifier, and Figure 7.30 replaces 
the MOSFET with its equivalent circuit model. In this section, we will 
use the graphical method of analyzing nonlinear circuits (introduced earlier 
in Section 4.3) to determine the answers to our questions. 

Specifically, Section 7.6.1 will discuss the answer to the first question, and 
Section 7.6.2 will address the second question. 

7.6.1 VERSUS t^ouT IN THE SATURATION REGION 

Writing the node equation for the output node gives us the following 
relationship between ids and vds- 


vds = Vs - idsRl ■ (7.20) 

Recall that for our circuit izjn is the same as vgs , v O is the same as vds, and 
ips is the same as zfj, where izjn, v O, and z’d are the amplifier circuit variables, 
and vgs , vds, and zAs are the MOSFET variables. 

Previously, using the analytical approach to solving our nonlinear amplifier 
problem, we substituted for ids from Equation 7.12 into Equation 7.20 and 
obtained the input versus output voltage relationship shown in Equation 7.14. 



FIGURE 7.29 MOSFET 

amplifier circuit. For the parameters 
shown here, is the same as vgg 
and vq is the same as vq§. 
Similarly, /qs is the same as i'q. 



FIGURE 7.30 MOSFET 
amplifier — large signal model. 
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This time around, we will use the graphical method to obtain the 
same relationship. We begin by rewriting Equation 7.20 as 


IDS — 


Vs 

Rl 


vds 

Rl 


(7.21) 


As Equation 7.21 demonstrates, the load resistor Rl forces an affine rela¬ 
tionship between ios and vds ■ Figure 7.31 plots this affine relationship. The line 
representing the affine relationship between the output current and the voltage 
forced by the load resistor is called the load line. The slope of the line is inversely 
proportional to the load resistance. 

Also, recall that the MOSFET SCS model forces the relationship captured 
by Equation 7.8, namely, 


K(vgs ~ Vr ) 2 
«=—-— 

and graphed in Figure 7.16 between the input voltage vgs and the MOSFET 
current ios- The output current and voltage must thus satisfy both the load-line 
constraint and the MOSFET vos versus ins relationships. We can graphically 
solve for the behavior of the output voltage by overlaying the load-line rela¬ 
tionship on the ios versus Vos characteristics of the MOSFET in the saturation 
region as depicted in Figure 7.32. 


p- 

l<N 




FIGURE 7.31 The load line for the MOSFET amplifier. 


FIGURE 7.32 Load line super-imposed on the characteristic 
curves of the MOSFET. 
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FIGURE 7.33 Determining the 
transfer curve of the amplifier 
graphically. 


Figure 7.33 illustrates how the amplifier transfer curve (that is, its versus 
vo curve) can be determined. For some specific value of the input voltage, say 
vin = vosh we can determine the output voltage vo = vosi by finding the 
intersection between the load line for Ri and the output current iosi for the 
given input voltage vosi- We can then plot these values to obtain the transfer 
function shown in Figure 7.21. 

Figures 7.34 and 7.35 further show how an input sinusoid with a peak- 
to-peak voltage of 0.2 V with an offset of 1.5 V is amplified to an output 
peak-to-peak voltage of 1 V centered around 3.75 V for the following set 



FIGURE 7.34 Determining 
signal amplification graphically. 


3.2 V 3.75 V4.2V 
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FIGURE 7.35 Signal 
amplification. 



of parameters: 


r l = fo kn, 

(7.22) 

K= 1 mA/V 2 

(7.23) 

V S = 5V 

(7.24) 

V T = i v. 

(7.25) 


We note that the output will not be a perfect sinusoid like the input because 
the amplifier is non-linear. 

This concludes our discussion of the first part of large signal analysis for 
a MOSFET based amplifier, namely, determining the relationship between the 
input and output voltage. Before we move on to the second part of large 
signal analysis, it is worth spending a few moments comparing the graphical 
method and the analytical method. To be sure, either method can be used in 
most situations. The analytical method is useful when simple expressions cap¬ 
ture the behavior of the devices, as was the case for our MOSFET amplifier. 
The graphical method discussed in this section, however, is often more accu¬ 
rate when device characteristics measured from a physical device are available. 
The discrete devices you will come across in the laboratory, for example, will 
often come with data sheets containing their v-i characteristics. 

7.6.2 VALID INPUT AND OUTPUT VOLTAGE RANGES 

Let us now answer the second question of large signal analysis, namely, what 
are valid input and output voltage ranges for the amplifier under the saturation 
discipline? These ranges will provide the outer voltage limits to input signals 
such as those in Figure 7.35. The limits will also provide insights into the 
nominal voltage about which the input signal should be centered, or, in other 
words, how to choose the operating point of the amplifier. 
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Valid voltage range The range of input voltages (and the resulting range of 
output voltages) for which the MOSFET (or MOSFETs) in the circuit operate 
in the saturation region. 

The amplifier will amplify input signals when it is operating in this range 
without clipping the signal or introducing significant amounts of distortion. 
(Signal clipping occurs when the amplifier output cannot go beyond a certain 
voltage or current level.) 

Let us begin by making some general observations about the current and 
voltage limits to build up our intuition. Observe that ids can range only from 
0 -* Vs/Rl■ The output voltage is Vs when ids is zero, ids is zero for input 
voltages less than Vp. Similarly, the output voltage is 0 when the current is 
Vs/Rl, and the input voltage is at some high value greater than Vp. The limits 
of saturation region operation lie somewhere within the ids current limits of 0 
and Vs/Rl- 

The valid range of input voltages has a lower limit and an upper 
limit. The lower limit on input voltages is easy to determine. 

Lowest Valid Input Voltage 

Notice from Figure 7.36 that the input voltage must be greater than Vj for the 
MOSFET to exit its cut off region. When the input voltage is Vp, the MOSFET 
exits its cutoff region and the output voltage of the amplifier is Vs- When the 
input voltage is equal to Vp, any positive value of v^s will cause the MOSFET 
to operate in its saturation region. Because we design the amplifier with Vv > 0, 
and since Vds = Vs, the MOSFET will be in its saturation region. Since Vp is 
the lowest voltage for which the MOSFET is in saturation, we get 

lowest valid input voltage = Vp. (7.26) 

The corresponding value of the output voltage is Vs. The point labeled (x) 
corresponding to the point ( Vp, Vs) on the amplifier U[n versus vo transfer curve 
in Figure 7.36 denotes the low end of the valid input voltage range. 


t tsL 
-^ 

1 

MOSFET is in 

7 ' saturation within 

\ this region (v 0 > v IN - V T and v IN > V T ) 

FIGURE 7.36 The lowest valid 

1 

1 

— v o = v in ~ kV 

input voltage under the saturation 
discipline is marked by the point 

1 

z' \^0 ^ ^IN — ^in— Vt 

lx), and the highest valid input 
voltage under the saturation dis- 

1 A 

/ \ \Triode region 

cipline is marked by the point (y). 

V T 

-1 - -► 

V IN 
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Highest Valid Input Voltage 

Next, we will determine the highest value of the input voltage for which the 
MOSFET satisfies the saturation discipline. Notice that the MOSFET goes into 
the triode region when the output voltage vo falls one threshold drop below 
the input voltage uin- In other words, when 


vo = Vt- 


Thus, the valid high input voltage is that value of ujn beyond which the 
MOSFET enters the triode region. 

To build intuition, we first determine graphically the input voltage for 
which the output crosses into the triode region as follows. Referring to 
Figure 7.36, the straight line drawn at 45° to the ujn axis and intersecting 
it at Vt reflects the set of points in the un\i versus vq plane for which 


vq = vb<s - Vt 


assuming, of course, that unsi and vo use the same scale. Thus, the point (y) at 
which this 45° line intersects the versus vo transfer curve marks the upper 
limit of the valid input range. 

We can also determine analytically the value of this upper limit by solving 
for the intersection of the straight line in Figure 7.36 represented by 


vo — tdN - Vt (7.27) 

and the transfer curve determined by Equation 7.14, which we rewrite here for 
convenience: 


v ^(hn - v t ) 2 d 
vo — Vs - R --- Rl- 


(7.28) 


The intersection of these two curves is marked by the point ( y ) in Figure 7.36. 
Substituting the expression for vo from Equation 7.27 into Equation 7.28 
we get 


t t ,, jJtdN - Vt ) 2 

vjn ~ Vt = Vs - K --- Rl- 


(7.29) 


Rearranging terms, we have 

Rl~(vb<s - Vt) 2 + (i4N - Vt) - Vs = 0. (7.30) 

The value of z^n that solves Equation 7.30 is the highest value of ujn for which 
the MOSFET operates in saturation. 
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Solving for — Vt, we get 


In other words, 


m-v T = 


-1 + yi + 2 v s r l k 

RlK 


fdN = 


-i + yr+2 v s r l k 

RlK 


+ Vt- 


(7.31) 


(7.32) 


This value of U[n is the highest input voltage that satisfies the saturation 
discipline and corresponds to the point marked ( y ) in Figure 7.36. 
Summarizing, the maximum valid input voltage range is 


Vt 


-1 + yi + 2 V s R l K 
RlK 


+ Vt 


and the maximum valid output voltage range is 


V S 


-1 + yi + 2 v s r l k 

RlK 


As illustrated in Figure 7.37, the MOSFET enters its cutoff region for input 
voltages lower than Vt, and goes into the triode region for input voltages 
greater than ((—1 + y 1 + 2 VsRlK) / RlK) + Vt- The corresponding drain 
current range is 


0 -»• -(t^N - Vt) 2 

where we substitute ((—1 + yi + 2 VsRlK) / RlK) + Vt- 
This completes the second step of large signal analysis. 



FIGURE 7.37 Cutoff, saturation, 
and triode regions of operation of 
the MOSFET amplifier. 
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EXAMPLE 7.9 VALID INPUT AND OUTPUT RANGES FOR 
AMPLIFIER Let us now determine the valid input voltage range and the 
corresponding output voltage range for the amplifier given the following circuit 
parameters: 


R l = 10 kQ, (7.33) 

K = ImA/V 2 (7.34) 

= 5 V (7.35) 

V T = 1 V. (7.36) 


From Equation 7.26, we know that Vj = 1 V is at the low end of the valid input 
range. The corresponding value of vq is Vs = 5 V and the current ip is 0. 

Next, to obtain the highest value of the input voltage for saturation region operation of 
the MOSFET amplifier we substitute the values of these parameters in Equation 7.32. 


, .... , -l + Vl+2 V s R l K 

Highest valid input voltage = V 7 - 4--- 

RlK 


= 1 + 


-1 + Vi + 2 x 5 x 10 x 10 3 x 10~ 3 


10 x 10 3 x IO - 3 


In other words, 1.9 V is the highest value of the input voltage that ensures satura¬ 
tion region operation of the amplifier. We can also solve for the corresponding values 
of vq and iQ from Equations 7.27 and 7.8 as follows: 

vq — i4N — V 7 — 1-9 — 1 = 0.9 V 

/£> = — (itn — Vj) 2 = 0.41 mA. 

In summary, the maximum valid range for the input voltage is 

1 1.9 V 

and the maximum valid range for the output voltage is 

5 V a 0.9 V. 


The corresponding drain current range is 


0 mA -> 0.41 mA 
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FIGURE 7.38 Valid input and 
output voltage ranges. 


These values are plotted on a graph of the amplifier load line and the MOSFET device 
characteristics in Figure 7.38. 


EXAMPLE 7.IO VALID RANGES FOR THE SOURCE 
FOLLOWER CIRCUIT Let us derive the valid operating ranges for the source 
follower circuit shown earlier in Figure 7.24, and repeated here in Figure 7.39 for 
convenience. Assume that V 5 = 10 V. 

Recall that the valid input voltage range is defined as the range of input voltages for 
which the MOSFET operates under the saturation discipline. Two conditions must be 
met for the MOSFET to remain in saturation: 



and 


VGS > Vt 


(7.37) 


vds > vgs - Vt- (7.38) 

The first condition requires that hn — uout > Vt, or, 

pin > pout + Vt- 

Since the minimum value of pout is 0 V, the minimum value of hn f° r saturation 
region MOSFET operation is given by 



FIGURE 7.39 Source-follower 
circuit. 


irpisj = Vt = 1 V. 


The second condition requires that 


vds > vgs - Vt, 
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which implies that 


V.v - "OUT > tlN - I'OUT — Vj- 
Rearranging terms and simplifying, we obtain 

t'lN < Vs + Vt- 

In other words, the maximum value of itn is given by 

t'lN = 10 V + 1 V = 11 V. 

Summarizing, the valid input range is given by 

1 11 V. 

The corresponding output voltage range is easily determined. At the low end of the 
valid range, we know that "OUT = 0 for ttN = 1 V. At the high end of the valid range, 
I'OUT is determined by writing the node equation for the output node and substituting 
llN = 11 V: 

fOUT 

~ 1 x 10 3 ' 

Substituting for ip using the SCS model for the MOSFET we get 

2 x ^q-3 (11 V - 1 V - Z'OUt ) 2 _ t/QUT 
X 2 ~ 1 x 10 3 ' 


Simplifying, we get 


^OUT _ 21 I'OUT + 100 = 0. 

The two roots of the equation are 13.7 and 7.3. We pick the smaller of the two roots, 
since, for saturation operation, fouT must be at least one Vj below the input voltage. 
Thus, 


I'OUT = 7.3 V. 

The valid output voltage range is given by 


0 V "out -> 7.3 V. 
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The corresponding valid current range is given by dividing the output voltage extremes 
by the resistance 1 k£2: 


0/10 3 


i D 7.3/10 3 


or 


0 mA 7.3 mA. 


7.6.3 ALTERNATIVE METHOD FOR VALID INPUT AND 
OUTPUT VOLTAGE RANGES 

Section 7.6.2 showed that we could determine the valid range of amplifier 
operation under the saturation discipline using the transfer curve of the amplifier. 
Alternatively, we can solve for the same limits graphically from the load-line 
and the MOSFET device characteristics as illustrated in Figure 7.40. 

Notice that under the saturation discipline the lowest valid value of the 
output voltage vo is identified by the point of intersection of the constraint 
curve separating the triode and saturation regions given by 


bs = 



(7.39) 


and the load line given by 


bs 


Vs vps 

Rl Rl' 


(7.40) 




|<N 



FIGURE 7.40 Determining valid 
input and output voltage ranges 
from a graph of the amplifier load 
line and the MOSFET device 
characteristics. 


0 
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The intersection point is marked (y) in Figure 7.40. Recall that the current ids 
and the output voltage vo (which, in our amplifier circuit, is the same as vds ) 
is constrained to the load line by KVL. Substituting for ids from Equation 7.39 
into 7.40, rearranging terms, and multiplying out by Rl, we get 

Rl2 V ds + v ds -Vs = 0. (7.41) 

Observe that Equation 7.41 is the same as Equation 7.30 with vds in place of 
t/fN — V| . The two equations are consistent because 

vds = Dn - Vt (7.42) 

at the point where the load line intersects the boundary of the saturation region. 

The positive solution to Equation 7.41 gives us the value of vds at the 
point of intersection: 


VDS = 


-l + yi+2 VsRlK 
RlK 


(7.43) 


This value of vds is the desired lowest value of vo for saturation region 
operation of the MOSFET amplifier. The corresponding value of the high¬ 
est valid input voltage can be obtained from Equation 7.42, and is given 
by z^Qsr = vo + Vt- In other words, at the point (y) in Figure 7.40, 
iqN is given by ((—1 + y/1 + 2VsRlK) / RlK ) + Vt, and vo is given by 
(-1 + V1+2 VsRlK) /RlK. 

Next, we will determine the lowest value of the valid input voltage denoted 
by the point marked (x) in Figure 7.40. This point is the intersection of the load 
line and the ids versus vds line for which vqs — Vt- At this point, vo — vds — 
Vs and i/[n = vgs — Vt- 

This completes our discussion of large signal analysis for the 
MOSFET amplifier. Large signal analysis determines the input-output trans¬ 
fer curve of the amplifier and the limits on the input voltage for which the 
amplifier operated under the saturation discipline. Specifically, the large signal 
analysis of an amplifier entails the following steps: 

1. Derive the relationship between and vq under the saturation 
discipline. Note that in general this might be a linear or fully nonlinear 
analysis. 

2. Find the valid input voltage range and the valid output voltage range for 
saturation operation. The limits of the valid ranges occur when the 
MOSFET enters into a cutoff region or a triode region. In complicated 
circuits, this step may require numerical analysis. 






7.7 Operating Point Selection 


Among other things, the limits determined in large signal analysis come in 
handy in determining a reasonable operating point for the amplifier. This will 
be the next topic of discussion. 


7.7 OPERATING POINT SELECTION 

We are often interested in amplifying time-varying signals. Because the amplifier 
turns off for input voltages less than Vy, it is important to add an appropriate 
DC offset voltage to the time-varying input signal so that the amplifier remains 
in the saturation region for the entire range of input voltage variation. This 
input DC offset voltage defines the operating point of the amplifier. The DC 
offset must be chosen carefully, for if it is too large, the amplifier will be pushed 
into the triode region, and if it is too low, the amplifier will slide into the cutoff 
region. How do we choose this operating point? 

Time-varying signals such as those in Figure 7.35 are characterized by their 
peak-to-peak voltage and their DC offset. For example, the sinusoidal signal 
in Figure 7.35 has a peak-to-peak value of 0.2 V and a DC offset of 1.5 V. 
Since the MOS amplifier is nonlinear, we define the output offset as the value 
of vo when the DC input offset voltage is the only signal applied at the input. 
Although the time-varying portion of the signal is of interest to us, as discussed 
in Section 7.5.1, the DC offset is provided simply to keep the amplifier operating 
in its saturation region. 

The input offset voltage is also called the input bias voltage or the input 
operating voltage. The corresponding output voltage and the output current 
define the output operating point of the amplifier. Together, the input bias 
voltage, and the corresponding output voltage and the output current, define 
the operating point of the amplifier. We denote the operating point values of 
vq, and io as Vin, Vq , and Iq, respectively. As illustrated in Figure 7.41, 
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FIGURE 7.41 Valid range for 
operating point under the 
saturation discipline. 
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the operating point can be legally situated anywhere along the load line in the 
valid range between the points (x) and (y). 

There are several factors that can govern our choice of the operating point. 
For example, the operating point dictates the maximum dynamic range of the 
input signal for both positive and negative excursions for which the MOSFET 
operates in saturation. As can be seen from Equation 7.15, the operating point 
value of the input voltage also governs the signal gain of the amplifier. This 
section will focus on selecting an operating point based on maximizing the 
useful input signal range. We will have more to say about the relationship 
between the gain of the amplifier and its operating point in Section 8.2.3 in 
Chapter 8. 

Let us assume that the input signal has symmetric peak-to-peak swings 
about the DC offset. In other words, we will assume an equal magnitude for 
both the positive and negative excursions of the time-varying signal from the 
DC offset, as is the case for the input signal t/[N in Figure 7.35 (but not for the 
output signal vo). To obtain maximum useful input signal range, we might 
choose the input bias voltage Vnsi to be at the center of the valid range of input 
voltages for the amplifier, as illustrated in Figure 7.42. 

Accordingly, for the amplifier parameters that we have been using thus far, 


R l = 10 kfl (7.44) 

K= ImA/V 2 (7.45) 

V s = 5 V (7.46) 

V T = I V (7.47) 


because our amplifier operates under the saturation discipline for input voltages 
in the range 1 V —f 1.9 V, we might choose an input operating point voltage 
at the center of this range, namely Vin = 1.45 V. This choice is illustrated in 


FIGURE 7.42 Selection of the 
input operating point 



range 
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FIGURE 7.43 Operating point 
and valid input and output voltage 
ranges. 



FIGURE 7.44 Input operating 
point. 


Figure 7.43, which is an z'd.v versus vds graph, and in Figure 7.44, which shows 
the corresponding vjn versus i^out graph. As we expect, the output will vary 
between 0.9 V and 5 V as the input varies between 1 V and 1.9 V. 

Let us take a closer look at the behavior of the amplifier for the given input 
bias voltage by determining the corresponding output operating point. For a 
given input operating point voltage Vjn, we can determine the operating point 
output voltage Vo from Equation 7.14, and the operating point output current 
Id from the MOSFET SCS model given in Equation 7.8. Substituting for the 
circuit parameters in Equation 7.14 we get 


v 0 = v s - K ML St 


= 5 — iq-3 1 ^ — 1 ) 2 10 - 


= 4 V. 
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From Equation 7.8 we get as 

K(Vrn ~ V T ) 2 


Id = 


10 _3 (1.45 - l) 2 


= 0.1 niA. 


Thus the operating point for the amplifier is defined by 


Vin = 1-45 V 
V 0 = 4V 
I D = 0.1 mA. 

This operating point maximizes the peak-to-peak input voltage swing for which 
the amplifier operates under the saturation discipline. 

The operating point for our amplifier, along with the valid input and output 
voltage ranges, is shown in Figure 7.43. For this choice of the operating point, 
the maximum input voltage swing for positive excursions is 1.45 V —»• 1.9 V, 
and the maximum input voltage swing for negative excursions is 1.45 V-> 1 V. 
The corresponding output voltage swings are 4 V -» 0.9 V and 4 V —*■ 5 V. 

Although we chose the input operating point to be at the center of the 
valid input range, notice the asymmetry of the output voltage range about 
the output operating voltage. The asymmetry arises from the nonlinearity of 
the gain of the MOSFET amplifier. The next chapter will discuss an approach 
by which we can treat MOSFET amplifiers as linear amplifiers. Depending on 
our desired input and output voltage swings, and also amplifier gain, we can 
also choose other operating points for the amplifier. Other criteria for choosing 
the operating point might include concerns of stability and power dissipation, 
but these are beyond the scope of our discussion. 


EXAMPLE 7 -II OPERATING POINT FOR THE MOSFET 
SOURCE FOLLOWER CIRCUIT Modify the source follower circuit from 
Figure 7.24 to include an input bias voltage that maximizes input voltage swing. Assume 
that V s = 10 V. 

Figure 7.45 shows the biased circuit, where Vg is the bias voltage and va is the input 
signal. The total signal, iin, is the sum of the offset voltage and the actual input. Recall 
that the input offset voltage (Vjj) is applied to boost the input signal (va) in a way that 
the MOSFET remains in saturation for the maximum positive and negative excursions 
of the input signal. 
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FIGURE 7.45 Source-follower 
circuit with input bias. 


From Example 7.10, we know that the valid range for the total input is given by 

1 vtn ->• 11 V. 

We can obtain the maximum input swing under saturation operation by biasing the 
input at the midpoint of the input valid range. In other words, we choose 

V B = 6 V. 

This choice of input offset voltage allows a peak-to-peak swing of 10 V for the input 
signal v/\. 


EXAMPLE 7.12 LARGE SIGNAL ANALYSIS OF ANOTHER 
MOSFET AMPLIFIER The circuit shown in Figure 7.46 is a MOSFET ampli¬ 
fier. We wish to determine the large-signal input-output behavior of this amplifier. We 
also wish to determine the range of msi over which the MOSFET operation remains in 
the saturation region. In this example, we will assume that the MOSFET is characterized 
by Vj- = 1 V and K = 1 mA/V 2 . 

Resistors Ri and R 2 form a voltage divider from Vs that establishes the constant bias 
voltage V B at the gate of the MOSFET. That bias voltage is V B = 1.6 V. 



FIGURE 7.46 Another MOSFET 
amplifier with the input connected 
to the source, and biasing provided 
by a voltage divider formed by 
resistors Ri and R 2 . 
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Next, applying KVL yields vqs = Vg — i^sj. From this it follows that 

R3K 

t'OUT = Vs -— (Vfi — VlN — Vj) 2 , 

which evaluates to 


t'OUT = 10 — 10 x (0.6 — fnsj) 2 - 
Thus, for example, for = 0 V, the output foUT — 6.4 V. 

We now determine the range of over which the MOSFET operation remains in the 
saturation region. To do so, the MOSFET voltages must satisfy i'ds > vqs ~ Vt > 0. 
For the amplifier shown in Figure 7.46, this is equivalent to 

t'ouT - pin > Vb - iin - Vt > 0. 

By violating the first inequality, the MOSFET operation enters its triode region, and 
by violating the second inequality, the MOSFET operation enters its cutoff region. 
Numerically, this evaluates to 



-0.3695 V < i^n < 0.6 V, 


which corresponds to 


0.6 V < t'ouT — 10 V. 

Thus, note that the MOSFET operation can remain saturated for both positive and 
negative values of tux. 



+ 


V CE 


(b) 

FIGURE 7.47 A bipolar junction 
transistor. 


EXAMPLE 7.13 BIPOLAR JUNCTION TRANSISTOR (BJT) 
Figure 7.47a depicts another three-terminal device, called the bipolar junction transistor 
(BJT), that is in common use in VLSI circuits. A BJT has three terminals called the base 
(B), the collector (C), and the emitter (E). Figure 7.47b marks the device with its relevant 
voltage and current parameters. 

In this example, we will compare the actual characteristics of the BJT with those predicted 
by a simple piecewise linear model. The actual characteristics of a BJT (*c versus Vqe for 
various values of ig) are shown in Figure 7.48. The horizontal nature of the ic versus vqe 
curves indicates that the device operates like a dependent current source when the base 
current ig > 0 and the collector-to-emitter voltage {vqe) is greater than approximately 
0.2 V. The current supplied by the current source is typically about 100 times the base 
current. Although these curves are qualitatively similar to those of a MOSFET, there 
are also some differences. First, notice that we have chosen the BJT’s base current ig 
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i c (mA) 


Active region 


70 |iA 
60 pA 


50 pA 


40 pA 
30 pA 


i B > 0 


20 pA 


10 pA 


i B = 0 Cutoff region 


0.2 V 


V CE 


FIGURE 7.48 Actual character¬ 
istic curves for a bipolar junction 
transistor. 


as our control parameter (the control parameter was the gate-to-source voltage for the 
MOSFET, and the gate current was zero). Second, the collector current is linearly related 
to the base current (when the MOSFET operated as a current source, its drain current 
was quadratically related to the gate-to-source voltage). 

The BJT characteristics show three regions of operation: 

1. When ig > 0 and vqe > 0-2 V, the BJT is said to be in the active region of 
operation. In this region, the horizontal collector current curves display a current- 
source-like behavior. As we shall see momentarily, the active region will be the 
predominant region of interest for analog circuit designs. 

2. When ig = 0, the BJT is said to be in the cutoff region. 

3. Finally, when ig > 0 and vqe S 0.2 V, (that is, the region to the left of the vertical 
dashed line in Figure 7.48), the collector current drops sharply, and the BJT is said 
to be in the saturation region. 4 

Figure 7.49b shows a model for the BJT containing a current-controlled current source 
and a pair of diodes (a base-emitter diode and a base-collector diode). The current 
supplied by the dependent source is f times ig'. The parameter /3 is a constant with 


4. The saturation region in BJTs is completely unrelated to the saturation region in MOSFETs, and 
in fact, normal operation of BJTs attempts to avoid tins region. This duplication of terms — one 
representing the favored region of operation in MOSFETs, and the other representing an avoided 

region of operation in BJTs-can be the source of confusion, but, unfortunately, has become the 

norm in circuit parlance. 
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E 

(c) 

FIGURE 7.49 (a) A bipolar 
junction transistor; (b) a model for 
the BJT; (c) a piecewise-linear 
model for the BJT. 


a typical value of around 100. (We show shortly that the base current ig = ig> in the 
region of BJT operation that is of interest to us.) 

Although we can analyze circuits directly with the model in Figure 7.49b, our analysis 
can be significantly simplified by using simple piecewise-linear models for the diodes. 
Figure 7.49c depicts such a piecewise-linear model for the BJT, in which we have replaced 
the diodes with simple piecewise-linear diode models comprising an ideal diode in series 
with a voltage source (from Figure 4.33a). In the model in Figure 7.49c, the dependent 
current source models the horizontal active region curves of the BJT. 

The states of the two diodes (both ON, both OFF, and one OFF and one ON) result in 
distinct piecewise linear regions of BJT operation. Both diodes (in Figure 7.49c) in their 
OFF state model cutoff: when the base current ig is zero, both the diodes are OFF, and 
so is the current source. Figure 7.50a depicts the corresponding BJT model in the cutoff 
region. Observe that in the cutoff region 


IB = IB' 


because the base-to-collector diode is off. 
When ig > 0 and 


vce > * * * V BE - 0.4 V (7.48) 

the emitter diode is ON and the collector diode is OFF, and the active region results. 
In this region of operation, as illustrated in the active region BJT model in Figure 7.50b, 
the ideal diode between the base and emitter turns ON and appears as a short circuit. 
The 0.6-V source models the corresponding 0.6-V diode drop. Observe further that 


IB = IB' 


in the active region because the base-to-collector diode is off. In the active region, BJTs 
display a more-or-less constant voltage drop of about 0.6 V between their base and 
emitter terminals when the base current ig > 0 (a fact not evident from the characteristic 
curves in Figure 7.48). 

The condition vqe > vbe — 0.4 V ensures that the base-collector diode stays OFF. The 
condition states that the collector voltage must not fall below the base voltage by more 
than 0.4 V, because if it did, the base-collector diode would turn ON. 5 In the active 


5. Although the constraint for active-region operation 

VCE > V BE ~ 0.4 V. 

is equivalent to the simpler constraints 

V BC < 0-4 V or vrr > 0.2 V. 
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region, the dependent current source amplifies the current supplied by the base by a 
factor p, so that the collector current becomes 


*C = PiB 


(recall, ig = iff in the active region), and the emitter current is 

<E = ’BiP + !)• 


In the active region, the piecewise-linear model for the BJT can be summarized 
in words as 

[ Phi 

for z'/j > 0 and vqe > vbe — 0-4 V 

*c = | 

, (7.49) 

1° 

otherwise. 


The base-to-collector diode in Figure 7.49c helps model the onset of saturation. Speci¬ 
fically, saturation results when the both the base-to-collector and the base-to-emitter 
diodes are ON. When ig > 0, and the condition implied by Equation 7.48 is violated, 
that is, if 


VCE = V BE — 0.4 V 


or equivalently, if 


vgQ = 0.4 V or i'ce — 0.2 V 


0.4 V,- + 

+ 1 


B >B 


H 


l B' 


t + 

T' 


0.6 V 


(a) Cutoff region 



(b) Active region 
i B > 0 

V CE > V BE~ 0-4 (or, v CE > 0.2) 


then the base-to-collector diode also turns ON, and the BJT saturation region results. 
The saturation region model for the BJT is shown in Figure 7.50c. In the BJT’s saturation 
region, the BJT model stops looking like a current source, and instead displays a pair of 
very low resistance paths from the base into the collector and emitter (due to the pair of 
forward-biased diodes). Because of their low resistance, the path currents are determined 
by external circuit constraints. By summing voltages along the path E, B, C, we see that 
the collector-to-emitter voltage is pinned at 0.2 V, irrespective of the current iq. 

Our model is not yet complete. There is one additional state in which the emitter 
diode is OFF and the collector diode is ON, as can happen when the base-to-collector 


as can be seen by applying the voltage difference form of KVL to the model in Figure 7.49c, we use 
the former because, by a quirk of chance, it is reminiscent of our MOSEET dram-to-gate voltage 
constraint (namely, 

V DS > V GS ~ V T 

for saturation operation of the MOSFET.) 



(c) Saturation region 
hi > 0 

V CE = V BE~ 0-4 (or, v CE = 0.2) 

FIGURE 7.50 Bipolar junction 
transistor models in various regions 
of operation. 
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FIGURE 7.51 Characteristic 
curves for a bipolar junction 
transistor as predicted by the 
piecewise linear model. 
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voltage is 0.4 V, and the base-to-emitter voltage is less than 0.6 V. This region of 
operation is called the reverse injection region. In this region, the behavior of the BJT is 
that of a forward biased diode between the base and the collector, and an open circuit 
at the emitter. 

For simplicity, our introductory treatment will choose not to study both the reverse 
injection and the saturation regions. Accordingly, our BJT circuits will all be designed to 
avoid completely these regions of behavior. 

In the rest of this example, we will discuss the piecewise-linear model for the BJT pre¬ 
sented in Figure 7.49c and compare its predictions with the measured characteristics 
(ic versus vqe for various values of is) shown in Figure 7.48. We will plot the 
characteristics predicted by the piecewise-linear model assuming /3 = 100. 

To plot the characteristics, we identify BJT behavior in the two piecewise-linear regions 
of operation that are of interest to us, and shown in Figure 7.50: cutoff and active. 
We first observe that ic is zero when the BJT is in cutoff, that is, when ig = 0 (see 
Figure 7.50a). The curve labeled “Cutoff region” in Figure 7.51 depicts this situation. 

Next, when ig > 0 and vce > V BE ~ 0-4 V (or, equivalently, vce > 0-2 V), the collector 
current is a constant at fi times the base current (Figure 7.50b). In the ic versus vce plot 
in Figure 7.51, these constant current curves appear as horizontal lines. Because fi is a 
constant, the ic versus ig relationship is linear, and so the lines are equally spaced for 
equal increments in ig. 

Finally, when ig > 0 and vce = V BE ~ 0-4 V (or, equivalently, when vce — 0-2 V), the 
saturation region model applies (Figure 7.50c). vce is correctly shown as being pinned at 
0.2 V. The vertical line at vce — 0-2 V corresponding to ic indicates a short-circuit-like 
behavior in which the collector current is limited only by external circuit constraints. 

The similarity of the curves in Figures 7.48 and 7.51 show that our simple piecewise-linear 
model is quite a good match for the behavior of the BJT. 
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As a final thought, although our piecewise linear model for the BJT seems a bit com¬ 
plicated at first glance, analog circuits are commonly designed such that BJT always 
operates in its active region, and the base-to-collector diode is always OFF. 6 We can 
achieve the desired effect by ensuring that the base-to-collector voltage never exceeds 
0.4 V during normal operation (that is, vgc < 0.4 V, or equivalently, vqe > V BE~ 0.4V). 
This assumption will be made in all the BJT circuits in this book, so the collector diode 
can be safely ignored. The resulting, simplified BJT model is depicted in Figure 7.52. 


EXAMPLE 7.14 BJT CIRCUIT PARAMETERS Figure 7.53 shows 
measured values of ig and vbe for a BJT within a circuit. Find the corresponding values 
of vgg, i(-, and if using the BJT model containing two ideal diodes and a voltage source 
(Figure 7.49 c). 

Since ig > 0 and vqe > 0.2 V, it immediately follows that the BJT operates in its active 
region. In other words, the emitter diode in Figure 7.49c must be ON, and the collector 
diode must be OFF (see the active region BJT model in Figure 7.50b). Since the emitter 
diode is ON, it appears as a short circuit, and so 

l 'BE = 0.6 V. 

Based on the active region model in Figure 7.50b, since ig = 0.01 mA, 

K: = PiB ~ 1 mA. 

Summing the currents into the base and collector terminals, we get 


ig = ig 4- i c = 1.01 mA. 



6. This design choice is not unlike the one we made with MOSFETs, where circuit parameters 
were chosen so that the MOSFET always operated in saturation. 



E 


(b) 

FIGURE 7.52 A simpler BJT 
model suitable for the cutoff and 
active regions. 

FIGURE 7.53 A bipolar junction 
transistor in a circuit. 
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FIGURE 7.54 A BJT amplifier. 


EXAMPLE 7.15 A BJT AMPLIFIER Figure 7.54 shows an amplifier cir¬ 
cuit based on a BJT. This BJT amplifier configuration is called a common emitter amplifier 
since the emitter terminal of the BJT is common across the input and output ports. 
Using the piecewise-linear model for the BJT, determine the relationship between vq 
and tusj, assuming that the BJT device is operating in its active region. Using this relation, 
determine the values of vq for tpq = 1 V, 1.1 V, and 1.2 V, given that Rj = 100 kfi, 
R l = 10 kQ, fi = 100, and = 10 V. 

Figure 7.55 shows the equivalent circuit for the amplifier in which the BJT has been 
replaced with its piecewise-linear model. Notice we can safely ignore the collector diode 
and use the simple BJT model in Figure 7.52 since we are told that the BJT is operating in 
its active region. Figure 7.56 further shows the active region subcircuit for the amplifier. 

The relationship between vq and fps] can be determined in a few short steps from the 
active region subcircuit. The current through Rj is simply the voltage difference across 
the resistor divided by the resistance: 


tlN — 0.6 



(7.50) 


Once is is known, we can immediately determine the output voltage by writing the 
node equation for the node with voltage vq as follows: 


Vs ~ VQ 
Rl 


= P’B- 


Substituting for ig from Equation 7.50 and simplifying, we obtain the following relation 
between vq and tpq: 



vo = Vs~ 


(un - 0-6) 
Rl 


P Rl- 


(7.51) 



FIGURE 7.55 Equivalent circuit for the BJT amplifier. 


FIGURE 7.56 Active region subcircuit for the BJT amplifier. 
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Next, substituting Rj = 100 k£2, Ri = 10 k£2, fi = 100, and V$ = 10 V, we obtain 

vo = 16 — IOitn- 

For tfQsj = IV, 1.1 V and 1.2 V, vq is 6 V, 5 V and 4 V, respectively. 

As a further exercise, we will go ahead and confirm that the BJT is indeed in its active 
region for the highest input voltage applied. (Remember that the higher the base voltage 
the more likely it is that the collector diode in Figure 7.49c is turned ON. Thus, we need 
check only for the highest input voltage.) 

The highest input voltage considered in this example is 1.2 V. For 1.2 V, the collec¬ 
tor voltage vq = 4 V. Since, in our circuit, vq = vce = 4 V, the base-to-collector 
voltage is 


VBC = V BE - VCE = 0.6 - 4 = -3.4 V. 

Since the voltage vbc across the collector diode in Figure 7.49c is —3.4 V, which is less 
than 0.4 V, the collector diode is going to be OFF. (Equivalently, since vqe > 0-2 V, we 
can directly say that that the collector diode is OFF.) We have thus confirmed that the 
BJT is in its active region. 


EXAMPLE 7.16 LARGE SIGNAL ANALYSIS OF THE BJT 
AMPLIFIER Perform a large signal analysis of the BJT amplifier shown in 
Figure 7.54. Assume that R\ — 100 kO, Ri = 10 kO, fi — 100, and Vs = 10 V. 

For BJT circuits with input and output vq, large signal analysis attempts to answer 
the following questions: 

1. What is the relationship between vo and fiN in the active region? 

2. What is the range of valid input values for active region operation of the BJT? 
What is the corresponding range of output values? 

From Equation 7.51 in Example 7.15, we know that the relation between vo and 
for the BJT amplifier is 


vo = Vs 


(z4N ~ 0-6) 
1<I 


f>R L , 


thereby completing the first step of large signal analysis. 

Next, let us determine the range of input values for which the BJT operates in its active 
region. To do so, we will first draw a graph of vq versus itn to obtain insight into the 
behavior of the amplifier for various values of the input voltage. When = 0, we see 
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FIGURE 7.57 Cutoff region subcircuit for the BJT amplifier. 


FIGURE 7.58 vq versus v/a/ for the BJT amplifier. 


that ig = 0, and so the BJT is in cutoff. The cutoff region subcircuit for the BJT amplifier 
is shown in Figure 7.57. In cutoff, both the diode and current sources are replaced by 
open circuits. It is easy to see from the circuit in Figure 7.57 that 


vq = Vs- 


Inspection of the amplifier equivalent circuit in Figure 7.55 indicates that the input cur¬ 
rent ift will be zero (and the ideal diode will remain OFF ) as long as i^n < 0.6. Thus 
the output vq will remain at Vs for itjn < 0.6. This fact is graphed in Figure 7.58 as the 
horizontal straight line at voltage Vs for i^n < 0.6. 

When tin exceeds 0.6 V by a small amount, 7 the ideal diode turns ON, and current 
begins to flow through the resistor Rj. In this situation, the active region equivalent 
circuit in Figure 7.56 results. In the active region, vq is given by 


vo = Vs~ 


(tTN - 0-6) 

Ri 


P Rl- 


(7.52) 


This relationship appears as a straight line with slope —f)Ri/Ri in the i’o versus ltn 
graph and is plotted as such in Figure 7.58. Thus, 


t'nsf — 0.6 V 


7. If exceeds 0.6 V by a large amount, the BJT might enter saturation. We will determine tins 
saturation region boundary momentarily. 
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and 


i B = 0 


are the input parameters at the lower boundary of the active region. 

The vq versus I'm relationship in the active region shows that vq decreases linearly 
as zvnsj increases. The linear relationship applies as long as the BJT remains in its active 
region of operation. The upper boundary (with respect to the input voltage) of the 
active region is reached when zvnsj becomes large, and uo becomes small enough that 
the condition 


vcE > v be ~ 0-4 V 

is no longer met. Since vqe = vo and vbe is pinned at 0.6 V (from the active region 
amplifier subcircuit in Figure 7.56), vq reaches the boundary point of the active region 
when 


vq = 0.6 - 0.4 = 0.2 V. 


The corresponding value of ic is given by 


i c = 


V s - 0.2 V 
Rl 


= 980 /r A. 


The input voltage corresponding to this output voltage can be found by solving for I'm 
from Equation 7.52 as follows 


0.2 = 10 - ——°^100 x 10 k£2. 
100& 


Solving, we get 


I'M = 1.58 V. 


This upper boundary of the active region (with respect to I'm) is marked in Figure 7.58. 
The corresponding value of can be found from 


‘B - 


— 0.6 

Ri 


= 9.8 fiA. 


Once the BJT exits the active region and enters the BJT saturation region (for I'm > 
1.58 V), the saturation model for the BJT in Figure 7.50c applies and the equivalent 
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FIGURE 7.59 Saturation region 
subcircuit for the BJT amplifier. 



subcircuit in Figure 7.59 best models the saturation region operation of the amplifier. 
By a straightforward application of KVL, we find that vq is given by 

v 0 = 0.6 - 0.4 = 0.2 V. 

In other words, vq is pinned at 0.2 V by the BJT in its saturation region when the input 
voltage vpv] exceeds 1.58 V. This fact is plotted as a horizontal line at vq = 0.2 V in 
Figure 7.58. 

To summarize, the limits on the inputs for active region operation are given by 

0.6 V < irtN < 1.58 V 


and 


0 < ig < 9.8 piA. 

The corresponding limits on the outputs are given by 

10 V > vq > 0.2 V 



FIGURE 7.60 BJT amplifier 
showing the input bias voltage 
explicitly. 


and using i'c = fiig. 


980 /rA > i'c > 0 A. 


EXAMPLE 7.17 SELECTING AN OPERATING POINT FOR 
THE BJT AMPLIFIER Choose an operating point for the amplifier analyzed 
in Example 7.16 to maximize the input voltage swing. What is the corresponding output 
operating point and the output voltage swing? Is the output swing symmetric about the 
output operating point? 

The BJT amplifier circuit in Figure 7.54 is redrawn in Figure 7.60 to show explicitly that 
the input voltage fusi is the sum of a bias voltage Vg and the signal v A- Our first task 
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is to find the input operating point ( V B ,I B )■ We do so by reviewing the results from 
Example 7.16. 

From Example 7.16, we know that the valid range for the total input voltage fiN to 
ensure active region operation is given by 

0.6 V < i^n < 1.58 V. 

The corresponding range for the input current is 

0 < i B < 9.8 fiA. 

We can obtain the maximum input swing for active region operation by biasing the 
input at the midpoint of the input valid range. In other words, we choose 

V B = 1.09 V 


and 


I B = 4.9 fiA. 


The corresponding value for the output operating point voltage Vo can be obtained 
from Equation 7.52 as 


V 0 =V S 


{V B — 0.6 V) 
Ri 


Wl = 5.1 V. 


Similarly, the value of the output operating point current Iq is given by 


/<•; = f)I B — 490 (i A. 


We know from Example 7.16, that the output voltage swing for active region operation 
is given by 


10 V > v 0 > 0.2 V 

Our output operating point of 5.1 V falls in the center of this range, and so the output 
swing is symmetric about the 5.1V operating point. The symmetry results directly from 
the linearity of the BJT in its active region. Contrast this result with that for the MOSFET 
(Section 7.7), in which the output swing was asymmetric due to the MOSEET’s nonlinear 
behavior in its saturation region. 


CHZ3 EXAMPLE 7.18 BETTER BJT MODELS 
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EXAMPLE 7.19 LARGE SIGNAL ANALYSIS OF A DIFFER¬ 
ENTIAL AMPLIFIER This example studies the differential amplifier shown in 
Figure 7.62. Differential amplifiers are widely used in analog signal processing, and are 
the heart of operational amplifiers. The applications of differential amplifiers are best 
discussed in the context of small signal analysis, and so we defer a detailed discussion of 
the applications until Chapter 8. Furthermore, a complete operational amplifier circuit 
will be studied in detail in Example 7.21, and operational amplifier applications will be 
discussed in Chapter 15. So for the present purposes, we will simply treat the amplifier 
in Figure 7.62 as yet another example of a MOSFET amplifier. 

The amplifier in Figure 7.62 has two input voltages, i/osn and 1 ^ 2 ; and °ne output 
voltage, ^OUT- The goal of this exercise is therefore to determine foUT as a function of 
tonsil and fiN2- The Vs and Is sources serve only to bias the amplifier, and are assumed 
to be constant. 

To begin the analysis, we assume that both MOSFETs are identical, and that 
both MOSFETs operate in their saturation regions. Therefore, 


K, ,, 

~{VGS\ - Vt) 

(7.53) 

K , a 

-\vgs2 - Vt) ■ 

(7.54) 


Further, from KCL applied to the node at which the two MOSFETs and the 
current source join, 

4)1 + 4)2 = (7.55) 

and from KVL applied to the loop around the two MOSFETs through ground, 

DN1 - VGS1 + VGS2 - 1TN2 = 0- (7-56) 



FIGURE 7.62 A differential 
amplifier. 
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Finally, at the output of the amplifier, 

t'OUT = Vs~ RiDl, 


(7.57) 


where it has been assumed that z'oUT — 0. Equations 7.53 through 7.57 may now be 
solved to determine foUT as a function of irjsji and iini- We will do so in two steps. 
First, Equations 7.53 through 7.56 will be solved to determine ir >2 as a function of fnyi 
and tTN2- Then, Equation 7.57 will be used to determine t'oUT from zd2- 

To determine i\yi, first substitute Equation 7.53 into Equation 7.55 to eliminate i£> 1 , 
then substitute Equation 7.56 into the result to eliminate Vqsi, and finally substitute 
Equation 7.54 into the result to eliminate vgsi- This yields 


h = 'D2 + 


K 

2 



(7.58) 


Equation 7.58 is a quadratic equation in y]2iuilK and can be rewritten as 


2 



+ 2(tlNi - tlN2),/ -jy- + (14N1 - tlN2) 2 


2 Is 

K ' 


(7.59) 


From Equations 7.58 and 7.59 it is apparent that z'd 2 depends only on the difference 
voltage 1^1 — tlN 2 when both MOSFETs operate in their saturation regions. That is 
why the amplifier is referred to as a differential amplifier. 

The solution to Equation 7.59 is 


'D2 


K 

8 



(llNl - t 4N2) 2 - *4N1 + l lN2 


(7.60) 


Note that the positive sign in the solution to Equation 7.59 is chosen in Equation 
7.60 because ^/li^/K must be positive. Finally, Equation 7.60 can be substituted into 
Equation 7.57 to yield 


RK 


4I S 


t'OUT = Vs - — (^1 - I 4N2) 2 - 11N1 + 14 N 2 


(7.61) 


From symmetry, ijy\ may also determined to be 



(tlN2 - tlNl) 2 - tlN2 + 21N1 


(7.62) 
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From Equations 7.60 and 7.62 it is apparent that the amplifier functions such that the 
difference voltage lini — steers the total current Is towards either 4^1 or 4} 2 , 
depending on its sign. 

Equations 7.60 through 7.62 are valid only as long as both MOSEETs remain in their 
saturation region of operation. One requirement for saturation operation is that Ihnj — 
tfNlI must not be so large that either MOSFET is cut off. Thus, y/lijyijK, and similarly 
y/2i£)i/K, must be positive. From Equations 7.53 and 7.54, this is equivalent to vqsi > 
Vt and vq $2 > Vt- From Equations 7.60 and 7.62, cutoff is therefore avoided as 
long as 

—7 > (HN1 - HN2) 2 - (7.63) 

K 

Additionally, neither MOSFET may be driven into its triode region. This may be avoided 
by using a sufficiently large value of Vs, or alternatively by further limiting the allowable 
range of lush and Pnsi 2 - 


EXAMPLE 7.20 MORE ON THE DIFFERENTIAL AMPLIFIER 
Next, we discuss a numerical example related to the differential amplifier of 
Example 7.19. For this amplifier, let Vs = 10 V, Is = 0.5 mA, K = 1 mA/V 2 , 
V T = 1 V, and R = 10 kQ. 

Given these parameters, from Equation 7.61, 

t'OUT = 10 V - 1.25 V -1 ^2V 2 - (riNi - v^i) 1 - t^sn + tlN2^ ■ (7.64) 

Note that when hnj = hn 2 ) 4)1 = 1 D2 = 4,72 = 0.25 mA, and so pout — 7.5 V. 
Further, from Equation 7.63, 

Ihni - HN 2 I < 1 V (7.65) 

to avoid cutoff. Correspondingly, foUT will range from 10 V when MOSFET M2 is cut 
off by the application of trsn — HN2 = 1 V, to 5 V when MOSFET Ml is cut off by the 
application of HN2 — HN1 = 1 V. 


EXAMPLE 7.21 LARGE SIGNAL ANALYSIS OF AN OPERA¬ 
TIONAL AMPLIFIER CIRCUIT As will be clear in Chapter 15, the dif¬ 
ferential amplifier shown in Figure 7.62 does not quite fit our notion of an operational 
amplifier because t^oUT ' s not zero f° r HNl = tlN2- This can be remedied with the addi¬ 
tion of a common-source stage built with a p-channel MOSFET, as shown in Figure 7.63. 
The common-source stage shifts the level of the output so that ^OUT can be zero for 
= 1 ^ 42 - h also provides additional voltage gain. Thus the circuit in Figure 7.63 
serves as a simple operational amplifier. 
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FIGURE 7.63 An operational 
amplifier built using a differential 
amplifier and a p-channel MOSFET 
amplifier. 


The behavior of a p-channel MOSFET essentially mirrors that of the n-channel MOSFET. 
Correspondingly, vgs, v ds, and 'D are all negative in the saturation region. Further, the 
threshold voltage Vj is typically negative. Only the parameter K is positive. Thus, for 
a p-channel MOSFET, 

*D = - — (vgs ~ Vt) 2 (7.66) 

vds < vgs -Vt< 0 (7.67) 

in the saturation region. Often, it is convenient to work with positive numbers. 
In this case, Equations 7.66 and 7.67 can be rewritten as 

—(—*d) = — ( v sg + Vt) 1 (7.68) 


vsd > vsg + Vt > 0. (7.69) 

In Equations 7.68 and 7.69, vsg, vsd, ~'D, and K are all positive. Only Vj is negative. 
We will use the latter formulation here. 

To determine t'ouT in the operational amplifier as a function of i/psii and t'nsE) we again 
assume that the two n-channel MOSFETs are identical, and that all three MOSEETs 
operate in the saturation region. To distinguish the n-channel MOSFETs from the 
p-channel MOSFET, denote the n-channel MOSFET parameters by K n and Vj- n , and 
the p-channel MOSFET parameters by Kp and Vjp ■ Again, all parameters are positive 
except for Vjp- 

The differential stage of the operation amplifier has already been analyzed in Example 
7.19. In particular, from Equation 7.60 in Example 7.19 it was determined that 


RiK„ l fck 
8 \V Kn 


VSG 3 = Ri'D2 = 


(tlNl - tlN2) 2 - tlNl + tlN2 


(7.70) 
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The common-source stage built with the p-channel MOSFET behaves according to 


R 2 Kp -) 

^OUT = -Vs + ^2(-tD3) = -Vs 3- —\VSG3 + Vrp) . 


(7.71) 


Combining Equations 7.70 and 7.71, 


t'OUT = 


R 2 K p / R\K„ / 47s 


— (tlNi — tlNi) 2 — pint 4~ tlN2 J + W>) -Vs- (7-72) 


Finally, in order to meet the requirement that i/out = 0 when i'inj = tiN2> it must be 
the case that 

2 

(7.73) 




In general, it is also necessary to derive the conditions under which all MOSEETs remain 
in their saturation region of operation. For brevity, we will not do that here. 


EXAMPLE 7.22 NUMERICAL ANALYSIS OF OP AMP 
CIRCUIT Let us now conduct a numerical analysis of the operational amplifier of 
Example 7.21. Following Example 7.20, let Vs = 10 V, Is = 0.5 mA, K n = 1 mA/V 2 , 
Vp n = 1 V, and R\ = 10 k£2. Further, let Kp = 1 mA/V 2 and Vjp = —1.5 V. 

Then, from Equation 7.73, R 2 must be 20 kfi in order for t'oUT to be biased at 0 V 
when = tTN2- Given this design, Equation 7.72 yields 

t'OUT = 10 V -1 ^1.25 V” 1 ^2V 2 - (t^Nl - t^N2) 2 - tlNl + PIN2^ 

- 1.5 V ) - 10 V (7.74) 


as the unloaded input-output relation of the operational amplifier, assuming that all 
MOSEETs remain in their saturation region of operation. This is a complicated nonlinear 
equation, but as shown in the following chapter, it simplifies significantly and becomes 
linear for small signals. 


7.8 SWITCH UNIFIED (SU) MOSFET MODEL 

This section presents a more elaborate model of the MOSFET and can be 
skipped without loss of continuity. 

The actual characteristics of the MOSFET shown in Figure 7.12 indicate 
that the MOSFET has very interesting behavior in the triode region. For a fixed 
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V(,s, we approximated the behavior as a linear resistor using the SR model. 
Clearly, the SR model does not capture MOSFET behavior if we vary vgs- 
Worse yet, even for a given value of vgs, the SR model becomes inaccurate as 
the value of vos approaches vgs — Vt- For more accuracy, we can develop a 
more elaborate model for the triode region operation of the MOSFET. Aban¬ 
doning the piecewise-linear method, this more elaborate model characterizes 
the behavior of the MOSFET in the triode region as a nonlinear resistor, whose 
characteristics depend on vgs■ When combined with the SCS model for the 
saturation region, the nonlinear resistor model in the triode region results in 
a continuous set of MOSFET curves. The resulting combined model for the 
triode and saturation regions is called the switch unified model or the SU model 
of the MOSFET. 


The SU model can be summarized as follows: 


r 

K 

{vgs - Vt)vds - 

for vgs > Vt and U DS < vgs — Vt 

Ids = 

K(vgs~Vt) 2 

2 

0 

for vgs > Vt and U DS > vgs — Vt 

for vgs < Vt- 

(7.75) 


The characteristics of the MOSFET according to the SU model are plotted 
in Figure 7.64. As promised, notice that the curves in the triode and the satu¬ 
ration regions are continuous and provide a good match with actual MOSFET 
characteristics shown in Figure 7.11. 



FIGURE 7.64 Characteristics of 
the MOSFET device according to 
the SU model. 
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K = 2 mA/V 2 
V r = 1 V 

K = 64 mA/V 2 
V r = 1 V 


FIGURE 7.65 A circuit 
containing two MOSFETs. We are 
told that /Wl operates in the 
saturation region and that Ml 
operates in the triode region. 


EXAMPLE 7.23 ANALYSIS USING THE SU MODEL Determine 
the voltage vo for the MOSFET circuit shown in Figure 7.65. You are given that 
MOSFET Ml operates in its saturation region, and that MOSFET M2 operates in the 
triode region. The MOSFET parameters are indicated in Figure 7.65. 

For the MOSFET circuit shown in Figure 7.65, ij )5 for both MOSFETs is the same. 
Accordingly, we will write expressions for ids for both MOSFETs, and equate them to 
obtain the voltage vo- We are told that MOSFET Ml operates in its saturation region, 
and so the saturation region equation applies. Thus for MOSFET Ml 

(vgs ~ Vt) 2 
i d = K ---. 


Substituting vgs = 5 — vq, Vj = 1 V, and K = 2 mA/V 2 , we get 


i D = 10" 3 (4 - vo) 2 - 


(7.76) 


Next, since we are given that M2 operates in the triode region, we can write 


i D = K 


(vgs - Vt) v ds 



Substituting vgs = 2 V — 1 V, Vt = 1 V, vds = ^O) and K = 64 mA/V 2 , and 
simplifying, we get 


i D = 64 x 10 " 3 



(7.77) 


Equating the right-hand sides of Equations 7.76 and 7.77, and simplifying, we get the 
following equation for vq: 


33 Vq — 72vq + 16 = 0, 


which yields 


v 0 = 0.25 V. 

When vo is 0.25 V it is easy to see that Ml is indeed in saturation and M2 is in the 
triode region. 
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7.9 SUMMARY 

► The last two chapters have discussed a set of progressively more elabo¬ 
rate models for the MOSFET. This section summarizes the models and 
discusses when it is appropriate to use each of the models. 

► The simplest model for the MOSFET is the S model. This switch model 
models the on-off behavior of the MOSFET. Accordingly, the S model is 
appropriate when the designer cares only about the logical behavior of a 
circuit containing MOSFETs; in other words, where the voltage values of 
interest are only highs and lows. Thus, the S model is commonly used 
to arrive at the topology of a digital circuit to perform some given logical 
function. The S model is also useful in certain analog situations where the 
specific properties of the MOSFET beyond its on-off behavior have no 
effect on circuit behavior. Certain power circuits that use the MOSFET as a 
switch fall under this category. 

► The SR model of the MOSFET characterizes the behavior of the MOSFET 
as a resistor when the MOSFET is in its ON state, and vgs is fixed. The SR 
model is appropriate for most types of simple analyses involving digital cir¬ 
cuits, such as static discipline computations of voltage levels, simple power 
calculations, and, as will be discussed in later chapters, delay calculations. 
Although technically the SR model is valid only in the MOSFET’s triode 
region (that is, when vus < ( vgs — V"t)), for simplicity, we ignore this 
limitation and apply it in digital circuit applications irrespective of the value 
of the drain voltage, since the model is such a gross simplification of the 
MOSFET’s behavior in the first place. 

► The SCS model characterizes the behavior of the MOSFET in its saturation 
region. By designing analog circuits to adhere to the saturation discipline, 
the SCS model is appropriate for most of our analog applications such as 
amplifiers and analog filters. 

► The SU model provides accurate models of the MOSFET in both the triode 
and the saturation regions, but is more complicated. In its saturation region, 
it behaves as the SCS model. So, for analog circuits that are designed to 
adhere to the saturation discipline its use is no different than the use of 
the SCS model. Thus the SU model is useful when the designer wishes 
to conduct very accurate analyses of digital or analog circuits in which 
the MOSFETs are allowed to operate in both their triode and saturation 
regions. To analyze a circuit containing MOSFETs, the designer first makes 
an educated guess as to the region — triode, saturated, or cutoff — in 
which each of the MOSFETs operates. Then, the designer writes node 
equations for the circuit, selecting appropriate device equations for each of 
the MOSFETs. After solving the set of equations for the node voltages and 
edge currents, the designer must confirm that their initial guess as to the 
state of the MOSFET is consistent with the final node voltages. We leave a 
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detailed treatment of the SU model for more advanced courses on circuits. 
In the rest of this book, we will focus on the S, the SR, and the SCS models. 

► This chapter also introduced the MOSFET amplifier. The amplifier is an 
example of a nonlinear circuit. We chose to operate the amplifier under the 
saturation discipline so that it provided a voltage gain for an input signal 
and so that the MOSFET operated solely in its saturation region, where 
the SCS model applied. We also discussed the application of a DC offset 
voltage at the input of the amplifier to boost the signal of interest sufficiently 
so that the amplifier operated in saturation for the entire dynamic range 
of input signal variation. The application of a DC offset established a DC 
operating point for the amplifier. 

► We introduced large signal analysis for the amplifier. Targe signal analysis 
summarizes how the amplifier behaves for large swings in the input signal 
and involves answering the following questions: 

1. What is the relationship between the amplifier output vq and its input 

in the saturation region? 

2. What is the range of valid input values for the amplifier under the 
saturation discipline? What is the corresponding range of valid output 
values? 

► The next chapter will discuss a small signal analysis of the amplifier. Small 
signal analysis is appropriate when the input signal perturbations about the 
operating point are very small. 


EXERCISES EXERCISE 7.1 Determine the voltage vq across the voltage-dependent current 
source shown in the circuit in Figure 7.66 when 



+ 


R 


v 



EXERCISE 7.2 Consider the circuit containing the dependent current source 
shown in Figure 7.67. 


+ 


FIGURE 7.66 



-• - 



FIGURE 7.67 
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a) Determine vq in terms of v / if 43 = What are the units of K\ ? 

b) Determine vq in terms of vj if iq = Kjig- What are the units of JG? 

c) Determine vq in terms of vj if 43 = What are the units of JC 3 ? 

d) Determine vq in terms of vj if i d = Rzp'J. What are the units of K 4 ? 

EXERCISE 7.3 The resistance R in the circuit shown in Figure 7.68 depends on 
the voltage across resistor Rg. Determine vg if 


R = 


K 

vb 


—AVM- 

© 


FIGURE 7.68 


■R=Rv b ) 


EXERCISE 7.4 A MOSEET is characterized by the following equation: 

K 2 

i D s = —{vgs - Vt) 

in its saturation region. A MOSEET operates in the saturation region for 

VDS > VGS ~ Wr and vqs > Vt- 

Express the vqs > vgs — Vj constraint in terms of ios and vqs- 

EXERCISE 7.5 The MOSEET in Figure 7.69 is characterized by the equation: 

K 2 

IDS = — (vgs - Vt) 

in its saturation region according to the SCS model. The MOSFET operates in the 
saturation region for 

vds > vgs — Vt and vgs > Vt- 



FIGURE 7.69 


The MOSFET operates in its triode region for 

V DS < vgs ~ Vt and vgs > Vt- 


Suppose the MOSFET is characterized by the SR model in its triode region. In other 
words, 
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in the triode region. Assume that Ron is a constant with respect to ios and vds, but its 
value is some function of vgs■ Further suppose that ios = 0 when vgs < Vj: 

a) For vgs = 5 V, what value of Ron makes the MOSFET ios versus vds characteristic 
continuous between its triode and saturation regions of operation? 

b) Plot fR versus vd for the circuit shown in Figure 7.69. This circuit is useful in 
plotting the MOSFET characteristics. Assume that K = 1 mA/V 2 and Vj = 1 V. 
Use the value of Ron calculated in (a). Use a volt scale for Vd and a millivolt scale 
for fR. 



FIGURE 7.70 


EXERCISE 7.6 Consider the MOSFET amplifier shown in Figure 7.70. Assume 
that the amplifier is operated under the saturation discipline. In its saturation region, the 
MOSFET is characterized by the equation: 


IDS = 



V T ) 2 


where ids is the drain-to-source current when a voltage vgs is applied across its gate- 

to-source terminals. 

a) Draw the equivalent circuit for the amplifier based on the SCS model of the MOSFET. 

b) Write an expression relating vq to Ids- 

c) Write an expression relating Ids to vj. 

d) Write an expression relating vo to vj. 

e) Suppose that an input voltage Vj results in an output voltage Vo- By what factor 
must Vi be increased (or decreased) so that the output voltage is doubled? 

f) Suppose, again, that an input voltage V; results in an output voltage Vo- Suppose, 
further, that we desire an output voltage that is 2Vo- Assuming that both the 
input voltage and the MOSFET do not change, what are all the possible ways of 
accomplishing the desired doubling of the output voltage? 

g) The power consumed by the MOSFET amplifier in Figure 7.70 is given by VsiDSi 
assuming that no current is draw out of the vo terminal. Which of the alternatives 
for doubling Vq from parts (e) and (f) will result in the lowest power consumption? 


EXERCISE 7.7 Consider, again, the MOSFET amplifier shown in Figure 7.70. 
Assume that the amplifier is operated under the saturation discipline. The MOSFET 
in doctored so its threshold voltage is 0. In other words, the saturation region of the 
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MOSFET is now characterized by the equation: 

K 2 

1 DS= -V G S 

where ios is die drain-to-source current when a voltage vgs is applied across its gate- 
to-source terminals. The following questions relate to the large-signal analysis of the 
amplifier: 

a) Derive the relationship between the output voltage vq and the input voltage ty. 

b) Derive the range of valid input voltages. Under the saturation discipline, valid 
input voltages are those that result in saturation region operation of the ampli¬ 
fier. Determine the corresponding range of output voltages {vo) and output currents 

few)- 

c) Suppose we wish to amplify an AC input signal v,. Assume that vi has a zero DC 
offset. Draw a circuit showing how a separate DC input voltage Vi can be used to 
bias the amplifier in a region where saturation region operation is achieved for both 
positive and negative excursions of v t . Assuming the v\ has symmetric positive and 
negative swings, how would you choose the input operating point for the amplifier 
that allows a maximum peak-to-peak voltage range for vji What is the corresponding 
output operating point (vq and Ids)? 

EXERCISE 7.8 The three terminal device shown in Figure 7.71a is called a bipolar 
junction transistor (BJT). Figure 7.71b shows a piecewise-linear model for the device, in 
which the parameter f) is a constant. When 

*B > 0 


and 


VCE > V BE - 0-4 v, 

the emitter diode behaves like a short circuit, the collector diode like an open circuit, 
and the collector current is given by: 


l C = PiB- 


Under the given constraints, the BJT is said to operate in its active region. For the rest 
of this exercise, assume that fi = 100 : 

a) Determine the collector current i G for a base current ig = 1 /zA and vqe = 2 V 
using the model in Figure 7.71b. 
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(b) 

FIGURE 7.71 (a) A bipolar 
junction transistor. B stands for 
base, E for emitter, and C for 
collector; (b) a piecewise-linear 
model for the BJT. 
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b) Sketch a graph of Iq versus vce for ig — 1 mA. Using the model in Figure 7.71b. 
In drawing this graph, assume that the current source turns off for 


VCE < vbe ~ 0.4 V. 



EXERCISE 7.9 Consider the bipolar junction transistor (BJT) amplifier shown in 
Figure 7.72. Assume that the BJT is characterized by the large signal model from Exercise 
7.8, and that the BJT operates in its active region. Assume further that Vs = 5 V, 
R l = 10 kft, Rj = 500 kS2, and fi = 100. 

a) Draw the equivalent circuit for the BJT amplifier based on the large signal BJT model 
from Exercise 7.8. 

b) Write an expression relating vq to Iq. 


FIGURE 7.72 


c) Write an expression relating i(- to vj. 

d) Write an expression relating ig to ig. 


e) Write an expression relating vo to vj. 

f) What is the value of vo for an input voltage vi = 0.7 V? What are the correspond¬ 
ing values of z'g, ic, and z'g? 


EXERCISE 7.10 In this exercise you will perform a large signal analysis of 
the BJT amplifier shown in Figure 7.72. Assume that the BJT is characterized by the 
large signal model from Exercise 7.8. Assume further that Vs = 5 V, Rj = 10 k£2, 
Rl = 500 kf2, and fi = 100. 


a) Write an expression relating vq to vj. 

b) What is the lowest value of the input voltage 17 for which the BJT operates in its 
active region? What are the corresponding values of is, ic, and vo ? 

c) What is the highest value of the input voltage vi for which the BJT operates in its 
active region? What are the corresponding values of zg, ic, and 1 ^ 0 ? 

d) Sketch a graph of vo versus vi for the four parameter values given. 


PROBLEMS PROBLEM 7.1 Consider the MOSFET voltage divider circuit shown in 
Figure 7.73. Assume that both MOSFETs operate in the saturation region. Determine 
the output voltage Vo as a function of the supply voltage Vs, the gate voltages Va 
and Vg, and the MOSFET geometries L\, W\, and Lj, W 2 . Assume that the MOSFET 
threshold voltage is Vg, and remember, K = K„W/L. 
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PROBLEM 7.2 An inverting MOSFET amplifier is shown in Figure 7.74, 
together with an ins~ v DS characteristic for the MOSFET. This characteristic is simpler 
than the SCS model presented in this chapter. The characteristic is simply the standard 
MOSFET characteristic with the triode region compressed onto the y-axis. 

Alternatively, this characteristic can be viewed as describing ideal switch behavior that is 
extended to exhibit a saturating drain-source current. In other words, for vqs < Vj, the 
MOSFET behaves like an open switch with ins — 9. For vqs > Vj, the MOSFET 
behaves like a closed switch with vqs — 0 provided that ins < K/2(vqs — VY) 2 - 
However, once ins reaches KJ2[vqs — VY) 2 , which is the maximum current the 
MOSFET can carry for a given vqs, MOSFET operation enters a saturation region 
in which the MOSFET behaves as a current source of value KJ2{vqs — VY) 2 - Saturated 
operation is as described by the saturation model given in Figure 7.74. 

a) Determine foUT as a function of tiN for 0 < t^nM- 

b) What is the lowest value of for which pout = 0? 

c) Assume that VY — 15 V, R = 15 kf 2 , Vt = 1 V, and K = 2 mA/V 2 . Graph t^ouT 
versus f[N for 0 V 5 t^si < 3 V. 

d) On the input-output graph, identify the regions over which the MOSFET behaves 
as an open circuit, behaves as a short circuit, and exhibits saturated behavior. 



n-channel MOSFET 
l DS characteristic 

U 


Closed switch „ 
behavior on the 
i DS axis 


Saturation region 


V GS — ' T 


V GS < V T / 

Open switch behavior 
on the v DS axis 


-~ V DS 


+ *- 

V GS 


FIGURE 7.74 


PROBLEM 7.3 A two-stage amplifier is shown in Figure 7.75. It is constructed 
by cascading two one-stage amplifiers of the type seen in Problem 7.2. In analyzing 
this amplifier, use the MOSFET model described in Problem 7.2 and illustrated in 
Figure 7.74. 
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FIGURE 7.73 
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for the saturation region 
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FIGURE 7.75 



a) The fact that a second amplifier stage is connected to the first amplifier stage does 
not change the operation of the first stage. That is, the relation between fMID and 

here is the same as the relation between itoUT and tlN in Problem 7.2. Why? 
What terminal characteristic of the second MOSFET must change in order for this 
not to be true? 

b) Derive the relation between i^mid and for 0 < and the relation between 

t'OUT and for 0 < < Vs- (Flint: see Problem 7.2.) 

c) Derive the relation between vout and for 0 < t^sj. 

d) Determine the range of input voltages for which both MOSEETs operate tinder the 
saturation discipline. What are the corresponding ranges for lmh) and LOUT? 

e) Using the numerical parameters given in Problem 7.2, graph lout versus fiN for 
fIN for 0 V < i/in < 3 V. Compare this graph to the input-output graph found in 
Problem 7.2, and explain the differences. 

PROBLEM 7.4 Consider again the two-stage amplifier shown in Figure 7.75. 
Suppose that the MOSFETs are characterized by the following equation in their 
saturation region: 

K 2 

f DS= -VGS- 

In other words, the threshold voltage Vj = 0. Furthermore, the MOSEETs operate in 
their saturation region when 

VDS > ms and vgs > 0. 

Show that there is only one input voltage for which both stages simultaneously operate 
under the saturation discipline. What is that input voltage? 

PROBLEM 7.5 Consider the “source-follower” or “buffer” circuit shown in 
Figure 7.76. Use the SCS MOSFET model (with parameters Vj and Kj to perform 
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a large-signal analysis of this circuit according to the following steps: 


a) Assuming that the MOSFET operates in its saturation region, show that fouT is 
related to tin according to 


ZFET Symbol 


t'OUT = 


y/(2/RK) + 4(t>j - V T ) - y/2 7RK 
2 


b) Determine the range of over which the assumption of saturated MOSFET 
operation holds. What is the corresponding range for fouT? 




FIGURE 7.76 

PROBLEM 7 .6 This problem studies the use of a mythical MOSFET-like device 
called a ZFET to constmct an amplifier as shown in Figure 7.77. The ZFET operates 
in its saturation region when vqs > 0 and v^s > 0. In this region, the drain-source 
terminal relation is ips = Kvq S , where K is a constant having units of A/V 3 . When 
= 0, the ZFET exhibits a short circuit between its drain and source terminals, and is 
said to operate outside its saturation region. Similarly, the ZFET exhibits an open circuit 
for vgs < 0 as it again operates outside its saturation region. Finally, the gate terminal 
always exhibits an open circuit. These characteristics are summarized in Figure 7.77, 
beneath the symbol for the ZFET. 


G + 

V GS 


D + 


i 


V DS 


S ~ 


1 DS = KVqs 
For V GS >0 
V DS > 0 


ZFET Amplifier 


v in G 


- v 0UT 
D 


a) Assuming saturated operation of the ZFET, determine t’OUT as a function of 1 ^. FIGURE 7.77 


b) Over what range of tpvj will the ZFET operate in its saturation region? 

c) Assume that V$ = 10 V, Rj = 1 kf2, and K = 0.001 A/V 3 . Sketch and clearly label 
POUT as a function of vnsj for — 1 V < ifrj < 3 V. 


d) Given the parameters of part (c), can the amplifier be used as an inverter that provides 
a valid output high voltage threshold of Vu = 1 V? Why or why not? Assume that 
V L = 2 V. 


e) Given the parameters of part (c), can the amplifier can be used as an inverter that 
provides a valid output high voltage threshold of Vh = 7 V? Why or why not? This 
time around, assume that Vj, = 1 V. 


'DS 
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PROBLEM 7.7 Consider die difference amplifier circuit shown in Figure 7.78. 
Notice that the difference amplifier is powered by +Vs and —Vs power supplies. 
Assume that all MOSFETs operate under the saturation discipline, and, unless indicated 
otherwise, are characterized by the parameters K and Vj- 


FIGURE 7.78 



(a) (b) (c) 


a) Determine vq and vs for the connection shown in Figure 7.78a. In this figure, the 
gates of the MOSFETs are connected to ground. 

b) Consider the difference amplifier version shown in Figure 7.78b. In this figure, a 
MOSFET implementation of a current source replaces the abstract current source 
from Figure 7.78a. Determine values for Vb and W/L such that the circuit in (b) is 
equivalent to that in (a). 



c) The difference amplifier in Figure 7.78c is driven by two input voltages via and vib as 
shown. Assume that the input voltages satisfy the following constraint via — — 1 ® 
at all times. Determine vqa> v OBi and vq> as a function of via- 

PROBLEM 7.8 Consider the amplifier circuit shown in Figure 7.79. The ampli¬ 
fier is powered by a +Vs and a — Vs power supply. 

a) Determine vo and ip as a function of i'i under the saturation discipline. Assume that 
the MOSFET parameters K and Vj are given. 

b) Determine the range of valid input voltages for saturation region operation. 
Determine the corresponding valid range for vq and 

c) Determine the output voltage when the input is grounded; in other words, for 

vi — 0 . 


FIGURE 7.79 


d) Determine the value of 17 for which i'i = vq in terms of Vs, Rl> and the MOSFET 
parameters. 
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PROBLEM 7.9 Consider die current mirror circuit in Figure 7 . 80 . 



L 


j^W _ 2 


4 




Wi M _1^2 ©Vi 

4 r 1 L i 



FIGURE 7.80 


(a) 


(b) 


a) Referring to Figure 7.80a, determine 1j as a function of I assuming both MOSFETs 
operate under the saturation discipline. Both MOSFETs have the same values for 
K„ and Vj. Does 4 change if Vj changes? What are the conditions under which 


i L = n 


b) Now consider Figure 7.80b. The current /can be increased either by increasing Vs or 
decreasing Rc- Assuming that either Vs or Rq may be changed, and that Wj/Lj = 
W 2 /L 2 = W/L, determine the range of values of I for which both MOSFETs operate 
under the saturation discipline. Assume both MOSFETs have the same values for 
K n and Vj. 

PROBLEM 7.10 Consider the circuit shown in Figure 7.81. Assume that the 
MOSEET operates under the saturation discipline. 


S D ! D 



FIGURE 7.81 

a) Draw the SCS equivalent circuit by replacing the MOSEET by its SCS model. 

b) Determine vq and z'd in terms of Rq, Rs, Vs, and the MOSEET parameters K 


and Vj. 


PROBLEM 7.11 Consider the “common-gate amplifier” circuit shown in 
Figure 7.82. Assume that the MOSEET operates under the saturation discipline. 


a) Draw the SCS equivalent circuit by replacing the MOSEET by its SCS model. 
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FIGURE 7.83 




FIGURE 7.82 

b) Determine vo and 4> in terms of Vj, RVs, and the MOSFET parameters K 
and Vt- 

c) Determine the range of values of vj for which the MOSFET operates under the 
saturation discipline. What is the corresponding range of vq ? 



FIGURE 7.84 




r 



PROBLEM 7.12 Consider the MOSFET circuit shown in Figure 7.83. Determine 
the value of vo in terms of the other circuit parameters. Assume the MOSFET is in 
saturation and is characterized by the parameters K and Vt- 

PROBLEM 7.13 Consider the MOSFET circuit shown in Figure 7.84. Determine 
the value of vo in terms of the other circuit parameters. Assume the MOSFET is in 
saturation and is characterized by the parameters K and Vt- 

PROBLEM 7.14 Figure 7.85 shows a MOSFET amplifier driving a load resistor 
Re- The MOSFET operates in saturation and is characterized by parameters K and Vt- 
Determine foUT versus tpsi for the circuit shown. 

PROBLEM 7.15 Determine t'oUT versus ltn for the circuit shown in Figure 7.86. 
Assume that the MOSFET operates in saturation and is characterized by the parameters 
K and Vt- What is the value of foUT when rpsj = 0? 

PROBLEM 7.16 Determine vo versus 14 for the circuit shown in Figure 7 . 87 . 
Assume that the MOSFET operates in saturation and is characterized by the parameters 
K and Vt- What is the value of vo when vj — 0? 

PROBLEM 7.17 Determine vo versus vj for the circuit shown in Figure 7.88. 
Assume that the MOSFET operates in saturation and is characterized by the parameters 
K and Vj. 

PROBLEM 7.18 Consider the BJT circuit called the “common-collector 
amplifier” shown in Figure 7.89. This BJT amplifier configuration is also called the source 
follower circuit. For this problem, use the piecewise-linear BJT model from Exercise 7.8. 
Assume that the BJT operates in its active region. 

a) Draw the active-region equivalent circuit of the BJT source follower by replacing the 
BJT by its piecewise-linear model. 


FIGURE 7.85 
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FIGURE 7.88 


FIGURE 7.89 


b) Assuming active region operation, determine vo in terms of vj, Rj, Re, and the BJT 
parameter ft. 

c) What is the value of vq when /3Re >> Ry? 

d) Compute the value of vo given that v\ = 3 V, Ry = 10 kll, Re = 100 k!2, fi = 100, 
and = 10 V. 

e) Determine the range of values of vj for which the BJT operates in its active region 
for the parameter values given in (d). What is the corresponding range of fo? 



PROBLEM 7.19 Consider the compound three-terminal device formed by con¬ 
necting two BJTs in the configuration shown in Figure 7.90. The three terminals are 


FIGURE 7.90 
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labeled C, B', and E. The two BJTs are identical, each with f) = 100. Assume that 
each of the BJTs operates in the active region. 

a) Draw the active-region equivalent circuit of the compound BJT by replacing each of 
the BJTs by the piecewise-linear model shown in Exercise 7.8. Clearly label the C , 
B', and E terminals. 

b) In the configuration shown, the compound device behaves like a BJT. Determine the 
value of the current gain fi' for this compound BJT. 

c) When the base current ig' > 0, determine the voltage between the B' and E 
terminals. 


o 




THE SMALL-SIGNAL MODEL 



8.1 OVERVIEW OF THE NONLINEAR 
MOSFET AMPLIFIER 


An unfortunate feature of the MOSFET amplifier discussed in Chapter 7 was 
its nonlinear input-output relationship. Shown in Figure 8.1, the MOSFET 
amplifier has the following input-output relationship: 


vo = Vs~ <dRl- ( 8 . 1 ) 

Substituting for the current ?/) in terms of the MOSFET input voltage under 
the saturation discipline, we get the following nonlinear relationship between 
Vi and vq: 


- Vt ) 2 d 

vo = Vs~ R --- Rl- 


( 8 . 2 ) 


The nonlinear relationship between the input and the output voltage is 
plotted in Figure 8.2. The nonlinear relationship makes it difficult for us to 
analyze and to build circuits using the amplifier. 


8.2 THE SMALL-SIGNAL MODEL 

Many circuit applications, such as audio amplifiers, demand a linear amplifier 
of the form depicted in Figure 8.3. The amplifier shown in the figure has a 
constant gain A that is independent of the input voltage. Does that mean we 
cannot use the MOSFET amplifier in these linear applications? It turns out 
that total variables representing signals such as those input to an audio ampli¬ 
fier commonly consist of two components: a DC offset (or an average value), 
plus a time-varying component with a zero average. We will show that if the 
time-varying component is small, then the incremental amplification provided 
by the MOSFET amplifier to the time-varying component about the operating 
point defined by the input DC offset will be approximately linear. As we saw in 
Section 4.5, this observation actually generalizes to arbitrary nonlinear circuits: 
The response of a circuit to small perturbations about an operating point will 
be linear. Thus, if the signals of interest to us can be represented as small per¬ 
turbations about an operating point, then the response of arbitrary nonlinear 




FIGURE 8.1 The MOSFET 
amplifier and its SCS circuit model. 
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FIGURE 8.2 vq versus vj curve for the amplifier. 


FIGURE 8.3 A linear amplifier abstraction with a constant gain A. 


circuits to the small perturbations will be linear. As seen in Section 4.5, restrict¬ 
ing signals to small perturbations about an operating point so the response of 
circuits to the perturbations is linear is a constrained way of using circuits that 
we call the small-signal discipline. 

When the total variable comprises a DC operating value plus a small pertur¬ 
bation around the operating point, our models for the response of circuits to the 
perturbations will be linear and hence very simple. However, our incremental 
or small-signal models will apply only over a small range around the operating 
point. In contrast, our models of the previous chapter captured the behavior 
of the amplifier over a wide range of operation, but the models were complex. 
Separate models over different regions had to be spliced together to obtain the 
overall characteristics. Furthermore, the models were nonlinear. Such a tradeoff 
between complexity of the model and the range over which it is valid is not 
uncommon in modeling systems. In engineering practice, both extremes of 
models are useful: complex accurate models and simple approximate models. 
This chapter discusses small-signal models, which are simple models whose 
range of applicability is limited. Despite their limitations, the simple models 
are surprisingly useful engineering tools even when applied outside their strict 
range of validity. 

Section 4.5 introduced the following notation to distinguish between total 
variables, their average DC values, and their incremental excursions about the 
average values. We will denote total variables with small letters and capital 
subscripts, average DC values using all capitals, and incremental values using 
all small letters. Thus, i’i denotes the total input voltage, Vj the DC offset, and 
Vj the incremental component. Since the total variable is the sum of the two 
components, we have 


vi —Vi + Vj. 
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Let us revisit the transfer curve of the amplifier shown in Figure 8.2. Con¬ 
sider a very small region of the transfer curve in the vicinity of the operating 
point (V;, Vo). The slope of the curve segment is depicted in the figure. As 
illustrated in Figure 8.4, if we focus our attention on the small curve segment 
shown, it looks more or less linear. We will use this intuition to develop an 
abstraction for amplifiers that appears linear for very small variations in the 
input voltage. 

The basic idea is that the amplifier transfer function appears linear for small 
perturbations in the input voltage about a given bias point. We can arrive at the 
same result analytically. Suppose that the amplifier is biased at some bias point: 
(V/, Vo). Now suppose that we superimpose a small signal A vj — v, on V/ as 
depicted in Figure 8.5. An example of a DC signal with a small superimposed 
time-varying signal is shown in Figure 8.6. 

We know from the SCS model of the MOSFET (see Equation 7.8) that the 
current through the MOSFET is related to its gate voltage as: 


ids = 


K(vgs-Vt) 2 
2 


(8.3) 


FIGURE 8.4 A small segment of 
the vq versus vy curve. 


FIGURE 8.5 Superimposing a 
small (possibly time-varying) signal 
on the DC bias voltage at the input 
of the MOSFET amplifier, and the 
corresponding SCS circuit model 
for the combined input signal. 


















408 


CHAPTER EIGHT 


THE SMALL-SIGNAL MODEL 


FIGURE 8.6 A small time- 
varying signal combined with 
a DC offset voltage. 



V/ 


v i = V i +v i 


FIGURE 8.7 Output current for 
the MOSFET for the combined 
input voltage. 



For the combined input signal shown in Figure 8.5, the response current 
b through the MOSFET is the sum of two components: a bias current //) and 
a change due to the incremental input signal v ;. As depicted in Figure 8.7, 
this combined current can be obtained by substituting for vqs as 


b — f (Vi + vi) = Id + id = 


mVj + vA-VT ) 2 
2 


(8.4) 


Since we know that v, is small compared to Vj, we can adopt the following 
linearization technique to obtain the combined response: Model the MOSFET 
characteristic curve accurately only in the vicinity of the bias point V/ and dis¬ 
regard the rest of the curve. The Taylor series expansion is the natural tool for 
this task. 

The Taylor series expansion for the function y = f(x) in the vicinity of 
x = X 0 is given by: 


(x — Xo) + 


i a 

2! dx 2 


(x — Xo) 2 + • ■ ■ 


y = f(x) = f(Xo) + — 

ax 


Xo 


Xo 
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Our goal is to use the Taylor series method to expand the MOSFET SCS 
equation for the combined input voltage given in Equation 8.4 about the bias 
voltage V/. For our Taylor expansion, Vj corresponds to X a , x corresponds 
to Vi + v„ or x — X Q corresponds to v„ and y corresponds to b = b + id- 
Applying the Taylor expansion to Equation 8.4 about Vj we get 


b = f(Vi + Vj) = 


K[(V, + v t ) - V r ] 2 

2 


K(V!-V T ) 2 

2 


+ K{Vi — Vt)i> i + —vj. 


(8.5) 

( 8 . 6 ) 


If the incremental signal v, is small enough to permit us to ignore the second 
order term (and higher terms, when they exist) in the Taylor series expansion, 
the following simplification results: 


b 


K^-Vt ) 2 

2 


+ K(V I -V T )v i . 


(8.7) 


We know that the output current is composed of a DC component Id and 
a small perturbation i d . Thus, we can write 


K(Vr - Vt) 2 

Id + id = + K(Vi - V T )v, 

Equating DC terms and corresponding incremental terms: 


( 8 . 8 ) 


b = 


K(V!-V T ) 2 

2 


(8.9) 


i d = mi-v T )vi. 


( 8 . 10 ) 


Note that b is simply the DC bias current related to the DC input voltage Vj. 
Accordingly, the DC terms relating b to Vj can be equated as in Equation 8.9 
because the operating point values b , V/ satisfy Equation 8.3, which is the 
MOSFET equation. When the DC terms are eliminated from both sides of 
Equation 8.8, the incremental relation shown in Equation 8.10 results. 

Notice that the change in the output current i d is linearly related to the 
change in the input voltage Vj provided that v, is small compared to V/. We 
note that Equation 8.9 is exact because the small-signal model goes through the 
exact model at the operating point. However, Equation 8.10 is approximate 
because of the linearization. 

A graphical interpretation of this result provides additional intuition. As 
shown in Figure 8.8, Equation 8.8 is a straight line passing through the DC 
operating point Vf, b and tangent to the curve at that point. Using the tangent 
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FIGURE 8.8 Incremental 
change in the output current for 
the MOSFET for a small change in 
the input voltage. 



to compute the incremental change in the signal about the operating point is 
tantamount to replacing the actual curve with the tangent. Clearly, the tangent 
approximation is valid only for points that are close to the operating point. The 
higher-order term in Equation 8.6 that we neglected would add a quadratic 
term to the model, thereby making the fit exact for our model. 

Let us return to the relationship between the incremental output current 
and the incremental input voltage for the MOSFET: 


i d = K(V I -V T )v i . (8.11) 

The K{Vj — V'f) term in Equation 8.11 relates the input voltage to the 
current through the MOSFET. Notice that for a given DC bias, the K( V/ — Vt) 
term is a constant. Since the form of Equation 8.11 is similar to that for a 
conductance, the K(V]— Vt) term is called the incremental transconductance g m 
of the MOSFET. Accordingly, we can write 


4 / — 8mVi 


( 8 . 12 ) 


where 

gm = K(V gs - V T ). (8.13) 

In our example, Vgs = Vr. 

Returning to our amplifier, we can express the total output voltage vq as 
the sum of the output operating voltage Vq and the incremental change v Q as 


vo=Vo + v Q . 
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From Equation 8.1 we know that 


vo = Vs - idRl- 


(8.14) 


Replacing vo and io with their corresponding DC and incremental 
components, 


Vo + v 0 = V S - (I D + ij>R L (8.15) 

= V s -I D R L -i d RL. (8.16) 

Therefore, 

Vo = Vs - IdRl (8.17) 

v 0 = -idRl (8.18) 

= -gmViRl■ (8.19) 


In other words, 

Small signal gain = — — —g m R L = A. (8.20) 

Vi 

Notice from Equation 8.20 that the small signal gain is a constant —g,„RL- 
Note, however, that g m , and therefore the gain, depends on the choice of bias 
point for the amplifier. Equation 8.19 demonstrates that for small excursions 
from a DC operating point, a linear amplifier results! This result forms the basis 
of the small-signal model. 

We can directly arrive at the small signal response — be it voltage or 
current — using basic calculus for circuit responses that are differentiable, which 
basically includes all physically realizable analog circuits. Recall that the deriva¬ 
tive of a function y = f(x) at the point x 0 is the slope of the function at that 
point, or f(x 0 ). As depicted in Figure 8.9, given a small change Ax from the 


y=fW 


Ay 


±_. 




-f(x 0 ) +f'(x 0 )Ax 


FIGURE 8.9 Incremental 
response. 
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point x 0 , we can compute the response to the change as the product of the 
slope at that point and Ax. In other words, 


f{x 0 + Ax) = f(x Q ) + 



Ax. 


Thus the incremental change in the output is given by 

Ax. 


dy 

Ay = — 
dx 


( 8 . 21 ) 


In particular, we can obtain the incremental voltage gain directly from 
the voltage transfer function, without first determining the incremental output 
current. The input-output voltage relationship for the MOSFET amplifier is 
given by 


vo = f(vi) 


[vr — Vt) 2 

= Vs - K ' 77 R l . 


As before, let Vj = A vj denote a small change in the input voltage, and let 
v 0 = A vo denote the corresponding change in the output voltage. Then, 

df{vi) 

v 0 = ,— Vi 

dvj Vl=Vl 

= -Kim- Vt)Rl\ Vi=Vi vj 

= -K(y I -V T )R L v i 

— Sm^LVi- 


Not surprisingly, this result is the same as the one we obtained earlier. 

To summarize, the small-signal model is a statement of a particular type 
of linearized analysis of our circuits, which applies when the desired circuit 
responds to signals that can be represented as an incremental perturbation over 
a DC operating value. Put another way, it is a statement of a particular type of 
constraint on our use of circuits called the small-signal discipline that allows us 
to obtain linear behavior from nonlinear circuits over small ranges of operation. 

Small signal model The responses of circuits to incremental changes from a 
known DC operating point will be linear to a good approximation. 
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A systematic procedure for finding incremental signal responses based on 
the preceding discussion involves two steps: 

1. Find the DC operating point of the circuit using DC values and the 
complete characteristics of the devices. Determine the corresponding 
large-signal response (possibly nonlinear) to the desired input. 

2. Apply the Taylor expansion method to the large-signal response to derive 
the small-signal response. Alternatively, as discussed in Section 8.2.1, 
replace the large-signal circuit with its equivalent small-signal model 
based on the Taylor expansion and obtain the small-signal response. 

Small-signal analysis is an extremely useful technique that applies to all 
physical systems with differentiable characteristics. In essence, it says that if we 
operate within a small-signal discipline, the response of any physical system 
to small perturbation will be linear! In turn, the effectively linear system is 
amenable to linear analysis techniques, such as superposition. 

For example, consider a two-terminal sensor S that behaves like a 
temperature-dependent voltage source with the following nonlinear relation¬ 
ship between its terminal voltage vs and its temperature t$: 

vs = Bt 3 s 

where B is some constant. If the ambient temperature is Ts and the correspond¬ 
ing voltage is Vs, we can relate the incremental change in the terminal voltage v s 
to an incremental change in the temperature t s using Equation 8.21 as follows: 


v s = 3 B t\ 


ts=Ts 


t s - 


In other words, 


v s = 3 BTjt s . 


When operating at a given ambient temperature, 3is a constant. Therefore, 
the voltage response of the sensor to small changes in the temperature around 
an ambient will be linear. 

8.2.1 SMALL-SIGNAL CIRCUIT REPRESENTATION 

A model that involves only the small-signal variables of a circuit, and hence 
describes purely the small-signal behavior of that circuit, would greatly facilitate 
small-signal analysis. Fortunately, such a small-signal model is relatively straight 
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forward to develop by executing the following procedure: 

1. Set each source to its operating-point value, and determine the operating- 
point branch voltages and currents for each component in the circuit. 

This is most likely the longest step in the procedure. 

2. Linearize the behavior of each circuit component about its operating 
point. That is, determine the linearized small-signal behavior of each 
component, and select a linear component to represent this behavior. 

The parameters of the small-signal components will commonly depend 
on the operating point voltages or currents. 

3. Replace each original component in the circuit with its linearized 
equivalent and re-label the circuit with the small-signal branch variables. 
The resulting circuit is the desired small-signal model. 

The circuit that is generated by this procedure is the desired small-signal 
circuit model, and is analogous to equating the small signal terms on both 
sides of Equation 8.8 yielding the equalities in Equation 8.10. Further, it is a 
linear circuit, and hence the analysis tools developed for linear circuits, such as 
superposition and the Thevenin equivalent model, may be applied to its analysis. 

At this point, it is worth discussing why the procedure works. To begin, 
recognize that the operation of a circuit is described in total by two sets of 
equations: the circuit connection laws of KVL and KCL, and the constitutive 
laws that describe the behavior of the individual circuit components. With this 
recognition, the small-signal analysis of a circuit may also be described by the 
following more direct mathematical procedure: 

1. Set each source to its operating-point value, and combine the equations 
to determine the operating point of the circuit. This is essentially the 
same step as in the previous procedure. 

2. Return to the original set of equations. For each variable in every 
equation, substitute for the total variable the sum of its operating-point 
value and its small-signal value. Then, linearize the equations around the 
operating point assuming that the small-signal terms are small. 

3. Cancel the operating-point variables from the linearized equations to yield 
a set of linear equations that relate the small signals to themselves. This 
cancellation must always be possible since the linearization is defined to 
pass through the operating-point. This cancellation is akin to separately 
equating the operating point variables and the incremental variables as we 
did in Equation 8.10. 1 


1. In other words, we start with a set of equalities defining the operating point using operating-point 
variables, for example, 


V 0 = AV h 
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4. Complete the small-signal analysis by combining the linearized equations 
to determine the desired small-signal variables in tenns of the small-signal 
inputs at the sources. 

Now, let us examine the last procedure more closely. Notice that in Step 2 
it is actually necessary to linearize only the constitutive laws that describe the 
behavior of the individual circuit components because KVL and KCL are already 
linear equations. It is for this reason that the first procedure called for the 
linearization of only the constitutive laws. Further, because KVL and KCL con¬ 
stitute a linear set of equations, they are unchanged by the linearization step. 
This is important to recognize because KVL and KCL contain the informa¬ 
tion concerning the topology of the original circuit. That is, they state which 
branches are connected to which nodes, and which branches connect to form 
which loops. Since KVL and KCL are unaffected by the linearization step, 
the topological information is preserved during linearization. It is for this rea¬ 
son that the small-signal circuit model has the same topology as the original 
circuit. Thus, the linearized set of equations describing the behavior of the 
small-signal circuit variables that is generated by the more formal mathemati¬ 
cal procedure comprises the original KVL and KCL equations, and linearized 
component constitutive laws. Thus, to develop a small-signal circuit model 
it is necessary to determine only equivalent linearized circuit components and 
substitute them into the circuit in place of their corresponding original circuit 
components. 

Small-signal circuit models for various devices are summarized in 
Figure 8.10. 

► The small-signal equivalent model for an independent DC voltage source 
is a short circuit because its output voltage does not change for any 
perturbation of the current through it. In particular, the power supply 
connection labeled Vs in most of our circuits gets shorted to ground in 
the incremental circuit. 

► The small-signal model for an independent DC current source is an open 
circuit. 


We then linearize, and obtain a new set of equalities in operating-point variables and 
incremental variables, for example, 


Vq + v (i — A V j + Avj. 

The equalities that defined the operating point in the first place (namely, Vq = AVj in our 
example) may always be cancelled out of the linearized equations since they are only additively 
connected to the small-signal variables. For our example, we thus obtain 


v 0 = Avj. 
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FIGURE 8.10 Small-signal 
equivalent models. 


Large signal Small signal 



► A resistor behaves identically for a large signal or a small-signal. Therefore 
its small-signal and large-signal models are the same. 

► For a MOSFET, the derivation resulting in Equation 8.11 shows how to 
relate the incremental drain to source current i^ s to the incremental gate 
to source voltage v gs . 

► By definition, an input signal vj has an incremental component v t and 
a DC component V/. 

► In general, if a device variable xb depends on some other variable xa as 

X B = f{XA), 


then the incremental change in xg due to an small change in xa is given by 


x b = 


df(x A ) 


dxA 


xa—Xa 


where Xa is the operating point value of xa- 


x. 


( 8 . 22 ) 
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EXAMPLE 8.1 A MOSFET WITH ITS GATE AND DRAIN 
TIED TOGETHER Let us derive the incremental model for a MOSFET that has 
its gate and drain terminal tied together as shown in Figure 8.11. When the G and D 
terminals of the MOSFET are tied together, we get an effective two-terminal device. 
Let us denote the two terminals as D and S, respectively. Because the gate-to-source 
voltage of the device is the same as the drain-to-source voltage, the current ij)$ through 
the device is related to the voltage vds across the device as 

(vgs - Vt) 2 
tDS = k -2-• 

Since the gate and drain are connected, vgs = V DS- Therefore, 


D 


+ 


'ds 

i 

s 

FIGURE 8.11 MOSFET with its 
G and D terminals connected 
together. 


(vds ~ Vj) 2 
ms-K ---. 

The large-signal model for the mosfet is shown in Figure 8.12. 

We can derive the change in ij^s for a small change in vds as follows. Let the DC value 
of vds be Vos and let the change be denoted v^. Let the corresponding DC value of 
ins be Ids and let its change be denoted /<&. Then, 

diDS 

J ds — v ds 

dv D s v DS 

= K(vds - Vt)| y DS v ds 
= K{Vds - Vrjvds- 


D 



S 


FIGURE 8.12 Large-signal 
model for a MOSFET with its G and 
D terminals connected together. 


In other words, 


D 

+ 9 


Wds-Vt )‘ 

Notice that because 1 /K{Vgs — Vt) is a constant, vj s is directly proportional to ij s , 
which is a resistor relationship. Remarkably, a MOSFET with its gate and drain terminals 
connected behaves like a resistor with resistance 1 /K(Vgs — Vt) to small signals. 


v d s 


l 

K(V ds -V t ) 


o 


The small-signal equivalent circuit for the preceding element is shown in Figure 8.13. S 

Because of its resistive behavior for small signals, and because MOSFETs with a high 

resistance are easier to fabricate than resistors, MOSFETs are commonly used as the FIGURE 8.13 Small-signal 
load resistor in amplifiers. model for a MOSFET with its G and 

- D terminals connected together. 
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8.2.2 SMALL-SIGNAL CIRCUIT FOR THE 
MOSFET AMPLIFIER 

Let us now develop the small-signal equivalent circuit for the MOS amplifier 
shown in Figure 8.14. Recall that developing the small-signal model involves 
the following steps: 

1. Set each source to its operating-point value, and determine the operating- 
point branch voltages and currents for each component in the circuit. 

2. Determine the linearized small-signal behavior of each component, and 
select a linear component to represent this behavior. 

3. Replace each original component in the circuit with its linearized 
equivalent and re-label the circuit with the small-signal branch variables. 
The resulting circuit is the desired small-signal model. 

As the first step, let us determine the operating point of the MOSFET 
amplifier for its bias voltages using the large-signal SCS circuit model depicted 
in Figure 8.f 5. Assuming that the input bias voltage is V/, we can determine the 
output operating current Ip and the output operating voltage Vo- We explicitly 
show the power supply voltage source Vs to facilitate deriving the small-signal 
model. 


FIGURE 8.14 The MOSFET 
amplifier. 



FIGURE 8.15 Computing the 
operating point of the MOSFET 
amplifier based on the large-signal 
SCS model. 
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The output operating current Ijj is directly calculated from the MOSFET 
characteristic equation as: 


K, ~ 

Id = — (Vj- Vr) 2 . 

The output operating voltage is obtained by applying KVT for the loop 
comprising the power supply, the MOSFET, and R/ as follows: 


Vo = Vs - I d R l (8.23) 

= V S -^(V I -V T ) 2 R L . (8.24) 

2 

As the second step, we determine the linearized small-signal models for 
each component. Referring to Figure 8.10, we see that the small-signal model 
for the DC power supply is a short. The small-signal model for the resistor is the 
same as its large-signal model. Finally, the linearized small-signal model for the 
MOSFET in saturation is a voltage-dependent current source whose small-signal 
current is linearly related to the small-signal gate-to-source voltage as: 


i ds — K(Vgs ~ Vr)v gs . 


Notice that the biasing of the large-signal circuit determines the parameters of 
the small-signal circuit (for example, the small-signal current source parameter 
K{Vi — Vt) depends on the input bias voltage, V;). 

As the third step, we replace each original component in the circuit with 
its linearized equivalent and re-label the circuit with the small-signal branch 
variables v„ v Q , and ij as depicted in Figure 8.16. 

The small-signal circuit model can be analyzed to determine the circuit 
response to small signals. For example, we can use Figure 8.16 to determine 
the small-signal gain of the MOSFET amplifier. Applying KVT at the output, 
we get 


Vo = ~id R L 

= -K(V I -V T )v i R L 


(8.25) 

(8.26) 
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FIGURE 8.16 The small-signal 
SCS circuit model for the MOSFET 
amplifier. 
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Thus, the small-signal gain is given by 

— = —K(Vi - Vj)R l (8.27) 

Vi 

= -gmRL (8.28) 

where 

gm = K(V G s - V T ) (8.29) 

is the transconductance of the MOSFET. 

As an example, let us compute the small-signal gain for the following 
amplifier parameters: 


Vs = 10 V 
K= 1 mA/V 2 
R l = 10 kQ 
V T = 1 V. 


Also, suppose the input bias voltage is chosen to be V/ = 2 V. As 
determined earlier in Equation 8.24, 


Vo = Vs~ —(Vi - Vt) 2 Rl- 

Substituting, the given parameters, we get Vo = 5 V. 

We can now calculate the magnitude of the voltage gain as 

- = K(V, - V;)R l 

Vi 

= 10“ 3 (V/- 1)10 4 

= 10 . 

8.2.3 SELECTING AN OPERATING POINT 

Small-signal operation requires that the total input signal appear as a small 
perturbation about a DC offset. The input DC offset establishes an operating 
point for the amplifier. Section 7.7 discussed the issue of operating points in the 
context of large signals, and proposed a method for selecting the operating point 
based on maximizing the dynamic input signal range. Specifically, Section 7.7 
suggested that the operating point be chosen as the midpoint of the valid input 
voltage range of amplifier operation under the saturation discipline. This made 
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FIGURE 8.17 Magnitude of the 
small-signal gain of the amplifier 
for various values of the input 
operating point voltage l//. 


sense, since the input signals were large and maximizing the input dynamic 
range enabled the amplifier to deal with the largest possible input signals. 

When dealing with small signals, other criteria are often more important in 
selecting the operating point than just obtaining maximum dynamic range. One 
criterion is the small-signal gain of the amplifier. As evident from Equation 8.28, 
the small-signal gain of the amplifier is dependent on the input operating point 
voltage Vj. The magnitude of the small-signal gain is given by 


Vo 

Vi 


= K(V I -V T )R L . 


(8.30) 


Figure 8.17 plots the magnitude of the gain for various values of V/. The graph 
indicates that the amplifier gain increases with increasing V/. 

As an example, assuming these parameters for our amplifier, 

Vs = 10 V 
K = 1 mA/V 2 
R l = 10 ko 
V T = 1 v 

let us determine a value for the input operating-point voltage V/ that will result 
in a gain of 12. 

Substituting the required gain into Equation 8.30, we have 
12 = 1 x 10“ 3 (V 7 - 1)10 x 10 3 . 

Solving, we obtain Vj = 2.2 V. This means that an input DC offset of 2.2 V 
will result in a small-signal gain magnitude of 12. 
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Now, assuming that the input signal is a small-signal sinusoid superimposed 
on the DC offset of 2.2 V, let us determine the maximum valid peak-to-peak 
swing for the sinusoid. We refer back to Section 7.6.2 to answer this question. 
From Section 7.6.2, we know that under the saturation discipline, the maximum 
valid range for the input voltage is Vt —»■ — 1 + VI + 2 VsRlK/RlK + Vt- 
For the given parameters, the valid range for input voltages is 1 V —> 
2.32 V. In other words, as discussed in Section 7.6.2, input voltages under 1 V 
will result in cutoff region operation of the MOSFET, while those over 2.32 V 
will result in triode region operation. Operation in either the cutoff region or 
the triode region will result in severe signal distortion. 

Since the input offset is 2.2 V, and the maximum valid input voltage is 
2.32 V, the maximum positive swing for saturation region operation of the 
MOSFET is given by 2.32 V — 2.2 V = 0.12 V. Thus, the maximum peak- 
to-peak swing for the input sinusoid is 2 x 0.12 V = 0.24 V. Notice the clear 
tradeoff we have made between gain and dynamic range. To increase the gain, 
we had to bias the amplifier with a high input bias voltage, which was close 
to the high end of the valid input signal range. However, the high input bias 
voltage limited the positive signal swing. 

Another criterion that is often important is the output operating-point 
voltage. This is important when the amplifier must drive another circuit stage 
and the output operating-point voltage of the amplifier determines the input 
operating-point voltage of the next stage. 

For example, consider the two-stage amplifier shown in Figure 8.18. In 
this circuit, Via provides the DC bias for the first stage. Its output, in turn, Voa 
provides the DC bias for the second stage. Thus, Voa — VlB- 
Assuming the following parameters for our amplifier, 


Vs = 10 V 
K= 1 mA/V 2 

r = wkn 

V T = 1 v 



FIGURE 8.18 A two-stage 
amplifier. 
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suppose the first stage is biased at Via = 2.2 V to achieve a small-signal gain 
magnitude of 12. Let us determine whether the output operating-point voltage 
of the first stage can provide a valid input bias voltage for the second stage. 

When the first stage is biased at Via = 2.2 V, the first stage operating-point 
output voltage Voa is given by Equation 8.24. Substituting the parameters for 
our circuit, we have 


Voa = Vs - -(Via - Vt) 2 R 

= 10 - 1 X 10 3 (2.2 - 1) 2 10 x 10 3 
2 

= 2.8 V. 


From Section 7.6.2, we know that under the saturation discipline, the max¬ 
imum valid range for the input voltage of the second stage is Vt —»■ — 1 + 
s/VfZVsRK/RK + Vt- Substituting the circuit parameters, the valid input 
range for the second stage comes out to be 1 V —*■ 2.32 V. Since Voa exceeds 
the upper bound (2.8 V > 2.32 V), we conclude that the first stage cannot pro¬ 
vide a valid input bias voltage for the second stage when the first stage input bias 
is set at 2.2 V. We can correct this situation by increasing Via, or by increasing 
R for the first stage. 

8.2.4 INPUT AND OUTPUT RESISTANCE, 

CURRENT AND POWER GAIN 

The small-signal equivalent circuit also allows us to determine other important 
circuit parameters, such as the small-signal input resistance, output resistance, 
current gain, and power gain. Since the amplifier behaves as a linear network 
for small signals, it can be characterized by a Thevenin equivalent when viewed 
from any given port. The input and output resistance come in handy in this 
Thevenin characterization. Let us determine these values for the MOSFET 
amplifier using its small-signal circuit in Figure 8.16. Since these parameters are 
externally observed quantities, they are defined with respect to the external ports 
of the amplifier abstraction. Thus, it is important that we define precisely what 
constitutes the input and output ports of the small-signal amplifier. Figure 8.19 
shows the relationship between the external ports of the amplifier circuit and the 
small-signal model. Notice that we have internalized the input bias voltage into 
the small-signal amplifier abstraction so the user of the amplifier does not have to 
provide the appropriate input bias voltage. Instead, the user can simply provide 
a small input signal and observe the resulting signal output superimposed on 
the DC output offset. 
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FIGURE 8.19 Amplifier input 
and output ports: (a) amplifier 
circuit; (b) small-signal model. As 
shown in the amplifier circuit, we 
have internalized the input bias 
voltage into the small-signal 
amplifier abstraction. 


Input Resistance r, 


Incremental input resistance The change in the input current for a small change 
in the input voltage. 

Accordingly, as depicted in Figure 8.20 we compute it by applying a small test 
voltage v test at the input and measuring the corresponding current / test . All other 
independent small-signal voltages or DC voltage sources are shorted. Similarly, 
all other independent small-signal or DC current sources are turned into open 
circuits. 

The input resistance for the MOSFET amplifier is given by 



best 


= oo. 


(8.31) 



FIGURE 8.20 Input resistance 
measurement. 
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FIGURE 8.21 Output resistance 
measurement. 


For the SCS MOSFET model, the gate does not draw any current ( 2 test = 0), 
so the input resistance is infinite. 

Output Resistance r out 


Incremental output resistance The change in the output current for a small 
change in the output voltage. 

We must assume, of course, that the circuit is biased properly. As depicted in 
Figure 8.21, we compute the output resistance by applying a small test voltage 
T'test at the output and measuring the corresponding current 2 test . As before, 
all other independent small-signal voltages or DC voltage sources are shorted. 
Thus the small-signal input voltage Vj is set to 0. Similarly, all other independent 
small-signal or DC current sources are turned into open circuits. 

The output resistance is given by 

tout = — = Rl. (8.32) 

2 test 

Because the input small-signal voltage is set to zero, the current through 
the MOSFET is 0. In other words, the MOSFET behaves like an open circuit. 
Thus the output resistance for small signals is Re¬ 
current Gain 

Analogous to the voltage gain, we can define a current gain for an amplifier 
that supplies an external current. 

Incremental current gain The change in the output current divided by the 
change in the input current, for a given external load resistance. 

As depicted in Figure 8.22, we can compute the current gain by applying a 
small test voltage at the input and measuring both the input current 2 test and 
the output current i Q . The ratio i 0 /hest is the current gain. Note that the output 
current is not the current that flows through the dependent current source, 
rather it is the current that is drawn by an external load resister Ro- Because 
it is dependent on the value of the load resistor, the current gain is defined 
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FIGURE 8.22 Current gain 
measurement. As an exercise, we 
place a resistance R; between the 
input terminal and ground. For a 
MOSFET, Rj = oo. 



for a given load resistance. The introduction of an external load resistance also 
reduces the voltage gain of the amplifier because it appears in parallel with the 
internal load resistor Ri. 

The current gain with an external load resistance Ro is given by 

Current gain = . (8.33) 

best 

Let us go through the exercise of determining the value of i Q assuming 
there is some finite input resistance Rj as shown in Figure 8.22. Substituting for 
i Q and z test in terms of the respective voltages, 


Vq 

Current gain = 

° v test 

Ri 

_ Vo Rj 
Cost Ko 

Equation 8.35 says that the current gain is proportional to the product of the 
voltage gain and the ratio of the input resistance and the output resistance. 

We can determine the voltage gain v 0 /v test by substituting for v Q in terms 
of the current and the parallel resistance pair Ri and Ro as 

Vo _ K(Vi- Vr^test^Lll-Ro) 

^test ^test 


(8.34) 

(8.35) 


In other words, 


= -K(V, - V t )(Rl\\Ro)- (8.36) 

Ccst 

Notice that the voltage gain of the amplifier with an external load is lower than 
an unloaded amplifier. Substituting the expression for the voltage gain into 
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Equation 8.35, we get an expression for the current gain: 

R 

Current gain = -JC(V/ - V t )(Rl || Ro) — - (8.37) 

Ro 

Since R, — oo for the MOSFET, the corresponding current gain is also 
infinite. 

Power Gain 


Incremental power gain The ratio of the power supplied by the amplifier to an 
external load to that supplied to the amplifier by the input source. 

Referring to Figure 8.22, we can compute the power gain as follows: We apply 
a small test voltage at the input and measure the input current / test . We also 
measure the corresponding output voltage v 0 and output current i 0 supplied to 
the external load resistor. We compute the power supplied by the input source 
as ^estbest- Similarly, we compute the power supplied to the external load as 
v 0 i 0 . As we did for the current gain, let us assume that the amplifier has an 
input resistance Rj. The power gain is given by 

D ’ V °i° V 0 Z 0 ,q tqN 

Power gam = - ; — = --—. (8.38) 

Tfesthest Cest best 


We know both the voltage gain and the current gain from Equations 8.36 
and 8.37, respectively. Substituting in the above equation we get, 


T-V • Vo to 

rower gam =--— 

^test *test 


= [-K(V i -V t )(Rl\\Ro)] 


-K(V, - V-^RlWRo)-^- 
Ro 


= [K(Vj— V T )(R L \\Ro)] 2 ^. 

Ro 


(8.39) 

(8.40) 

(8.41) 


Since Rj = oo for the MOSFET amplifier, the power gain is also infinite. 
In practical circuits, however, there is always some input resistance, so the 
power gain is finite. 


EXAMPLE 8.2 VOLTAGE-CONTROLLED CURRENT SOURCE 
Let us perform a small-signal analysis of the voltage-controlled current source circuit 
shown in Figure 8.23. Referring to Figure 8.23, the current ;'o depends on voltage 
source vj according to 

1 

Uvi- 1 ) 


to = 
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FIGURE 8.23 Dependent 
current source circuit. 



where vj > 1 and L is some constant. What is the change in vq for an incremental 
change in vi, when the operating-point values of v\• and vo are Vj and Vo, respectively? 

To find the incremental change in vj, we follow the three-step process outlined in 
Section 8.2.1. We begin by writing the large-signal relationship between vq and zr/: 


vq = 'O r L 


= Rl 


1 

L{vj - 1) 


Substituting in the operating-point values, we get: 


Vq = Rl 


1 

L(Vi-iy 


(8.42) 

(8.43) 


(8.44) 


Next, we linearize the devices. The input voltage source with total voltage i /j is 
replaced by its small-signal voltage v,. The resistor remains unchanged. The small-signal 
equivalent of the dependent current source is derived using: 

dio 

to = — Vi 
dvj Yj 

= ~L(V I - l) 2 V " 

In the third step, we substitute in the small-signal models in place of the large-signal 
models for each of the devices. The corresponding small-signal circuit is shown in 
Figure 8.24. 



1 

L(V,~ 1) 



FIGURE 8.24 Small-signal 
circuit model for the dependent 
current source. 
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We can now derive the change in the output voltage for a small change in the input 
voltage from the small-signal circuit by writing KVL for the output loop: 


Vq — IqRl — 


1 

UVi- 1) 2 


V,R L . 


We can also derive the change in the output voltage for a small change in the input 
voltage directly from the vq versus vi relationship given by Equation 8.43. 


dvo 

v 0 = —— Vj 

dvi y I 


1 

L(V] — l) 2 


VjRL- 


EXAMPLE 8.3 SMALL-SIGNAL ANALYSIS OF A DIFFER¬ 
ENCE AMPLIFIER The difference amplifier is a building block for high-quality 
amplification and is useful for processing small signals. When a signal is noisy, straight¬ 
forward use of an amplifier would amplify both the signal and the noise. However, 
under certain conditions that we will see shortly, a difference amplifier (also called a 
differential amplifier) can be used to amplify the signal by a much larger gain relative 
to the noise. Difference amplifiers are also used in building operational amplifiers, and 
suitable difference amplifier circuits are discussed in Examples 7.19 and 8.10. 

Suppose the signal is available in differential form. In other words, suppose the signal 
is available as the relative voltage output (pa — vg) on a pair of terminals A and B. For 
example, as the output of the tape-head in a tape-recorder, the output of an instrumen¬ 
tation device or a sensor. Such a sensor often resembles one of our primitive elements — 
for example, a variable resistor. The element might produce a voltage signal across its 
terminals related to some externally sensed parameter such as temperature, gas con¬ 
centration, or magnetic field strength. Often, a pair of wires carrying the signal might 
travel through a noisy environment resulting in the coupling of more or less the same 
amount of noise (v„) on each of the two wires, as depicted in Figure 8.25. 2 In other 
situations, the two wires might both carry a common DC bias. In such situations, a 
difference amplifier can help amplify just the differential signal component and discard 
the common noise component. 

The difference amplifier abstraction is shown in Figure 8.26. It is a two-port device with 
one differential input port and one single-ended output port. The input port has two 
input terminals. The + input is called the non-inverting input and the — input is called 
the inverting input. It has an output port across which vq appears. 


2. In fact, the wires are often twisted together to ensure that when there is noise, the same amount 
of noise infects both wires. 
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FIGURE 8.25 A differential 

Sensor 

V D V 

signal. 


—<jL«— ' 



V A + V 


n 


v B +v 


n 


FIGURE 8.26 Difference 
amplifier black box representation. 



Differential 

amplifier 



v c 







L Ground 


FIGURE 8.27 Single-ended 
difference amplifier structure. 



Single-ended difference amplifier 


We can also build a single-ended difference amplifier from a differential output difference 
amplifier as shown Figure 8.27. 

The behavior of the difference amplifier is best explained by considering its effect on the 
following signals related to the two components, va and vg- 


1. A difference-mode component signal, 

v D = v A - v B 

2. And a common-mode component signal, 

v A + V B 


(8.45) 


(8.46) 


The output of the difference amplifier is a function of these two components of the 
input, 


vo = A dvd + Aqv c 


(8.47) 
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where Ad is called die difference-mode gain and Ac is called the common-mode gain. 
The key in using a difference amplifier is to encode the useful signal in the difference¬ 
mode component and the noise in the common-mode component. Then if we make 
Ad large and Ac small, we achieve our goal of noise reduction. Usually we use the 
common-mode rejection ratio (CMRR) to describe the ability of the amplifier to reject 
the common-mode noise: 


CMRR = 


Ap 

Ac 


(8.48) 


MOSFET Implementation of the Difference Amplifier 

Let us study a MOSFET version of the difference amplifier. The amplifier employs a pair 
of matching transistors called the source-coupled pair. The source-coupled amplifier is 
shown in Figure 8.28. v A and vg are the inputs, and vx and vy are the outputs. Assume 
va and vg are the input voltages measured with respect to ground. Also assume that 
v a and V/, are small variations in the inputs, and that v x and v y are the corresponding 
small-signal variations in the output. The source-coupled pair is connected in series with 
a DC current source with a high internal resistance Rj. (We can implement the current 
source using a MOSFET biased to operate in its saturation region, but we do not show it 
here. For simplicity, we use an abstract non-ideal current source instead. In other words, 
the current source has a finite resistance, Rj.) Let the current provided by the DC current 
source be I. 

Let us examine the difference amplifier using its small-signal model shown in Figure 8.29. 
Notice that an ideal current source acts like an open circuit, but a current source with an 
internal Norton equivalent resistance R, behaves like a resistor to incremental changes 
in its terminal variables. The MOSFETs are replaced by their small equivalent current 
sources. The voltages v gs \ and v gS 2 are the small-signal voltages between the gate and 
source of the two input MOSFETs resulting from a small change in the input voltages 
va and vg. 

The gain parameters g m \ and g m 2 for the MOSFETs depend on the operating-point 
values of the currents through them. Assuming that the current through R, is negligible, 
by symmetry, we find that the current I divides equally between the two MOSEETs. 
Thus each has an operating-point current equal to 1/2. From the SCS model for the 
MOSFETs, given Vj and K, we can thus find the bias input voltages Vgsi and VgS 2 i 11 
terms of I. In turn, the respective gains g m \ and g m 2 can be determined in terms of Vest 
and VgS 2 > which are themselves functions of I. 

Recall that 

► the difference-mode component: 
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FIGURE 8.28 Source-coupled 
difference amplifier. All voltages 
are measured with respect to 
ground. 



FIGURE 8.29 Source-coupled 
difference amplifier — small-signal 
model. 


vp = v A ~ vg 
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► and the common-mode component 


VC = 


V A + Z >B 
2 


Therefore, we can decompose the inputs into their difference- and common-mode 
component as follows: 


. V D 

va = v C + y 
VD 

VB = VC- —■ 

We will discuss each mode separately, and then summarize the behavior of the entire 
amplifier. 

Difference-Mode Model 

We first examine the circuit with the difference-mode part of the input only. Refer to 
Figure 8.30 for the circuit and its small-signal model. Assume that the two MOSEET’s 
have identical characteristics, g m \ = g m i = g m . An application of KCL at the source 
node of the two MOSFETs (in other words, the node with the small-signal voltage v s ) 
yields 


gmVgsl + gmVgsl = v s /Ri. (8.49) 

From Figure 8.30 we can also write 


Vd 

— - v gs i = v s 
-Vd 

— - Vgsl = V S . 


FIGURE 8.30 Difference-mode 
model. All voltages are measured 
with respect to ground. 




(a) Differential mode input only 


(b) Small-signal model 
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FIGURE 8.31 Difference-mode simplified FIGURE 8.32 Difference-mode 
model. Thevenin equivalent circuit. 


Substituting v gs \ and v gs 2 in terms of vj into Equation 8.49, we obtain 


gm 




“b gm 



Gift'¬ 

ll 

ts 

1 

(8.50) 

r 

JF 

II 

2° IS 

(8.51) 


Since g m and R, are independent of each other, v s = 0. This result greatly simplifies our 
circuit to the one in Figure 8.31. Converting it to the Thevenin equivalent model, we 
obtain the circuit shown in Figure 8.32. 

We see that 


gmRjVd 


and 


2 


Thus, the small-signal output voltage across the output tenninal pair is given by 

Vo = V x -Vy= -gmRLVd- 

This yields a difference-mode small-signal gain 

= V ° = -gmRL¬ 
Vd 


Common-Mode Model 

We will now examine the behavior of the circuit for the common-mode input. The 
circuit and small-signal model is shown in Figure 8.33. The small-signal change in the 
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FIGURE 8.33 Common-mode 
model. 




FIGURE 8.34 Common-mode Norton FIGURE 8.35 Common-mode Thevenin 

equivalent circuit equivalent circuit. 


common-mode input is denoted v c . Observe that v gs \ = v gs 2 = i' g s, and v gs = v c — v s . 
Application of KCL at v s again yields 


gmVgs “b gmVgs — 
2gmVgs — 


i'gs ■ 


t4 

Ri 

Vc — Vgs 

R, 

1 

2-gmRj + 1 


(8.52) 

(8.53) 

(8.54) 


Assuming R, is large, so that 2 g m R, S> 1, we can simplify Equation 8.54 to 


Vgs 


1 

2gnjRi 


Vc- 


Therefore, the two dependent current sources will have value 



The simplified circuit is shown in Figure 8.34. Transforming the circuit into its Thevenin 
equivalent circuit gives the circuit shown in Figure 8.35. 
























8.2 The Small-Signal Model 


CHAPTER EIGHT 


435 


From the Thevenin equivalent circuit, notice that 

r lVc 

Vx — Vy — 

2 Rj 


Remarkably, 


Vo = v x -v y = 0 

effectively yielding a common-mode small-signal gain of 0. 

Overall Behavior 

Putting it all together, we combine the small-signal difference-mode circuit from 
Figures 8.32 with the small-signal common-mode circuit in 8.35 and obtain the cir¬ 
cuit shown in Figure 8.36. Notice that we are able to do such a superposition because of 
the linearity property of our small-signal circuits. The output of the difference amplifier 
is the difference between v x and Uy, which gives a difference-mode gain of —g m R-L and 
common-mode gain of 0. 

Input and Output Resistances 

Computing the input and output resistances for the difference amplifier is fairly easy. 
When we apply the small input signals v a and v^, there will not be any current flowing 
into the MOSFETs, so, we have infinite input resistance. 

To compute the small-signal output resistance looking in from one of the terminals of 
the output port, we turn off all independent sources by setting v a = 0 and Vf, — 0, 
in effect, turning off v c and vj. We introduce a test voltage at the desired output and 
short the other output to ground. Therefore, the overall circuit is transformed to the 
one shown in Figure 8.37. Thus the output resistance looking into ports v x or Vy and 
ground will be Ri- 


o- 

+ 


o- 




-o 

+ 


-o 



FIGURE 8.36 Difference 
amplifier Thevenin equivalent 
circuit. 


FIGURE 8.37 Difference 
amplifier output resistance. 
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EXAMPLE 8.4 SOURCE FOLLOWER A useful circuit we have seen 
before 3 is the source follower shown in Figure 8.38. The source follower in the figure 
is shown driving an external load resistor Ri. Assume that the total input voltage Vj 
includes the appropriate DC bias voltage to meet the saturation discipline. The small- 
signal equivalent circuit for the source follower is shown in Figure 8.39. Let us analyze 
this circuit by computing its small-signal gain. 

The small-signal output v 0 can be expressed in terms of the circuit parameters as 

Vo = gmVgs{RL II ffs) 


FIGURE 8.38 Source-follower 
circuit. 


where v gs is the voltage between the gate and the source of the MOSFET. Using KVL, 
observe that v gs = v t — v 0 - Therefore, we can write 


Vo = gmivi - v 0 )(R l \\Rs) (8.55) 


HfJls gm 

Vo = - Vi 

Rl + Rs + RlRs gm 

Vo _ RL,Rsgm 

Vi Rl + Rs + RlRs gm 


(8.56) 

(8.57) 

(8.58) 


Thus the gain is slightly less than 1. An important special case of Equation 8.59 is when 
Rl is very large. Thus, when Ri —»■ 00 , 


Vo _ Rs gm 

Vi 1 +Rsgm 


(8.59) 


FIGURE 8.39 Source-follower 
small-signal model. g m , the 
transconductance of the MOSFET, 
is given by K(Vq$ — Vf), where 
1 /qS is the operating-point value of 
the gate-to-source voltage for the 
MOSFET. (See Example 7.8 or 
Problem 7.5 in Chapter 7 to see 
how the operating-point param¬ 
eters of the source follower can be 
calculated.) 






+ 

v„ 


3. See Example 7.8 and Problem 7.5 in Chapter 7. 
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|V, 


test 


FIGURE 8.40 Source-follower 
output resistance. 


When g m is large, irrespective of the values of Ri and Rs, Equation 8.58 can be 
rewritten as 


v a 


1 . 


Vi 


To find out why such a circuit is useful, let us compute the input and output resistances 
of the source-follower device. 

Small-Signal Input and Output Resistances 

The input resistance rj is easily calculated. Since no current flows into the MOSFET, the 
input resistance is infinity. 

Computing the output resistance needs more work. As depicted in Figure 8.40, let us 
turn off the independent sources, apply a small test voltage i> test at the output terminal 
and measure the corresponding current i test - The output resistance will be given by 
Cut = v test /i test . 

In order to compute r out , we apply KCL at node a shown in Figure 8.40. The dependent 
source current ij s depends on v gs , and v gs equals —latest- Therefore, we have 


ids + fiest — h + H 


(8.60) 



(8.61) 


Rearranging the terms and simplifying the expression, we obtain 



This leads to 



RlRs 


g m RLRs + Rl + Rs 


When g m , Rl, and Rs are large, Ri + Rs becomes insignificant compared to gntRiRs- 
Therefore, we can simplify, 
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FIGURE 8.41 Small-signal 
model of the MOSFET amplifier in 
Figure 7 . 46 . 


K{V GS -V T )v g = 0.6 



Since g m can be made very large, die output resistance can be made low. The low output 
resistance makes the source follower useful as a buffer device, which can provide a large 
amount of current gain. 


EXAMPLE 8.5 SMALL-SIGNAL ANALYSIS OF ANOTHER 
MOSFET AMPLIFIER In this example, we examine the small-signal behavior 
of the MOSFET amplifier shown in Figure 7.46 and studied in Example 7.12. This 
amplifier works well for both positive and negative values of fnsj, and so we will choose 
the input bias voltage to be Vin = 0 V for the small-signal analysis. Therefore 

PIN = ViN + Pin = Pin- 

To determine the remaining bias voltages in the amplifier, we set v m = 0 V, which 
results in i/jn = 0 V. From the results of Example 7.12, we can then determine the bias 
voltages Vout — 6.4 V and Vqs = 1.6 V. 

Next, following the method of Section 8.2, we construct the small-signal circuit model 
shown in Figure 8.41. Analyzing the small-signal circuit model, we obtain 

Pout = Rl K(Vcs - Vt)v in = 12 v m . 

Therefore, the small-signal gain is 12 at the bias voltage Vin = 0. The same result can 
be obtained by evaluating 


^PQUt/^PInIuin=o 


using the results of Example 7.12. 


EXAMPLE 8.6 SMALL-SIGNAL MODEL FOR THE BJT In 
this example, we will develop the small-signal model for the BJT by linearizing the 
piecewise linear BJT model studied earlier in Figure 7.49c in Example 7.13. Figure 8.42b 
depicts the large-signal model (from Figure 7.49c) for the BJT under the constraint that 
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the BJT operates in its active region. When operating in the active region, the base-to- 
collector diode shown in Figure 7.49c behaves like an open circuit, and so it can be safely 
ignored in our analysis. 

Figure 8.42c depicts the small-signal model of the BJT based on the piecewise-linear 
model in Figure 8.42b. In the active region, the ideal diode in Figure 8.42b behaves 
like a short circuit. Furthermore, the 0.6-V voltage source appears as a short circuit for 
incremental changes. Finally, since the active region relationship between ig and ig is 
linear, and given by 


k: = Pk, 


the relationship between the incremental signals i c and k is also the same: 


k = P'b- 


Alternatively, we can derive the incremental change in the collector current for a small 
change in the base current mathematically from Equation 8.22 as follows: 


_ dig 
dis 
dpiB 
dis 

= Pk- 


'b=Ib 


'b=Ib 


Next, we will use the small-signal model for the BJT in a few examples. 


EXAMPLE 8.7 SMALL-SIGNAL ANALYSIS OF THE BJT 
AMPLIFIER In this example, we will study the small-signal behavior of the com¬ 
mon emitter BJT amplifier shown in Figure 7.54, which is redrawn here in Figure 8.43 
to show that the total input hn is the sum of a DC offset voltage Vjn and a small-signal 
voltage v m . In keeping with our usual small-signal notation, the total, operating point, 
and small-signal voltages at the output are given by vo, Vo, and v 0 respectively. We will 
compute the small-signal gain of the amplifier assuming that the amplifier operates in its 
active region, and given that Rj = 100 kf2, Rg = 10 H2, and Vs — 10 V. Assume that 
the current gain parameter fi for the BJT is 100, and that the input operating voltage is 
chosen to be Vin = 1 V. 

We now begin the small-signal analysis of our BJT amplifier. The first step of small-signal 
analysis is to determine the operating-point variables in the circuit. Although not strictly 



(a) BJT symbol 



E 

(b) BJT large-signal model 
assuming BJT is in active region 


C 



E 


(c) BJT small-signal model 

FIGURE 8.42 Small-signal 
model for the BJT. 
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FIGURE 8.43 Our BJT amplifier showing FIGURE 8.44 Small-signal circuit model 
the small-signal and bias input voltages. for the BJT amplifier. 


necessary, 4 we will go ahead with the operating-point analysis to verify that the BJT is 
indeed operating in its active region for the given parameters. From the transfer function 
relation in Equation 7.51, we know that 


Vo = Vy - 


(Vin - 0 -6) 
Ri 


PRl- 


Substituting our specific parameter values, we obtain 


Vo = 6 V. 

Since, Vqe — Vo = 6 V and Vbe — Vin = 1 V, it is easy to see that the BJT constraint 
for active region operation given by 


V C e > V BE - 0.4 V 


is satisfied. 

As the second step, we must determine linearized small-signal models for each of the 
circuit components. This step is trivial for our example, since all the elements are linear 
(including the BJT, since we are given that it always operates in its active region). The 
small-signal equivalents for the DC sources are short circuits, and those for the linear 
resistors are the resistors themselves. Finally, we will use the small-signal model for the 
BJT operating in its active region (developed in Example 8.6) illustrated in Figure 8.42c. 

Proceeding with the third step of small-signal analysis, Figure 8.44 shows the small-signal 
circuit for the amplifier in which the components have been replaced by their respective 


4. This step is not strictly necessary in our example because all the elements are linear (including the 
BJT, since we are given that it always operates in its active region). For linear elements, the small- 
signal model relationships are independent of their operating points. Compare, for example, the 
small-signal relations for the BJT and the MOSFET shown in Equations 8.62 and 8.10, respectively. 
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linearized equivalents, and in which small-signal branch variables have replaced the total 
variables. 

The small-signal gain can now be determined by writing the node equation for the output 
node 


Vo_ 

Rl 


~Pk- 


Substituting 4 = v m /R[, we get 


Vo „ V 'm 

R[~~ P Ri' 


Simplifying, we obtain the small-signal gain of the BJT amplifier 


Small-signal gain = — = —fi —. (8.62) 

t'in Rl 

Notice here that the gain of the BJT amplifier is independent of the operating point, 
provided the BJT operates in the active region. For a given BJT device (that is, a fixed 
value for fS) the gain can be increased by increasing Rl or decreasing R[. 

Finally, substituting Ri — 100 kQ, Ri = 10 f) = 100, we obtain 

Small-signal gain = —10. 


This concludes our analysis. 


EXAMPLE 8.8 SMALL-SIGNAL INPUT AND OUTPUT 
RESISTANCE OF THE BJT AMPLIFIER Let us first compute the 
small-signal input and output resistances of the common emitter BJT amplifier. The 
general approach to doing so is to turn off all independent sources and to apply a 
test voltage (or current) at the input or output port as appropriate and to measure the 
resulting current (or voltage). The ratio of the voltage to the current gives the resistance. 

The input resistance r, is easily calculated. For an applied test voltage v m (see Figure 8.45), 
the resulting current into the input B terminal 4 is given by 


i b = 


Ri 



FIGURE 8.45 Applying a 
small-signal test voltage to the 
input port of the BJT amplifier to 
compute the small-signal input 
resistance. 



Thus the input resistance r, is simply Ri. 

As illustrated in Figure 8.46, we compute the output resistance by turning off all inde¬ 
pendent sources, and applying a small test voltage v test at the output port and measuring 
the corresponding current i 0 . The output resistance will be given by r out = v test /i 0 . 


FIGURE 8.46 Applying a 
small-signal test voltage to the 
output port of the BJT amplifier to 
compute the small-signal output 
resistance. 
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FIGURE 8.47 Incremental 
circuit for the BJT amplifier 
including an external load resistor 
to facilitate current gain and power 
gain calculations. 
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In order to compute r out , we apply KCL at the node labeled C shown in Figure 8.46. 
Summing all the currents going into node C, we get 

■ "test a ■ n 
t 0 - — P' fo = 0. 

Rl 

Since 4 = 0 (the voltage across R/ is zero), we get 

'"out = — = ^L- 

h 


EXAMPLE 8.9 SMALL-SIGNAL CURRENT GAIN AND 
POWER GAIN OF THE BJT AMPLIFIER In this example, let us 
compute the incremental current and power gain for the common emitter BJT amplifier. 
Both the current gain and the power gain are defined as the current or power supplied 
to an external load divided by the current or power supplied by an input source. Accord¬ 
ingly, as illustrated in Figure 8.47, let us add an external load resistance Rout to our 
circuit to facilitate current and power gain measurements. 

The incremental current gain is defined as the change in the output current (z out ) divided 
by the change in the input current (z test ), for a given external load resistance. We begin 
by writing the node equation for the node labeled C 

'out + h + — — 0. (8.63) 

Rl 

We will obtain the desired relation between z out and z te st if we can replace i c and v 0 in 
terms of z te sp From the BJT relation, we know that 

k = Pk = latest- (8-64) 

To determine v 0 in terms of z tes t> observe that v Q is the voltage drop across the parallel 
resistor pair comprising Rl and Rout- hi other words, 

v 0 = —*c(RlIIRout)- 

Substituting for i c , we get the desired relation between v a and z tes t : 

v 0 = — /I 'test CRl 11 Rout ) ■ (8.65) 

Substituting for i c and v Q from Equations 8.64 and 8.65 into 8.63 we obtain 


: + /i'test ~ Pht 


{Rl IIRqut) 
1 Rl 


= 0 . 
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Dividing throughout by i test and simplifying, we obtain the current gain as 

Current gain = = —f) -—-. (8.66) 

‘test Rl + -Rout 

Intuitively, we can also obtain the same current gain result in two short steps as follows: 
First, notice that the current i c is simply 4 es t amplified by a factor /3. Second, the fraction 
of the amplified current f) 4est that flows into Rout is given by the current-divider relation 
from Equation 2.84 as the ratio of the opposite resistor Rl divided by the sum of the 
two resistors ( Rl + Rout)- 

Next, the incremental power gain is defined as the ratio of the power supplied into the 
output resistor {v 0 i out ) and the power supplied by the input source (vtest*test)> f° r a given 
external load resistance. As suggested by Equation 8.38, the power gain is equivalent to 
the product of the current gain and the voltage gain for the BJT amplifier. 

For the BJT amplifier that includes an output load resistance, the current gain is given 
by Equation 8.66. For reasons that will be obvious momentarily, we will rewrite the 
current gain in terms of the parallel combination of Rl and Rout as 


4>ut _ „ (Rl II Rout) 

‘test Rout 


(8.67) 


We can determine the voltage gain by including the effect of the output load resistance 
Rout on the voltage gain equation of the BJT given by Equation 8.62. We do so by 
replacing the resistance Rl in Equation 8.62 with the equivalent resistance of the parallel 
resistor pair Rl and Rout as 


= ^M^out. (8 . 68) 

t'test R/ 

Taking the product of the current gain (Equation 8.67) and the voltage gain (Equa¬ 
tion 8.68) and simplifying, we obtain 


Power gain = f) 1 


(Rl IIRqut) 2 
Rout R/ 


EXAMPLE 8.IO SMALL SIGNAL OF THE OPERATIONAL 
AMPLIFIER CIRCUIT This example develops a small-signal model of the 
operational amplifier circuit shown in Figure 7.63 and previously discussed in Exam¬ 
ple 7.21. It then uses that model to determine the small-signal gain of the amplifier. 
The small-signal model and gain are determined for the bias conditions established by 
Vusii = Vjn 2 = 0. Under these balanced bias conditions, Idi — h)2 — 2/2. 
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FIGURE 8.48 A small-signal 
model of the operational amplifier 
circuit. 


W gS 2 



Figure 8.48 shows a small-signal model of the operational amplifier shown in Figure 7.63. 
The three MOSEET transconductances g\, g 2 , and g 3 in Figure 8.48 are not yet 
determined. 

Following the results summarized in Figure 8.10, the small-signal transconductances of 
the n-channel MOSFETs are given by 


gi = K„(Vgsi - V T ) (8.69) 

g2 = K„(V G s2 - V T ). (8.70) 

However, remember that we have chosen to bias the operational amplifier such that 

hi = ^ = ^(V G si - V T ) 2 (8.71) 

Im= \ = y(V G ffi-V T ) 2 . (8.72) 


Equations 8.71 and 8.72 can be substituted into Equations 8.69 and 8.70, respectively, 
to yield 


gl=g2 = VKj- (8-73) 

A similar small-signal model of the p-channel MOSEET can also be determined following 
the approach developed in Section 8.2. Specifically, taking the slope of Equation 8.67 at 
its bias point yields 


- id w K(Vsg + VT)v sg 

and so the transconductance from v sg to —ij is in general given by 


(8.74) 


g=KnvsG + v T ) = vm-iD) 


(8.75) 
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where the large-signal bias condition for the p-channel MOSFET has been used to derive 
the last equality. Applying this to the operational amplifier shown in Figure 8.48 yields 

a = ^2 Kp{-I m ). (8.76) 

The small-signal model can now be used to determine the small-signal gain of the oper¬ 
ational amplifier. Consider first the portion of the small-signal model that corresponds 
to the differential amplifier alone. KCL applied to the node between the two n-channel 
MOSFETs yields 


4/1 + 4/2 = giv&l + glVgsi = 0 . (8.77) 

Thus, an increase in one drain current in the differential amplifier is matched by an equal 
decrease in the other drain current since both drain currents must sum to I. Next, the 
application of KVL to the loop around the two MOSFETs through ground yields 

t'inl -V'm2 = Vgsi - V gs 2- (8.78) 

Finally, combining Equations 8.73, 8.77, and 8.78 with the observation from Figure 8.48 
that v sg i = li \ g 2 Vg S 2 yields 


V sg 3 = -^-=-fanl -Hn2) (8-79) 

as the small-signal gain of the differential amplifier. 

Consider next the portion of the small-signal circuit that corresponds to the common- 
source stage built with the p-channel MOSFET. For this stage, the small-signal model 
shows that 


l 'out = Rhj 2 K p (-I D 3 )v sg 3 (8.80) 

where Equation 8.76 has been used to rewrite g 3 . Note that the gain of this stage is 
positive because that gain is from v sg 3 to f out . 

Finally, Equations 8.79 and 8.80 can be combined to yield 


RiR 2 ^2K„KpI[—I D 3) 

---Ki 2 - &Snl) 


(8.81) 


as the small-signal gain of the unloaded operational amplifier. 

In operational amplifier parlance (see Chapter 15), from Equation 8.81 we see that 
and i/[N 2 play the roles of ir_ and v+, respectively. 
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EXAMPLE 8.II MORE ON THE SMALL-SIGNAL MODEL 
OF THE OPERATIONAL AMPLIFIER WewiU now work a numerical 
example related to the operational amplifier design described in Example 8.10, assuming 
that —Id 3 = 0.5 mA. 

Substitution of this value of —Id 3 and the parameters from Example 8.10, into Equation 
8.81 yields 


Pout = 50v / 2(l'in2 - Pint). 


(8.82) 


Thus, the small-signal gain of the operational amplifier is approximately 71. 
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8.3 SUMMARY 

► This chapter expanded on our treatment of small-signal models, focusing 
on the model for three-terminal devices and amplifiers. As first introduced 
in Section 4.5, small-signal analysis applies when devices and circuits that 
are possibly nonlinear are operated over a very narrow range. Small-signal 
analysis finds a piecewise linear model that ensures maximum accuracy of 
fit over that narrow operating range. The principal benefit of small-signal 
models is that the small-signal variables display linear v-i relations over the 
narrow operating range, thereby enabling the use of all of our linear analysis 
techniques such as superposition, Thevenin, and Norton. 

► This chapter also introduced the small-signal circuit model. The small- 
signal circuit facilitates small-signal analysis by creating a circuit that is 
representative of the original large-signal circuit and involves only its small- 
signal variables. The small-signal circuit can be derived from the original 
circuit by executing the following procedure: 

1. Set each source to its operating-point value, and determine the 
operating-point branch voltages and currents for each component in 
the circuit. This step involves a large-signal analysis that is possibly 
nonlinear. 

2. Determine the linearized small-signal behavior of each component 
about its operating point, and select a linear component to represent 
this behavior. 

3. Replace each original component in the circuit with its linearized equiva¬ 
lent (also called the small-signal equivalent model) and re-label the circuit 
with the small-signal branch variables. The resulting circuit is the desired 
small-signal model. 

► The small-signal equivalent model for an independent DC voltage source is 
a short circuit, while that for an independent DC current source is an open 
circuit. The small-signal equivalent model for a resistor is the resistor itself. 

The small-signal model for a MOSFET is shown in Figure 8.10. 

EXERCISE 8.1 Consider the amplifier shown in Figure 8.49. The MOSFET oper- EXERCISES 

ates in its saturation region and is characterized by the parameters Vj and K. The 

input voltage iq comprises the sum of a DC bias voltage V/ and a sinusoid of the form 

Vi = Asin(aif). Assume that A is very small compared to V/. Let the output voltage vq 

comprise a DC bias term Vo and a small-signal response term v Q . 

a) Determine the output operating point voltage Vo for the input bias of V/. 

b) Determine the small-signal gain of the amplifier. 
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FIGURE 8.49 



FIGURE 8.50 


c) Draw the form of the input and output voltages as a function of time, clearly showing 
the DC and time-varying small-signal components. 

EXERCISE 8.2 Develop the small-signal model for a two-terminal device formed 
by a MOSFET with its gate tied to its drain, operating under the saturation discipline, 
with parameters Vj and K. 

EXERCISE 8.3 Develop the small-signal model for a two-terminal device formed 
between the drain and source terminals of a MOSFET with a 2 volt DC source connected 
between its gate and source terminals ( Vgs = 2 V). Assume the MOSFET operates 
under the saturation discipline. Assume further that Vt = 1 volt for the MOSFET. 

EXERCISE 8.4 Consider the MOSFET amplifier shown in Figure 8.50. Assume 
that the amplifier is operated under the saturation discipline. In its saturation region, the 
MOSFET is characterized by the equation 

K 2 

ids = — (ms - Vr) 

where ios is the drain-to-source current when a voltage vgs is applied across its gate- 
to-source terminals. 

a) Write an expression relating vq to V[. What is its operating-point output voltage Vo, 
given an input operating-point voltage of vfi What is the corresponding operating- 
point current /oy? 

b) Assuming an operating-point input voltage of Vj, derive the expression relating 
the small-signal output voltage v Q to the small-signal input Vi from the relationship 
between vo and V[. What is the small-signal gain of the amplifier at the input operating 
point of V/? 

c) Draw the small-signal equivalent circuit for the amplifier based on the SCS model of 
the MOSFET assuming the operating-point input voltage is Vj. 

d) Derive an expression for the small-signal gain of the amplifier from the small-signal 
equivalent circuit. Verify that the gain computed from the small-signal equivalent 
circuit is identical to the gain computed in part (b). 

e) By what factor must R 1 change to double the small-signal gain of the amplifier? 
What is the corresponding change in the output bias voltage? 

f) By what factor must V/ change to double the small-signal gain of the amplifier? What 
is the corresponding change in the output bias voltage? 


EXERCISE 8.5 Consider again the MOSFET amplifier shown in Figure 8.50. 
Assume as before that the MOSFET is operated under the saturation discipline, and that 
its parameters are Vj and K. 

a) What is the range of valid input voltages for the amplifier? What is the corresponding 
range of valid output voltages? 
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b) Assuming we desire to use voltages of the form A sin(wt) as AC inputs to the amplifier, 
determine the input bias point V/ for the amplifier that will allow maximum input 
swing under the saturation discipline. What is the corresponding output bias point 
voltage Vo? 

c) What is the largest value of A that will allow saturation region operation for the bias 
point determined in (b) ? 

d) What is the small-signal gain of the amplifier for the bias point determined in (b) ? 

e) Suppose A is small compared to Vj. Write an expression for the small-signal output 
voltage v Q for the bias point determined in (b). 

EXERCISE 8.6 Consider once more the MOSEET amplifier shown in 
Figure 8.50. Assume as before that the amplifier is operated under the saturation 
discipline, and that its parameters are Vj and K. 



FIGURE 8.51 


a) Using the small-signal circuit model of the amplifier, and assuming an input bias 
voltage Vj, determine the small-signal output resistance of the amplifier. That is, 
determine the equivalent resistance of the amplifier at the output port of its small- 
signal model with Uj = 0 . 

b) Develop a Thevenin equivalent model for the small-signal amplifier as observed at 
its output port. 

c) What is its input resistance? That is, determine the equivalent resistance of the 
amplifier at the input port of its small-signal model. 

EXERCISE 8.7 Consider the common emitter BJT amplifier shown in 
Figure 8.51. The input voltage vj comprises the sum of a DC bias voltage Vj- = 0.7 V 
and a sinusoid of the form Vj — A sin(cut), where A — 0.001 V. For the values shown, 
you may assume that A is very small compared to Vj. You may further assume that the 
BJT always operates in its active region. Figure 8.52 shows a small-signal model for the 
BJT operating in its active region. Let the output voltage v Q comprise a DC bias term 
V 0 and a small-signal response term v Q . 

a) Determine the output operating-point voltage Vo for the input bias of V; = 0.7 V. 

b) Draw the small-signal equivalent circuit for the amplifier. 




E 

(b) BJT small-signal model 


c) Determine the small-signal gain of the amplifier. 


FIGURE 8.52 


d) What is the value of v 0 , the small-signal component of the output, given the small- 
signal input shown in Figure 8.51? 


e) Determine the small-signal input and output resistances of the amplifier. 
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f) Determine the small-signal current and power gain of the amplifier, assuming that 
the amplifier drives a load Ro = 50 kfl that is connected between the output node 
and ground. 

PROBLEMS PROBLEM 8.1 This problem studies the small-signal analysis of the MOSFET 
amplifier discussed in Problem 7.3 (Figure 7.75). 

a) First, consider biasing the amplifier. Determine Vin, the bias component of H[n, 
so that L'oUT is biased to Vout where 0 < Vout < Vj. Find Vmid, the bias 
component of umid in the process. 

b) Next, let it in = Vin + Vm where t'in is considered to be a small perturbation of tin 
around Vin- Make the substitution for iqN and linearize the resulting expression 
for foUT- Your answer should take the form t'oUT — Vout + t'out) where f out 
takes the form p out = Girin- Note that i/ out is the small-signal output and G is the 
small-signal gain. Derive an expression for G. 

c) For what value of Vin is t’oUT biased to Vout = Ps/2? For this value of Vin, 
evaluate G m using the numerical parameters given in Problem 7.2. You should find 
that this gain is the slope of the input-output graph from Problem 7.3 evaluated at 
the bias point. 

PROBLEM 8.2 Consider again the buffer described in Problem 7.5 (Figure 7.76). 
Perform a small-signal analysis of this circuit according to the following steps. Assume 
that the MOSFET operates in its saturation region and continue to use the SCS MOSFET 
model with parameters Vj- and K. 

a) Draw the small-signal circuit model of the buffer. 

b) Show that the small-signal transconductance g m of the MOSFET is given by 

gm = K(V in - Vout - Vr) 

where Vin and Vout are die bias, or operating-point, input and output voltages, 
respectively. 

c) Determine the small-signal gain of the buffer. That is, determine the ratio v out /v m . 

d) Determine the small-signal output resistance of the buffer. That is, determine the 
equivalent resistance of the buffer at the output port of its small-signal model with 
Un — 0. 

e) Assume that Vt = 1 V, K = 2 mA/V 2 , R = 1 k£2, and Vs = 10 V. Under this 
assumption, design the input bias voltage to satisfy the following two objectives: 
First, MOSFET operation must remain within the saturation region for | zrjn | < 
0.25 V. Second, the output resistance of the small-signal model must be minimized. 
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f) Again assume that Vj = 1 V, K = 2 mA/V 2 , R = 1 k£2, and \A, = 10 V. For 
Vusi = 3 V, compute the small-signal gain and output resistance. 

g) Determine the small-signal input resistance of the buffer. That is, determine the 
equivalent resistance of the buffer at the input port of its small-signal model. 

PROBLEM 8.3 This problem studies the small-signal analysis of the ZFET ampli¬ 
fier from Problem 7.6 (Figure 7.77). Assume that the amplifier is biased at an input 
voltage Vin such that the ZFET exhibits saturated operation; the corresponding bias 
output voltage is VoUT- For this case, derive the small-signal voltage gain v out /v m of the 
amplifier. 

PROBLEM 8.4 The circuit shown in Figure 8 .4 delivers a nearly constant current 
to its load despite the fact that the power supply is noisy. The noise is modeled by 
the small signal v s superimposed on the constant-supply voltage Vs- Thus, Vs and 
v s are the large-signal and small-signal components of the total power supply voltage 
vs, respectively. Ii and z; are the large-signal and small-signal components of the load 



Nonlinear 

resistor 




FIGURE 8.53 


current zf_, respectively. The noise v s in the power supply voltage satisfies v s Vs, and 
is responsible for the presence of z) in ii. 

The current source contains a MOSFET which operates in its saturation region such 
that i£)s = j{vgs ~ Vj) 2 - The current source also contains a nonlinear resistor whose 
terminal characteristics are described graphically next. Assume that Vs > Vn > Vj. 

a) Assume v s = 0. Determine Vqs, the large-signal component of vqs, in terms of Rg, 
R-N, Vn, and Vs. 
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FIGURE 8.55 



b) Following the result of part (a), determine Ii in terms of Rb, Rfj, V]v, Vv, K, and Vj. 

c) Now assume that v s ^ 0. Draw a small-signal circuit model for the combined circuit 
comprising the power supply, current source and load, with which /; can be found 
from v s - Clearly label the value of each component in the circuit model. 

d) Using the small-signal model from part (c), determine the ratio i\lv s . 

PROBLEM 8.5 Figure 8.54 depicts a bipolar junction transistor (BJT). Recall that 
a BJT has three terminals called the base (B), the collector (C), and the emitter (E). 
Figure 8.54 also shows an alternative small-signal model for the BJT operating in its 
active region. This model is slightly different from the small-signal BJT model discussed 
in this chapter in that it includes a base resistance Rb- In the model shown in the figure, 
/3 is a constant. 

a) Draw the small-signal equivalent circuit for the BJT amplifier shown in Figure 8.55. 
Use the small-signal equivalent circuit to derive the small-signal gain of the amplifier. 

b) Draw the small-signal equivalent circuit for the BJT amplifier shown in Figure 8.56. 
Notice that the resistor divider provides the necessary bias voltage. Use the small- 
signal equivalent circuit to derive the small-signal gain of the amplifier. 

PROBLEM 8.6 Consider the MOSEET-based amplifier circuit discussed in 
Problem 7.8 (Figure 7.79). Assuming an input bias point voltage V/, draw the small- 
signal circuit equivalent of the amplifier. Determine the small-signal gain of the amplifier. 
Assume throughout that the MOSFET operates in its saturation region. 

PROBLEM 8.7 Consider again the amplifier circuit discussed in Problem 7.8 
(Figure 7.79). Suppose that the amplifier is biased such that vi = vo at the bias point. 
Draw the small-signal circuit equivalent of the amplifier assuming this bias point. Deter¬ 
mine the small-signal gain of the amplifier at this bias point. Assume that the MOSFET 
operates in its saturation region. 

PROBLEM 8.8 Consider the common gate amplifier circuit shown in Figure 7.82, 
and analyzed earlier in Problem 7.11. Assume that the MOSFET operates in its saturation 
region, and is characterized by the parameters Vj and K. 


a) Draw the SCS equivalent circuit by replacing the MOSFET by its SCS model. 

b) Determine the output operating-point voltage Vout and operating-point current 
If) in terms of an input operating-point voltage Vhm. 

c) Assuming an input bias point voltage Vin, draw the small-signal model of the 
amplifier. 


FIGURE 8.56 


d) Determine the small-signal gain v out /v m of the amplifier. 
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e) Determine the small-signal output resistance of the amplifier. That is, determine the 
equivalent resistance of the amplifier at the output port of its small-signal model 
with m = 0. Is the small-signal output resistance greater than, less than, or equal to 
that of the “common source” amplifier shown in Figure 8.50? 

f) Determine the small-signal input resistance of the amplifier. That is, determine the 
equivalent resistance of the amplifier at the input port of its small-signal model. 
Is the small-signal input resistance greater than, less than, or equal to that of the 
“common source” amplifier shown in Figure 8.50? 

PROBLEM 8.9 Consider the circuit illustrated in Figure 7.86 and analyzed in 
Problem 7.15. Assume that the MOSEET operates in its saturation region, and is 
characterized by the parameters Vj and K. 

a) Draw the SCS equivalent circuit by replacing the MOSFET by its SCS model. 

b) Determine the output operating-point voltage Vo and operating-point current /jj 
in terms of an input operating-point voltage Vj. 

c) Assuming an input bias point voltage Vi, draw the small-signal model. 

d) Determine the small-signal gain v 0 /v t . 

e) Determine the small-signal output resistance. 

f) Determine the small-signal input resistance. 

PROBLEM 8.10 Consider the circuit illustrated in Figure 7.87 and analyzed in 
Problem 7.16. Assume that the MOSEET operates in its saturation region, and is 
characterized by the parameters Vj and K. 

a) Draw the SCS equivalent circuit by replacing the MOSFET by its SCS model. 

b) Determine the output operating-point voltage Vo and operating-point current /jj 
in terms of an input operating-point voltage Vj. 

c) Assuming an input bias point voltage Vi, draw the small-signal model. 

d) Determine the small-signal gain v a /vj. 

e) Determine the small-signal output resistance. 

f) Determine the small-signal input resistance. 

PROBLEM 8 .11 This problem studies the small-signal analysis of the amplifier 
analyzed in Problem 7.14 (see Figure 7.85). Assume that the MOSFET operates in its 
saturation region, and is characterized by the parameters Vj and K. 

a) Draw the small-signal equivalent circuit of the amplifier driving the load resistor R £, 
assuming an input bias voltage V/. 

b) Determine the small-signal gain of the amplifier when it is driving the load R £. 
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PROBLEM 8.12 This problem studies the small-signal analysis of the circuit ana¬ 
lyzed in Problem 7.17 (see Figure 7.88). Assume that the MOSFET operates in its 
saturation region, and is characterized by the parameters Vj and K. 

a) Draw the small-signal equivalent circuit assuming an input bias voltage V/. What is 
the value of g m for the MOSFET under the given biasing conditions? 

b) Determine the small-signal voltage gain v 0 /vj. What does the v 0 /vi expression 
simplify to when each o{g m R[, g m Rz, and g m Ri is much greater than 1? 

PROBLEM 8.13 This problem studies the small-signal analysis of the source 
follower (or common collector) BJT circuit analyzed in Problem 7.18 (see Figure 7.89). 
Assume that the BJT operates in its active region throughout this problem. 

a) Determine the output operating-point voltage Vo and operating-point current Ie 
in terms of an input operating-point voltage V/. 

b) Assuming an input bias point voltage Vj, draw the small-signal model of the source- 
follower amplifier. 

c) Determine the small-signal gain v 0 /vi of the amplifier. 

d) Determine the small-signal output resistance of the source follower amplifier. Is this 
resistance greater than, less than, or equal to that of the “common emitter” amplifier 
analyzed in Exercise 8.7 and shown in Figure 8.51? 

e) Determine the small-signal input resistance of the amplifier. Is the input resistance 
greater than, less than, or equal to that of the “common emitter” amplifier shown 
in Figure 8.51? 

f) Determine the small-signal current and power gain of the source follower amplifier. 
Assume for this part that the amplifier is driving an output load of Ro connected 
between the output node and ground. 

PROBLEM 8.14 Consider again the compound three-terminal device formed by 
connecting two BJTs in the configuration shown in Figure 7.90 (Problem 7.19). This 
problem relates to the small-signal analysis of this device. Assume that the two BJTs are 
identical, each with f) = 100, and that each of the BJTs operates in the active region. 

a) Draw the active-region equivalent circuit of the compound BJT by replacing each of 
the BJTs by the piecewise linear (large signal) model shown in Exercise 7.8. Clearly 
label the C , B' , and E' terminals. 

b) Develop a small-signal model containing a single dependent current source for the 
compound device by linearizing the circuit model in (a) and simplifying suitably. 





ENERGY STORAGE ELEMENTS 



To this point in our study of electronic circuits, time has not been important. 
The analyses and designs we have performed so far have been static, and all 
circuit responses at a given time have depended only on the circuit inputs at 
that time. An important consequence of this is that our circuits have so far 
responded to input changes infinitely fast. This of course does not happen in 
reality. Circuits do take time to respond to their inputs, and this delay is often 
of significant importance. 

As an example of circuit delays, and the importance of time in describing the 
response of a circuit, consider the two cascaded inverters shown in Figure 9.1. 
The ideal response of the first inverter, based on our analysis of electronic circuits 
to this point, is shown in Figure 9.2. A square-wave input yields an inverted 
square-wave output. However, in reality, the output shown in Figure 9.3 is 
more likely to occur, which is a much more complex function of time. This 
example is discussed in detail in Section 10.4, where we will show that the 
complex time behavior shown in Figure 9.3 directly relates to the speed at 
which circuits can operate. In this chapter, we will lay the foundation for that 
discussion. 

In order to explain the temporal behavior of circuit responses such as that 
shown in Figure 9.3, we must introduce two new elements, namely capacitors 
and inductors. For example, we shall see that it is a capacitance internal to 
the MOSFET that is responsible for the non-ideal inverter response shown in 
Figure 9.3. For simplicity, we did not model that characteristic of the MOSFET 
in earlier chapters, but we will begin to do so now in Section 9.3.1. 

There are other ways in which a capacitance or an inductance can inad¬ 
vertently slow down a circuit. One way is shown in Figure 9.4. This figure 



FIGURE 9.1 Two cascaded 
inverters. 
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FIGURE 9.2 Ideal response of the first inverter to a FIGURE 9.3 Observed response of the first inverter to a 

square-wave input. square-wave input. 


FIGURE 9.4 The behavior of 
a real interconnect between two 
inverters. 


B 



shows two inverters communicating over a long interconnect. As we discussed 
in Chapter 1, within our lumped-circuit abstraction, the interconnect is perfect. 
Specifically, by the definition of the lumped circuit abstraction (see Section 1.2), 
the wires interconnecting the elements have no resistance. Furthermore, by the 
lumped matter discipline which underlies the lumped circuit abstraction, the 
wires and other circuit elements store no electric charge and link no magnetic 
flux outside the elements. Reality, however, is different, and in some cases this 
difference is important. As Figure 9.4 shows, any interconnect having a potential 
difference with its surroundings actually stores an electric charge q that sources 
an electric field E between that charge and its image. Furthermore, in order to 
supply the charge, a current i must flow around the interconnect loop. This 
current in turn generates a magnetic flux density B that is linked by the loop. 
So, real interconnects do store electric charge and do link external magnetic 
flux, thereby appearing to violate the lumped matter discipline. They will also 
exhibit a nonzero resistance. These factors can all contribute to a reduction in 
the speed of the circuit as a whole, and at times it is important to study these 
effects. 
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Reality now presents us with a dilemma. On the one hand, we wish to work 
within the framework of the lumped circuit abstraction so that the circuits we 
study all fit within this easily-managed framework. On the other hand, we 
should not be forced to ignore circuit effects, in this case parasitic resistance, 
capacitance, and inductance, that significantly affect circuit performance. The 
resolution of this dilemma is the modeling compromise mentioned in Chapter 1. 
Figure 1.27 in Chapter 1 used an ideal wire in series with a lumped resistance to 
model a physical wire with some parasitic resistance. Similarly, we will introduce 
lumped capacitors and lumped inductors to model the effect of the charge and 
the flux. As illustrated in Figure 9.5, a capacitor comprising a pair of parallel 
plates collects the positive and negative charge on its plates and effectively 
models the distributed charge. Notice that because the capacitor contains equal 
positive and negative charges the net charge within the capacitor element is 
zero, thereby satisfying the lumped matter discipline. Thus, the capacitor can 
be viewed as a lumped element. In like manner, we will introduce a lumped 
inductor to model the effect of the flux linked with the wires as illustrated in 
Figure 9.6. The lumped matter discipline is satisfied because the flux is entirely 
contained inside the lumped inductor, and there is no net flux outside the 
element. 

By using lumped resistors, capacitors, and inductors to model the effect 
of the resistance, charge, and flux associated with the physical wiring of the 
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FIGURE 9.5 The capacitor 
models the effect of the distributed 
charge. 
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FIGURE 9.6 The inductor 
models the effect of the flux. 
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FIGURE 9.7 Capturing the parasitic effects 
of resistance, charge, and flux through the use 
of resistors, capacitors, and inductors, 
respectively. Capacitors and inductors are 
formally introduced in Section g.i. 
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FIGURE 9.8 Two different lumped models for 
an interconnect that account for interconnect 
resistance, capacitance, and inductance. 


circuit, as shown in Figure 9.7, the wiring within the augmented circuit model 
remains perfect in keeping with the lumped circuit abstraction, hi the figure, the 
interconnect resistance, capacitance, and inductance are Rj, C/, and Lj in total, 
respectively. 

Figure 9.7 represents one of the simplest models used to model real inter¬ 
connects. For more accuracy, since we can use as many additional lumped 
elements as we wish, we can arbitrarily approach the distributed modeling 
limit, although in general this is not necessary. For example, the two models 
shown in Figure 9.8 do a better job of modeling reality. The interconnect model 
in Figure 9.8a is a “If” model in which the resistance and inductance is placed 
between the split capacitance. The interconnect model in Figure 9.8b is a “T” 
model in which the capacitance is placed between the split resistance and induc¬ 
tance. As discussed in Section 9.3.f, we will adopt a similar lumped modeling 
approach to the capacitances at work within the MOSFET. 

From the preceding discussion it might appear that capacitors and inductors 
appear only as parasitics in circuits, causing undesirable delays. This is far from 
the truth. While they can and do act in that role, they are also often purposefully 
introduced into circuits, both as discrete devices on breadboards and printed- 
circuit boards, and as integrated-circuit components on a chip (see Figures 9.9 
and 9.10 for examples of capacitors and inductors, respectively). For example, 
they are the cornerstones of memories, filters, samplers, and energy processing 
circuits. We shall see many examples of these in future chapters as well. Thus, 
we have many reasons to study capacitors and inductors. 
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FIGURE 9.9 Examples of 
discrete capacitors (left) and 
integrated-circuit capacitors (right). 
The image on the right shows a 
small region of the Maxim 
MAX 1062 analog-to-digital 
converter chip and depicts an array 
of polysilicon-to-polysilicon 
capacitors, each measuring 
15.9 /urn by 15.9 /rm. (Photograph 
Courtesy of Maxim Integrated 
Products.) 



FIGURE 9.10 Examples of 
discrete inductors. (Photograph 
Courtesy of Maxim Integrated 
Products.) 


9.1 CONSTITUTIVE LAWS 

In this section, we formally introduce the capacitor and inductor in the abstract, 
and develop the constitutive laws that relate their branch variables. Capacitors 
and inductors, which are the electric and magnetic duals of each other, dif¬ 
fer from resistors in several significant ways. Most importantly, their branch 
variables do not depend algebraically upon each other. Rather, their relations 
involve temporal derivatives and integrals. Thus, the analysis of circuits contain¬ 
ing capacitors and inductors involve differential equations in time. To emphasize 
this, we will explicitly show the time dependence of all variables in this chapter. 

9.1.1 CAPACITORS 

To understand the behavior of a capacitor, and to illustrate the manner in 
which a lumped model can be developed for it, consider the idealized two- 
terminal linear capacitor shown in Figure 9.11. In this capacitor each terminal is 
connected to a conducting plate. The two plates are parallel and are separated 
by a gap of length /. Their area of overlap is A. Note that these dimensions will 
be functions of time if the geometry of the capacitor varies. The gap is filled 
with an insulating linear dielectric having permittivity e. 
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FIGURE 9.11 An idealized 
parallel-plate capacitor. 



As current enters the positive terminal of the capacitor, it transports the 
electric charge q onto the corresponding plate; the unit of charge is the Coulomb 
[C]. Simultaneously, an identical current exits the negative terminal and trans¬ 
ports an equal charge off the other plate. Thus, although charge is separated 
within the capacitor, no net charge accumulates within it, as is required for 
lumped circuit elements by the lumped matter discipline discussed in Chapter 1. 

The charge q on the positive plate and its image charge —q on the negative 
plate produce an electric field within the dielectric. It follows from Maxwell’s 
Equations and the properties of linear dielectrics that the strength E of this 
field is 


E(t) = 


git) 

eA{t)’ 


(9.1) 


and its direction points from the positive plate to the negative plate. The electric 
field can then be integrated across the dielectric from the positive plate to the 
negative plate to yield 


v(t) = l[t)E{t). 

Combining Equations 9.1 and 9.2 then results in 


(9.2) 


q{t) = 


m 


v(t). 


(9.3) 


We define 


C(t) = 


i(t) 


(9.4) 


where C is the capacitance of the capacitor having the units of Coulombs/Volt, 
or Farads [F]. Substituting for the capacitance in Equation 9.3, we get 


q(t) = C(t)v(t). 


(9.5) 
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In contrast to the resistor, which exhibits an algebraic relation between its 
branch current and voltage, the capacitor does not. Rather, it exhibits an alge¬ 
braic relation between its branch voltage and its stored charge. Had the dielectric 
not been linear, this relation would have been nonlinear. While some capacitors 
exhibit such nonlinear behavior, we will focus only on linear capacitors. 

The rate at which charge is transported onto the positive plate of the 
capacitor is 


dq(t) 

dt 


= i{t). 


(9.6) 


From Equation 9.6 we see that the Ampere is equivalent to a Coulomb/second. 
Equation 9.6 can be combined with Equation 9.5 to yield 


i{t) = 


d(C(t)v(t)) 

dt 


(9.7) 


which is the element law for an ideal linear capacitor. Unless stated otherwise, 
we will assume in this text that capacitors are both linear and time-invariant. 
For linear, time-invariant capacitors, Equations 9.5 and 9.7 reduce to 


q(t) = Cv(t) 

(9.8) 

■ia r dv ^ 

it) = c , 

dt 

(9.9) 


respectively, with the latter being the element law for a linear time-invariant 
capacitor} 

The symbol for an ideal linear capacitor is shown in Figure 9.12. It is chosen 
to represent the parallel-plate capacitor shown in Figure 9.11. Also shown in 
Figure 9.12 is a graph of the relation between the branch voltage and stored 
charge of the capacitor. 

One of the important properties of a capacitor is its memory property. In 
fact, it is this property that allows the capacitor to be the primary memory 


1. Although we will focus primarily on linear, time-invariant capacitors in this text, we note that 
some interesting transducers such as electric microphones and speakers, and other electric sensors 
and actuators, are appropriately modeled with time-varying capacitors. Similarly, most capacitors 
used in electronic equipment (paper, mica, ceramic, etc.) are linear, but often vary a small amount 
with temperature (a part of 10^ per degree centigrade). But many are nonlinear. The charge 
associated with a reverse-biased semiconductor diode, for example, varies as the 2/3 power of 
voltage, because the distance d , the effective width of the space-charge layer, is a function of 
voltage 

? =ic(^o /3 -(fo-^) 2/3 ) (9.10) 

when i j/ a , the contact potential, is a few tenths of a volt. From the above we can determine that 
the capacitance of the reverse-biased diode varies as v ~* . 
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FIGURE 9.12 The symbol and 
voltage-charge relation for the 
ideal linear capacitor. The element 
law for the capacitor is i= Cdv/dt. 
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element in all integrated circuits. To see this property, we integrate Equation 
9.6 to produce 


q(t) = f i(t)dt 

J —oo 

or, with the substitution of Equation 9.8, to produce 

(9.11) 

1 

r { 


" (,)= c. 

I i(t)dt. 

'—CO 

(9.12) 


Equation 9.12 shows that the branch voltage of a capacitor depends on the 
entire past history of its branch current, which is the essence of memory. This 
is in marked contrast to a resistor (either linear or nonlinear), which exhibits no 
such memory property. 

At first glance, it might appear that it is necessary to know the entire history 
of the current / in detail in order to carry out the integrals in Equations 9.11 and 
9.12. This is actually not the case. For example, consider rewriting Equation 
9.11 as 


q(h) = 





(9.13) 


The latter equality shows that q(t\) perfectly summarizes, or memorizes, the 
entire accumulated history of i[t) for t < t\. Thus, if q(t\) is known, it is 
necessary and sufficient to know i only over the interval t\ < t < ti in order 
to determine qfe)- For this reason, q is referred to as the state of the capacitor. 
For linear time-invariant capacitors, v can also easily serve as a state because 
v is proportionally related to q through the constant C. Accordingly, we can 
rewrite Equation 9.12 as 


t'te) 


i 

c 

i 

c 

1 

c 




1 

H— / i(t)dt 
C J — OO 

+ v(h). 


(9.14) 
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Thus, we see that v{t\) also memorizes the entire accumulated history of i{t) 
for t < t\ and can serve as the state of the capacitor. 

Associated with the ability to exhibit memory is the property of energy 
storage, which is often exploited by circuits that process energy. To determine 
the electric energy w e stored in a capacitor, we recognize that the power iv is 
the rate at which energy is delivered to the capacitor through its port. Thus, 

= i(f)v(f). (9.15) 

dt 

Next, substitute for i using Equation 9.6, cancel the time differentials, and omit 
the parametric time dependence to obtain 


dw% = vdq. (9.16) 

Equation 9.16 is a statement of incremental energy storage within the capacitor. 
It states that the transport of the incremental charge dq from the negative plate 
of the capacitor to the top plate across the electric potential difference v stores 
the incremental energy du/E within the capacitor. To obtain the total stored 
electric energy, we must integrate Equation 9.16 with v treated as a function 
of q. This yields 

we = f v{x)dx (9.17) 

Jo 

where x is a dummy variable of integration. Finally, substitution of Equation 
9.8 and integration yields 

c , ,, fit) Cv(t) 2 

Stored energy = WE\t) = = —-— (9.18) 

as the electric energy stored in a capacitor. The units of energy is the Joule [ J], or 
Watt-second. Unlike a resistor, a capacitor stores energy rather than dissipates it. 

Capacitors come in an enormous range of values. For example, two pieces 
of insulated wire about an inch long, when twisted together, will have a capaci¬ 
tance of about 1 picofarad (10“ 12 farads). A low-voltage power supply capacitor 
an inch in diameter and a few inches long could have a capacitance of 100,000 
microfarads (0.1 farad; 1 microfarad, abbreviated as /zF, is 10~ 6 F). 

A real capacitor can exhibit richer behavior than that described here. For 
example, leakage current can flow through its dielectric. The practical signifi¬ 
cance of dielectric leakage is that eventually the charge stored on a capacitor 
can leak off. Thus, eventually a real capacitor will lose its memory. Fortu¬ 
nately, capacitors can be made with very low leakage (in other words, with very 
high resistance) in which case they are excellent long-term memory devices. 
However, if the dielectric leakage is large enough to be significant, then it can 
be modeled with a resistor in parallel with the capacitor. 
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Other non-idealities include the distributed series resistance, and even series 
inductance, that arises in foil-wound capacitors in particular. These character¬ 
istics limit the power-handling capability of a real capacitor, and the frequency 
range over which a real capacitor behaves like an ideal capacitor. They can often 
be explicitly modeled with a single series resistor and inductor, respectively. 


EXAMPLE 9.1 PARALLEL PLATE CAPACITOR Suppose the 
parallel-plate capacitor in Figure 9.11 is 1 m square, has a gap separation of 1 fim, 
and is filled with a dielectric having permittivity of 2e 0 , where e 0 ^ 8.854 x 10 ~ 12 F/m 
is the permittivity of free space. What is its capacitance? How much charge and energy 
does it store if its terminal voltage is 100 V? 

The capacitance is determined from Equation 9.4 with e = 1.8 x 1CH 11 F/m, A = 1 m 2 
and / = 10 ~ 6 m. It is 18 /j. F. The charge is determined from Equation 9.8 with v = 100 V. 
It is 1.8 mC. Finally, the stored energy is detennined from Equation 9.18. It is 90 mj. 


9.1.2 INDUCTORS 

As we saw in Section 9.1.1, from the perspective of modeling electrical systems, 
the capacitor is a circuit element to model the effect of electric fields. Corre¬ 
spondingly, the inductor models the effect of magnetic fields. To understand 
the behavior of an inductor, and to illustrate the manner in which a lumped 
model can be developed for it, consider the idealized two-tenninal linear induc¬ 
tor shown in Figure 9.13. In this inductor a coil with a terminal on each end 
is wound with N turns around a toroidal core made from an insulator having 
magnetic permeability /r. The length around the core is / and its cross-sectional 
area is A. Note that these dimensions will be functions of time if the geometry 
of the inductor varies. 

The current in the coil produces a magnetic flux in the inductor. Ideally, this 
magnetic flux does not stray significantly from the core, so that the flux outside 


FIGURE 9.13 An idealized 
toroidal inductor. 



Area A 
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the element is negligible. Thus the inductor can be treated as a lumped circuit 
element that satisfies the lumped matter discipline discussed in Chapter 1. From 
Maxwell’s Equations and the properties of permeable materials, the density B 
of the flux is 


B(t) = 


fiNi(t) 

~W’ 


(9.19) 


and its direction is around the core. The magnetic flux density can be integrated 
across the core to yield 


<D(f) = A{t)B{t) (9.20) 

where <1> is the total flux passing through the core, and hence through one turn 
of the coil. Since the flux <t> is linked N times by the N-turn coil, the total flux 
X linked by the coil is 


X(t) = N<t>{t) = NA{t)B(t). (9.21) 

The units of flux linkage is the Weber [Wb]. Combining Equations 9.19 and 
9.21 results in 


X(t) = 


^N 2 A(t) 

-777-W' 


(9.22) 


We define L, the inductance of the inductor, as 


_ fiN 2 A(t) 

m 


(9.23) 


L has the units of Webers/Ampere, or Henrys [H]. That is, inductance is the 
number of flux linkages per ampere. Substituting for L in Equation 9.22 we 
obtain the following relation for the total flux linked by the inductor 


X(t) = L(t)i(t). 


(9.24) 


In contrast to the resistor, which exhibits an algebraic relation between its 
branch current and voltage, the inductor does not. Rather, like the capacitor, it 
exhibits an algebraic relation between its branch current and its flux linkage. Had 
the core not been magnetically linear, this relation would have been nonlinear. 
While most inductors exhibit such nonlinear behavior for sufficiently high B, 
we will focus only on linear inductors. 

Again from Maxwell’s Equations, the rate at which flux linkage builds up 
in the inductor is 


dX(t) 


= v{t). 


dt 


(9.25) 
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X 



FIGURE 9.14 The symbol and 
current-flux-linkage relation for an 
ideal linear inductor. The element 
law for an inductor is v = Ldi/dt. 


From Equation 9.25 we see that the Volt is equivalent to 
Equation 9.25 can be combined with Equation 9.24 to yield 

a Weber/second. 

M mm) 

v[t) = 

dt 

(9.26) 

which is the element law for an ideal linear inductor. For time-invariant 
inductors, Equations 9.24 and 9.26 reduce to 

Xif) = Lift) 

(9.27) 

(A T di ® 

v(t) = L —-, 
dt 

(9.28) 


respectively, with the latter being the element law for a linear time-invariant 
inductor. This text will focus primarily on linear time-invariant inductors. 
Nonetheless, many interesting transducers such as motors, generators, and 
other magnetic sensors and actuators, are appropriately modeled with time- 
varying inductors. 

The symbol for an ideal linear inductor is shown in Figure 9.14. It is chosen 
to represent the coil that winds the inductor shown in Figure 9.13. Also shown 
in Figure 9.14 is a graph of the relation between the branch current and flux 
linkage of the inductor. 

One of the important properties of an inductor is its memory property. 
To see this property, we integrate Equation 9.25 to produce 

X{t) = f v(t)dt (9.29) 

J —OO 


or, with the substitution of Equation 9.27, to produce 


1 f l 

i(t) — — I v(t)dt. 

(9.30) 

L J —OO 



Equation 9.30 shows that the branch current of an inductor depends on the 
entire past history of its branch voltage, which is the essence of memory. As 
for the capacitor, this is in marked contrast to an ideal resistor, which exhibits 
no such memory property. 

At first glance, it might appear that it is necessary to know the entire history 
of the voltage v in detail in order to carry out the integrals in Equations 9.29 
and 9.30. Again as for the capacitor, this is actually not the case. For example, 
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consider rewriting Equation 9.29 as 


/ h 

v(t)dt 

-OO 



(931) 


The latter equality shows that k(£i) perfectly summarizes, or memorizes, the 
entire accumulated history of v(t) for t < t\. Thus, if X(fi) is known, it is 
necessary and sufficient to know v only over the interval t\ < t < ti in order to 
determine kfe). For this reason, X, the total flux linked by the coil, is referred to 
as the state of the inductor. For linear time-invariant inductors, i can also easily 
serve as a state because i is proportionally related to X through the constant L. 
Accordingly, we can rewrite Equation 9.30 as 


i{t 2 ) = 



(9.32) 


Equation 9.32 shows that i can also serve as the state of an inductor. 

As with the capacitor, associated with the ability to exhibit memory is the 
property of energy storage, which is often exploited by circuits that process 
energy. To determine the magnetic energy wm stored in an inductor, we rec¬ 
ognize that the power iv is the rate at which energy is delivered to the inductor 
through its port. Thus, 


dwMit) 

dt 


= i(t)v{t). 


(9.33) 


Next, substitute for v using Equation 9.25, cancel the time differentials, and 
omit the parametric time dependence to obtain 


dwyi = idX. 


(9.34) 


Equation 9.34 is a statement of incremental energy storage within the inductor. 
To obtain the total stored magnetic energy, we must integrate Equation 9.34 
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with i treated as a function of X. This yields 

wm = f i{x)dx (9.35) 

Jo 

where x is a dummy variable of integration. Finally, substitution of Equation 
9.27 and integration yields 

M W ) 1 

Stored energy = w mW = = —-— (9.36) 

as the magnetic energy stored in an inductor. Unlike a resistor, but like a 
capacitor, an inductor stores energy rather than dissipates it. 

A real inductor exhibits richer behavior than that described here. For exam¬ 
ple, it can exhibit a significant coil resistance. The practical significance of this 
resistance is that it eventually dissipates any energy stored in the inductor. 
Unfortunately, this resistance is usually significant so that inductors make poor 
memory devices. When it is necessary to model this energy loss, the coil 
resistance can be modeled as a resistor in series with the ideal inductor. 

Other non-idealities include core loss and inter-tum capacitance. These 
characteristics limit the power-handling efficiency of a real inductor, and the 
frequency range over which a real inductor behaves like an ideal inductor. They 
can often be modeled with a parallel resistor and capacitor, respectively. 


EXAMPLE 9.2 TOROIDAL INDUCTOR Suppose the toroidal induc¬ 
tor in Figure 9.13 has a cross-sectional area of 1 cm 2 , has a length around its toroid 
of 10 cm, has a coil with 100 turns, and is filled with free space having permeability 
fi a = 4n x 10 ” 7 H/m. What is its inductance? How much flux does its coil link, and 
what energy does it store if its terminal current is 0.1 A? 

The inductance is determined from Equation 9.23 with fi = 4jt x 10 ” 7 H/m, A = 
10 ~ 4 m 2 , / = 0.1 m and N = 100. It is 13 /rH. The flux linkage is determined from 
Equation 9.24 with i = 0.1 A. It is 1.3 fi Wb. Finally, the stored energy is determined 
from Equation 9.36. It is 0.063 /rj. 


9.2 SERIES AND PARALLEL CONNECTIONS 

In Section 2.3.4, we saw that the resistances of resistors in series add, and that 
the conductances of resistors in parallel add. Thus, series and parallel resistors 
could be represented as a single resistor with an appropriate resistance. These 
addition rules later became useful as a means of simplifying circuits and their 
analyses. As we shall see in this section, similar rules may be derived for both 
capacitors and inductors, and these mles are equally useful. 
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9.2.1 CAPACITORS 


Consider first the series combination of two capacitors as shown in Figure 9.15; 
we will assume here that the two capacitors were uncharged at the time of their 
connection. Since the two capacitors share a common current, it follows from 
Equation 9.11 that they store a common charge q, as shown in Figure 9.15. 
Thus, following Equation 9.8, 

q(t) = Ci v\[tj = C 2 v 2 (f). (9.37) 

Next, using KVL we observe that 

v(t) = v\{t) + v 2 {t). (9.38) 

Finally, since the effective capacitance C of the two series capacitors is 
q/v, it follows that 

1 v(t) 1 1 

C q(t) Ci C 2 



FIGURE 9.15 Two capacitors in 
series. 


or, 


CiC 2 

Ci + c 2 


(9.39) 


where the second equality results from the substitution of Equation 9.38 and 
then Equation 9.37. Thus, we see that the reciprocal capacitances of capacitors 
in series add. This is consistent with the physical derivation of capacitance 
in Equation 9.4 since placing capacitors in series essentially increases their 
combined gap length. 

Now consider the parallel combination of two capacitors as shown in 
Figure 9.16. Since the two capacitors share a common voltage v, it follows 
from 9.8 that 


v{t) = 


qiit) 

Ci 


qiit) 

c 2 ' 


Next, using KCL and Equation 9.11 we observe that 


(9.40) 



FIGURE 9.16 Two capacitors in 
parallel. 


q{t) = qi(t) + q 2 {t). 


(9.41) 


Finally, since the effective capacitance C of the two parallel capacitors is q/v, it 
follows that 


C=^ = Ci + C 2 

(9.42) 

v{t) 



where the second equality results from the substitution of Equation 9.41 
and then Equation 9.40. Thus, we see that the capacitances of capacitors 
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FIGURE 9.17 Various 
combinations of capacitors 
involving up to three capacitors. 



FIGURE 9.18 Two inductors in 


in parallel add. This is consistent with the physical derivation of capacitance 
in Equation 9.4 since placing capacitors in parallel essentially increases their 
combined cross-sectional area. 


EXAMPLE 9.3 CAPACITOR COMBINATIONS What equivalent 
capacitors can be made by combining up to three T/rF capacitors in series and/or in 
parallel? 

Figure 9.17 shows the possible capacitor combinations that use up to three capacitors. To 
determine their equivalent capacitances, use the series combination result from Equation 
9.39 and/or the parallel combination result from Equation 9.42. This yields the equivalent 
capacitances of: (A) 1 /rF, (B) 2 /xF, (C) 0.5 /rF, (D) 3 n F, (E) 1.5 /J.F, (F) 0.667 /rF, and 
(G) 0.333 //F. 


9.2.2 INDUCTORS 


Consider the series combination of two inductors as shown in Figure 9.18; 
we will assume here that neither inductor carried a current at the time of their 
connection. Since the two inductors share a common current i, it follows from 
Equation 9.27 that 


i(t) = 


A-lW 

u 


Mf) 

L 2 


Next, using KVL and Equation 9.29 we observe that 


(9.43) 


X(t) — X\(t) + X 2 (t). 


(9.44) 


Finally, since the effective inductance L of the two series inductors is X/i, it 
follows that 

L=^=L l+ L 2 (9.45) 

i{t) 

where the second equality results from the substitution of Equation 9.44 and 
then Equation 9.43. Thus, we see that the inductances of inductors in series add. 
This is consistent with the physical derivation of inductance in Equation 9.23 
since placing inductors in series essentially increases the total length of core 
around which the parallel turns are wound. 

Now consider the parallel combination of two inductors as shown in 
Figure 9.19. Since the two inductors share a common voltage, it follows from 
Equation 9.29 that they share a common flux linkage X, as shown in Figure 9.19. 
Thus, following Equation 9.27, 


senes. 


X{t) = L\i\{t) = L 2 i 2 (t). 


(9.46) 
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Next, using KCL we observe that 

i(t) = h(t) + h(t)- (9.47) 

Finally, since the effective inductance L of the two parallel inductors is X/i, it 
follows that 

1 _ i{t) _ 1 1 

L X(t) L\ L 2 


or, 

L = UL 2 
Li+L 2 

where the second equality results from the substitution of Equation 9.47 and 
then Equation 9.46. Thus, we see that the reciprocal inductances of inductors 
in parallel add. This is consistent with the physical derivation of inductance 
in Equation 9.23 since placing inductors in parallel essentially increases the 
cross-sectional area of the core around which the turns are wound. 


EXAMPLE 9.4 INDUCTOR COMBINATIONS What equivalent 
inductors can be made by combining up to three T/xH inductors in series and/or in 
parallel? 

Figure 9.20 shows the possible inductor combinations that use up to three induc¬ 
tors. To determine their equivalent inductances, use the series combination result 
from Equation 9.45 and/or the parallel combination result from Equation 9.48. This 
yields the equivalent inductances of: (A) 1 /xH, (B) 0.5 /xH, (C) 2 jiiH, (D) 0.333 /xH, 
(E) 0.667 /xH, (F) 1.5 /xH, and (G) 3 /xH. 


9.3 SPECIAL EXAMPLES 
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h 


FIGURE 9.19 Two inductors in 
parallel. 



(A) (B) (C) (D) 



(E) (F) (G) 


FIGURE 9.20 Various combi¬ 
nations of inductors involving up to 
three inductors. 


In this section, we examine several parasitic capacitances and inductances that 
are commonly encountered inside integrated circuits, and in external wiring 
connections to them and other circuit elements. There is again the danger that 
this discussion implies that capacitors and inductors appear most commonly 
as parasitics in circuits. This is certainly not the case. Rather, we examine 
the parasitics here primarily for interest sake, and because they will provide 
interesting and important circuit examples in future chapters. 

9.3.1 MOSFET GATE CAPACITANCE 


s 

Gate 

D 

Gate oxide 
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Let us now take a closer look at the structure and operation of the MOSFET 
in order to better understand its dynamic behavior. Figure 9.21 reviews the 


FIGURE 9.21 MOSFET 
structure. 
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FIGURE 9.22 MOSFET with a positive FIGURE 9.23 Electric charge and field within 

voltage applied at the gate relative to the the MOSFET with a positive voltage applied at the 

source and substrate. gate relative to the source and substrate. 


structure of the n-channel MOSFET. The figure identifies its n + -type source 
and drain, its p-type substrate, its channel region, its gate conductor, and the 
silicon dioxide dielectric that separates its gate and channel. 

Figure 9.22 shows the same n-channel MOSFET with its source and sub¬ 
strate grounded, and positive voltages applied to its gate and drain. As the 
positive gate voltage is applied, electrons flow from the source into the channel 
and accumulate beneath the gate. When the gate voltage exceeds the threshold 
voltage of the MOSFET, the electron density beneath the gate becomes suffi¬ 
ciently high to invert the channel from p-type silicon to n-type silicon. Thus, a 
continuous n-type channel forms between the source and drain, thereby allow¬ 
ing electrons to flow from the source to the drain, and hence current to flow 
from the drain to the source, in the response to the positive drain voltage. 

The important observation here from Figure 9.22 is that in the process 
of inverting its channel, and turning itself on, the MOSFET actually forms a 
parallel-plate capacitor between its gate and channel. This is emphasized in 
Figure 9.23, which shows the electric field E in the silicon dioxide emanating 
from the positive charge on the gate and terminating on the negative charge in 
the channel. Comparing this figure to Figure 9.11 leads to the realization (from 
Equation 9.4) that the gate-to-channel capacitance is approximately 

epxLW 

d 

where eox ^ 3.9f 0 is the permittivity of the silicon dioxide, d is the thickness 
of the silicon dioxide, L is the channel length, and W is the channel width. The 
product LW is the gate area. 

Since the electrons that fill the channel originate from the source, and since 
their image charges reside on the gate, the gate-to-channel capacitance that 
we identified in Figures 9.22 and 9.23 appears between the gate and source 
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of the MOSFET when viewed from the MOSFET terminals. For this reason 
the capacitance is usually referred to as the gate-to-source capacitance of the 
MOSFET, or Cgs ■ hi other words, 


Cgs = 


epxLW 

d 


(9.49) 


Often, the ratio eox/d is referred to as Cox, the gate-to-channel 
capacitance per unit area of the MOSFET gate. In other words, 


Cox = 


eox 

d 


D 


6 S 


This realization also leads to the augmented switch-resistor-capacitor (SRC) 
model of the MOSFET shown in Figure 9.24. Here, a lumped capacitor is added 
to the SR model to account for the charge that must be supplied to the gate 
conductor and channel in order to turn on the MOSFET. Thus, we develop 
a model that describes the behavior of the MOSFET yet satisfies the lumped 
matter discipline. 

Because the SRC model contains a capacitor between the gate and source 
terminals of the MOSFET, a current will flow into the gate terminal and out 
from the source terminal of that model as the gate-to-source voltage of the 
MOSFET varies. This current transports the charge that accumulates within 
the MOSFET as seen in Figures 9.22 and 9.23. Following Equation 9.9, the 
current is given by 


kj = Cgs 


dvGS 

dt 


(9.50) 


V GS < V T 
OFF State 



6 S 


V GS ~ V T 
ON State 


where 


Cgs = CqxLW. 


FIGURE 9.24 The switch- 
resistor-capacitor (SRC) model 
(9.51) of the MOSFET. 


From Equation 9.50 we can now begin to see the reason for the inverter behavior 
observed in Figure 9.3. It will take time for the gate current to transport charge 
onto the gate, and hence it will take time for the gate voltage to rise. Thus, it 
will take time for the inverter to pass a signal from its input to its output. We 
will have more to say about this in Section 10.4. 

Finally, it is important realize that the dynamic behavior of a real MOSFET 
is actually much more complex than described here. In reality a MOSFET 
actually has many internal capacitances of importance, including capacitances 
between its gate and drain, its gate and source, its gate and substrate, its drain 
and source, its drain and substrate, and its source and substrate. Further, most 
of these capacitances are actually functions of vgs and vds- For our purposes, 
we will work primarily with Cgs and assume that it is a constant capacitance. 
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FIGURE 9.25 MOSFET gates 
with different dimensions; all 
dimensions in the figure are in /im. 



EXAMPLE 9.5 GATE CAPACITANCES OF MOSFETS Figure 9.25 
shows the top view of several rectangular MOSFET gates fabricated within an 
integrated circuit. Let us assume that the silicon-dioxide dielectric is characterized by 
Cox ~ 4 fF//zm 2 , and find the gate capacitances Cgs for each MOSFET. 

To do so, we use Equation 9.51. To begin, notice that MOSFETs M3, M4, and M5 
must have the same capacitance because they have the same area of 12 /zm 2 . Their 
capacitance is therefore 48 fF. MOSFET M5 has the biggest area of 36 /zm 2 , and so 
it has the biggest capacitance of 144 fF, while MOSFET M2 has the smallest area of 
9 /ini 2 , and so it has the smallest capacitance of 36 fF. MOSFETs Ml and M7 have 
capacitances 64 fF and 108 fF, respectively. 


9.3.2 WIRING LOOP INDUCTANCE 

The most common parasitic inductance is the inductance associated with a 
wiring loop. In the lumped circuit abstraction, this inductance is ignored unless 
it is explicitly modeled in a circuit using an additional lumped inductor. To 
estimate the inductance of a wiring loop, consider the circular loop of wire in 
free space shown in Figure 9.26. The loop has a loop radius R and a wire radius 
A. Its inductance L is given approximately by 2 

L = fi 0 R(]a(^\-2\. (9.52) 

FIGURE 9.26 A wiring loop. 

This expression can also be used to successfully approximate the inductance of 
many noncircular wiring loops. 



2. See R.inio, Whinnery, and Van Duzer, Fields and Waves in Communication Electronics, P. 311, 
John Wiley, 1965. 
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EXAMPLE 9.6 INDUCTANCE OF A WIRING LOOP Suppose 
a wiring loop in free space has a 5-mm diameter and is made from 200-/xm-thick wire. 
What is its inductance? 

Using Equation 9.52 with R = 2.5 x 10~ 3 m, A = 10 -4 m, and /r 0 = 4jt x 10~ 7 H/m, 
the inductance is found to be 10 nH. 


9.3.3 1C WIRING CAPACITANCE AND INDUCTANCE 

Let us now return to Figure 9.4, and develop a model for the capacitance and 
inductance of the conductors inside an integrated circuit (IC) that are implied 
by the figure. Many conductors inside integrated circuits can be modeled as 
a flat conductor above a conducting substrate, or ground plane, as shown in 
Figure 9.27. 

The conductor in the figure has a width W, and it is located the distance 
G above the ground plane. Such conductors are typically surrounded by an 
insulating dielectric having a permittivity of e > e a and a permeability of /i Q . 
Under the assumption that W G, we can ignore the fringing electric and 
magnetic fields at the edges of the conductor. In this case, the capacitance C and 
inductance L of the conductor per unit length along its length is approximately 


C = 


€W 

G 


L _ /toG 

w 


(9.53) 

(9.54) 


In other cases, however, the width of the conductor is not large compared to 
its elevation above the ground plane. An example of this is a narrow printed 
circuit board trace. In such cases the conductor might alternatively be modeled 
as a cylindrical conductor above a ground plane as shown in Figure 9.28. 




FIGURE 9.28 A cylindrical conductor above a conducting 
FIGURE 9.27 A flat conductor above a conducting ground plane. ground plane. 
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The conductor in Figure 9.28 has a radius R and is centered the distance 
H above the ground plane. It has a capacitance C and inductance L per unit 
length of approximately 



(9.55) 


(9.56) 


along its length. Together, the conductors shown in Figures 9.27 and 9.28 can 
be used to model a wide variety of interconnects. 

Finally, notice that for both interconnects, 

CL = efi Q . 

It follows from Maxwell’s Equations that this will always be the case for 
any two-wire interconnect having constant cross section along its length. Thus, 
any effort to reduce either C or L will result in an increase of the other. 


EXAMPLE 9.7 CAPACITANCE OF I N T E G R A T E D - C I R C U IT 
INTERCONNECT Consider an integrated-circuit interconnect, such as the 
one shown in Figure 9.27, with W = 2 /im, G = 0.1 fin 1 , and e = 3.9e 0 . What 
is its capacitance and inductance per unit length? 

Using Equations 9.53 and 9.54, C = 690 pF/m = 0.69 fF//rm, and L = 63 nH/m = 
63 fH//xm. 


EXAMPLE 9.8 PRINTED-CIRCUIT-BOARD TRACE Consider 
modeling a printed-circuit-board trace as a cylindrical conductor above a ground plane, 
as shown in Figure 9.28. Fet R = 0.5 mm, H = 2 mm, and e = e 0 . What is its 
capacitance and inductance per unit length? 

Using Equations 9.55 and 9.56, C = 27 pF/m, and L = 410 nH/m. 


9.3.4 TRANSFORMERS 

A transformer is a two-port device made by winding a second coil around the 
inductor, for example, that shown in Figure 9.13. Let the first (or primary) coil 
have N\ turns and the second (or secondary) coil have N 2 turns. The symbol for 
an ideal transformer having this construction is shown in Figure 9.29. The two 
dots indicate the ends of the two coils that are wound in the same direction. 
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FIGURE 9.29 The symbol for an ideal transformer. 


FIGURE 9.30 A useful model for an Ideal transformer. 


In an ideal transformer, the coils are wound so tightly against each 
other that each of their turns links the same flux <f>(£). It then follows from 
Equations 9.25 and 9.21 that 


v\ 

v 2 


= Ni 


= N 2 


d&(t) 

dt 

d^{t) 

dt 


(9.57) 

(9.58) 


so that 


Mt) _ Vlifi 
Nx N 2 ' 


(9.59) 


In an ideal transformer, the core is also infinitely permeable, that is, /z = oo. For 
a single-coil inductor carrying a finite flux O(f) = k(t)/N, Equation 9.22 shows 
that the total ampere-tums M(t) flowing around the core through the coil must 
vanish as /z becomes infinite. In an ideal transformer, the total ampere turns 
must similarly vanish, and so 


Nih(t) + N 2 i 2 {t) = 0 


(9.60) 


or 

Ni h(t) = -N 2 i 2 (t). (9.61) 

Equations 9.59 and 9.61 are the constitutive equations for an ideal transformer. 
By combining Equations 9.59 and 9.61, it can be observed that 

vi = -v 2 (t)i 2 {t). (9.62) 

Thus, the power flowing into one port of an ideal transformer must instanta¬ 
neously flow out from the second port. Said differently, an ideal transformer 
cannot store energy. This is consistent with having an infinitely permeable core. 

A very useful model for an ideal transformer is shown in Figure 9.30. 
This model uses two dependent sources to enforce Equations 9.59 and 9.61. 
The voltage-dependent voltage source enforces Equation 9.59 and the current- 
dependent current source enforces Equation 9.61. 


£135 
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FIGURE 9.31 A current source 
driving a capacitor. 



FIGURE 9.32 A voltage source 
driving a capacitor. 



FIGURE 9.33 A voltage source 
driving an inductor. 



FIGURE 9.34 A current source 
driving an inductor. 


EXAMPLE 9.9 A TRANSFORMER A transformer can be used to trans¬ 
form the 120-Volt rms utility voltage to a voltage that can power a 5-V DC load. 
To do so, what must be the approximate turns ratio of the transformer? 

If the primary of the transformer is connected to the utility, then 

V\ = 120v / 2 sin(2jr 60 f), 

where the frequency of the utility voltage is 60 Hz (or 60 cycles per second), or 2n 60 
radians per second. Thus, the primary has a peak voltage of 170 V. At the secondary, it 
is desired that vz have a peak of 5 V, and so the turns ratio should be approximately 


N a /N 2 = 34. 


A real transformer designed for this application would actually have a slightly smaller 
turns ratio so that vz would ideally be somewhat larger than 5 volts. This allows for 
voltage drops across coil resistances and leakage inductances found in practical devices. 


9.4 SIMPLE CIRCUIT EXAMPLES 

To complete our introduction to capacitors and inductors, let us now examine 
their behavior in the simple circuits shown in Figures 9.31 through 9.34. These 
circuits are the same as those shown in Figures 2.25 and 2.26, except for the 
replacement of the resistor in the latter figures by the capacitor or inductor in the 
former figures. Because the two sets of circuits are so similar, we could analyze 
the circuits shown in Figures 9.31 through 9.34 using the same approach applied 
in Chapter 2 to the circuits shown in Figures 2.25 and 2.26. Alternatively, we 
could carry out a node analysis as developed in Section 3.3. However, since the 
circuits here are simple, we will follow the more intuitive approach outlined at 
the end of Section 2.4, and save the formalities for the analysis of more complex 
circuits in future chapters. 

Consider first the circuit shown in Figure 9.31. In this circuit, the current I 
from the source must circulate through the capacitor. Thus, the current through 
both elements is known. Next, following Equation 9.12, the voltage v across 
the capacitor, and hence across the current source, is given by 

v(t) = - f I(t)dt. (9.63) 

C d —00 

All branch variables are now known. 

Consider next the circuit shown in Figure 9.32. In diis circuit, the voltage V 
from the source must also appear across the capacitor. Thus, the voltage across 
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both elements is known. Next, following Equation 9.9, the current i circulating 
through both the capacitor and the voltage source is given by 


i{t) = C 


dm 

dt 


(9.64) 


Again, all branch variables are now known. 

Now consider the circuit shown in Figure 9.33. In this circuit, the voltage 
V from the source must also appear across the inductor, just as it appeared 
across the capacitor in Figure 9.32. Thus, following Equation 9.30, the current 
circulating through both the inductor and the voltage source is given by 

i(t) = — f V{t)dt. (9.65) 

L J — CXD 


All branch variables are now known. 

Finally, consider the circuit shown in Figure 9.34. In this circuit, the 
current I from the source must circulate through the inductor, just as it did 
through the capacitor shown in Figure 9.31. Thus, following Equation 9.28, 
the voltage v appearing across both the inductor and the current source is 
given by 


dt 


(9.66) 


Once again, all branch variables are now known. 

In the following subsections, we will consider specific examples of the 
source current I and source voltage V. However, before doing so, it is worth 
noting the similarity between the analyses of the four circuits we have just 
studied. Because capacitors and inductors are duals of each other, we find 
that the circuits are as well. For example, the circuits shown in Figures 9.31 
and 9.33 are duals. Capacitance interchanges with inductance, and current 
interchanges with voltage, as can be seen by comparing Equations 9.63 and 
9.65. Similarly, the circuits shown in Figures 9.32 and 9.34 are duals. Again, 
capacitance interchanges with inductance and current interchanges with voltage, 
as can be seen by comparing Equations 9.64 and 9.66. 

It is also interesting to note that the circuits shown in Figures 9.31 through 
9.34 perform either integration or differentiation of the source current or voltage 
as it produces the branch voltages or currents, respectively. Thus, if viewed in 
this way each circuit is an integrator or differentiator. We will make use of this 
capability of capacitors and inductors in future chapters as we build filters and 
other signal processing circuits. 
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□Ml 9.4.1 SINUSOIDAL INPUTS* 

9.4.2 STEP INPUTS 

Step functions, and their integrals and derivatives, constitute another important 
class of inputs to electronic circuits. So, as an example of a step input to the 
circuit shown in Figure 9.31 (redrawn here as Figure 9.36 for convenience), 
consider the source step function: 


1(f) 


+ 

v(0 


FIGURE 9.36 A current source 
driving a capacitor. 


I(t) 


J 

4 

k 


T 



(a) 


v(t) 



(b) 


FIGURE 9.37 The current and 
voltage in the circuit shown in 
Figure g. 36 . 


m = 


\lo 


t < 0 
t > 0 . 


(9.75) 


Note that the source is zero for t < 0, but nonzero for t > 0, so that it effectively 
turns on at t = 0. A sketch of the current step input is shown in Figure 9.37a. 

To complete the analysis of the circuit, we substitute the correspond¬ 
ing source function from Equation 9.75 into Equation 9.63 and carry out the 
indicated integration. 3 The substitution of Equation 9.75 into Equation 9.63 
yields 



0 

t < 0 


v(f) = ■ 

lot 

~c 

t > 0 

(9.76) 


for the circuit shown in Figure 9.36. This result is shown in Figure 9.37b. 

Let us now examine the operation of the circuit shown in Figure 9.36 
more closely. Once the current source steps its value to I 0 , it begins to deliver 
charge to the capacitor at that constant rate. The charge then accumulates 
linearly in the capacitor, much like water would accumulate in a glass from a 
faucet set to deliver that water at a constant rate. Since charge and voltage are 
proportional through the constant capacitance C of the linear time-invariant 
capacitor, the voltage across the capacitor also increases linearly. This is as 
shown in Figure 9.37. 

Figure 9.37 also illustrates another very important point, namely that the 
charge stored in, and hence the voltage appearing across, a capacitor is a con¬ 
tinuous function of time. Even though I steps discontinuously at t = 0, v does 
not; the state q, and hence v, is continuous. The only way for v to take a 
discontinuous step would be for the current source to deliver a nonzero charge 
in zero time, which requires an infinite current. This is of course not a practical 
possibility, although we will see that such a mathematical construction can be 
used very effectively to model certain physical phenomena. 


3. This is relatively easy for the integration, but as we will see shortly, it requires some thought 
when the circuit involves a differentiation. 
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The behavior seen in Figure 9.37 also begins to explain the delays seen 
in Figure 9.3, although as we shall see in Chapter 10 the details are slightly 
different. As we see in Figure 9.37, it takes time for a finite current source to 
charge a capacitor, and hence to raise its voltage. In the case of the two inverters 
shown in Figure 9.1, it takes time for the first inverter to change the voltage at 
the input to the second inverter. This is because it takes time for the first inverter 
to charge and discharge the gate-to-source capacitance of the MOSFET in the 
second inverter. The time it takes for this voltage to cross the threshold voltage 
of the MOSFET is also ultimately responsible for a delay at the output of the 
second inverter. 


EXAMPLE 9 .IO MOSFET GATE-TO-SOURCE CAPACITANCE 
Suppose that the gate-to-source capacitance Cgs for a particular MOSFET is 100 fF. 
What constant gate current would be required to raise the gate-to-source voltage of that 
MOSFET from 0 V to 5 V in 10 ns? 



«(f) 


FIGURE 9.38 A voltage source 
driving an inductor. 


This problem is well modeled by Figure 9.31 with/being a current step. Hence, Equation 
9.76 and Figure 9.37 apply. Since the voltage slope is to be 5 V in 10 ns, or 5 x 10 8 V/s, 
and since the capacitance is 100 fF, the current must be 50 fiA. 

A second way to solve this problem is to use Equation 9.8 with C = 100 fF and v = 5 V 
to determine that the gate current must deliver a charge of 500 fC. Since this charge 
flows at a constant rate over a 10-ns period, the current must be 50 /rA. 


V(t) 

▲ 

V'o — 


EXAMPLE 9 . II VOLTAGE STEP INPUT TO AN INDUCTOR 
As our next example, let us consider a voltage step input of the following form: 


0 


*■ t 


V(t) = 



t< 0 
t > 0 


(9.77) 


to the circuit shown in Figure 9.33 (redrawn here as Figure 9.38). The voltage step input 
is sketched in Figure 9.39a. 

Since they are duals, the operation of the circuit in Figure 9.38 is much the same as 
that of the circuit in Figure 9.36. Once the voltage source steps its value to V 0 the 
current through the inductor begins to increase linearly. More formally, the substitution 
of Equation 9.77 into Equation 9.65 yields 



0 

t < 0 


i{t) = ■ 

V 0 t 

L 

t > 0. 

(9.78) 


(a) 

i(t) 



(b) 

FIGURE 9.39 The current and 
voltage in the circuit shown in 
Figure 9 . 38 . 


This is as shown in Figure 9.39b. 
















484 


CHAPTER NINE 


ENERGY STORAGE ELEMENTS 



Figure 9.39 also illustrates an important point, namely that the flux linked by, and hence 
the current through, an inductor is a continuous function of time. Even though V steps 
discontinuously at t = 0, i does not; the state X, and hence i, is continuous. The only way 
for i to take a discontinuous step would be for the voltage source to deliver a nonzero 
flux linkage in zero time, which requires an infinite voltage. This is of course also not 
a practical possibility, although we will see that such a mathematical construction can 
also be used very effectively to model certain physical phenomena. 


FIGURE 9.40 A voltage source 
driving a capacitor. 


u(t; T) 



FIGURE 9.41 The ramping unit 
step function u(t; T). 


EXAMPLE 9.12 RELAY A relay is constructed as an electromagnet that 
opens and closes a mechanical switch. Suppose that the electromagnet can be mod¬ 
eled as an inductor having a 10-mFi inductance. Suppose further that it will close the 
mechanical switch once its current reaches 10 mA. What voltage step must be applied 
to the electromagnet to close the switch in 100 /zs? 

This problem is well modeled by Figure 9.33 with V being a voltage step. Hence, 
Equation 9.78 and Figure 9.39 apply. Since the current slope is to be 10 mA in 100 /zs, 
or 100 A/s, and since the inductance is 10 mH, the voltage must be 1 V. 

A second way to solve this problem is to use Equation 9.27 with L = 10 mH and 
i = 10 mA to determine that the voltage source must deliver a flux linkage of 10 -4 Wb. 
Since this flux linkage is to be delivered at a constant rate over a 100-/zs period, the 
voltage must be 1 V. 


Let us now turn to the circuit shown in Figure 9.32 (redrawn here as 
Figure 9.40). Let us analyze its operation with a voltage source that takes a 
discontinuous step as expressed in the following equation 

fo t <0 

V(t) = .. “ . (9.79) 

[ Vo t>0 


u(t) 


1 


FIGURE 9.42 The unit step 
function u(t). 


and sketched in Figure 9.45a. 

To analyze its operation with a source that takes a discontinuous 
step, we refer to Equation 9.64, and notice that we must contend with the 
differentiation of the step at / = 0. We can develop an understanding of this 
differentiation with the help of the ramping unit step function u{t; T) defined 
in Figure 9.41. Here, u[t-, T) is a function of time t, having the ramp duration T 
as a parameter. 

Note that the ramp in u{t; T), which occurs over the period 0 < t < T, 
becomes increasingly steeper as the ramp width T approaches 0. In fact, it is 
u{t; T) in the limit T -* 0, or simply u{t), as illustrated in Figure 9.42. Notice 
that the ideal unit step is the function at work in Equation 9.79. Recognizing this 
limiting behavior, our approach to dealing with the differentiation of a step will 
be to take a more roundabout, but easier route: We will compute the response 
of the circuit to a ramping unit step function, and then take the limit as T —> 0. 

















9.4 Simple Circuit Examples chapter nine 


485 


§0; T) 
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S(r; T) 
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1 

T 


a 


1 

T 




FIGURE 9.43 The unit-area pulse function 

S(t; T) obtained by differentiating the ramping FIGURE 9.44 The unit-area pulse function becomes the unit 

unit step function u(t; T). impulse in the limit as T ->o. 


Thus, we can rewrite Equation 9.79 in terms of the unit step function as 


VO) = V 0 lim u{t- T) = V 0 u(t). (9.80) 

T->0 


The ramping unit step function u[t; T) can be differentiated to yield the unit-area 
pulse function <50; T) shown in Figure 9.43. This function becomes increasingly 
narrow and tall as T approaches 0, but in doing so it maintains unit area, as 
depicted in Figure 9.44. In the limit T —» 0, <50; T) becomes the unit impulse 
(see the right-most graph in Figure 9.44, which we will simply denote by S(t). 

The unit impulse 4 has several important properties for our purposes. These 
properties are 


S(t) = 0 for t / 0 


(9.81) 



(9.82) 

(9.83) 


4. u(t) and 8(t) are commonly used to represent the unit step function and the unit impulse function, 
respectively. Sometimes, the following notation is also used: «o(f) to represent a unit impulse at 
time t = 0. The notation u n (t) is used to represent the function that results from differentiating the 
impulse n times, and the notation u— n (t) represents the function that results from integrating the 
impulse n times. Thus u_\{t) represents the unit step at time t = 0, w_2(f) the ramp, and u\{t) 
the doublet at time t = 0. 
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Each of these properties can be deduced from the properties of <5(f; T) in the 
limit T —»• 0. Finally, note that in accordance with Figure 9.43, the units of 8(t) 
are reciprocal time. 

Now that we have the definitions and limiting interpretations of 
u[t; T) and 8[t; T) in hand, we can complete the analysis of the circuit shown in 
Figure 9.40 with a source that steps discontinuously. Suppose that the voltage 
source in the figure produces the ramping voltage step given by 


V(t) 


i 

k 


<y 



(a) 

i(t) 



(b) 


FIGURE 9.45 The voltage and 
current in the circuit shown in 
Figure g .32 for a step voltage input. 


V(t) = v a u(t ; T). (9.84) 

Substitution of Equation 9.84 into Equation 9.64 then yields 

i(t) = CV 0 8(t-, T). (9.85) 

Equation 9.85 shows that the voltage source supplies the current CV 0 /T during 
the period 0 < t < T as it ramps up the capacitor voltage from 0 V to V D ; note 
that 8(t ; T) = 1/T during that period. In ramping up the capacitor voltage to 
Vo, the source delivers the charge CV 0 in accordance with Equation 9.8. This 
can be verified by integrating i over 0 <t<T. 

Now consider the circuit behavior described by Equations 9.84 and 9.85 
in the limit T -» 0. In this case, V becomes the discontinuous voltage step 
described by Equations 9.79 and 9.80, and i becomes 

i{t) = CVo 8{t) (9.86) 

which is the desired response to the discontinuous step in the source voltage. 
The forms of the input voltage step and the current impulse response for the 
circuit in Figure 9.32 are depicted in Figure 9.45. 

This response can also be obtained directly by substituting Equation 9.80 
into Equation 9.64, and then making use of Equation 9.82. At first glance, it 
might not appear that CV a 8(t) has the units of current, but it does because CV Q 
has the units of charge, and 8(t) has the units of reciprocal time. In fact, CV 0 is 
the total charge delivered by the impulse current. 

From our limiting interpretation of the impulse, we see that i in Equation 
9.86 is a current that instantaneously delivers the charge CV a to the capacitor 
at t = 0. Thus, the charge stored in the capacitor takes a step at t = 0, and so 
the voltage steps too as driven by the source. This illustrates an important point 
made earlier, namely that it takes an infinite current to cause the charge stored 
by, and hence the voltage appearing across, a capacitor to take a discontinuous 
step. Thus, except under unusual circumstances involving infinite currents, the 
state of a capacitor is a continuous function of time. 


EXAMPLE 9.13 CURRENT STEP INPUT TO A INDUCTOR 
Our next example considers a current step input of the following form (and sketched 
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in Figure 9.47a): 



to the circuit shown in Figure 9.34 (redrawn here as Figure 9.46). 


(9.87) 


Since they are duals, the behavior of the circuit shown in Figure 9.46 parallels that of the 
circuit shown in Figure 9.40. Suppose that the current source in the figure produces the 
ramping current step given by 

I(t) = I a u(t; T). (9.88) 

Substitution of Equation 9.88 into Equation 9.66 then yields 


m 


+ 

V(0 


FIGURE 9.46 A current source 
driving an inductor. 


v(t) = LI 0 S(t; T). 


(9.89) 


Equation 9.89 shows that the current source supplies the voltage LI 0 /T during the 
period 0 < t < T as it ramps up the inductor current from 0 A to I a ; note again that 
S(t;T) = 1 IT during that period. In ramping up the inductor current to I c the source 
delivers the flux linkage L/ c in accordance with Equation 9.27. This can be verified by 
integrating v over 0 < t < T. 

Now consider the circuit behavior described by Equations 9.88 and 9.89 in the 
limit T —>■ 0. In this case, / becomes the discontinuous current step described by 
Equation 9.87 and 

I[t) — I 0 lim u(t; T) = I 0 u[t ) (9.90) 

X—>0 

and v becomes 

v(f) = LIJ(t) (9.91) 

which is the desired response to the discontinuous step in the source current. The forms 
of the input current step and the voltage impulse response for the circuit in Figure 9.46 
are depicted in Figure 9.47. 

This response can also be obtained directly by substituting Equation 9.90 into Equation 
9.66, and then making use of Equation 9.82. At first glance it might not appear that 
LI c S(t) has the units of voltage, but it does because LI 0 has the units of flux linkage, and 
S(t ) has the units of reciprocal time. In fact, L/ 0 is the total flux linkage delivered by the 
impulse voltage. 

From our limiting interpretation of the impulse we now see that v in Equation 9.91 is a 
voltage that instantaneously delivers the flux linkage L/ 0 to the inductor at t = 0. Thus, 
the flux linked by the inductor takes a step at t = 0, and so the current steps too as 
driven by the source. This illustrates an important point made earlier, namely that it takes 
an infinite voltage to cause the flux linked by, and hence the current passing through, 
an inductor to take a discontinuous step. Thus, except under unusual circumstances 
involving infinite voltages, the state of an inductor is a continuous function of time. 


m 

▲ 


0 


t 


v(t) 



0 


* t 


FIGURE 9.47 The current and 
voltage in the circuit shown in 
Figure 9.46 for a step current input. 
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1(f) 


(a) 


Ut) 


(b) 

FIGURE 9.48 (a) The unit 
impulse S(t)\ (b) an impulse with 
area Q. 
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+ 

v(0 


FIGURE 9.49 A current source 
driving a capacitor. 


9.4.3 IMPULSE INPUTS 

We introduced impulse functions in the previous section. Recall that an unit 
impulse denoted by 8{t) has the following properties. 


5{t) = 0 for t ^ 0 


f 8{t)dt = u(t) <£> 8{t ) = d 0 

J — OO 


dt 


f 


8(t)dt = 1. 


(9.92) 


(9.93) 


(9.94) 


In other words, the impulse S(t) is nonzero only for t = 0. Its integral produces 
the unit step function, and the area under it is 1. 

Recall further that the unit-area pulse function in Figure 9.44 becomes the 
unit impulse in the limit as T —> 0. 

Figure 9.48a shows a unit current impulse and Figure 9.48b shows a current 
impulse with area under the impulse Q. In other words, 


1 


/ OO poo 

i(t)dt = I 8(t)dt ■ 

-oo J —OO 

for the current in Figure 9.48a, and 

/ oo poo 

i(t)dt = / Q8(t)dt=Q 

-oo J —oo 


(9.95) 


(9.96) 


for the current in Figure 9.48b. 

Let us analyze the circuit in Figure 9.31 (redrawn in Figure 9.49 for conve¬ 
nience) for an impulse input current with strength Q. In other words, an input 
current of the form: 

I(t) = Q S(t). 

Recall that solving the circuit implies finding the values of all the branch 
variables. The one branch variable that is unknown in the circuit is the voltage 
v{t). We can obtain v(t) by integrating the current through the capacitor as 


i it) = ^ f I(t)dt 

V-> J —oo 

1 

= — / Q S[t)dt 

J —oo 




(9.97) 
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Thus, a current impulse of strength Q that occurs at time t deposits a charge Q 
on the capacitor. This charge results in the capacitor voltage jumping to Q 
at time t as illustrated in Figure 9.50. 

Before ending this subsection, it is worthwhile to comment on impulse 
sources. Since impulses are a mathematical invention, and not a physical occur¬ 
rence, it might appear that they have limited practical value. However, this 
is not the case. We often encounter sources that produce very narrow pulses 
of voltage or current. When these pulses are so narrow that we do not really 
care about the details of their shape, then we can model them very simply 
by an impulse with an equivalent area. From a mathematical viewpoint, this 
offers a significant savings since an impulse source is much easier to deal with 
than a source that produces a pulse with a complex shape. Thus, impulses are 
actually very useful modeling tools. 
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mm 9.4.4 ROLE REVERSAL* 

9.5 ENERGY, CHARGE, AND 
FLUX CONSERVATION 

In Section 9.2, we studied the parallel combination of capacitors that stored no 
charge at the time of their connection, and the series combination of inductors 
that linked no flux at the time of their connection. In this section, we extend 
that study to consider connections in the presence of initial charge and flux 
linkage. 

Consider the parallel connection of the two initially-charged capacitors 
shown in Figure 9.51; the connection occurs when the switch closes. We wish 
to determine the state of the capacitors after the switch is closed. KCL applied 
to the bottom node of the circuit dictates that 


dq\(t) dq 2 (t) 

dt dt 


d 

— (qi(t) + q 2 (t)) = 0. 
dt 


(9.98) 


FIGURE 9.50 The current and 
voltage in the circuit shown in 
Figure 9.32 for an impulse current 
input. 



Equation 9.98 states that the total charge q\ +q 2 on both capacitors is constant, FIGURE 9.51 Two capacitors 

and hence conserved for all time, even as the switch closes. Now, let the switch connected in parallel through a 

close at t = 0. After the switch closes, that is, for t > 0, KVL applied to the 
loop in Figure 9.51 dictates that 


v\{t> = v 2 (f), 


(9.99) 


and, with the help of Equation 9.8, that 


qi{t) _ q 2 (t) 

Ci ~~ C 2 ' 


(9.100) 
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We can now use Equations 9.98 and 9.100 to determine the capacitor 
charges, and, with the help of Equation 9.8, the common voltage after the 
switch is closed. To begin, let us denote the charges on the two capacitors 
prior to switch closure as Qi and Q 2 . Then, from Equation 9.98, 

<?l (t) + qi(t) = Qi + Qz ■ (9.101) 

Next, Equations 9.100 and 9.101 can be jointly solved to yield 

qi(t) = —— (Qi + Q 2 ) (9.102) 

Ci + C 2 

qi(t)= ^ C " (Qi+Qz) (9-103) 

Cl + C 2 

for t > 0. Finally, Equations 9.102 and 9.103 can be substituted in Equation 
9.8 to yield 


v\{t) = 


i'lit) = 


qiit) 

Qi + Q 2 

(9.104) 

Ci 

Ci + C 2 

<?2 it) 

Qi + Q 2 

(9.105) 

Ci 

“ Cl + c 2 ’ 


again for t > 0. According to Equations 9.102 and 9.103, the capacitors share 
the total charge in proportion to their capacitance. 

While charge is conserved during the closure of the switch, it is interesting 
to note that energy is not. Using Equation 9.18, the total energy stored between 
the two capacitors before the switch is closed is found to be 


mkt < 0 ) = 



Q[ 

2 C 2 ‘ 


(9.106) 


Using Equations 9.102, 9.103, and 9.18, the total energy stored after the switch 
is closed is found to be 


WE(t > 0 ) = 


/Ci(Qi + Q 2 )\ 

1 2 1 + i 

( C 2 (Qi + Q 2 )h 


1 Ci + C 2 ) 

1 2 Ci + 1 

l Ci + C 2 ) 

' 2C 2 


(Ql + Ql) 2 

2(Q + C 2 )' 


(9.107) 
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The two energies are not equal. Further, with a little algebraic manipulation, it 
can be seen that 


w^(f < 0 ) — > 0 ) = 


1 Ci C 2 

2 Ci + C 2 




(9.108) 


and so energy is always lost during the closure of the switch, except for the 
special case in which v\ and U 2 are equal before the switch closes. Where the lost 
energy goes is not apparent from Figure 9.51 because it is an idealized figure. 
Perhaps the energy is dissipated in the wires used to connect the two capacitors 
and the switch. Or, perhaps it is dissipated in a spark as the switch closes. It 
might even be lost as radiated electromagnetic energy. In any case, it is lost. 
One of the problems at the end of this chapter explores this loss further. 

Finally, we note that arguments similar to those presented here can be 
made for inductors connected in series. The corresponding circuit is shown 
in Figure 9.52. Initially, the switch is closed, allowing each inductor to carry 
an arbitrary current. Then, the switch opens. In this way, two inductors with 
different initial currents are connected in series. Using arguments similar to 
those presented earlier it is possible to determine the inductor currents and flux 
linkages after the switch opens. Then, it is straightforward to show that energy 
is lost during the opening of the switch. 



FIGURE 9.52 Two inductors 
connected in series through a 
switch. 


EXAMPLE 9.14 CHARGE SHARING IN CAPACITORS In 
Figure 9.51, suppose that Cj = 1 /xF and C 2 = 10 /xF. Further, suppose that v\ = 10 V 
and V 2 = 1 V before the switch is closed. How much energy is stored in the two 
capacitors before the switch is closed? Also, how much energy is lost during the switch 
closure, and what is the common voltage across the capacitors after the switch closes? 

To begin, we find the charge on each capacitor before the switch closes. Using Equation 
9-8, Qi = 10 /xC and Q 2 = 10 /xC. Next, use Equations 9.102 and 9.103 to determine 
that q\ = 20/11 /xC and qi = 200/11 /xC after the switch closes. Equation 9.103 or 
9.104 can then be used to determine that v\ = i >2 = 20/11 V after the switch closes. 
Finally, Equations 9.106 and 9.108 are used to determine that the initial stored energy 
is 55 /xj, and that the energy lost is approximately 36.8 /xj. 
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9.6 SUMMARY 

► In this chapter, we introduced capacitors and inductors, and derived their 
lumped element laws from more fundamental distributed physics. Since 
those element laws involved time derivatives, or alternatively time inte¬ 
grals, time became an important variable in this chapter. This was not the 
case in previous chapters because the circuits we studied there contained 
only sources, resistors, and idealized MOSFETs, all of which have purely 
algebraic element laws. Because time was an important variable in this chap¬ 
ter, we also began to consider a richer class of functions for the sources 
that would input signals into a circuit. These functions included sinusoids, 
steps, and impulses. The circuit responses to these inputs became our first 
examples of transients in electronic circuits. 

► When we first introduced capacitors and inductors, we did so through the 
effects that parasitic capacitance and inductance can have on the perfor¬ 
mance of an electronic circuit. This in turn caused us to re-evaluate our 
lumped matter discipline, under which such parasitics do not, by defini¬ 
tion, exist. In the end we made a modeling compromise to preserve the 
lumped matter discipline while admitting the existence of important par¬ 
asitics. That compromise was to augment an original circuit with lumped 
elements to model the important parasitics, with the understanding that 
the augmented model obeys the lumped matter discipline. While this is 
certainly an important issue, it is also important to realize that capacitors 
and inductors are useful well beyond the modeling of parasitics. As we shall 
see in future chapters they are frequently used on purpose. 

► Through our analysis of capacitors and inductors, and several simple circuits 
that contained them, we have seen that these elements exhibit memory and 
are capable of reversible energy storage. A simple experiment will illustrate. 
As illustrated in Figure 9.53, charge up a capacitor by connecting it to a 
power supply (position 1), then disconnect the supply (position 2). The 
capacitor will “remember” the voltage of the supply for hours if a high- 
quality capacitor is used. A similar experiment performed with a resistor 
produces no memory; when the power supply is disconnected, the resistor 
voltage instantly falls to zero. 


FIGURE 9.53 The capacitor 
holds its voltage for a long period 
of time. 
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The corresponding experiment on an inductor yields less exciting results, 
however. Establish an inductor current by the circuit in Figure 9.54, with 
the switch in position 1. Then move the switch to position 2 (make before 
break). The current will decay to zero in fractions of a second, because 
the energy stored in the magnetic field is rapidly dissipated in the internal 
resistance of the coil. 


FIGURE 9.54 The inductor 
holds its current for a very short 
period of time. 


R (1) R (1) 



Memory and reversible energy storage are characteristics associated with 
the state of the elements: charge in the case of the capacitor and flux 
linkage in the case of the inductor. This behavior is quite different from the 
behavior of ideal resistors. Ideal resistors do not exhibit memory, and they 
irreversibly dissipate energy. 

The element law for a capacitor is 


. r dv 
i= C— 
dt 


and that for an inductor 


is 


di 

v — L—. 
dt 


The energy stored in a capacitor is 


we [t) = 


qHt) 

2C 


Cv(t ) 2 
2 


The energy stored in an inductor is 


w mW = 


T 2 (t ) 
~2L 


Li[t) 2 

2 


Finally, in the process of introducing capacitors and inductors, we defined 
the symbols and units for various physical quantities. These definitions 
are summarized in Table 9.1. The units can be further modified with the 
engineering multipliers listed in Table 1.3. 
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QUANTITY 

SYMBOL 

UNITS 

SYMBOL 


Time 

t 

Second 

s 

TABLE 9.1 Electrical engineer¬ 

Charge 

q 

Coulomb 

C 

ing quantities, their units, and 

Capacitance 

c 

Farad 

F 

symbols for both. 

Flux Linkage 

A 

Weber 

Wb 


Inductance 

L 

Henry 

H 


Energy 

w 

Joule 

J 


EXERCISES 

(a) 

1 gF 3 gF 


(b) 1 |TF 



3 |XF 


(c) 


2 gF 


3 gF 


1 gF 


EXERCISE 9.1 Find the equivalent capacitance between the two terminals in 
each of the networks in Figure 9.55. 

EXERCISE 9.2 Find the equivalent capacitance or inductance for each case in 
Figure 9.56. 

EXERCISE 9.3 Consider a power line on a computer backplane that is 2.5 mm 
wide, and separated from its underlying ground plane by 25 /im. Let the permittivity 
and permeability of the separating insulator be 2e 0 and /x 0 , respectively. What is the 
capacitance and inductance of the line per 10 cm of length? 

If the voltage on the line is 5 V, how much energy is stored in its capacitance per 10 cm 
of length? If the current through the line is 1 A, how much energy is stored in its 
inductance per 10 cm of length? 

EXERCISE 9.4 A current source drives a capacitor as shown in Figure 9.57. The 
source current is as shown in Figure 9.58 for 0 < t < T. If the capacitor voltage is V 0 at 
t = T, what was it at t = 0? 




‘/(0 

ie° 


J 









0 

r 

t 1 


2 


FIGURE 9.57 A current source driving a capacitor. FIGURE 9.58 Source current. 

FIGURE 9.55 

EXERCISE 9.5 A voltage source drives an inductor as shown in Figure 9.59. 
The source voltage is as shown in Figure 9.60 for 0 < t < T. If the inductor current is 
7 0 at t = T, what was it at t = 0? 


EXERCISE 9.6 Figure 9.61 shows four circuits, labeled “1” through “4,” 
together with the waveform for the source in each circuit. The figure also shows four 
branch-variable waveforms, labeled “a” through “d,” that could correspond to the branch 
current i or branch voltages v labeled in the circuits. Match the branch variable waveforms 
to the appropriate circuit and source waveform. 
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1 pF 

©b 


' 2pF 


(a) 


1 pF 

bh 


no p f 


(b) 



(c) 


30 pF 


1 mH 

•- r ms x - 


(d) 


2 mH 


1 pH 
-'tos'- 


(e) 


2 mH 


1 pH 

•—TfflSiPT 


§2 mH a 1 mH 


(f) 



' i(t) 


FIGURE 9.59 A current source driving an inductor. 



FIGURE 9.60 Source current. 
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FIGURE 9.56 


FIGURE 9.61 
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PROBLEMS PROBLEM 9.1 A voltage source is connected in series with two capacitors as 
shown in Figure 9.62. The source voltage is V(t) = 5 V u(t), as shown. If the current i 
and voltage v are given by i(t) = 4 g,C S(t) and v{t) = 1 V u(t), again as shown, what are 
Ci and C 2 ? 



FIGURE 9.62 

PROBLEM 9.2 A current source is connected in parallel with two inductors as 
shown in Figure 9.63. The source current is i(t) = 400 A/s u(t), as shown. If the current 
i and voltage v are given by i(t) = 100 A/s u(t) and v{t) = 0.3 V u(t), again as shown, 
what are L\ and L 2 ? 



FIGURE 9.64 


V(t) 


i(t) 

—►— 


© 



nv(f) 

1 V 


t 


FIGURE 9.63 

PROBLEM 9.3 A current source drives a series-connected capacitor and inductor 
as shown in Figure 9.64. Let /(f) = I a sm(wt)u(t), and assume that the inductor and 
capacitor both stored no energy prior to t = 0 . 

Determine the voltage v for t > 0. 

Is there any relation between I a , a>, C, and L for which v is constant for t > 0? If so, 
state the relation and determine v. 

PROBLEM 9.4 A voltage source drives a parallel-connected capacitor and induc¬ 
tor as shown in Figure 9.65. Let V(t) = V 0 sin(cot)u{t), and assume that the inductor and 
capacitor both stored no energy prior to t = 0 . 


FIGURE 9.65 


Determine the current i for t > 0. 

Is there any relation between V a , a>, C, and L for which i is constant for t > 0? If so, 
state the relation and determine i. 
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PROBLEM 9.5 A constant voltage source having value V drives a time-varying 
capacitor as shown in Figure 9.66. The time-varying capacitance is given by C(t) — 
Co + Ci sin(a)t). Determine the capacitor current i(t). 

PROBLEM 9.6 A constant current source having value I drives a time-varying 
inductor as shown in Figure 9.67. The time-varying inductance is given by L(t) — 
Lg + L\ sin(tut). Determine the inductor voltage p(t). 

PROBLEM 9.7 Consider the parallel plate capacitor shown in Figure 9.68. 
Assume that the dielectric is free space so that e = e Q . 


Kt) 


V 




FIGURE 9.66 



FIGURE 9.67 


FIGURE 9.68 


Suppose the capacitor is charged to the voltage V. Determine the charge and the electric 
energy stored in the capacitor in this case. 

The capacitor is disconnected from the charging source so that its stored charge remains 
constant. Following that, its plates are pulled apart so as to double the distance between 
them; that is, the gap separation is now 21. For this new configuration, determine the 
voltage across the terminals of the capacitor and the energy stored in the capacitor. 
Explain how the stored energy changes. 

PROBLEM 9.8 Figure 9.69 shows two capacitive two-port networks. One is a 
“n” network, and one is a “T” network. For the n network, find ;'ip and ? 2 P as functions 
of Pip and f 2 P- For the T network, find i\ t and ixx as functions of vy\ and P 2 T- 

How must Cip, C 2 P, and C 3 P be related to Cpy, C 2 T, and C 3 T for both networks to 
have the same terminal relations? 

PROBLEM 9.9 Figure 9.70 shows two inductive two-port networks. One is a 
“n” network, and one is a “T” network. For the n network, find Pip and P 2 P as 
functions of i\ p and ? 2 P- For the T network, find Ppy and P 2 T as functions of ;'it and ? 2 T- 
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FIGURE 9.69 (a) A capacitive T 
two-port network; and (b) a 
capacitive n two-port network. 


FIGURE 9.70 (a) An inductive T 
two-port network; and (b) an 
inductive n two-port network. 
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FIGURE 9.71 
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(a) (b) 


How must Ljp, Lzp, and L 3 P be related to Lit, ^ 2 T» and L 3 T for both networks to 
have the same terminal relations? 



PROBLEM 9.10 This problem examines in more detail why energy is lost when 
the switch in Figure 9.71 closes. To do so, we examine the transient that occurs during 
the closure of the switch. In preparation for this, let t = 0 be the time at which the 
switch first begins to close, and let t = T be the time at which the circuit reaches steady 
state. The charges on the two capacitors prior to switch closure are given to be Qi 
and Q 2 . 

Further, let q\ (t) be any function defined over the interval 0 < t < T such that 

<71 ( 0 ) = Qi 

and q\[T) is the steady state charge on the capacitor given by 

«a(T)= —(Q1 + Q2). 

Ci + C2 

In this way, the function q\ is an arbitrary transient connecting the initial and final 
charge during the switch closure. 

(a) Use the charge conservation relation: 

<7iW + <72$ = Qi + Qi 


to find q 2 in terms of q\ for 0 < t < T. Then, use the equation: 


dq(f) 

dt 


= i(t) 
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to determine i\ and ii, again in terms of q\ for 0 < t < T. Finally, use the 
equation: 


q(t) = Cv{t) 


to find v\ and V 2 , also in terms of q\ for 0 < t < T. The entire transient is now 
described in terms of the arbitrary function q\. 

(b) During the transient, the difference between V\ and V2 must appear across some 
element or elements within the circuit. KVL requires this. For example, it could 
appear across the wiring resistance or the switch, or a combination of both. In any 
case, energy is lost as a current passes through this voltage difference. If we consider 
the voltage difference to be ( v\ — vx), as opposed to its opposite, then it is h that 
passes into the positive terminal of this difference. Why? 

(c) The product /2 (iq — V 2 ) is the power dissipated during the transient. Determine 
this power in terms of q\ for 0 < t < T. 

(d) Integrate the power found in the part (c) over the interval 0 < t < T to find the 
energy lost during the transient. Also, show that the energy lost is equal to the 
energy difference in 



Remarkably, the energy lost is independent of the interior details of the function 
chosen for q±. Since these details are equivalent to the details of the loss mechanism, 
it is apparent that the amount of energy lost is independent of how it is lost. 








FIRST-ORDER TRANSIENTS IN 
LINEAR ELECTRICAL 
NETWORKS 



As illustrated in Chapter 9, capacitances and inductances impact circuit behavior. 
The effect of capacitances and inductances is so acute in high-speed digital cir¬ 
cuits, for example, that our simple digital abstractions developed in Chapter 6 
based on a static discipline become insufficient for signals that undergo transi¬ 
tions. Therefore, understanding the behavior of circuits containing capacitors 
and inductors is important. In particular, this chapter will augment our digital 
abstraction with the concept of delay to include the effects of capacitors and 
inductors. 

Looked at positively, because they can store energy, capacitors and induc¬ 
tors display the memory property, and offer signal-processing possibilities not 
available in circuits containing only resistors. Apply a square-wave voltage to a 
multi-resistor linear circuit, and all of the voltages and currents in the network 
will have the same square-wave shape. But include one capacitor in the circuit 
and very different waveforms will appear — sections of exponentials, spikes, 
and sawtooth waves. Figure 10.1 shows an example of such waveforms for 
the two-inverter system of Figure 9.1 in Chapter 9. The linear analysis tech¬ 
niques already developed—node equations, superposition, etc. — are adequate 
for finding appropriate network equations to analyze these kinds of circuits. 
However, the formulations turn out to be differential equations rather than 
algebraic equations, so additional skills are needed to complete the analyses. 



FIGURE 10.1 Observed 
response of the first inverter 
to a square-wave input. 
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This chapter will discuss systems containing a single storage element, namely, 
a single capacitor or a single inductor. Such systems are described by simple, 
first-order differential equations. Chapter 12 will discuss systems containing 
two storage elements. Systems with two storage elements are described by 
second-order differential equations. 1 Higher-order systems are also possible, 
and are discussed briefly in Chapter 12. 

This chapter will start by analyzing simple circuits containing one capacitor, 
one resistor, and possibly a source. We will then analyze circuits containing one 
inductor and one resistor. The two-inverter circuit of Figure 10.1 is examined 
in detail in Section 10.4. 

10.1 ANALYSIS OF RC CIRCUITS 

Let us illustrate first-order systems with a few primitive examples containing a 
resistor, a capacitor, and a source. We first analyze a current source driving the 
so-called parallel RC circuit. 

10.1.1 PARALLEL RC CIRCUIT, STEP INPUT 

Shown in Figure 10.2a is a simple source-resistor-capacitor circuit. On the basis 
of the Thevenin and Norton equivalence discussion in Section 3.6.1, this circuit 
could result from a Norton transformation applied to a more complicated 


FIGURE 10.2 Capacitor 
charging transient. 


(a) 


(b) 
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1. However, a circuit with two storage elements that can be replaced by a single equivalent storage 


element remains a first-order circuit. For example, a pair of capacitors in parallel can be replaced 
with a single capacitor whose capacitance is the sum of the two capacitances. 
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FIGURE 10.3 A more 
complicated circuit that can be 
transformed into the simpler circuit 
in Figure 10 . 2 a by using Thevenin 
and Norton transformations. 


circuit containing many sources and resistors, and one capacitor, as suggested 
in Figure 10.3. Let us assume we wish to find the capacitor voltage vq. We will 
use the node method described in Chapter 3 to do so. As shown in Figure 10.2a, 
we take the bottom node as ground, which leaves us with one unknown node 
voltage corresponding to the top node. The voltage at the top node is the same 
as the voltage across the capacitor, and so we will proceed to work with vq 
as our unknown. Next, according to Step 3 of the node method, we write 
KCL for the top node in Figure 10.2a, substituting the constituent relation for 
a capacitor from Equation 9.9, 


Or, rewriting, 



dt 


dvc | vc _ i(t) 
dt RC C 


( 10 . 1 ) 


( 10 . 2 ) 


As promised, the problem can be formulated in one line. But to find vq W, we 
must solve a nonhomogeneous, linear first-order ordinary differential equation 
with constant coefficients. This is not a difficult task, but one that must be done 
systematically using any method of solving differential equations. 

To solve this equation, we will use the method of homogeneous and par¬ 
ticular solutions because this method can be readily extended to higher-order 
equations. As a review, the method of homogeneous and particular solutions 
arises from a fundamental theorem of differential equations. The method states 
that the solution to the nonhomogeneous differential equation can be obtained 
by summing together the homogeneous solution and the particular solution. 
More specifically, let vend) be any solution to the homogeneous differential 
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equation 


due vq 
dt RC 


(10.3) 


associated with our nonhomogeneous differential equation 10.2. The homo¬ 
geneous equation is derived from the original nonhomogeneous equation by 
setting the driving function, iit) in this case, to zero. Further, let vcp{t ) be any 
solution to Equation 10.2. Then, the sum of the two solutions, 


vdt) = vcHit) + v C p{t) 


is a general solution or a total solution to Equation 10.2. vciid) is called the 
homogeneous solution and vcp{t) is called the particular solution. When dealing 
with circuit responses, the homogeneous solution is also called the natural 
response of the circuit because it depends only on the internal energy storage 
properties of the circuit and not on external inputs. The particular solution is 
also called the forced response or the forced solution because it depends on the 
external inputs to the circuit. 

Let us now return to the business of solving Equation 10.2. To make the 
problem specific, assume that the current source iit) is a step function 


i{t) = 7q t > 0 


(10.4) 


as shown in Figure 10.2b. Further, we assume for now that the voltage on the 
capacitor was zero before the current step was applied. In mathematical terms, 
this is an initial condition 


v c = Q t< 0. (10.5) 

The method of homogeneous and particular solutions proceeds in three steps: 

1. Find the homogeneous solution vch- 

2. Find the particular solution vcp- 

3. The total solution is then the sum of the homogeneous solution and the 
particular solution. Use the initial conditions to solve for the remaining 
constants. 

The first step is to solve the homogeneous equation, formed by setting the 
driving function in the original differential equation to zero. Then, any method 
of solving homogeneous equations can be used. In this case the homogeneous 
equation is 

dvcH VCH 

dt RC 


( 10 . 6 ) 
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We assume a solution of the form 


v CH = Ae it (10.7) 

because the homogeneous solution for any linear constant-coefficient ordinary 
differential equation is always of this form. Now we must find values for the 
constants A and s. Substitution into Equation 10.6 yields 

At 

As # +-=0. (10.8) 


The value for A cannot be determined from this equation, but discarding the 
trivial solution of A = 0, we find 


1 


sH-= 0 

(10.9) 

RC 

because C l is never zero for finite s and t, so can 

be factored out. Hence 

1 

(10.10) 

S_ RC 


Equation 10.9 is called the characteristic equation of the system, and s = —1 /RC 
is a root of this characteristic equation. The characteristic equation summarizes 
the fundamental dynamic properties of a circuit, and we will have much more 
to say about it later chapters. For reasons that will become clear in Chapter 12, 
the root of the characteristic equation, s, is also called the natural frequency 
of the system. 

We now know that the homogeneous solution is of the form 

vcH = Ae~ tlRC . (10.11) 


The product RC has the dimensions of time and is called the time constant of 
the circuit. 

The second step is to find a particular solution, that is, to find any solution 
vcp that satisfies the original differential equation; it need not satisfy the initial 
conditions. That is, we are looking for any solution to the equation 


k = 


VCF r dvcp 
R + dt' 


( 10 . 12 ) 


Since the drive Io is constant in time for t > 0, one acceptable particular solution 
is also a constant: 


VCP — K. 


(10.13) 
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To verify this, we substitute into Equation 10.12 

h=y + 0 (10.14) 

1 \ 

K = IqR . (10.15) 

Because Equation 10.14 can be solved for K, we are assured that our “guess” 
about the form of the particular solution, that is, Equation 10.13, was correct. 2 
Hence the particular solution is 

vcp = hR- (10.16) 

The total solution is the sum of the homogeneous solution (Equation 10.11) 
and the particular solution (Equation 10.16) 

v c = Ae~ t/RC + I 0 R. (10.17) 

The only remaining unevaluated constant is A, and we can solve for this by 
applying the initial condition. Equation 10.5 applies for t less than zero, and 
our solution, Equation 10.17 is valid for t greater than zero. These two parts of 
the solution are patched together by a continuity condition derived from Equa¬ 
tion 9.9: An instantaneous jump in capacitor voltage requires an infinite spike 
in current, so for finite current, the capacitor voltage must be continuous. This 
circuit cannot support infinite capacitor current (because i[t) is finite, the infinite 
current would have to come from the resistor, and this is impossible). Thus we 
are justified in assuming continuity of vq, hence can equate the solutions for 
negative time and positive time by solving at t — 0 


0 = A + hR- 


Thus 


A = -I 0 R 

and the complete solution for t > 0 is 


(10.18) 

(10.19) 


v c =-hRe~ t/RC + hR 


2. Alternatively, a guess of 


v C p = Kt , 


where K is a constant independent of £, would not be correct, since substituting into Equation 10.12 
yields 

k = — + CK 
R 

which cannot be solved for a time-independent K. 
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FIGURE 10.4 Significance of 
the RC time constant. 


or 

v c = I 0 R( 1 - e ~ t/RC ). (10.20) 

This is plotted in Figure 10.2c. 

Some comments at this point help to give perspective. First, notice that 
capacitor voltage starts from a zero value at t = 0 and reaches its final value 
of l<)R for large t. The increase from 0 to IqR has a time constant RC. The 
final value of IqR for the capacitor voltage implies that all of the current from 
the current source flows through the resistor, and the capacitor behaves like an 
open circuit (for large t). 

Second, the initial value of 0 for the capacitor voltage implies that at t = 0 
all of the current from the current source must be flowing through the capacitor, 
and none through the resistor. Thus the capacitor behaves like an instantaneous 
short circuit at t — 0. 

Third, the physical significance of the time constant RC can now be seen. 
Illustrated in Figure 10.4, it is the temporal scale factor that determines how 
rapidly the transient goes to completion. 

Finally, it may seem that the solution to such a simple problem can’t pos¬ 
sibly be as involved as this appears Correct. This problem and most first-order 
systems with step excitation can be solved by inspection (see Section 10.3). 
But here we are trying to establish general methods, and have chosen the 
simplest example to illustrate the method. 

10.1.2 RC DISCHARGE TRANSIENT 

With the capacitor now charged, assume that the current source is suddenly set 
to zero as suggested in Figure 10.5a, where for convenience, the time axis is 
redefined so that the turn-off occurs at t = 0. The relevant circuit to analyze the 
RC turn-off or discharge transient now contains just a resistor and a capacitor 
as indicated in Figure 10.5c. The voltage on the capacitor at the start of the 
experiment is represented by the initial condition 

v c = IqR t< 0. (10.21) 

This RC discharge scenario is identical to that of a circuit containing a resistor 
and a capacitor, where there is an initial voltage trc(0) = IqR on the capacitor. 
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FIGURE 10.5 RC discharge 
transient. 


(a) 0 



Because the drive current is zero, the differential equation for t greater than 
zero is now 


0 = 


vc , Cdv c 


R dt 

As before, the homogeneous solution is 

vch = Ae~ t/RC 


( 10 . 22 ) 


(10.23) 


but now the particular solution is zero, since there is no forcing input, so 
Equation 10.23 is the total solution. In other words, 

vc = vch = Ae~ tlRC . 

Equating Equations 10.21 and 10.23 at t = 0, we find 

I 0 R = A (10.24) 

so the capacitor voltage waveform for t > 0 is 

v c = I 0 Re~ t/RC . (10.25) 

This solution is sketched in Figure 10.5b. 
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In general, for a resistor and capacitor circuit with an initial voltage fc(0) 
on the capacitor, the capacitor voltage waveform for t > 0 is 

v C = v C (0)e~ t/RC . (10.26) 

Properties of Exponentials 

Because decaying exponentials occur so frequently in solutions to simple RC 
and RL transient problems, it is helpful at this point to discuss some of the 
properties of these functions as an aid to sketching waveforms. 

► For a general exponential function of the form 

x = Ae~ t/x (10.27) 

the initial slope of the exponential is 

dx —A 

dt t= o r 

Hence the initial slope of the curve, projected to the time axis, intercepts the 
time axis att=r, irrespective of the value of A, as shown in Figure 10.6a. 

► Furthermore, notice that when t = r, the function in Equation 10.27 
becomes 

A 

x(t = t) = —. 

e 

In other words, the function reaches 1/e of its initial value irrespective 
of the value of A. Figure 10.6b depicts this point in the exponential 
curve. 

► Because e~ 5 = 0.0067, it is common to assume for the t greater than 
five time constants, that is, 

t > 5 x 

the function is essentially zero (see Figure 10.6a). That is, we assume the 
transient has gone to completion. 

We will see later that these properties of the time constant r make it useful in 
obtaining rough estimates for time durations associated with rising or falling 
exponentials. 

10.1.3 SERIES RC CIRCUIT, STEP INPUT 

Fet us now convert the Norton source in Figure 10.2 to a Thevenin source in 
Figure 10.7 and determine the capacitor voltage as a function of time. The input 
waveform vs is assumed to be a voltage step of magnitude V applied at t = 0, 
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FIGURE 10.6 Properties of 
exponentials. 



FIGURE 10.7 Series RC circuit 
with step input. 
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(a) Circuit 
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but this time around, we assume the capacitor voltage is Vo just before the 
step. 3 That is, the initial condition on the circuit is 

v c = V 0 t < 0. (10.28) 


3. For the purpose of determining the response for t > 0, it does not really matter to us how the 
capacitor voltage became Vq for t = 0, or the value of the capacitor voltage for t < 0. Nevertheless, 
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The differential equation can be found by using the node method. Applying 
KCL at the node with voltage vq, we get 

vc-vi C dvc _ Q 
R dt 


Dividing by C and rearranging terms, 

dvc 


dt 


V C _ v i 

RC~ RC 


(10.29) 


The homogeneous equation is 


dvcH VCH 

dt RC 


(10.30) 


which, as expected, is the same as that in Equation 10.6 for the Norton cir¬ 
cuit, since the Norton and Thevenin circuits are equivalent. Borrowing the 
homogeneous solution to Equation 10.6, we have 

v C H = Ae~ t/RC (10.31) 


where RC is the time constant of the circuit. 

Let us now find the particular solution. Since the input drive is a step of 
magnitude V, the particular solution is any solution to 


dvcp VCP 
dt + RC 


V 

RC' 


(10.32) 


the following is one possible circuit that will realize the given initial condition on the capacitor and 
the effect of a step input: 



In the circuit, a DC source with value Vq is applied across the capacitor using switch SI. The DC 
source forces the capacitor voltage to Vq. This DC source is switched out as shown at t = 0, and 
another DC source with voltage V is switched in using switch S2. This action applies a step voltage 
of magnitude V to the capacitor, which has an initial voltage Vq at t = 0. 
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Because the drive is a step, which is constant for large t, we can assume a 
particular solution of the form 

v C p = K. (10.33) 

Substituting into Equation 10.32, we obtain 

K _ V 
RC~ RC' 

which implies K = V. So the particular solution is 

v C p = V. (10.34) 

Summing vqh and t'Cft we obtain the complete solution: 

v c =V+Ae~ t/RC . (10.35) 

The initial condition can now be applied to evaluate A. Given that the capacitor 
voltage must be continuous at t = 0, we have 

v c {t = 0) = Vo- 

Thus, at t — 0, Equation 10.35 yields 


A — Vq-V. 


The complete solution for the capacitor voltage for t > 0 is now 


vc = V + (Vo — V)e~ t/RC 


(10.36) 


where, V is the input drive voltage for t > 0 and Vo is the initial voltage on 
the capacitor. As a quick sanity check, substituting t = 0, we get vq(0) = Vo, 
and substituting t = oo, we get t>c(oo) = V. Both these boundary values are 
what we expect, since the initial condition on the capacitor is Vo, and since the 
input voltage must appear across the capacitor after a long period of time. 

By rearranging the terms, Equation 10.36 can be equivalently written as 

v c = V 0 e~ t/RC + V(1 - e ~ t/RC ). (10.37) 

Finally, from Equation 9.9, the current through the capacitor is 


dv _C _ y ~ Vo -t/RC 
dt~R ' 


(10.38) 


This expression for ic also matches our expectations since z’c must be 0 when t is 
large, and the since the capacitor behaves like a voltage source with voltage Vo 
during the step transition att—0, the current at t — 0 must equal (V— Vq)/R. 
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These waveforms are shown in Figure 10.7b. 

If we desire the voltage vr across the resistor, we can easily obtain it by 
applying KVL as 


vr = vi- vc 

where we take the positive reference for vr on the input side of the resistor. 
Alternatively, we can obtain vr by taking the product of the current and the 
resistance as 

vr = i C R. 

As one final point of interest, notice that Equation 10.36 was derived assuming 
both an initial nonzero state (Vo) and a nonzero input (a step of voltage V). 

Substituting V = 0 in Equation 10.36 we obtain the so called zero input 
response ( ZIR ): 

v c = V 0 e~ t/RC (10.39) 

and substituting Vo = 0 in Equation 10.36 we obtain the zero state 
response ( ZSR ): 

vc=V-Ve~ t,RC . (10.40) 

In other words, the zero input response is the response for nonzero initial 
conditions, but where the input drive is zero. In contrast, the zero state response 
is the response of the circuit when the initial state is zero, that is, all capacitor 
voltages and inductor currents are initially zero. 

Notice also that the total response is the sum of the ZIR and the ZSR, 

as can be verified by adding the right-hand sides of Equations 10.39 and 10.40 
and comparing to the right-hand side of Equation 10.36. We will have a lot 
more to say about the ZIR and the ZSR in Section 10.5.3. 

10.1.4 SERIES RC CIRCUIT, SQUARE-WAVE INPUT 

Examination of the waveforms in Figure 10.5a and 10.5b indicates that the 
presence of the capacitor has changed the shape of the input wave. When a square 
pulse is applied to the RC circuit, a decidedly non-square pulse, with slow rise 
and slow decay, results. The capacitor has allowed us to do a limited amount 
of wave shaping. This concept can be further developed by an experiment in 
which we drive the circuit with a square wave. 

In this experiment, we will use a Thevenin source as in Figure 10.8. The 
source can be a standard laboratory square-wave generator. The input square 
wave is marked as a in Figure 10.8. Several quite distinctive wave shapes for 
vc(t) can be derived, depending on the relation between the period of the driving 
square wave and the time constant RC of the network. These waveforms are 
all essentially variations on the solution derived in the preceding sections. 
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FIGURE 10.8 Response to 
square wave. 
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For the case where the circuit time constant is very short compared to the 
square-wave period, the exponentials go to completion relatively rapidly, as 
suggested by waveform b in Figure 10.8. The capacitor waveform thus closely 
resembles the input waveform, except for a small amount of rounding at the 
corners. 

If the time constant is a substantial fraction of the pulse length, then the 
solution appears as waveform c in Figure 10.8. Note that the drawing implies 
that the transients still go almost to completion, so there is an upper limit on 
the RC product for this solution to apply. Assuming, as noted here, that simple 
transients are complete for times greater than five time constants, the RC prod¬ 
uct must be less than one-fifth of the pulse length, or one tenth the square-wave 
period for this solution to apply. 

When the circuit time constant is much longer than the square-wave 
period, waveform d, shown in Figure 10.8, results. Here the transient clearly 
does not go to completion. In fact, only the first part of the exponential is 
ever seen. The waveform looks almost triangular, the integral of the input 
wave. This can be seen from the differential equation describing the circuit. 
Application of KVL gives 

vi = i c R + vc- (10.41) 

Upon substitution of the constituent relation for the capacitor, Equation 9.9, 
we obtain the differential equation 


vr dv C , 

vi = RC-- + vc- 
dt 


(10.42) 
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It is clear from Equation 10.42 or Figure 10.8 that as the circuit time constant 
becomes bigger, the capacitor voltage vr must become smaller. For waveform 
d the time constant RC is large enough that vq is much smaller than vj, so in 
this case Equation 10.41 can be approximated by 


vi ~ i c R. 


(10.43) 


Physically, the current is now determined solely by the drive voltage and the 
resistor, because the capacitor voltage is almost zero. Integrating both sides of 
Equation 10.42 assuming vq is negligible, we obtain 



(10.44) 


where the constant of integration K is zero. Thus for large RC, the capacitor 
voltage is approximately the integral of the input voltage. This is a very useful 
signal-processing property. In Chapter 15 we will show that a much closer 
approximation to ideal integration can be obtained by adding an Op Amp to 
the circuit. 

It is a simple matter to find the voltage across the resistor in the circuit of 
Figure 10.8 because we can find the current from the capacitor voltage using 
Equation 9.9, 


vr = icR = RC ~T-- 

dt 


Thus, during the charge interval, for example, from Equation 10.20, assuming 
the transients go to completion, 


v c = V(1 - e~ t/RC ). 


Hence 

v R = Ve~ t/RC . 


The wave shapes in Figure 10.8 change very little if the input signal vj has zero 
average value, that is, if vj is changed so that it jumps back and forth from —V/2 
to + V/2. Specifically, vq also has zero average value, and if the transients go to 
completion, as in wave forms b and c, the excursions will be — V/2 and +V/2. 


10.2 ANALYSIS OF RL CIRCUITS 

10.2.1 SERIES RL CIRCUIT, STEP INPUT 

Figure 10.9 will serve as a simple illustration of a transient involving an inductor. 
(See the example discussed in Section 10.6.1 for a practical application of the 
analysis involving inductor transients.) The input waveform vs is assumed to 
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FIGURE 10.9 Inductor current 
buildup. 


(a) Circuit 
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be a voltage step applied at t — 0 (see Figure 10.9a), and the inductor current 
is assumed to be zero just before the step. That is, the initial condition on the 
circuit is 


i L = 0 t< 0. (10.45) 


Suppose that we are interested in solving for the current As before, we 
can use the node method to obtain an equation involving the unknown node 
voltage Vi , and then use the constituent relation for an inductor from Equa¬ 
tion 9.28 to substitute for vi in terms of the variable of interest to us, namely 
ij . For variety, however, we will derive the same differential equation in /'/, by 
applying KVL: 

-v s + i L R + L^ = 0. (10.46) 

dt 


The homogeneous equation is 


L dl ^ + i ul R = 0. (10.47) 

dt 

Assume a solution of the form 


i LH = Ae*. 


(10.48) 
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Hence 

LsAef + RA(f l = 0. (10.49) 

For nonzero A (A = 0 is a trivial solution) 


Ls + R = 0. 


or 

s+^=0 (10.50) 

s = —RJL. (10.51) 

Equation 10.50 is the characteristic equation for our circuit, and Equation 10.50 
gives the natural frequency. 

The homogeneous solution is thus 


i LH = Ae-M* 


(10.52) 


where the time constant is in this case L/R. 

The particular solution can be obtained by solving 


ilpR + L—— = vs- (10.53) 

dt 

Because the drive is a step, which is constant for large t, it is again appropriate 
to assume a particular solution of the form 

i LP = K. (10.54) 

Substituting into Equation 10.53, and noting that for large t, vs = V, we obtain 

KR—V. 

or, 

K=~. (10.55) 

R 

So, from Equation 10.54, the particular solution is 

V 


(10.56) 
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FIGURE 10.10 Response to a 
square-wave input. 
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and the complete solution is of the form 

i L =~+ Ae { - mt . (10.57) 

R 

The initial condition together with a continuity condition, can now be applied 
to evaluate A. The continuity condition for inductor current can be found from 
Equation 9.28. If it can be shown that the inductor voltage cannot be infinite 
in the circuit, then di/dt must be finite, hence the inductor current must be 
continuous. For this particular circuit, with finite vs, we are assured of finite v^, 
hence z’/ in Equation 10.57 can be evaluated at t = 0, and set equal to the initial 
value, Equation 10.45: 


-+A = 0. (10.58) 

R 

The complete solution for the inductor current for t > 0 is now 

i L = - (l - e ~ {R/L)t ) (10.59) 

R ' ' 

and, from Equation 9.28, the voltage across the inductor is 


v L = L—^ = Ve-WVt. 

(10.60) 

dt 



These waveforms are shown in Figure 10.9b. Notice that the inductor current 
has an initial value of 0 and a final value of V/R. Thus the inductor behaves like 
an instantaneous open circuit at t = 0 and a short circuit for large t, for the step 
voltage input at t — 0. vl is correspondingly V at t = 0 and 0 for large t. 

The response to a square-wave input is shown in Figure 10.10. 

10.3 INTUITIVE ANALYSIS 

The previous sections illustrated the general method of analyzing linear RC 
and RL circuits. The several examples with step-function drive that we worked 
previously suggest that such circuits have a very limited range of solutions. 
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FIGURE 10.11 Step response 
of series RC circuit. The 
arrangement of switches provides 
for the initial voltage Vq on the 
capacitor, and an input step voltage 
of magnitude 1/at f= o. 


The two basic forms that we saw are e~ at and (1 — e~ at ). Accordingly, it turns 
out that for simple excitations, such as the step and the impulse, the response 
of first-order systems can be sketched easily using some intuition. 

Let us illustrate using the step response of a series RC circuit in 
Figure 10.1 la as an example. We will address the most general case, namely one 
in which there is both a nonzero initial state and a nonzero input. The seemingly 
elaborate arrangement of switches simply provides for the initial voltage Vo on 
the capacitor, and an input step voltage of magnitude V at t — 0, a situation 
similar to that in Section 10.1.3. For the purposes of sketching our result, we 
will further assume that V > Vo- As illustrated in Figure 10.11a, switch SI is 
initially closed and S2 is open, resulting in the voltage Vo being applied directly 
across capacitor. Just before t = 0, that is, at t— 0 _ , SI is opened (S2 remains 
open). Then, at t = 0, S2 is closed (SI remains open). The closing of S2 and 
opening of SI results in an series RC circuit with a step voltage V applied at 
t = 0. 
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Suppose we are interested in sketching the voltage vc as a function of 
time. 4 The form of the response can be sketched intuitively by identifying three 
intervals of operation as indicated in Figure 10.lid: the initial interval, which 
extends until t = 0 + (that is, the time instant just after t — 0), the transition 
interval, which is identified as the interval after t = 0 + , and the final interval, 
where S2 has been closed and SI has been open for a long time. 

The overall response can be quickly sketched through inspection by first 
determining the initial and final interval values of the voltage on the capacitor. 

Initial Interval (t < 0 + ) During this initial interval, when SI is closed (t < 0 _ ), 
the effective circuit is as shown in Figure 10.11b, with a DC source with volt¬ 
age Vo appearing across the capacitor. Thus, the capacitor voltage is Vo 
during t < 0 _ . 

Next, notice that in the short period of time between t = 0“ and t = 0, 
and still within the initial interval, the capacitor is not connected to any other 
circuit (recall SI is opened at t = 0“ and S2 is closed immediately thereafter 
at t — 0). Assuming the capacitor is ideal, it holds its charge and so its voltage 
remains at Vo until the switch SI is closed. 

Then, at t = 0, SI is closed, resulting in a finite step of magnitude V 
being applied to a series RC circuit in which the capacitor has a voltage Vo 
across it. Let us now determine the capacitor voltage at t = 0 + , just after the 
step. From the element law of the capacitor (Equation 9.7), we know that an 
instantaneous jump in capacitor voltage requires an infinite spike (that is, an 
impulse) in current. Since a finite step voltage applied across a resistor cannot 
support an infinite spike in current, we conclude that the capacitor voltage 
cannot change instantaneously, rather it must be continuous. Thus, the voltage 
across the capacitor at t — 0 + must also be Vo- This is our initial condition 
on the capacitor. The voltage across the capacitor during the initial interval 
[t < 0 + ) is sketched in Figure 10.1 fd. 

Final Interval ft 0) We next turn our attention to the final interval. To 
determine the capacitor voltage in the final interval, observe that our situation 
is identical to that of a DC source with voltage V applied across the series 
combination of R and C as shown in Figure 10.1 lc. Since the capacitor current 
is proportional to the rate of change of the capacitor voltage (Equation 9.7), in 
a DC situation, where all transients have died out, the current flowing through 
the capacitor must be zero. In other words, in a DC situation, the capacitor 
voltage has attained some fixed value, and hence the capacitor current is zero. 
Effectively, the capacitor behaves like an open circuit for DC sources. Since 
no current is flowing, the drop across the resistor must be zero. Thus, to 


4. Other branch variables in the circuit such as Iq and vr share the same general form and can be 
derived in an analogous fashion. 
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satisfy KVL, the capacitor voltage must equal V, the voltage of the DC source. 
This value is sketched in the final interval in Figure 10.1 fd. 

Transition Interval (t > 0 + ) We have now sketched the initial and final values 
of the capacitor voltage. The transition interval for t > 0 + remains to be 
analyzed. During this interval, observe that the capacitor voltage cannot jump 
instantaneously from Vo to V due to the continuity condition. Specifically, we 
know from the solution to the homogeneous equation for the RC circuit that 
the transient follows an exponential form, either rising (1 — e~ t/RC ) or falling 
( e ~ t/RC ), with time constant RC. (For the corresponding inductor-resistor circuit 
the time constant will be L/R.) In our case, since V > Vo, the transient will be 
a rising exponential. 

Complete Response The complete response for all of the three regions is 
sketched in Figure 10.lie. 

The corresponding equation for the capacitor voltage that matches the 
initial and final values, and the exponential with time constant RC, for t > 0, is 

v c = V+ (Vq - V)e~ t/RC . 


In other words, for t > 0, 

v c = final value + (initial value - final value)e“ f/time constant (10.61) 
or equivalently, rearranged a little bit, 

= initial value e- f/timeconstant + final valued - e - f/tune constant ) 

(10.62) 

You might want to confirm that Equation 10.61 combined with the appropriate 
boundary conditions results in the same solutions as obtained by solving the 
differential equations in the previous sections. For example, for the RC discharge 
transient example of Section 10.1.2, the initial capacitor voltage is given as 
vc(0) and the final value is zero. Substituting Vo = vc(0) and V = 0 into 
Equation 10.61, we obtain 

vc = v c (0)e~ t/RC 

which is the same as the expression obtained in Equation 10.26. 

At this point, we take a moment to make a couple of other helpful obser¬ 
vations. Sometimes, we desire the response related to the capacitor current. 
The responses related to the capacitor current can be easily determined from 
the voltage response and the capacitor element law. However, the current 
response can also be directly obtained by using the same type of insight that we 
used to obtain the voltage response. Here, we would seek the initial and final 
values of the current. In our example, the final value of the capacitor current 
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after all transients have died out is 0. The initial value of the current (at t — 0) 
can also be determined easily. Since the capacitor voltage at t = 0 is Vo, the 
instantaneous current through the capacitor at t — 0 is given by 


kit — 0 ) = 


V-Vo 

R 


l c 



FIGURE 10.12 Current 
response of a series RC circuit 
to a step input. 


which is the voltage across the resistor (V— Vo) divided by the resistance (R). 
Thus, at the instant that the switch SI is closed, the capacitor behaves like 
an instantaneous voltage source with voltage Vo. In like manner, if the initial 
voltage on the capacitor were zero (that is, Vo = 0), then the capacitor would 
behave like an instantaneous short circuit. In either case, notice that the capacitor 
current is not necessarily continuous, only the state variable. In our example, 
the capacitor current jumps from 0 to (V — Vo)/R at t = 0. The current decays 
exponentially with time constant RC from the initial value of (V — Vo)/R at 
t = 0 to its final value of zero. The current response is plotted in Figure 10.12. 

Inductors can be treated in a similar manner. The key difference is that the 
state variable for an inductor is its current. Accordingly, the inductor current 
is continuous (recall, from Equation 9.26, an instantaneous jump in induc¬ 
tor current requires an infinite spike, that is, an impulse, in the voltage). To 
determine initial and final values of the inductor current, remember that the 
inductor behaves like a long-term short circuit for DC current sources, and like 
an instantaneous open circuit for abrupt transitions. 5 The time constant for 
circuits containing an inductor and a resistor is L/R. With these definitions, 
Equation 10.61 is equally applicable to inductor-resistor circuits. 

As an inductor-resistor example, consider the current response of the series 
RL circuit from Figure 10.9a redrawn in Figure 10.13. As sketched in Figure 
10.13, the initial current through the inductor is zero. The final current through 
the inductor is V/R , because the inductor behaves like a long-term short circuit. 
The time constant of the circuit is L/R. Substituting into Equation 10.61, we get 



Gr°K“ 


or 

which is identical to Equation 10.59. 


5. If the inductor current were nonzero, then it would behave like an instantaneous current source 
for abrupt transitions. 
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FIGURE 10.13 Series RL 
circuit, step response through 
intuitive analysis. 


This section showed how we can quickly sketch the step response using 
intuition. A similar approach also works for impulse responses. Intuitive 
analysis for impulses is discussed further in Section 10.6.4. 

10.4 PROPAGATION DELAY AND THE 
DIGITAL ABSTRACTION 

The RC effects we have seen thus far are the source of delays in digital circuits, 
and are responsible for the wavefonns shown in Figure 9.3 in Chapter 9, or 
those in Figure 10.1 in this chapter. Consider the two-inverter digital circuit 
shown in Figure 10.14 in which inverter A drives inverter B. Inverter A is driven 
by an input and its output is fouTl- Figure 10.15 replaces the inverters 
with their internal circuits comprising MOSFETs and resistors. 

Let us begin by reviewing the basic inverter circuit. Assume that the 
threshold voltage for both MOSFETs is 1 volt. When vjni is low (< 1 volt), 
MOSFET A is turned off, and no current flows from its drain to its source. 
Output voltage t'ouTl is high. In contrast, when is high, MOSFET A is 
turned on. Its output voltage t'ouTl is given by the voltage-divider relationship 

Ron/{Ron + Rl)- 

Ideally, the input (corresponding to a sequence of l’s and 0’s of 
the form shown in Figure 10.16) should produce the ideal output vo\m{ideal). 



FIGURE 10.14 Inverters connected in series. 


FIGURE 10.15 Internal circuits of the inverters. 
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FIGURE 10.16 Characteristics 
of ideal and actual inverters. 
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As shown in Figure 10.16, the output of an ideal inverter should show a change 
at the same instant as the input. Furthermore, the output should be an ideal 
square wave just like the input. 

However, in practice, if we were to observe the output ^outi on an oscil¬ 
loscope, we would notice that the change in the output is not instantaneous; 
rather the output changes from one valid voltage level (for example, a logical 0) 
to another valid voltage level (for example, a logical 1) more slowly over a small 
period of time as suggested by the signal marked fouTl (actual) in Figure 10.16. 
How does this slow transition affect the behavior of the digital circuit? 

Recall that the ZAyuTl signal represents a digital signal, so it must reach Vocr 
so that the gate that produced it adheres to the static discipline and we obtain 
a nonzero noise margin. As suggested in the lowermost signal in Figure 10.16, 
notice that the Voh crossing happens at a time interval ^i_>o after the input 
changes from a f to a 0. Thus, effectively, there is a delay of between the 

moment that the input changes to a 0 to the moment that the output changes 
to a valid f. 

This period of time is called the propagation delay 6 through inverter A for a 1 
to 0 transition at the input and is denoted as tp^ i^o- 

As suggested in the lowermost signal in Figure fOT6, 

the inverter is also characterized by a 0 —> f propagation delay. This delay is 
denoted as ^o->i- 

The tp^ i^o and tpdfl^l delays are not necessarily equal. For simplicity, we 
often characterize digital gates by a single delay called its propagation delay tpj 
and choose 

tpd — mflx[tpd,\—tpdg— >i). (10.63) 


6. The propagation delay is sometimes defined as the time interval from the 50% point of the input 
signal transition to the 50% point of the output signal transition. 
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10.4.1 DEFINITIONS OF PROPAGATION DELAYS 

The following are more general definitions of propagation delays associated 
with digital gates with multiple inputs and outputs. The reader wishing to 
return to the computation of tpj for our inverter example can skip this section 
without loss of continuity and proceed directly to Section 10.4.2. 

tpd,l^0 We define tpd^o f° r a given input terminal and a given output termi¬ 
nal of a combinational digital circuit as the signal propagation delay from 
the input terminal to the output terminal for a high to low instantaneous 
transition at the input. More precisely, tpd^o for 311 input-output terminal 
pair is the time interval from the moment that the input changes from a 1 
to a 0 to the moment that the output reaches a corresponding valid output 
voltage level (Voh or Vol)- 

tpdfl^ i Similarly, we define £p<^o-> 1 f° r a given input terminal and a given output 
terminal of a combinational circuit as the signal propagation delay through 
input-output terminal pair for a low to high instantaneous transition at the 
input. More precisely, \ for an input-output terminal pair is the time 
interval from the moment that the input changes from a 0 to a 1 to the 
moment that the output reaches a corresponding valid output voltage level. 

tpd for an Input-Output Terminal Pair: We define the propagation delay tpj 
between an input terminal and an output terminal of a combinational 
circuit as 


tpd — max(tpd i —tpd 0—>i) 

where tp^ i_>o tpd, 0->i ate the corresponding 1 —»• 0 and 0—^1 delays 
for the same input-output terminal pair. 

Propagation Delay tpd for a Combinational Gate: If t'^ is the propagation delay 
between input terminal i and output terminal j of a digital gate, then the 
propagation delay of the gate is given by 

tpd = max i,jt'pd’ 

which is the maximum delay of all input to output paths. The propagation 
delay is also called the gate delay. 

In the simple example shown in Figure 10.16, the propagation delay 
through the inverter for a low to high transition at the input, tpd^\, is also 
equal to the rise time of the output of the inverter. Similarly, tpd t i^o> is also 
equal to the fall time of the inverter output. The rise and fall times are properties 
of output terminals of circuits, while propagation delays measure the relative 
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signal transition times between inputs and outputs of circuits. The rise and fall 
times are defined as follows: 7 

Rise Time In general, the rise time for an output is defined as the delay in rising 
from its lowest value to a valid high (Voh) at that output. 

Fall Time The fall time for an output is defined as the delay in falling from its 
highest value to a valid low (Vol) at the same output. 

In general, the propagation delay and the rise/fall time are not equal. The 
0 —y 1 propagation delay for a digital circuit is the time between an input 0 to 
1 transition (the input transition is assumed to happen instantaneously) and the 
corresponding output transition. The output transition is assumed to complete 
only when the output voltage crosses the appropriate output voltage threshold. 
The propagation delay and the rise/fall times are usually not equal when the 
digital circuit consists of multiple stages. When a circuit consists of multiple 
stages, the rise/fall time at the output is usually a function of the properties 
of the output circuit alone. However, the propagation delay is the sum of the 
delays of each of the stages. 

How does the propagation delay impact our digital abstraction? Notice 
that the slowly rising output of the inverter now spends a nonzero amount of 
time in the invalid output voltage range, namely Vjl —»■ Vjh■ This appears to 
violate the static discipline. Recall that the static discipline requires that devices 
produce valid output voltages that satisfy the output thresholds when valid input 
voltages are supplied. We get around this difficulty by observing that the inverter 
output eventually crosses the valid output threshold. Furthermore, notice that 
the static discipline does not take a position on time. In other words, it does 
not require gates to produce valid outputs instantaneously if the inputs change. 
Accordingly, to make the this fact explicit, we can modify the statement of the 
static discipline by requiring that devices produce valid output voltages (in a finite 
amount of time) that satisfy the output thresholds when valid input voltages are 
supplied. 

Revised statement of the static discipline The static discipline is a specification 
for digital devices. The static discipline requires devices to interpret correctly 
voltages that fall within the input thresholds (Vjl and Vjh). Provided valid 


7. The rise and fall times are sometimes defined slightly differently. For example, the rise time of a 
node that transitions from a low to a high voltage might be defined as the time taken by a signal 
at that node to rise from 5% to 95% of the change in voltage. Alternatively, the rise time can be 
defined as the time taken by a signal at that node to rise from a valid low voltage VoL to a valid 
high voltage Vqh- As one more possibility, the rise time might be defined as the time taken by 
a signal to rise from its lowest value to 50% of the voltage difference. Corresponding definitions 
for the fall time also exist. The vagueness of these definitions only serves the interests of product 
marketeers, but for us, the important thing to learn is how to calculate the time intervals between 
any pair of signal values. 




10.4 Propagation Delay and the Digital Abstraction chapter ten 


529 


inputs are provided to the devices, the discipline also requires the devices to 
produce valid output voltages (in a finite amount of time) that satisfy the output 
thresholds (Vol and Voh)- 

We can also refine our combinational gate abstraction to include the notion 
of a propagation delay, so that the abstraction remains valid in the presence of 
transitioning signals. Recall, the properties of a combinational gate as previously 
defined in Chapter 5.3: (1) The gate’s outputs are a function of its inputs alone 
and (2) the gate must satisfy the static discipline, hi the presence of a finite gate 
delay, there is a small period of time following an input transition in which the 
outputs do not reflect the new inputs; rather they reflect the old inputs. Thus our 
previously defined gate abstraction is violated. We negotiate this inconsistency 
by introducing a timing specification into our gate abstraction. 


Revised statement of the combinational gate abstraction A combinational gate 
is an abstract representation of a circuit that satisfies these properties: 


f. Its outputs will be valid no later than t pd after an instantaneous change in 
its inputs. 

2. Its outputs are a function of its inputs alone (after an interval of time no 
greater than t pd following a change in its inputs). 

3. It satisfies the static discipline. 

Now that we have included the propagation delay of a device in its abstract 
specification, an additional benefit results: A gate-level circuit will now carry 
information on both its logic function and its speed. A rough estimate of the 
delay from any input to any output of a logic circuit along a path with multiple 
gates can be obtained by summing the propagation delays of each of the gates 
in that path. Thus, for example, if inverters are characterized by a t pd of 1 ns 
and OR gates with a t p j of 2 ns, then in the circuit in Figure 5.16 in Chapter 5, 
the delay from the input A to output C would be 2 ns, while the delay from 
the input B to output C would be 3 ns. If digital circuit designers need more 
accurate timing information for a circuit comprising multiple devices, or if they 
need to derive the t pd of a single device, then they must use the analysis methods 
discussed in the ensuing sections. 

10.4.2 COMPUTING t pd FROM THE 
SRC MOSFET MODEL 

Let us now compute the magnitude of the propagation delay. We use the switch 
resistor capacitor (SRC) model of the MOSFET introduced in Section 9.3.1 to 
determine this delay. Recall that we augmented the SR model of the MOSFET 
with a gate-to-source capacitor and created the SRC MOSFET model shown 
in Figure 10.17. 


? D 


G 



6 S 


V CS < V T 
OFF State 



6 S 


V GS ~ V T 
ON State 


FIGURE 10.17 The switch- 
resistor capacitor model of the 
MOSFET. 
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FIGURE 10.18 Internal circuits 
of the inverters. 



Recall that the propagation delay results from the finite amount of time 
required for the output to transition from a given valid output voltage level to 
another when the input to the circuit transitions. The slower transition at the 
output is attributable to RC effects. Figure 10.18 replaces the inverters with 
their internal circuits comprising MOSFETs and resistors. Figure 10.19 further 
replaces the MOSFETs with their SRC circuit model when applied to the 
inverter A corresponds to a logical 1. For this the MOSFET in inverter A 
will be on, and the MOSFET in inverter B will be off. Similarly, Figure 10.20 
shows the circuit model when applied to inverter A corresponds to a 
logical 0. For this t^sii, the MOSFET in inverter A will be off, and the MOSFET 
in inverter B will be on. Thus, when alternating logical l’s and 0’s are applied 
to the input to the inverter pair, and the inverters are allowed to reach steady 
state after each transition, the equivalent circuit model alternates between the 
two circuits in Figures 10.19 and 10.20. 

Let us first analyze the circuit qualitatively. Consider the case where (/|\ i has 
been high for a long period of time and focus on the part of the circuit bounded 
by the dashed box in the Figure 10.19, which includes the load resistor and 
Ron °f inverter A and the gate-to-source capacitor of inverter B. Since the 
circuit is in its steady state, the capacitor behaves as an open circuit, and so the 
voltage across the capacitor will be established by the voltage-divider subcircuit 
comprising the supply Vs, and the resistors Rl and Ron- Assuming Ry Ron, 
the capacitor voltage will have a low value (close to 0 volts). 


FIGURE 10.19 SRC circuit 
model of inverters connected in 
series when the input is high. 
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FIGURE 10.20 SRC circuit 
model of inverters connected in 
series when the input is low. 
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Next, focus on the time instant when the input voltage i^ini switches from 
a high to a low value (for example, 5 to 0 volts), turning the first MOSFET off. 
At this transition instant, the capacitor Cgs2 is almost completely discharged 
(assuming that Rl Ron for the inverters). Therefore, the voltage across 
CgS2, which corresponds to the voltage foim on the output of inverter A, will 
be initially close to 0 V. This is depicted as the time instant A in Figure 10.16. 

After the first MOSFET turns off, Figure 10.20 applies. Focus again on the 
part of the circuit bounded by the dashed box. It is easy to see that the circuit 
inside the dashed box is a first-order RC circuit. Remember, the voltage across 
Cgs 2 is low initially. Now, Vs begins to charge Cgs 2 through the resistor Rl. 
The equivalent RC circuit for the devices in the box are shown in Figure 10.21. 
As the capacitor charges up, the output voltage of inverter A rises. This voltage 
must rise above the valid logical output high threshold, namely Voh-> to satisfy 
the static discipline. Notice that although the second MOSFET will turn on 
when fouTl crosses its Vr threshold (for example, 1 V), we require ^OUTI to 
reach Voh to achieve a modest noise margin. Notice that the presence of the 
capacitor Cgs2 makes ^OUTI take a finite amount of time to rise to the required 
V oh level. As we saw before, this interval of time is called the propagation delay 
for the inverter for a high to low transition at the input and is denoted by tp^ i^o- 
As discussed earlier, the output capacitor charge-up time is also called the rise 
time of the inverter. 

Next, let us consider the time instant when the input voltage switches from 
0 volts to 5 volts, turning the first MOSFET on. Let us assume that this 0-V to 
5-V transition happens after a sufficiently long period of time so that Cgs2 is 
initially charged up to its steady state value of 5 V. When the first gate is turned 
on, CgS2 begins to discharge. The RC circuit and its Thevenin equivalent for the 
discharge is shown in Figure 10.22. For the logical 0 to logical 1 transition at the 
input to be reflected at the output of inverter A, the voltage across Cgs2 needs 
to go below the valid logical output low threshold, Vol ■ As before, although 
MOSFET B will turn off when ^outi drops below 1 volt, we require the output 
to go below Vol to provide for an adequate noise margin. The interval of time 
corresponding to the output capacitor discharge for an inverter is also called 
the propagation delay for the inverter for a low to high transition at the input and 



FIGURE 10.21 Equivalent 
circuit when Cq^i is charging. 




FIGURE 10.22 Equivalent 
circuit when CgS 2 is discharging. 


(a) RC circuit model 


(b) Thevenin equivalent network 
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is denoted by tp d ^ i. Furthermore, as stated previously, the output capacitor 
discharge time is also called the fall time of inverter A. 

The propagation delay tpj for inverter A is simply taken as the maximum 
id fkl.O > 1 and tpd, 

At this point, it is worth discussing a slight mismatch between the digital 
gate abstraction and the physical realities of computing the propagation delay. 
From the viewpoint of the digital gate abstraction, the propagation delay tp d is 
a property of the digital gate. Accordingly, we might say that an inverter (for 
example, one identical to inverter A) always has a propagation delay of 2 ns. 
However, the example discussed thus far illustrates that the propagation delay 
of an inverter depends not only on the characteristics of its internal compo¬ 
nents, but also on the size of the capacitance that it is driving, and therefore the 
propagation delay of the inverter can change depending on its environment. 
In particular, the propagation delay of inverter A in our example depends on 
the input capacitance of inverter B. Thus, strictly speaking, it makes no sense 
to define the propagation delay of a device in isolation. However, for conve¬ 
nience, we would like to characterize devices with a single tp d without defining 
their surrounding environment, so this simple device model can be used to 
obtain quick estimates of digital circuit delays when multiple gates are con¬ 
nected together. Accordingly, unless explicitly stated otherwise, device libraries 
or catalogs define a t pd for a gate assuming it is driving a “typical” load — 
commonly, four minimum sized inverters. 8 



Computing t pd ^_, 

Let us now determine quantitatively the propagation delay for a low to high 
transition at the input of the inverter. Assume through the rest of this example 
that a valid output low voltage, Voi, is f volt, and that a valid output high 
voltage, VoHi is 4 volts. Also assume Ron is 1 k£2, and that the threshold 
on-voltage for the MOSFET is 1 volt. Also assume that Ri is 10 kfl 

In this case, as discussed earlier, Cgsi is initially charged to 5 volts. We 
need to determine the time taken for the capacitor voltage to drop from 5 to 
Vol = 1 volts. 

When the input is high, Figure 10.22 shows the equivalent circuit. Let us 
denote the Thevenin equivalent resistance RlIIRon as Rth, and the Thevenin 
equivalent voltage VsRon/(Ron + Rl) as Vth■ Let us also denote the capacitor 
voltage fouTl by vc, and the current through the circuit by ic as shown in 
Figure 10.23. 


FIGURE 10.23 Equivalent 
circuit when Cqs 2 is discharging. 


8. A related metric that is sometimes used to characterize the speed of a process technology is called 
the fan-out-of-4 (or F04) delay. The F04 delay for a process technology is the propagation delay 
of a minimum sized inverter driving four other inverters of the same size. 
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Using the node method, we obtain, 


vc ~ Vth 
Rth 


+ c G ^ 

dt 


= 0 . 


Rearranging, 


RthCgs 2 ~r + vc= Vth- 
dt 


Solving Equation 10.64 yields 

v c (t) = V T H + Ae- t/R ™ CGS2 . 


(10.64) 


(10.65) 


Substituting the initial condition uc(0) = Vs, we obtain the final solution: 

v c {t) — Vth + (Vs — Vth)& t ^ TH< ^ GS2 . (10.66) 

How long does it take for vc to drop below 1 volt? To obtain this duration, 
we must solve for the value of t that satisfies 

Vth+ (Vs — VTH)s~ t/Rm( " GS1 < 1. 

In other words, 

t > -RthCgsi In (~ ■ 

V vs - Vth / 

For Rl = 10 kQ and Ron = 1 kQ, Rth = 10000/11, and Vth = Vs/11. 
Substituting Vs = 5 V and Vth = 5/11 V, the value of t must satisfy 


t > -RthCgsi In 



Substituting for Rth , the value of t must satisfy 


t > 


10000 

11 


Cgsi In 



(10.67) 


Suppose the gate capacitance C(,v 2 = 100 f'F. We then have 
10 

t> -x 10 3 x 100 x 10“ 15 x ln(3/25) 

11 


or, 

t > 0.1928 ns. (10.68) 

Thus tp^ o_*i = 0.1928 ns. 
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Computing t pd l ^ 0 

When the input goes low, the circuit model that applies is shown in 
Figure 10.21. In this case, we know that initial voltage Vco on the capacitor is 
determined by the voltage-divider relationship: 


Vco = 


VsRqn 
Ron + Rl 


= 5/11 V. 


Our goal is to solve for the time it takes for the capacitor to charge up to 
Voh = 4 volts. 

Again, we obtain the following using the node method (writing vq in place 
of zaduti), 


vc ~ Vs 

Rl 


+ CgS2 


due 

dt 


= 0. 


Rearranging, we get 


RlCgsi —p + V C = Vs. 
dt 


Solving Equation 10.69 yields 


(10.69) 


v c {t) = V 5 + Ae~ t/RLCGS 2 . (10.70) 


Using the initial condition, we get 


vdt) = Vs + (Vco - Vs)e~ t,RLCGS1 , 


(10.71) 


substituting, Vco = 5/11V and Vs = 5 V, 

vdt) = 5- (50/n)e~ t/RLCGS1 . (10.72) 


How long does it take for vc to go above Voh = 4V from an initial 
5/11 V? To determine the delay, we must solve for the t that satisfies 

5 - (50/n)e~ t/RLCGS1 > 4. 


Simplifying, we get 

t > -RlCgsi In • (10.73) 

In other words, 

t > -10 x 10 3 x 100 x 10 -15 ln(ll/50) 
t > 1.5141 ns. 

The delay t pd ^ 0 is thus 1.5141 ns. 


(10.74) 
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Notice the RlCgsi factor in Equation 10.73. In typical circuits, a ballpark 
estimate of the delay can be obtained by simply taking the product of the 
capacitance and the effective resistance through which it charges. In our case, 
^,i->o ~ RlCgsi = 10 x 10 3 x 100 x 10 -15 = 1 ns. Similarly, the ballpark 
estimate of t pdj0 ->i is given by t pd , 0 ->i ~ RthCgsi = 10/11 x 10 3 x 100 x 
10 -15 = 0.09 ns. 

Computing t pd 

By our definition, the propagation delay of the gate t pd is the greater of the 
rising and falling delays. In other words, 


tpd — niax{t pc [^ 0 —>-i, t p d, l—>-o)* 
Therefore, t pd = 1.5141 ns. 


EXAMPLE IO.I WIRE LENGTH ON A VLSI CHIP Inthisexam- 
ple, we will examine how wire length becomes an important issue in the design of VLSI 
chips. Consider the inverter pair circuit in Figure 10.14. Suppose the two inverters are 
on the opposite ends of a chip that is 1 cm on a side. The resulting long wire connecting 
them can no longer be treated as an ideal conductor with no resistance or capacitance. 
Instead we must replace the wire with an ideal wire in combination with a wire capaci¬ 
tance and a wire resistance. The resulting RC delays can be significantly higher than the 
RC delays of inverters connected to each other with short wires. 

Figure 10.24 depicts graphically the wire connecting the two inverters on the VLSI chip. 
Assume the wire is of length L and width W. The MOSFETs have gate lengths Lg and 
gate widths W g . Since the length of the wire is significant, we need to model it carefully. 
Let the wire resistance be denoted R w i,- e and the wire capacitance 0™,. The circuit 
model for the inverter pair taking into account wire parasitics is shown in Figure 10.25. 



FIGURE 10.24 Long wire on a 
VLSI chip. 
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FIGURE 10.25 Circuit model of 
long wire on a VLSI chip. 



FIGURE 10.26 Charging the 
wire capacitor on a VLSI chip. 
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(Here we assume that the parasitic inductance of the wire according to the model in 
Figure 9.7 in Chapter 9 is zero.) 

If the sheet resistance of the wire is Ra (see Equations 1.10 and 1.9), we know, 

Rwire = (L/W)R a . 

Similarly, if C 0 is the capacitance per unit area of the wire, (formed between the wire, 
insulation, and the grounded substrate), we know 


C w 


= LWC 0 . 


Clearly, the longer the wire, the larger its capacitance and resistance. Recalling that 
delays are related to the RC time constants, notice that the RC product for the wire is 


RwireCwire = ( L/W)R a X LWC a = L 2 R a C 0 . 


The L 2 term in the RC product implies that wire delays grow as the square of wire 
lengths. Assume that the wire is 1 pim wide and 1000 (im long. Further, assume Ra is 
2 and C 0 is 2 fF//rm 2 . Therefore, 

R wke = 1000 x 2 = 2 


and 


Cwire = 1000 x 2fF = 2 pF. 
The RC time constant for the wire is 


RwireCwire = 2 X 10 3 X 2 X 10 12 = 4 ns. 


Figures 10.26 and 10.27 show the relevant circuit models for charging and discharging 
the wire capacitance Cwir e and gate capacitance Cgs2 ■ Let us assume values for Vql 
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(b) Thevenin Equivalent Network 


FIGURE 10.27 Discharging the 
wire capacitor on a VLSI chip. 


and Voh to be the same as those used in Section 10.4.2. In other words, Vqh = 4V 
and Vol = IV. 

When the input Vnqi transitions from high to low, Figure 10.26 applies, and we can 
use the results from Section 10.4.2 to compute the propagation delay by using 

C Rl 4“ R-w ire) in place of Rp and (Ccffl + Ovire) in place of Cgsz- Thus, the propagation 
delay for Ri = 10 k, Ron — 1 k£2, Cgsz = 100 fF is given by 

tpd, I —, 0 = ~(Rl + wire) x (CgS2 + Cwir e )b(ll/50) 

= -(10 4- 2) X 10 3 X (100 4- 2000) x 10" 15 x ln(ll/50). 


Thus, 

tpd,i->0 — 38.15 ns. (10.75) 

When the input makes a low to high transition, Figure 10.27 applies, and we 
can use the results from Section 10.4.2 to compute the propagation delay tp^ o_>i with 
(Rl III^on + Rwire) in place of Rth and (Cgsz + Owe) in place of Cqsz- For Rl = 10kS2, 
Ron = 1 kf2, Cgsz — 100 fF, we get: 

— -(^lII^ON + Rwke){CcS2 + Owe) ln(3/25) 

= - ^ 4- 2^j X 10 3 X (100 4- 2000) x 10" ls x ln(3/25), 


or, 

= 12-9 ns. (10.76) 

Thus, we see that tpdfi-^i = 12.9 ns, which is significantly higher than the delay when 
the wire effects were not included. 

Choosing the larger of the rise and fall delays, we observe that tpj = 38.15 ns. Clearly, 
the wire delay has increased the circuit delay by more than an order of magnitude. 
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FIGURE 10.28 Voltage as a 
state variable. 


10.5 STATE AND STATE VARIABLES 

10.5.1 THE CONCEPT OF STATE 

Capacitors and inductors can be discussed from a somewhat different point of 
view, one that emphasizes the memory aspect of the devices, as introduced in 
Equation 9.13 in Section 9.1.1. This section introduces an analysis of capacitor 
and inductor circuits based on their state, and will show that this representation 
facilitates computer analysis of circuits, which is particularly useful when the 
circuit is nonlinear or if it contains a large number of storage elements. 

Let us begin by quickly reviewing the concept of state. If we apply an 
arbitrary current waveform to a capacitor, as in Figure 10.28, then the charge 
on the capacitor, and hence the capacitor voltage will be the integral of that 
current, as indicated in the figure. 


q{t) = 



(10.77) 


It might at first appear that to perform this integral we need to know the 
complete current waveform from t = — oo. Not so. All we need is the charge 
(or voltage, since q = Cv ) at one time, and the current waveform thereafter. 
If the charge at t\ is q{t\) then from Equation 10.77 the charge at some time A 
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greater than t\ is 


<?te) = 



rh 

= q[t\) + / i{t)dt. 


(10.78) 

(10.79) 


All of the relevant past history of the circuit prior to t\ is summarized in 
one value, q{t\). Variables that have this property are called state variables. Thus 
Equation 10.79 indicates that if we know the value of the state variable at one 
time, and the value of the input variable thereafter, we can find the value of the 
state variable for any subsequent time. 

For linear time-invariant capacitors, the capacitor voltage is also a state 
variable, because 

q = Cv. 

For an inductor, the fundamental state variable is the total flux linked by the 
inductor, X. Recall from Equation 9.32, if the inductor is linear and time- 
invariant, the current is equally appropriate as a state variable since it is linearly 
related to X as 

X 

l ~ T 

From tills point of view, the first-order differential equations for the RC and RL 
circuits, Equations 10.2, 10.42, and 10.46 can all be written as state equations 

— (state variable) = /(state variable, input variable). (10.80) 

dt 

For the linear case, /is a linear function, so Equation 10.80 becomes 

— (state variable) = Restate variable present value) + K 2 (input variable). 
dt 

(10.81) 

For example, consider Equation 10.2 for the circuit in Figure 10.2a: 


dv c | vc _ At) 
dt RC C 

This equation can be written in the canonic state equation form of Equa¬ 
tion 10.81 as 

dv c _ _vc 
dt RC C 
where the only state variable is vq- 


(10.82) 
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10.5.2 COMPUTER ANALYSIS USING 
THE STATE EQUATION 

One advantage of the state equation formulation is that even in the nonlinear 
case, the equations can be readily solved on a computer. 9 If the input signal 
and the initial value of the state variable are known, then the slope of the state 
variable, that is, 


— (state variable) 
dt 

can be found from Equation 10.81. The value of the state variable at time 
t + At can now be estimated by standard numerical methods (Euler’s method, 
Runge-Kutta, etc.). The process can now be repeated until the entire waveform 
is found. 

Continuing with our example in Equation 10.82, suppose that the input 
signal i(t) is known for all time. Also, suppose that the value of the state variable 
at time t = to, namely Veto)-, is known. Then, Euler’s method 10 approximates 
the value of the state variable at time t = to + At as 


veto + At) = veto) -—- At+ — At. (10.83) 

ivC c 

The value of vc at time t = to + 2 At can be determined in like manner from the 
value of veto + At) and i(fo + At). Subsequent values of ve can be determined 
using the same process. By choosing small enough values of At, a computer 
can determine the waveform for vc(t) to an arbitrary degree of accuracy. This 
process illustrates the fact that the initial state contains all the information that is 
necessary to determine the entire future behavior of the system from the initial 
state and the subsequent input. 

This procedure works even for circuits with many capacitors and inductors, 
linear or nonlinear, because these higher-order circuits can be formulated in 
terms of a set of first-order state equations like Equation 10.80, one for each 
energy-storage element (with an independent state variable) in the network. 
Chapter 12 discusses such an example in Section 12.10.1. 


9. To build intuition, we will describe a simple computer method here. However, we note that 
other more efficient methods are employed in practice. 

10. Euler’s method is based on the following discrete approximation: 

dvc(t) _ At ) ~ v cW) 

At 


dt 
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FIGURE 10.29 Transient with 

10.5.3 ZERO-INPUT AND ZERO-STATE RESPONSE initial charge on capacitor. 

Another advantage of the state variable point of view is that it allows us to 
solve transient problems by superposition. Specifically, we find first the zero- 
input response, the response for the true initial conditions, with the input drive 
zero. Then we find the zero-state response, the response of the circuit when 
the initial state is zero, that is, all capacitor voltages and inductor currents are 
initially zero. The total response is the sum of the zero-input response (ZIR) 
and the zero-state response (ZSR). 

Relating these ideas to Equation 10.81, finding the zero-input-response 
involves solving the equation: 

— (state variable) = Restate variable present value) (10.84) 

dt 


using the tme initial conditions for the state variable. Finding the zero-state- 
response involves solving the equation: 

— (state variable) = K\ (state variable present value) + K 2 (input variable) 
dt 

(10.85) 

with the initial value of the state variable set to 0. 

Let us illustrate these ideas with an example. The circuit shown in 
Figure 10.29a contains a switch, which is moved from position (1) to posi¬ 
tion (2) at t = 0. If the switch has been in position (1) for a long time, the 
capacitor will be charged to the voltage Vi. That is, the initial condition for the 
circuit is 


v c = Vi t < 0. (10.86) 

When the switch is moved to position (2), there will be a transient charge (or 
discharge) until the capacitor voltage reaches a new steady state. 
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The governing differential equation is the same as the previous capacitor 
example in Section 10.1.4, Equation 10.42: 


D n dvc , 

vi = RC—— + vc- 
dt 


(10.87) 


Writing the same equation in canonic state equation form, we get 


dvc 

dt 


vc | vi 
RC + RC 


( 10 . 88 ) 


First, let us first solve for the capacitor voltage directly by finding the homoge¬ 
neous solution and particular solution. We will then derive the capacitor voltage 
by obtaining the ZIR and ZSR 
The homogeneous solution is 

v c = Ae~ tlRC . (10.89) 


By inspection from Equation 10.89, the particular solution must be 

v c = V 2 . (10.90) 


The complete solution is the sum of these two: 

v c = Ae~ tlRC + V 2 . (10.91) 

Equating Equation 10.91 at t — 0 to the stated initial condition, Equation 10.86, 

v c = Vi = A + V 2 . (10.92) 

A = V\- y 2 . (10.93) 


Hence the complete solution for t > 0 is 

v c = V 2 + (Vi - V 2 )e~ t/RC . (10.94) 

Plots of this result are shown in Figure 10.29b. As indicated, the response 
depends on the relative size of V\ and V 2 . For one particular value, namely 
Vl = y 2 , there is no transient, as is obvious from physical considerations. 

In Equation 10.94 the first term is the particular solution, and the second 
is the homogeneous solution. 

Next, to obtain insight into the method involving the ZIR and ZSR, a trivial 
rewrite of Equation 10.94 yields 

v c = Vie~ t/RC + y 2 (l - e~ t/RC ). (10.95) 

Now the first term is the response to an initial state, in this case an initial 
capacitor, and no input. This we call the zero-input response (ZIR). The second 
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term is the response to an external input, for no initial capacitor charge: the 
zero-state response (ZSR). 11 To verify, let us now solve directly for the ZIR 
and the ZSR by superposition. 

The subcircuit for finding the ZIR is shown in Figure 10.30a. As before, 
the capacitor is initially charged to Vj, but here the input for t > 0 is zero, so 
after the switch moves to position (2), the capacitor simply discharges to zero. 
Formally, the corresponding equation to be solved to obtain the ZIR is 


FIGURE 10.30 Zero-input 
subcircuit and response. 


due _ uc 
dt RC 


(10.96) 


with the initial condition on the capacitor voltage being Vi. 
The homogeneous solution is 


vc = Vie 


-t/RC 


(10.97) 


This is the complete zero-input response, because the particular solution is zero. 
The subcircuit for finding the zero-state response is shown in Figure 10.3 la. 
The corresponding equation to be solved to obtain the ZSR is 


due 

dt 


uc ui 
RC RC 


(10.98) 


with the initial condition on the capacitor voltage chosen as 0. 



FIGURE 10.31 Zero-state 
subcircuit and response. 


11. Notice the similarity between this and Equation 10.62. 
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The homogeneous solution is as in Equation 10.89, and the particular 
solution is again V 2 , so the solution is of the form 

v c = Ae~ t/RC + Vi. (10.99) 

This time by definition the initial condition is zero, so evaluating right after the 
switch is thrown, 


0 = A + V 2 (10.100) 

and the complete zero-state response for t > 0 is 

v c = V 2 (l - e~ t/RC ). (10.101) 

The total response is the sum of the ZIR and ZSR from Equations 10.101 
and 10.97 and is given by 


v c = V x e~ t/RC + V 2 (l - e ~ t/RC ). (10.102) 

Observe that Equation 10.102 agrees with the formulation of Equation 10.94. 

Comments 

► The particular solution and the homogeneous solution are terms which 
apply to a method of solving differential equations. 

► Zero-input and zero-state responses arise from a particular way of parti¬ 
tioning the circuit problem into two simpler subproblems. The resulting 
subcircuits can be solved by finding the homogeneous solution and 
particular solution in each case. 

► For the ZIR, the particular solution will by definition be zero. Hence all 
ZIRs will be homogeneous solutions. 

► But all ZSRs are not particular solutions, because there is also a 
homogeneous solution associated with the ZSR. The e~ t/RC tenn in 
Equation 10.101 is an example of this. 

► A major advantage to the state variable point of view is that any arbi¬ 
trary ZIR can be added to any ZSR solution we have already worked out. 
Thus any transient problem with zero initial conditions can be easily gener¬ 
alized to one with arbitrary initial conditions. This concept will be illustrated 
in the examples in Section 10.6. 


□Ml 10.5.4 SOLUTION BY INTEGRATING FACTORS 
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10.6 ADDITIONAL EXAMPLES 

10.6.1 EFFECT OF WIRE INDUCTANCE 
IN DIGITAL CIRCUITS 

Section 10.4 showed that RC effects lead to propagation delay in digital circuits. 
It turns out that when parasitic inductors are present, RL effects can be a 
similar source of propagation delay. Consider the inverter circuit shown in 
Figure 10.32a. Assume that a poor design has resulted in a long wire connecting 
the MOSFET drain to the output of the inverter. A circuit model of the inverter 
showing the parasitic wire inductance is depicted in Figure 10.32b. 

Assume that the inverter has a 0-V input as an initial condition. The 
MOSFET is in its off state and the current i; through the inductor L will 
be 0. The voltage vi across the inductor is also 0. Now suppose that a 0-V 
to V^-step is applied to the input of the inverter as illustrated in Figure 10.32a. 
Assume that our goal is to determine the current // through the inductor and 
the voltage vl across the inductor as a function of time. 

The step input to the inverter results in a corresponding V^-step applied 
to the RL circuit at the output of the inverter as illustrated in Figure 10.32c. 
From the initial conditions, at t = 0, both ij and vl are 0. From this point on, 
the situation is identical to that for the RL transient discussed in Section 10.2.1 
with V used in place of Vy Therefore the analysis presented in Section 10.2.1 
applies. 

It is interesting to speculate as to what will happen if the switch in 
Figure 10.32c is opened after being closed for a long time. When the switch is 
opened, the inductor current cannot go to zero instantaneously. Since a prac¬ 
tical open switch behaves as an extremely high resistance, the current through 
the inductor will result in a huge voltage spike across the switch, and possibly 
damage it. 

10.6.2 RAMP INPUTS AND LINEARITY 

Solutions become somewhat more complicated when we move beyond simple 
step inputs. Consider the case of a series RC circuit with a voltage ramp drive, 




V, 


-O 

+ 


S l L 5 

Switch is closed 
at t = 0 


T 


L 


(c) Circuit for step input at vj 


FIGURE 10.32 Inverter circuit 
with parasitic inductance. 


(a) Inverter with a long wire connecting 
the output and the MOSFET drain 


(b) Circuit model 
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that is 


v, = S, t t> 0 (10.113) 

where Si has the dimensions of volts per second. The circuit and input waveform 
are sketched in Figures 10.33a and b. Let us first find the zero-state response, 
by assuming that the capacitor is initially uncharged. The differential equation 
is, from before, 

v I =S 1 t=RC—+v c . (10.114) 

dt 

We will solve this using our usual method of homogeneous and particular 
solutions. The homogeneous solution has the usual form: 


v c = Ae~ t/RC . 


(10.115) 


This homogeneous solution is plotted in Figure 10.33c. We must now find a 
particular solution that is appropriate for a ramp input. Because the drive is a 
ramp, a good first guess is a ramp of the same slope as the input: 

v c = K 2 t. (10.116) 


Substituting this into the differential equation, Equation 10.114, we obtain 

Sit = RCK 2 + K 2 t. (10.117) 


Because there is no solution for K 2 unless RC = 0, our initial guess for the 
particular solution is not quite correct. We need another degree of freedom in 
the solution, so an appropriate second guess is 


vc = Kit+ K3- 


(10.118) 


Now from Equation 10.114: 

S 1 t = RCK 2 + K 2 t+K 3 . (10.119) 


Whence 


Si = K 2 (10.120) 

K 3 = -SiRC (10.121) 

and the particular solution is 

v c = Si{t-RQ. (10.122) 


This is a ramp with the same slope as the input ramp, except delayed in time 
by one time constant, as shown in Figure 10.33d. 
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FIGURE 10.33 Response of RC circuit to ramp. 
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The complete solution is of the form 

v c = Ae~ t/RC + Si(f - RQ for t > 0. (10.123) 

Because we are finding the zero-state response, the initial condition is by 
definition zero, so evaluating Equation 10.123 at t = 0, we find 

A = SiRC. 

Hence the complete solution for t > 0 is 

v c = S\{t— RQ + SiRCe“ f/KC (10.124) 

and is plotted in Figure 10.33e. 

The waveforms in Figures 10.33b and 10.33e are related in a special way to 
those in Figures 10.2b and 10.2c. Note first that the input signal in this problem 
is the integral of the input signal in Figure 10.2 (assuming a Thevenin source). 
Now, from Figures 10.33e and 10.2c, or from Equations 10.124 and 10.20, the 
output signal here is the integral of the output signal in Figure 10.2, 12 again, 
assuming that we are dealing with the zero-state response. 

In general, as long as one restricts integral operations to t greater than zero, 
the zero-state response of the integral of some input signal is the integral of the 
zero-state response to that signal. 

This follows from superposition if one considers integration as a summation 
process. In effect we are commuting two linear operators. The same is true for 
differentiation as well: 

The response to a signal derived by differentiating an input can be obtained by 
differentiating the output. 

Fet us follow this example one step further, and consider the case where there 
is an initial voltage Vq on the capacitor at t = 0, before the ramp is applied. 


12. Notice that if we take the integral of Equation 10.20, namely, 

v c = kR(X - e~ t/RC ) 

we obtain 

v c = I 0 Rt + IqR RCe~ t/RC + Kx 

where, to get the zero initial condition on vq, we set the constant of integration K\ = —IqR RC , 
and obtain 

v c = I 0 R(t -RQ + I 0 R RCe~ t/RC , 
which is a Thevenin version of Equation 10.124. 
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Formally, the initial condition now is 


vc — Vo t < 0. (10.125) 

This time around, since there is an initial condition on the capacitor, we are no 
longer dealing with just the zero-state response, so we cannot simply take the 
integral. One approach is to notice that Equation 10.124 is in effect the zero- 
state response, so if we find the zero-input response corresponding to the initial 
condition of Equation 10.125, then the complete solution is the sum of these 
two responses. We know from previous examples, or from Equation 10.97, 
that the ZIR for an RC circuit with an initial voltage Vo is 

v c = V 0 e~ t/RC (10.126) 

so the total solution for t > 0 is 

v c = V 0 e~ t/RC + Stf - SiRC(l - e~ t/RC ). (10.127) 

One possible form of this solution is sketched in Figure 10.34. This example 
illustrates one of the advantages of the state-variable approach. Once we have 
found the solution for some input waveform and zero initial conditions, the 
solution for the same input with arbitrary initial conditions can be found by 
adding the appropriate ZIR solution. 


EXAMPLE 10.2 TV DEFLECTION SYSTEM Most television sets 
use magnetic deflection in the cathode-ray tube. To obtain the raster scan for the 
picture, it is necessary to develop a ramp of current flowing through the deflection 
coil, as sketched in Figure 10.35. We wish to find the required waveform of vj that will 
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FIGURE 10.34 Ramp response 
for initial charge on capacitor. 



FIGURE 10.35 TV deflection 
coil. 
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generate the current ramp. The coil losses have been explicitly modeled in Figure 10.35 
by the resistor R. 

The differential equation for the circuit is, from KVL 

vj = iR + L—. (10.128) 

dt 

We want a current waveform, for t > 0, of the form 

i = .S't t. (10.129) 

Hence 

vi=SiRt+SiL (10.130) 

for t > 0. Thus to produce a ramp of current in the inductor, we need to drive with the 
sum of a step and a ramp. 


CM3 EXAMPLE IO-3 SOLUTION BY INTEGRATING 
FACTORS 


10.6.3 RESPONSE OF AN RC CIRCUIT TO SHORT 
PULSES AND THE IMPULSE RESPONSE 

It was shown in Section 10.1.4 that when the time constant of an RC circuit 
becomes much longer than the period of a periodic input signal, the capacitor 
voltage begins to approximate the integral of the input wave. Let us examine this 
property in more detail by finding the response of the RC circuit in Figure 10.36 
when the input is a short pulse of amplitude Vp and duration tp. 

We have seen several problems of this sort, so the general form of the 
capacitor voltage can be written by inspection. Assuming that the capacitor 
is initially uncharged, the response during the pulse, when the capacitor is 
charging is 

v c =V p (l- e~ tlRC \ 0 <t<t p . (10.135) 

If tp is long enough for this transient to essentially go to completion, then at 
t = tp , the end of the pulse, the capacitor voltage will be Vp. The response after 
the pulse has ended, when the capacitor is discharging, is thus 

v c =V p e- {t - t P ),RC t>t p ^>RC. (10.136) 

The t — tp factor in the exponent indicates that there is a time delay in the start 
of the wave of an amount tp. This solution is shown in Figure 10.36b. 
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(a) Circuit 



FIGURE 10.36 Response of RC 
circuit to pulse. 




FIGURE 10.37 Response of RC 
circuit to short pulse. 


If the pulse is made shorter than in Figure 10.36, the charging transient can 
no longer reach completion. This is illustrated in Figure 10.37a. Equation 10.135 
is still appropriate for the charging interval, but the response no longer reaches 
Vp. The maximum value, at t = tp, is 

vdfp) = Vp (l - e-^ c ) . (10.137) 

The discharge now has essentially the same form as before, but is smaller. That 
is, for t greater than tp, the capacitor voltage is 


vc = [Vp (l - e-* /RC ) 


e -(t-tp)/RC' 


(10.138) 
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If we make the pulse even shorter yet, as in Figure 10.37b, the picture actually 
becomes simpler. The charging part of the wave begins to look almost like a 
straight line. Mathematically, this can be shown by expanding the exponential 
in a series 

x 2 

e~ x =l-x+ — ■■■ (10.139) 

when the charging waveform becomes, from Equation 10.135 


vc = V p 


t 

RC 



(10.140) 


For times much less than the time constant RC, that is, t <5C RC, we can 
discard all higher terms, leaving 


v c - 



(10.141) 


which is the equation for the straight line we observe in the first part of 
Figure 10.37b. 

Physically, when the pulse is very short the capacitor voltage is always 
much smaller than the pulse voltage, so during the pulse the current is roughly 
constant at a value 



(10.142) 


The capacitor voltage is the integral of this current, hence is a ramp: 


v c = 




(10.143) 

(10.144) 


At the end of the pulse, the capacitor voltage has reached its maximum value of 


Vptp 

RC 

so the discharge waveform for t greater than tp is 



Vptp 

~RC 


e -(t-t p )/RC 


(10.145) 


vc - 


(10.146) 
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The important feature of this equation is that the response is now proportional 
to the area (Vptp), rather than the height (Vp), of the input pulse. In other words, 


v c - 


Area of Pulse 
RC 


e -(t-t p )/RC _ 


(10.147) 


For very short pulses (that is, for tp RC), even the delay term in the exponent 
can be neglected, and the response reduces to 


Area of pulse _ t/RC 
C RC 


(10.148) 


Because in the limit (tp RC) a short pulse of large amplitude but constant 
area becomes an impulse (see Section 9.4.3) Equation 10.148 is often referred 
to as the impulse response of the circuit. In other words, if we have an impulse 
voltage input with area (or strength) A 


vi(t) = AS(t), 


the response is given by 



(10.149) 

RC 



Figure 10.38 sketches the impulse voltage input and the corresponding response 
according to Equation 10.148. 

The impulse response is a very convenient way of characterizing linear 
systems, because the expression contains all of the essential information about 
the dynamics of the system. This concept is pursued in depth in courses on 
signals and systems. 


v/fd 


ol 
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v c (t) 
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FIGURE 10.38 Impulse 
response of series RC circuit. 


10.6.4 INTUITIVE METHOD FOR THE 
IMPULSE RESPONSE 

The intuitive method discussed in Section 10.3 applies equally well for impulse 
responses. Shown in Figure 10.39a is our familiar parallel source-resistor- 
capacitor circuit from Figure 10.2a. Suppose that the current input is an impulse 
of area Q that is applied at t = 0 as shown in Figure 10.39b. Assume we wish 
to find the capacitor voltage vc- 

As discussed in Section 10.3, we will first sketch the form of the response 
in the initial interval (t < 0 + ) and in the final interval (t 0). 

Let us start by looking at the initial interval. For t < 0, the current source 
supplies zero current and hence behaves like an open circuit. Assuming that this 
situation has existed for a long time, the capacitor will have no charge on it, 
and hence vc will be 0. (If the capacitor voltage were nonzero, there would be 
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FIGURE 10.39 Intuitive method 
of sketching the impulse response 
of parallel RC circuit. 


a current through R. This current would deplete the charge on the capacitor, 
till no charge exists.) 

Next, the current impulse appears at t = 0. The capacitor behaves like 
an instantaneous short to the current impulse, and so the current favors the 
capacitor over the resistor. The entire impulse current flows through the capaci¬ 
tor at t — 0, depositing charge Q on it. Corresponding to the appearance of 
charge Q on the capacitor, from Equation 9.8, the capacitor voltage jumps 
instantaneously to 

t'c(O) = 

Thus, at t = 0+ we are left with the voltage Q/C across the capacitor. Observe 
that the impulse has effectively established the initial conditions on the circuit. 

This completes our intuitive analysis of the initial interval, vq during this 
interval is sketched in Figure 10.39c. 

Next, we examine the final interval {t 0). Since its current is zero for 
t > 0, we can again replace the current source with an open circuit. After a long 
period of time, a DC situation exists, and the capacitor voltage will be zero. 
The zero value for vc for t'j>> 0 is also sketched in Figure 10.39c. 

Finally, in the transition interval, the capacitor follows its usual expo¬ 
nential response with time constant RC. The complete curve is sketched in 
Figure 10.39d. 

10.6.5 CLOCK SIGNALS AND CLOCK FANOUT 

In most digital systems, a clock signal is provided to different modules of the 
system. A clock signal is typically a square wave between 0 volts and the supply 
voltage. The clock signal provides a global time base that prescribes when 
actions happen in systems. The use of a clock attempts to solve the following 
problem faced by the receiver in a pair of communicating digital systems: How 
to determine when a signal supplied by the sender is valid. Or conversely, 
how to recognize when a signal might be in the midst of transitioning to a 
new value. For example, we might use a stable-high clock discipline in which 
the sender promises to provide output signals so that they remain stable during 
the high part of the clock waveform. In other words, signals are allowed to 
transition only during the low parts of a clock. Correspondingly, the receiver 
promises to observe incoming signals only when the clock is high. Accordingly, 
the receiver circuit guarantees that its own outputs are stable when the clock is 
high, provided, of course, valid inputs are fed to it. 

As an example of the benefits of clocked circuits, consider the digital system 
in Figure 10.40 in which two digital circuits are coupled to each other. Both 
are fed by the same timebase or clock. Inputs are fed to the first circuit in a 
way that input transitions happen only during the low parts of the clock signal. 
As shown in Figure 10.40, assume an input sequence 011 is fed to circuit 1. 
Similarly it produces outputs (for example 101) that are stable during the high 
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FIGURE 10.40 Clocked digital 
systems. 


periods of the clock. Since the same clock is fed to both circuits, digital circuit 2 
can observe the signal only during the periods in which the signal is valid. 

Now suppose we did not use a clock. As we saw previously, RC delays 
cause signals to go through invalid signal levels for a finite period of time when 
they transition from one value to another. Without some mechanism such as a 
clock and an associated discipline, there would be no way in which the second 
digital circuit could tell when it was receiving a valid signal. As we shall see in a 
later chapter, telling apart a valid signal from a transitional value is particularly 
difficult when signals display oscillatory or ringing behavior. 

The use of a clock discipline represents an instance of time discretization. 
Lumping of time into invalid periods and valid periods gives us the clocked 
digital abstraction and significantly simplifies the orchestrating of communica¬ 
tion between individual circuit modules. Lumping occurs because we do not 
care about the precise moment when a signal is sampled, provided, of course, 
the signal is sampled within the valid period. 

Figure 10.41 shows a clocked digital system in which several modules 
are provided a global clock timebase produced by a single clock device. One 
approach simply connects the clock signal generator to all the modules using 
one long wire. This naive approach often fails because of the RC delay asso¬ 
ciated with the long wire and the input capacitances of the driven modules. 
Figure 10.42 shows a circuit model for the clock distribution system. We have 
lumped the resistance of the wire into a single resistance R wae . Although it is 
not shown in Figure 10.42, the resistance of the gate driving the clock will also 
appear in series with the resistance of the wire. The gate capacitors appear as 
parallel loads on the wire and therefore add together to yield a large equivalent 
capacitor: 

n 

Ceq — ^ ' CcSi- 

i= 1 

We know from our previous examples that slow rise and fall times at the output 
of a circuit result in signal delay. The rise and fall times are proportional to the 
RC time constant. A large value for C results in long rise and fall times, thereby 
limiting the clock frequency. As Figure 10.43 illustrates, notice that to achieve a 
valid clock signal, the clock period T must be larger than the sum of the rise and 
fall times of the clock signal. For the clock example, let us define the rise time 



FIGURE 10.41 Clock signal for 
digital modules. 
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t r as the time taken for the clock signal to rise from a valid output low voltage 
(Vol) to a valid high output voltage [Voh)- Let us also define the fall time tf 
as the time taken for the clock signal to fall from a valid output high voltage 
[Voh) to a valid low output voltage [Vol)- As is clear from Figure 10.43, to 
yield a valid digital clock signal, the clock time period must satisfy the following 
constraint: 

T > t r + tj . 

Figure 10.44 shows a common solution to the clock distribution problem — it 
limits the number of gate capacitors the signal has to drive by building a fanout 
buffer tree. The fanout degree of the circuit shown in Figure 10.44 is 3. 

As a simple exercise, let us determine the greatest fanout degree that will 
support a clock frequency of 333 MHz. Let us suppose the clock signal is driven 
by an inverter as shown in Figure 10.45. Let us characterize the clock driver 
inverter by Ri = 1 kQ, Ron = 100 Q, and Cgs — 100 fF. Let us also assume 
that we desire a symmetric clock. Thus the clock period T must be greater than 
twice the greater of the rise and fall times at the output of the inverter. Since the 
load resistance R/ is much bigger than the ON resistance of the MOSFET, the 


FIGURE 10.42 Clock signal 
charging the gate capacitors. 


FIGURE 10.43 Clock frequency. 



FIGURE 10.44 Fanout clock 
signal. 
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rise time will be greater than the fall time. Accordingly, we focus on calculating 
the rise time t r . As defined earlier, let C eq represent the total capacitance driven 
by the clock inverter. 

Let us now compute t r . As defined earlier, t r is the time taken for the 
clock signal to rise from Vol to Voh- The equivalent circuit for computing t r 
is suggested in Figure 10.46. The circuit shows the equivalent capacitor being 
charged by the supply Vs through the Ri and R w ,re resistances. Let us denote 
R eq = R l + R w jrg. The initial voltage on the capacitor Vco = Vol- 

Using the node method for the circuit shown in Figure 10.46, we get 


vc - Vs 


R 


C, 


eq- 


eq 


dvg 

dt 


= 0 . 


Rearranging, we obtain the differential equation 

t> dv c ,, 

ReqCeq— -b VC = Vs- 

at 


Solving Equation 10.150, we get 


v c {t) = Vs + Ae 


(10.150) 


(10.151) 


We know that the voltage on the capacitor at t = 0 is Vol- Using this initial 
condition, we solve for A and obtain 
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FIGURE 10.45 Clock inverter 
charging the gate capacitors. 



1 

FIGURE 10.46 Equivalent 
circuit for determining the clock 
rise time. 


vcd) = Vs- {Vs - V OL )e t/R “i c «i. 


(10.152) 
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The time taken for vq to reach Voh from its initial value of Vol> namely t r , 
can be obtained from 


Voh = V s - (V s - (10.153) 

In other words, 

tr = -Re q C eq \n( ^~y i1 ) . (10.154) 

\ Vs - VOL/ 

Assuming Vol = 1 V, Voh = 4 V, and Vs = 5 V 

t r = R e qC e q\n ^ —^ . 

For Rl = 1 kfl and RwH e & 0, we get 

t r = 1.386 x 10 3 C e q. 

To achieve a frequency greater than 333 MHz, the period T must be less than 
1/333 MHz = 3 ns. Accordingly, since t r < T/2 — 1.5 ns, 

1.5 x 10“ 9 > 1.386 x 10 3 C e? . 


In other words, 


C eq < 1.08 pF. 

Thus the total driven capacitance must be less than 1.08 pF. Suppose the invert¬ 
ers used in the clock buffer tree are identical to the clock driver inverters, then 
if the value of each gate capacitor is 100 fF, the maximum fanout degree must 
be less than 1080 fF /100 fF. Thus the maximum fanout degree is 10. 



MM 10.6.6 RC RESPONSE TO DECAYING 
EXPONENTIAL * 

10.6.7 SERIES RL CIRCUIT WITH SINE-WAVE INPUT 

Figure 10.48 shows a series RL circuit being driven with a sinewave voltage 
source suddenly applied at t = 0: 


FIGURE 10.48 RL circuit with Vj = Vsin(wt) t > 0. (10.167) 

sine-wave drive. 

Let us find the voltage across the inductor, assumed to be ideal. For simplicity 
we assume zero initial state, 


H. = 0 


t < 0. 


(10.168) 






10.6 Additional Examples 


CHAPTER TEN 


559 


From KVL around the loop, 


i’i = i L R + L—. (10.169) 

dt 

The homogeneous solution, from Section 10.2.1, Equation 10.52, is 

i L = Ae~ {R/L)t . (10.170) 

Because the input is a sine wave, a reasonable first guess for the particular 
solution is 


i L = Ksm(co(). (10.171) 

From Equation 10.169 for t > 0, 

Vsin(&jZ) = KRs'm(wt) + LwKcos^cot). (10.172) 

This can’t be solved for K unless L is zero, so our first guess is not quite right. 
We need another degree of freedom in the solution, so try 

i] j = K\ sin(&>£) + K .2 cos {cot). (10.173) 


Now Equation 10.169 becomes 

Vsin(o>£) = Ki Rsm(a>t)+K 2 Rcos(cot)+K\ a>cos{cot)— ^Lotsin (cot) (10.174) 

Equating sine terms, and equating cosine terms, we find 

V=K l R-K 2 Lco (10.175) 

0 = KiL® + fc 2 R (10.176) 


which yields, via Cramer’s Rule (see Appendix D), 

AT = V- R 


K 2 = V 


R 2 + w 2 L 2 
—toL 
R 2 + a> 2 L 2 


The complete solution is of the form 


(10.177) 

(10.178) 


i L = Ae~ {R/L)t + V- 


R 


R 2 + co 2 L 2 


sin(cwf) — V 


coL 


R 2 + co 2 L 2 


cos{a>t), 


t> 0. 

(10.179) 
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FIGURE 10.49 Waveforms for 
RL circuit with sinewave drive. 



The value of A can be found by applying the initial condition, Equation fO.f 68, 
to Equation 10.179, with t = 0, whence 


VcoL 

R 2 + a> 2 L 2 ' 


(10.180) 


The solution is shown in Figure 10.49. 

Equation 10.179 is fairly easy to interpret when t is large enough that the 
exponential term has died away. If the drive frequency is very low, such that 

R 

«« L’ 


(10.181) 
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then the current reduces to 

V 

z'l — —s'm(cot). (10.182) 

R 

That is, at low frequencies, the current is determined only by the resistor, and 
the inductor behaves like a short circuit. 

At high frequencies, that is, for 


R 

co » — 


(10.183) 


Equation 10.179 reduces to 


z'l — —— cos(a>t). (10.184) 

coL 

In this case, the current is determined almost solely by the inductor. Note that 
the current is still sinusoidal, but now is 90 degrees out of phase with the applied 
voltage. Also, the magnitude of the current becomes smaller and smaller as the 
frequency of the applied sinewave increases. 

It is a little disappointing that such a simple circuit can lead to this level of 
algebra. But fortunately there is a simpler approach that can be used for linear 
circuits. This approach, discussed in Chapter 13, reduces all the differential 
equations to algebraic expressions. 


10.7 DIGITAL MEMORY 

This chapter demonstrated previously that the memory aspect of capacitors and 
inductors formalized using the notion of state variables provided many uses in 
the analog domain. The same memory property can also be utilized in the digital 
domain to implement digital memory using the analogous concept of digital 
state. Digital memory is not only an important application of capacitors, but it 
is of fundamental importance in its own right. 

10.7.1 THE CONCEPT OF DIGITAL STATE 

A common example of the use of memory involves the digital calculator. 
Suppose we wish to compute the value of the expression [a x b) + (c x d). 
We might first multiply a and b and store the result (a x b) in memory. We 
might then multiple c and d, and add the resulting value (c x d) to {a x b) by 
recalling the latter value from memory. Observe that the calculator contained 
a key to explicitly store a given value into the memory. Observe further that 
once a value was stored in memory, it could be read from memory any num¬ 
ber of times, without affecting the value in memory. In fact, it remained valid 
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until another value was explicitly stored in memory or it was erased. Erasure 
corresponds to replacing the existing value with a zero value. 

Memory has many uses. In this example, memory is used as a scratchpad 
area to store partial results. Memory is also useful to store values input to a 
system from the outside world. Memory enables short-lived external inputs to 
be available to system circuitry for a longer period of time. 

Memory is also useful in enabling better resource utilization. Suppose we 
wish to add three numbers Aq through Ai- The addition can be accomplished 
using two adder circuits as follows: The first and second numbers are fed to 
the first adder. The result of the first adder and the third value are fed to the 
second adder. The sum S is obtained as the output of the second adder. 

Alternatively, we can utilize memory to accomplish the addition of three 
numbers with a single adder as follows: Feed the first and second numbers to 
the adder. Store the partial result in memory. Then feed the partial result from 
memory and the third number to the same adder. The adder output is the 
desired result. 

The same concept can be generalized to add a long sequence of num¬ 
bers. At any given instant, the memory stores the partial result corresponding 
to all the numbers that occurred till that instant. For our addition example, 
notice that future results depend only on the value stored in memory and future 
inputs. Future results do not depend on the exactly how the memory was time 
sequenced, just its final state. This observation stems from the concept of a 
“state variable” that we saw earlier. The value stored in memory is simply a 
digital state variable in a manner analogous to an analog state variable value 
stored on a capacitor. 

The next section discusses how capacitors can be used to build digital 
memory. 

10.7.2 AN ABSTRACT DIGITAL MEMORY ELEMENT 

Before we discuss how to implement memory, let us first define an abstract 
memory element and understand how it can be used in a small system. 
Figure 10.50 shows an abstract memory element that can store one bit of data. 
It has an input Jin, an output Jout> and a control input called store. As sug¬ 
gested by the waveforms in Figure 10.50, the input d \n is copied into memory 
when the store signal is high. The value stored in the memory is available to 
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be read as the output douT- If no new value is written into the memory, the 
last written value is stored indefinitely. If the memory is read while it is being 
written (that is, when the store signal is high), then the output simply reflects 
the value at the input. 


EXAMPLE 10.4 MOTION DETECTOR CIRCUIT REVISITED 
Let us use the memory element that we have just defined in a simple digital design. 
Recall the motion detector circuit from Chapter 5. The motion detector circuit was 
required to produce a signal L to turn on a set of lights when the signal M from a 
motion sensor was high, provided it was not daytime. We assumed that a light sensor 
produced a signal D that was high when it was day. We had written the following logic 
expression for L: 

L = MD. 

A problem with this design is that the lights that were turned on by the assertion of M 
would go off the instant M was de-asserted. lj Let us consider a more useful design in 
which we require the lights to stay on even after the motion signal M goes away. To 
make this happen, we need some form of memory to remember the occurrence of M, 
even after the M signal goes away. The desired circuit uses a memory element and is 
shown in Figure 10.51. In this circuit, the signal M is connected to the store input of the 
memory, and the signal D is connected to the d]N input of the memory. As depicted 
in the signal waveforms in Figure 10.51, the memory output remains high if motion is 
detected even when D is false. 14 


10.7.3 DESIGN OF THE DIGITAL MEMORY ELEMENT 

How do we implement a memory element? The memory element must be 
designed so that it stores indefinitely any value that has been written into it. 
Recall that a capacitor has the same property. Provided its discharge path has 
a high time constant, a capacitor can store a charge for a long period of time. 
Furthermore, we can use a switch to enable charging the capacitor from a given 
input. 


13. To 4 assert’ is to set the value to a logical 1, while to ‘de-assert’ is to set the value to a logical 0. 

14. Our circuit shown in Figure 10.51 has one other problem. How do the lights turn off? It 
should be apparent from the circuit that L will go back to 0 when motion is detected during the 
daytime. However, relying on the appearance of signal M during the daytime to turn off the lights is 
unappealing. One solution is to modify our memory abstraction to include a reset signal as follows: 
The value in memory is set to 0 when the reset input is high. (Our memory abstraction can include 
the additional property that the reset signal overrides the store signal if both are on at the same 
time.) Our motion detector circuit output L can now be turned off by asserting the reset signal of 
the memory. The reset terminal of memory can be connected to the signal D so that the memory 
contents and therefore the lights go off whenever it is day. 
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FIGURE 10.51 Amotion 
detector circuit using memory. 
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FIGURE 10.52 Circuit 
implementation of a memory 
element. 
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FIGURE 10.53 Three-terminal 
switch model. 
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Based on this intuition, consider the simple memory element circuit com¬ 
prising a capacitor and an ideal switch shown in Figure 10.52. The switch is 
controlled by the store input and has the circuit model shown in Figure 10.53. 
When connected as shown in Figure 10.52, assume that a logical high value 
on the store input turns the switch into its ON state, while a logical low value 
on the store input turns the switch into its OFF state. 

As discussed in Section 6.1, a circuit containing a switch can be ana¬ 
lyzed by considering two linear subcircuits: one for the switch in its ON state 
(see Figure 10.54) and one for the switch in its OFF state (see Figure 10.56). 
A high on the store terminal turns the switch on, and results in the circuit 
illustrated in Figure 10.54. The capacitor then charges up (or discharges) to 
the value of the input voltage at the Jin terminal when the switch is turned on. 
Remember, the switch is symmetric about its input and output terminals. Thus, 
for example, if the diN terminal had a high voltage corresponding to a logical 
1 (produced, for example, by a voltage source, as illustrated in Figure 10.55), 
the capacitor will offer a high voltage at the node marked with an asterisk 
when the store signal is asserted. In this situation, the ideal external voltage 
source charges up the capacitor instantly through the ideal switch (assuming 
the capacitor had a low voltage initially). Alternatively, if the d in terminal had a 
low voltage corresponding to a logical 0, the capacitor will offer a low voltage 
at the node marked with an asterisk when the store signal is asserted. In this 
latter situation, the capacitor discharges instantly through the ideal switch and 
the ideal external voltage source (assuming that the capacitor had a high voltage 
initially) and attains the same voltage as the voltage source. 

Conversely, when the store signal goes low, the switch turns off (see 
Figure 10.56). Consequently, the dour terminal of the capacitor begins to float 
and the charge previously deposited on the capacitor is held in place. Thus, for 
example, if a high voltage had been previously stored on the capacitor, a high 
voltage will appear at the capacitor terminal dour even after the store signal 
goes low. In the ideal case, if the resistance between the douT terminal and 
ground is infinite, the capacitor will hold the charge forever. 
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The waveforms shown in Figure 10.50 will apply to the memory element 
circuit shown in Figure 10.52 under the following idealized assumptions: When 
the store signal is high, the RC time constant associated with the capacitor 
circuit is negligible, and when the store signal is low, the RC time constant 
associated with the capacitor circuit is infinite. The RC time constant of the 
circuit when the store signal is high is given by the product of Cm and the sum 
of the on resistances of the switch and the driving element. Similarly, the RC 
time constant of the circuit when the store signal is low is given by the product 
of Cm and the resistance seen by the capacitor. 15 

There is, however, one remaining problem with our memory element 
circuit. Recall that the static discipline required that our digital circuit elements 
such as gates be restoring. In other words, in order to obtain positive noise 
margins, the voltage threshold requirements on the outputs of gates was more 
stringent than those on the inputs. For example, the static discipline required 
that a Vjh input to a gate be restored to Voh at the output, where Voh > Vjh 
for a positive noise margin. In order to inter-operate digital memory elements 
with our digital gates, we require that our digital memory elements satisfy the 
same set of voltage thresholds. 

Unfortunately, our digital memory circuit as described in Figure 10.52 is 
non-restoring. In other words, if a voltage V//; corresponding to a valid 1 was 
applied to its input, the output of the memory element would not be restored 
t° Voh > rather it would be at Vjh as well. 

As suggested in Figure 10.57, a simple modification of our memory circuit 
can make it restoring. This design adds a pair of series connected inverters (or 
a buffer) to the output of our previous memory element circuit. The buffer will 
restore a Vjh voltage on the capacitor terminal to a Voh voltage at the douT 
output. Interestingly, when a buffer is included in the memory element circuit, 
we do not need to implement a special capacitor to hold charge. Rather, the 
gate capacitance of the buffer Cos forms the memory capacitance Cm- 
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FIGURE 10.54 Charging up the 
memory capacitor, when the store 
signal is high. 
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FIGURE 10.55 The memory 
element circuit model including the 
driving external source, when the 
store signal is high. 
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FIGURE 10.56 Charge storage 
in the memory capacitor, when the 
store signal is low. 
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FIGURE 10.57 Circuit 
implementation of a signal 
restoring memory element 


15. We can also modify the memory element circuit to include a reset signal as follows: In this 
circuit, we use a second switch to discharge the capacitor to ground when the reset signal is high. 
Additionally, to make this circuit work, we must use non-ideal switches that are designed such that 
the ON resistance of the reset switch is much lower than that of the store switch. By doing so, we 
can ensure that reset will override the store when the store and reset are on at the same time. 
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FIGURE 10.58 Memory 
capacitor discharge due to load 
resistances for the unbuffered 
memory element. 


FIGURE 10.59 Memory 
capacitor’s charge is protected in 
the buffered memory element. 
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By isolating the capacitor from the circuit that reads the stored value, the 
buffer offers added advantages. As shown in Figure 10.58, devices that read the 
value stored on the capacitor might have relatively low resistances associated 
with them, thereby discharging the capacitor in our original unbuffered memory 
circuit. In contrast, the buffered design of the memory element circuit shown in 
Figure 10.59 protects the capacitor’s charge from the external circuit. By careful 
design of the memory element, the input resistance of the buffer can be made 
to be very large, thereby ensuring a large discharge time constant. 

In practice, capacitors will leak their charge over time due to parasitic 
resistances. Let us suppose the capacitor gradually discharges through a parasitic 
resistance Rp (see Figure 10.60). In this situation, for how long will the value 
stored in the capacitor remain valid after the store signal is de-asserted? 

There are two cases to consider. First, if a 0 is stored on the capacitor, then 
the 0 value will be held indefinitely even with a low parasitic resistance. Notice 
that as the capacitor discharges to ground, the 0 stored on it will remain a 0. 

The second case is more interesting. In this case, a 1 is written on the 
capacitor. Assume that the voltage corresponding to a 1 is Vs- The value stored 
on the capacitor will be read as a valid 1 by the buffer until it reaches the Vjh 
voltage threshold. Thus the period over which the memory element will store 
a valid 1 is the interval over which the voltage drops from Vs to V // /. We 
can compute this duration from capacitor discharge dynamics (for example, 
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FIGURE 10.60 Charge leakage 
from the memory capacitor for the 
buffered memory element. 


Store = 0 


0 °—[>°— 






























10.7 Digital Memory 


CHAPTER TEN 


567 


see Equation 10.26). When a capacitor Cm charged to an initial voltage Vs 
discharges through a resistor Rp, its voltage vq as a function of time is given by 
the following equation: 

v c = V s e~ t/RpCM . 

The time taken for vq to drop from Vs to V/ii is given by 

fVs^Vm ~ ~RpCm In -7^. 

vs 

As an example, suppose that Cm — 1 pF, Rp — 10 9 £2, Vs = 5 V, and 
Vjfi — 4 V. Then ty s ^v m — 0-22 milliseconds. 

10.7.4 A STATIC MEMORY ELEMENT 

The one-bit memory element that we have discussed thus far is called a dynamic 
one-bit memory element or a dynamic D-latch. It is dynamic in the sense that it 
stores a value written into it only for a finite amount of time (due to nonzero 
parasitic resistances in practical implementations). The static one-bit memory 
element or a static D-latch is another type of memory element that has the same 
logic properties as the dynamic D-latch, but can store a value written into it 
indefinitely. 

Figure 10.61 shows one possible circuit for a static memory element. In this 
circuit, a non-ideal switch with a very high ON resistance is connected between 
the power supply and the storage node of the memory element. When the 
output of the memory element is a logical 1, this switch is turned on and 
introduces a small stream of charge into the storage node to offset any leakage. 
Because it trickles charges into the node, this switch is called a trickle switch. 
The ON resistance of the trickle switch is made very large compared to the 
ON resistance of the store switch, so that the trickle input can be overridden 
easily by the input dj^. A detailed circuit design of the static latch is beyond 
the scope of this book. The interested reader is referred to ‘Principles of CMOS 
VFSI Design,’ by Weste and Eshraghian. 



FIGURE 10.61 Circuit 
implementation of a static memory 
element using a trickle switch. 
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10.8 SUMMARY 

► The first-order differential equations that result from applying KVL and 
KCL to networks containing sources, resistors, and one energy-storage 
element can be derived using the node method or the other approaches 
described in Chapter 3. These differential equations can be solved by finding 
the homogeneous solution and the particular solution. 

► The response of RC circuits resembles rising or decaying exponentials with 
the time constant RC. As an example, for a series RC circuit driven by a 
voltage step of amplitude Vj at t = 0, the capacitor voltage for t > 0 is 
given by 

vdt) = V I + (V 0 -V 1 )e~ t/RC 

where Vo is the initial voltage on the capacitor. 

► In general, the response of a first order circuit (RC or RL) will be of the 
form 

v c = final value + (initial value - final value) e“ f/time constant 

where the time constant is RC for a resistor-capacitor circuit and L/R for an 
resistor-inductor circuit. This form of the response in RC and RL circuits is 
shared by other branch variables such as the capacitor or inductor current 
and resistor voltage. 

► Capacitors behave like open circuits when a circuit containing capacitors 
is driven by a DC voltage source. Conversely, a capacitor behaves like 
an instantaneous short circuit when inputs make an abrupt transition (for 
example, a step). (If the capacitor voltage were nonzero, then the capacitor 
would behave like a voltage source for abrupt transitions.) 

► Inductors behave like short circuits when a circuit containing inductors is 
driven by a DC current source. Conversely, an inductor behaves like an 
instantaneous open circuit for inputs that make an abrupt transition (for 
example, a step). (If the inductor current were nonzero, then it would 
behave like a current source for abrupt transitions.) 

► The zero-input response is the response of the system to the initial stored 
energy, assuming no drive. 

► The zero-state response is the the response to an applied drive signal, for 
no initial stored energy. 

► When the input signal is a short pulse (short compared to the time constant 
of the circuit), the response is proportional to the area of the applied pulse 
rather than to its height or shape. 

► It is often convenient to break down a problem involving energy-storage ele¬ 
ments into two parts. First, calculate the zero-input response, the response 
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of the system to the initial stored energy, assuming no drive. Then calcu¬ 
late the zero-state response, the response to the applied drive signal, for no 
initial stored energy. 

► If we restrict integral operations to t greater than zero, the zero-state 
response of the integral of some input signal is the integral of the zero- 
state response to that signal. The same is true for differentiation: The 
response to a signal derived by differentiating an input can be obtained by 
differentiating the output. 

► The rise time for an output node is defined as the delay in rising from its 
lowest value to a valid high ( Voh ) at that output. 

► The fall time for an output node is defined as the delay in falling from its 
highest value to a valid low (Vol) at the same output. 

► The delay ^i_>o f° r an input-output terminal pair of a gate is the time 
interval between a 1 to a 0 transition at the input to the moment that the 
output reaches a corresponding valid output voltage level ( Voh or Vol)- 

► The delay Z^o-s-1 f° r 311 input-output terminal pair of a gate is the time 
interval between a 0 to a 1 transition at the input to the moment that the 
output reaches a corresponding valid output voltage level (Vol or Voh). 
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FIGURE 10.62 


EXERCISE io.i Using superposition, determine the current i\ ( t ) for the network 
shown in Figure 10.62. The network is at rest for t < 0. 

EXERCISE 10.2 Find and sketch the zero state response for t > 0 in 
Figure 10.63. is is a 10-mA step at t = 0. 

EXERCISE 10.3 In the circuit in Figure 10.64, i(t) = 100 /r A, 0 < t < 1 s, zero 
otherwise. At time t = 2, the voltage vc = 5 V. What is vq at time t = —1 s? 

EXERCISE 10.4 In the circuit in Figure 10.65, the switch is closed at time t = 0 
and opened at t = 1 second. Sketch vc(t) for all times. 
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FIGURE 10.65 

EXERCISE 10.5 Find and sketch the zero-input response for t > 0 in each 
network in Figure 10.66 for the given initial conditions. 
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i( 0 ) = 6 mA 
(b) 


EXERCISE 10.6 Find and sketch the response for t > 0 in each network in 
Figure 10.67. Assume that the input is as shown for t > 0 , and assume an initial zero 
state (in other words, show the zero state response). 

EXERCISE 10.7 For the current source shown in Figure 10.68, assume is 
consists of a single rectangular current pulse of amplitude Iq amps and duration to 
seconds. 

a) Find the zero-state response to is- 

b) Sketch the zero-state response for the cases: 
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FIGURE 10.66 
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FIGURE 10.67 


c) Show that for to RC, (the case of a short pulse), the response for t > to depends 
only on the area of the pulse (Joto), and not on io or to separately. 



FIGURE 10.68 

EXERCISE 10.8 Identify the state variable in each network in Figure 10.69. Write 

the corresponding state equation and find the time constants. 

EXERCISE 10.9 hi the circuit in Figure 10.70, v(t) = 5 mV for 0 < t < 1 s, and 
zero otherwise. At time t = 4 s, i(t) = 7 A. What is i(t) at time t = —1 s? 

EXERCISE io.io Identify appropriate state variables for the network in 
Figure 10.71 and write the state equations. 

EXERCISE io.ii In Figure 10.72, R± = 1 kf2, Ri = 2 kf2, and C = 10 fiF. 
The driving voltage vs = 0 for t < 0. Assume vs is a 3-volt step at t = 0. Make a sketch 
of vq (t) for t > 0. Be sure to label the dimensions of the voltage and time axes and 
identify characteristic waveform shapes with suitable expressions. 

EXERCISE 10.12 Identify state variables and write appropriate state equations 
for the circuit in Figure 10.73. 

EXERCISE 10.13 Referring to Figure 10.74, before the switch is closed, the 
capacitor is charged to a voltage vs = 2 V. The switch is closed at t — 0. Find an 
expression for vc(t) for t > 0. Sketch vq (t). 
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EXERCISE 10.14 Find the time constant of the circuit shown in Figure 10.75. 

EXERCISE 10.15 A two-input RC circuit is shown in Figure 10.76. (Parts a, b, 
and c are independent questions.) 

a) You should realize that the “bridge” of capacitors can be replaced by a single capacitor 
in this problem. What is the value of the single equivalent capacitor? 

b) Consider operation with ij(t) = 0 and vj(t) = 0 for t> 0. The voltage vo{t) is known 
to be 1 volt at a time t = 0. Determine vo(t) for all t > 0. 


JO, (f< 0) 

[3 V, (r > 0) 



FIGURE 10.72 



FIGURE 10.73 


FIGURE 10.74 




FIGURE 10.76 
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c) A different constraint is that sources ij(t) and vi(t ) are zero for t < 0 and that 
vq( 0) = 0. Sources ij{t) and vj(t) undergo step transitions of +1 mA and +1 volt, 
respectively, at time t = 0. Determine vo(t) for all time. 

EXERCISE io. 1 6 In the circuit in Figure 10.77, R\ = 1 k£2, R 2 = 2 kf2, and 
C = 3 /tF. Assume initial rest conditions (zero initial state), and assume that v\ has a 
+ 6 -volt step at t = 0. Find V 2 (l) for t > 0. Sketch and label. 

v 2 

EXERCISE 10.17 Consider the circuit shown in Figure 10.78. Sketch and label 
vo(t) for i\{t) a step as shown in Figure 10.79. Assume vq = 0 for t < 0. 

FIGURE 10.77 




FIGURE 10.78 


FIGURE 10.79 



FIGURE 10.80 


EXERCISE 10.18 For the circuit shown in Figure 10.80, find the characteristic 
equation and the zeroinput response assuming that the capacitor was initially charged 
to 1 volt. Label your graph. 

EXERCISE 10.19 The excitation function for all four of the circuits shown in 
Figure 10.81 is 


vs(t) = 0 , t < 0 
v s (t) = 10 V, t > 0. 


For each of the circuits, select the time function on the right that corresponds in magni¬ 
tude and shape to the output, vq{{). Assume that all capacitors and inductors have zero 
initial states, (the appropriate state variable is zero for t less than zero). If no matching 
response exists, say so and explain briefly. All responses are made up of “straight lines” 
and “exponentials.” You may choose a time function more than once. (Note that part 
(d) shows an op-amp circuit. Op-amps will be covered in later chapters.) 

EXERCISE 10.20 An RC network is shown in Figure 10.82. The voltage v and 
the current i are constant for all time. Prior to t = 0, the circuit is in equilibrium with 
the switch closed. At time 1=0, the switch is opened, and it is then closed some time 
later. The waveform in Figure 10.83 is observed for vc(t). 

What are the value of X\ , T2, and the final value Vj? (Note: The figure may not be to 
scale.) 
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EXERCISE 10.21 In the two following cases in Figure 10.84 the input = 
10«_i(t), a 10-V step 16 starting at time t = 0. Give for each case: 

a) The time constant of the circuit. 

b) An analytic expression for the signal i'outM as a function of time. 

c) A labeled sketch of the output signal voutW as a function of time. Be sure to label 
the time and voltage scales. 

EXERCISE 10.22 In each of the following cases, find by inspection and give 


FIGURE 10.84 


i) an expression for the time constant r, 


(a) 




ii) a sketch of the signal versus time, 

iii) an analytic expression for the signal in terms of r and any other necessary 
parameters. 

a) Referring to Figure 10.85, find v{t) for t > 0 given i(t = 0) = Iq. 


FIGURE 10.85 



FIGURE 10.86 


b) Referring to Figure 10.86, find ix U) given i\ (t = 0) = Jo/2. 

c) Referring to Figure 10.87, find v{t) for t > 0 given that the switch is moved from 
1 to 2 at t = 0 . 

(c) ® 

X* 

© . 


•—wwv- 



FIGURE 10.87 

EXERCISE 10.23 For the circuit in Figure 10.88, with no charge on the capacitor 
at t = 0, given that if vj = Atu_\(t) then vq = [A(t — r) + Are~ t/T ]u_\[t). Note that 
u_i(t) represents a unit step at t = 0 . 


16. Recall that the notation uo(t) represents an impulse at time t . The notation u n {t) represents 
the function that results from differentiating the impulse times, and the notation u— n [t) represents 
the function that results from integrating the impulse times. Thus u_\{t) represents the unit step 
at time £, u_ 2 (t) the ramp, and u \(/) the doublet at time t. The unit step u_\(t) is also commonly 
represented as u(t), and the unit impulse uo(t) as 8{t). 
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FIGURE 10.89 


Find die following: 

a) vq{(] when the input is the same as previously given but vq($ = 0 ) = Vo- 

b) vq( t) when i'c(0) = 0 and vj(t) = Note that represents a unit step 

at t = 0 . 

c) vq( t) for t>T when vc(0) = 0 and 


0 t < 0 


vj(t) — At 0 < t < T 
AT T < t. 


EXERCISE 10.24 A digital memory element is implemented as illustrated in 
Figure 10.90. Sketch the waveform at the output of the memory element for the input 
signals shown in Figure 10.91. Assume that the switch is ideal and that the memory 
element has a 0 stored in it initially. 


Store 



FIGURE 10.90 



FIGURE 10.91 
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PROBLEMS 




V IN < V T 


PROBLEM io.i Figure 10.92a illustrates an inverter INV1 driving another 
inverter INV 2. The corresponding equivalent circuit for the inverter pair is illustrated 
in Figure 10.92b. A, B, and C represent logical values, and va, vb, and vq represent 
voltage levels. The equivalent circuit model for an inverter based on the SRC model of 
the MOSFET is depicted in Figure 10.93. 



FIGURE 10.92 


a) Write expressions for the rise and fall times of EW1 for the circuit configuration 
shown in Figure 10.92. Assume that the inverters satisfy the static discipline with 
voltage thresholds Vj l = Vol = Vf. and Vih = Voh = Yh- 

(Hint: The rise time of INV 1 is the time vb requires to transition from the lowest 
voltage reached by vg (given by the voltage divider action of Rg and Ron) to Vjj 
for a Vs to 0-V step transition at the input va. Similarly, the fall time of INV 1 is the 
time vb requires to transition from the highest voltage reached by vg (that is, Vs) to 
Vg for a 0-V to Vy step transition at the input va-) 

b) What is the propagation delay tpj of INV1 in the circuit configuration shown in 
Figure 10.92, for R ON = 1 kS2, R L = 10R O n, C gs = 1 nF, V s = 5 V, V L = 1 V, 
and Vh = 3 V? 


PROBLEM 10.2 The inverter-pair comprising INV1 and INV2 studied in Prob¬ 
lem 10.1 (see Figure 10.92) drives another inverter EW3 as illustrated in Figure 10.94a. 
Logically, the series connected pair of inverters INV 1 and INV.2 function as a buffer, 
as depicted in Figure 10.94b. The equivalent circuit of the buffer circuit driving EW3 
is illustrated in Figure 10.94c. For this problem, use the equivalent circuit model for 
an inverter based on the SRC model of the MOSFET as depicted in Figure 10.93. 
Assume further that each of the inverters satisfies the static discipline with voltage thresh¬ 
olds Vj l = Vol — Vl and Vjh = Voh — Vh- Assume further that the MOSFET 
threshold voltage is Vj. (Note that to satisfy the static discipline, the following is true: 
Vl < Vj < Vh-) 


a) Referring to Figure 10.94c, assume that the input to the buffer va undergoes a step 
transition from 0 V to Vj at time t = 0. Write an expression for vg{t) for t > 0 
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for the step transition in va- (Hint: See the fall time calculation in Problem 10.1a.) 
Sketch the form of vg for t > 0. 

b) Referring to Figure 10.94c, assume that the input to the buffer va undergoes a step 
transition from 0 V to Vs at time t = 0. Write an expression for i>c(t) for t > 0 
for the step transition in va- (Hint: Refer to the sketch of vg drawn in part (a.) The 
MOSEET in INV2 stays on for vg > Vj, and turns off when vg < Vg-) Sketch the 
form of vq( t) for t > 0. 

c) Write an expression for the rise time of the buffer for the circuit configuration shown 
in Figure 10.94c. (Hint: Refer to the sketch of vq from part (b.) The rise time of the 
buffer is the time vq requires to transition from the lowest voltage reached by vq to 
Vh from the time the input va makes a step transition from 0 V to Vs- Note that 
the rise time of the buffer includes the internal buffer fall delay, which is the time 
vg takes to transition from Vs to Vg, and the additional time vq takes to transition 
from its lowest voltage to V]j.) 

d) Referring to Figure 10.94c, assume that the input to the buffer va undergoes a step 
transition from Vs to 0 V at time t = 0. Write an expression for vg(t) for t > 0 for 
the step transition in va- Sketch the form of vg for t > 0. 

e) Referring to Figure 10.94c, assume that the input to the buffer va undergoes a step 
transition from Vs to 0 V at time t = 0. Write an expression for vc(t) for t > 0 
for the step transition in va- (Hint: Refer to the sketch of vg drawn in part (d.) The 
MOSEET in INV2 stays off for vg < Vg, and turns on when vg > Vg .) Sketch the 
form of vc(t) for t > 0. 

f) Write an expression for the fall time of the buffer for the circuit configuration shown 
in Figure 10.94c. (Hint: Refer to the sketch of vq from part (e.) The fall time of the 
buffer is the time vq requires to transition from Vs to Vg from the time the input 
va makes a step transition from Vs to 0 V. Note that the fall time of the buffer is 
the sum of two components: (1) the internal buffer rise delay, or the time vg takes 
to transition from its lowest voltage to Vg and (2) the additional time vq takes to 
transition from Vs to Vg.) 
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g) Compute the rise time and the fall time for the buffer assuming that -Ron — Ik, 
R l = IORon, C gs = 1 nF, Vs = 5 V, V L = 1 V, V T = 2 V, and V H = 3 V. 

h) What is the propagation delay tpj of the buffer when the buffer output is connected 
to a single inverter using an ideal wire as shown in Figure 10.94c? 

i) Notice that unlike the delay calculation in Problem 10.1, we needed the value of Vj 
to obtain the buffer delay. Why was it necessary in the case of the buffer? 

j) An approximate value for the buffer delay can be obtained by doubling the individual 
inverter delay. Estimate the buffer delay by using the inverter delay computed in 
Problem 10.1b. What is the percentage error in the value of this estimated delay as 
compared to the accurate buffer delay computed in part (i) of this problem? 

PROBLEM 10.3 The circuit depicted in Figure 10.95 implements the logic func¬ 
tion Z = (ABC + D)E. Suppose the output of this circuit drives an inverter with 
a gate capacitance of Cgs- Assume that the MOSFETs in the circuit have on resis¬ 
tance RoN) and that the high and low voltage thresholds are Vlh — Voh — Vh and 
Vjj = Vql — Vi, respectively. 


FIGURE 10.95 


a) What combination of logical inputs will result in the worst-case fall time for the 
circuit? 

b) Derive an expression for the worst-case fall time in terms of Vs, Rl, Ron* Vl, and 
Vh- Not all variables need appear in your answer. 

c) Derive an expression for the worst-case rise time. 


PROBLEM 10.4 Figure 10.96 illustrates an inverter RW A connected to another 
inverter INV B by a wire of length / on a VLSI chip. 


INVA INVB 





B 



FIGURE 10.96 


B 


« 0 

-WM*- 



Figure 10.97 shows a lumped circuit model for the (nonideal) wire of length / in a VLSI 
chip, and Figure 10.98 shows the equivalent circuit model for the inverter pair connected 
by the nonideal wire based on the SRC model for the MOSFET. Assume that the logic 
devices satisfy a static discipline with voltage thresholds given by Vll = Vol — Vl and 
Vih = Voh = Vh, and that the supply voltage is Vs. 


FIGURE 1 0.97 Suppose INV A is driven by a 0 to 1 transition at its input (denoted itna) at time t = 0. 

Determine die propagation delay through INV A for a 0 to 1 transition at 

its input. Recall that by our definition ^o->l' s the time taken by the input to INV B, 
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■° V OUTB 


FIGURE 10.98 


namely vjnb, to fall from Vs to V[ following the 0 to 1 transition at the input of INV A. 
Express your answer in terms of Vs, Vi, Ron, Cgs, the wire length /, and the wire 
model parameters. By what factor does the delay increase for a 2x increase in the wire 
length /? 

PROBLEM 10.5 Figure 10.99 illustrates an inverter INV A driving n other invert¬ 
ers INV 1 through INVn. As in Problem 10.1, each of the inverters is constructed 
using a MOSEET and a resistor Ri, and the inverters satisfy the static discipline with 
voltage thresholds Vji = Vol — V/, and Vjh = Voh — Vh- Model the MOSFETs 
using the SRC model with MOSEET on resistance Ron and gate capacitance Cgs as in 
Problem 10.1 (see Figure 10.93.) 



FIGURE 10.99 


a) What are the rise and fall times for INV A? (Hint: Sum the input capacitances of each 
of the inverters into a single lumped value, and use your answer from Problem 10.1 
to solve this part.) How does the rise time increase as the number of driven inverters 
n increases? 

b) What is the propagation delay tpj of INV A in the circuit configuration shown in 
Figure 10.99, for R ON = 1 k£ 2 , R L = 10R O n, Cgs = 1 nF, V s = 5 V, V L = 1 V, 
and Vh = 3 V. 

c) Now, assume that each of the wires connecting the output of INV A to each of the 
inverters INV1 through INVn is nonideal as depicted in Figure 10.100. Model each 
of the wires using the model shown in Figure 10.101. Assuming that the input of 
INV A makes a step transition from 1 to 0, find the rise time at the input of any one 
of the inverters INVi driven by INV A. 

d) Compute the value of the rise time determined in part (c) for the following param¬ 
eters: Ron = 1 k£2, R[ = IORoni Cgs — 1 nF, Rw — 100 £2, C\y = 10 nF, 
Vs = 5 V, V L = 1 V, and V H = 3 V. 

PROBLEM 10.6 As can be seen from the answer to Problem 10.4, long wires 

have a serious negative impact on the delay. One way to alleviate the wire delay 



FIGURE 10.100 


R w 



FIGURE 10.101 














580 


CHAPTER TEN 


FIRST-ORDER TRANSIENTS 


FIGURE 10.102 


problem is to introduce buffers when driving long wires, as illustrated in Figure 10.102. 
Assume that the buffer is constructed as depicted in Figure 10.94c using a pair of invert¬ 
ers identical to the inverters in this problem. In other words, the input of a buffer 
has a capacitance Cgs to ground, and the output of a buffer have the same drive 
characteristics as an inverter output. For this problem, you will ignore the internal 
delay of the buffer. (See Problem 10.2c and f for a definition of the internal buffer 
delay.) In other words, assume that a buffer driving zero output capacitance has zero 
delay. 

By introducing a buffer, the effective length of wire driven by either the inverter iNV A 
or the buffer is 1/2. For large /, given the nonlinear relationship between wire length and 
delay, the sum of the delays in driving the two 1/2 wire segments is smaller than driving 
a single wire segment of length l. 

INVA INVB 



FIGURE 10.103 


a) Compute the propagation delay between the input of INV A and the input of INV B 
for the circuit in Figure 10.102. Assume that rising transitions are longer than falling 
transitions at the output of either the inverters or the buffers. 

(Hint: The total delay from the input of INV A to the output of INV B is the sum 
of the following two quantities: (1) the propagation delay of INV A driving the wire 
segment of length 1/2 and a capacitance Cgs corresponding to the gate capacitance 
of the buffer, and (2) the propagation delay of the buffer driving the second wire 
segment of length 1/2 and a capacitance Cgs corresponding to the gate capacitance 
of INV B. Remember, the buffer has zero delay when it is driving zero output 
capacitance.) 

b) Figure 10.103 shows a circuit in which n — 1 buffers are introduced between INV A 
and INV B. INV A and each of the buffers drives a segment of wire of length l/n. 
Compute the propagation delay between the input of INV A and the input of INV B 
for this case. 



c) Determine the number of buffers for which the propagation delay for the circuit in 
Figure 10.103 is minimized. 
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PROBLEM 10.7 Figure 10.104 shows a buffer BUF1 driving a large load capacitor 
Ci- The buffer is built using an inverter pair as in Figure 10.94c. The width-to-length 
ratio of each NMOS transistor in the buffer is W/L and the resistors have a value Rl- 
Accordingly, the gate capacitance seen at the input of the buffer is given by ( W/L)Cgs■ 
The buffer satisfies a static discipline with voltage thresholds given by V/y = Vol — Vj, 
and Vjh = Voh = Vjf- The supply voltage is V 5 . Assume that the internal buffer delay 
(as defined in Problem 10.2c) is zero. Assume that there is a 0 to 1 transition at the input 
A at time t = 0. 


BUF 1 


E R 
v Rl 


X 

X 


a) Compute the propagation delay for the buffer BUFI driving the load Cl for the 
rising transition at the input A. 

b) Now consider Figure 10.105. This figure shows the use of a second buffer with 
larger transistors and smaller valued load resistors (x > 1 ) interposed between the 
first buffer and the load capacitor. Compute the propagation delay for the buffer 
BUF1 in series with BUF2 driving the load Cl for the rising transition at the input 
A. Assuming that Cl is much larger than the input gate capacitances of the two 
buffers, and that x > 1 , is the delay computed in part (b) greater than or less than 
the delay computed in part (a)? 

BUF2 



FIGURE 10.104 


FIGURE 10.105 


c) Consider Figure 10.106. This figure shows the use of a series of n buffers in which 
BUFi has transistors that have a width x times that of BUFi — 1 and resistors that 
are a factor x smaller than that of BUFi — 1. n is chosen such that Cl is x times the 
gate capacitance of BUFn. In other words, n satisfies the equation: 


W 

C L = /-C G s. 


Compute the propagation delay for the sequence of n buffers driving the load Cl 
for the rising transition at the input A. As before, assume that Cl is larger than the 
input gate capacitances of each of the buffers and that x > 1 . 


BUFI BUF2 BUF3 ... BUFn 



X 

X 


C L 


FIGURE 10.106 
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c) Determine the value of x for which the propagation delay computed in part (b) is 
minimized. 

PROBLEM 10.8 In this problem, you will study the effect of parasitic inductances 
in VLSI packages. VLSI chips are sealed inside plastic or ceramic packages and connec¬ 
tions to certain nodes of their internal circuitry (for example, power supply, ground, 
input nodes, and output nodes) need to be extended outside the package. These exten¬ 
sions are commonly accomplished by first connecting the internal node to a metallic 
“pad” on the VLSI chip. In turn, the pad is connected to one end of a package “pin” 
using a wire that is bonded to the pad at one end and the pin at the other. The package 
pin, which extends outside the package, is commonly connected to external connections 
using a PC board. 

Together the package pin, the bond wire, and the internal chip wire are associated 
with a nonzero parasitic inductance. In this problem, we will study the effect of the 
parasitic inductance associated with power supply comiections. Figure 10.107 shows 
a model of our situation. Two inverters with load resistors R\ and R 2 and MOSEETs 
with width-to-length ratios W\/L\ and W 2 /L 2 , respectively, are connected to the same 
power supply node on the chip that is labeled with a voltage vp. Ideally this chip-level 
power supply node would be extended with an ideal wire outside the chip to the external 
power supply Vs shown in Figure 10.107. However, notice the parasitic inductance Lp 
interposed between the power supply node on the chip (marked with voltage vp) and 
the external power supply node (marked with voltage Vs-) 


FIGURE 10.107 



Assume that the input B is 0 V at all times. Assume further that the input A has 0 V 
applied to it initially. At time t = to, a 5-V step is applied at the input A. Plot the form 
of up as a function of time. Clearly show the value of vp just prior to to and just after tg. 
Assume that the ON resistance of a MOSEET is given by the relation ( W/L)R n and that 
MOSFET’s threshold voltage is Vp < Vs- Also assume that Vj < 5 V. 
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FIGURE 10.108 FIGURE 10.109 

PROBLEM 10.9 A certain box, known to contain only linear elements (and no 
independent sources), is connected as shown in Figure 10.108. 

The current waveform i(t) has the form shown in Figure 10.109. 

The voltage v is zero for all t < 0, and is 1 volt for 0 < t < 2. What is v during the 
interval from t = 2 to t = 5? Show one simple possibility for the circuit in the box. 

PROBLEM io.io As illustrated in Figure 10.110, a capacitor and resistor can be 
used to filter or smooth the waveforms we derived from a half-wave rectifier, to get 
something closer to a DC voltage at the output, for use in a power supply, for example. 



FIGURE 10.110 


For simplicity, assume the voltage from source vs is a square wave. Assume that at t = 0, 
vq = 0, that is, the circuit is at rest. Now assuming that R is small enough to make 
the circuit time constant much smaller than t\ or tj, calculate the voltage waveforms for 
each half cycle of the input wave. Find the average value of the output voltage vo for 
t\ = t 2 - Sketch the waveforms carefully. For this choice of R, it should be clear that no 
useful smoothing has been accomplished. 

PROBLEM io.ii For R much larger than the value used in Problem 10.10, so 
that the circuit time constant is much larger than t\ or ti, (so that the exponentials can be 
approximated by straight lines) calculate vq for the first half cycle of vs, and the second 
half cycle. Sketch the result. Note that the solution does not return to the initial point 
of vq = 0 after one cycle, so is not in the “steady state” yet. 





















584 


CHAPTER TEN 


FIRST-ORDER TRANSIENTS 


PROBLEM 10.12 You can see from Problem 10.10 that for circuit time constant 
r S> t\ and tx the capacitor voltage starts from some value Vmjn and increases when 
vs is positive; then when Vs is zero, vo starts at some value Vmax and decreases. By 
definition, the “steady state” of the circuit is when vo charges from Vmin to Vmax, then 
discharges from V max to the same Vmjn. Assuming = tx, sketch the vq waveform in 
the steady state. 

Find the average value of the voltage vo. Problem 10.11 may give you a hint. Explain 
your answer. It may help to consider the waveform vs to be made up of a DC 
voltage V/2 and a symmetrical square wave whose values alternate between +V/2 
and — V/2. 

PROBLEM 10.13 This problem (see Figure 10.111) involves a capacitor and two 
switches. The switches are periodically driven by external clock controls at frequency fo 
such that first 5j is closed and S 2 is open for time jj-, and then Sx is closed and Si open 
for time i. 


FIGURE 10.111 



Closed. 

Open. 

Closed. 

Open. 


51 1 


J 


-L Switch states 

,/o 


Time 


jl52 


Time 


You can assume that the clock drives are non-overlapping ; that is, 5j and Sx are never 
both closed at the same instant. Sj opens just before Sx closes, and Sx opens just before 
5j closes. 


a) Find an effective average current i a by detennining the average rate of charge transfer 
over several clock cycles. Suppose va = Acos(axt ) where a> < 3 C 2?r fo- Sketch Ia and 
va on the same axes. 

b) Examine your results for ia and va from part (a). They should be in phase, and the 
amplitude of 1a should be proportional to the amplitude of va- This is a hinny form 
of “resistor.” What is the “resistor” value? Where does the energy supplied by va 
actually go? 

(Comment: Circuits of this type are now commonly used in a type of MOS integrated 
circuit to make elements that simulate resistors with precisely controlled values. The 
value of such elements is that precise control of capacitor sizes and clock frequencies is 
easy in MOS integrated circuits, but precise control of resistor values is hard.) 
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PROBLEM 10.14 State variables can be used to describe the behavior of a wide 
range of physical systems. For each of the examples below, try to determine the 
following: 

i) The number of state variables that are needed to describe the system, that is, how 
many state variables. 

ii) Which physical variables can serve as state variables. 

iii) The form of the state equations, including the identification of inputs. 

iv) A simple circuit that can represent the system (an electrical analog.) 


Here are the examples: 


a) A hockey puck leaves a hockey player’s stick with velocity vq and slides along the 
ice until it comes to rest (assume a very large hockey rink, or a very weak shot.) 

b) Halfway through your shower each morning, the water temperature suddenly 
plunges toward freezing, presumably because your roommates were up earlier and 
showered first. 

c) A simple pendulum starts from rest with an initial angular displacement Ao, and 
rocks back and forth until it eventually comes to rest. 

(COMMENT: Part (a) is easy if you concentrate only on the velocity, and is more difficult 
in terms of the circuit analogy if you include the position as well. Parts (b) and (c) lend 
themselves to excellent descriptions with circuit analogs.) 

PROBLEM 10.15 Figure 10.112 shows the use of a filter choke. 

Assume that the waveform for vs for parts (a) and (b) is a series of square pulses starting 
at t = 0 as shown in Figure 10.113. 

Assume that the waveform for vs for parts (c) and (d) is a half-rectified sine wave as 
shown in Figure 10.114. 


L 



Source Filter choke Load 


FIGURE 10.112 



FIGURE 10.113 
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a) Assume initial rest conditions at t = 0 , and assume that both t\ and ti are long 
compared to the time constant of the network. Determine each of the following: 

i) Calculate the current waveform for the first cycle (0 < t < t\ + t-j), the second 
cycle [(tj + ti) < t < 2(t\ + and a typical cycle after stead-state periodic 
conditions have been reached. 

ii) How many cycles are required to go from initial rest to steady-state conditions? 

iii) In steady state, determine the average load current, the amplitude of the varia¬ 
tions in load current through one cycle, the average energy stored in the inductor, 
and the ratio of this stored energy to the energy dissipated in the load during 
one complete cycle. 

b) Repeat part (a) for the case where both t\ and ti are short compared to the time 
constant of the network. 

c) Now assume that as a filter designer, you are faced with the problem of selecting 
the inductor value to produce relatively smooth, tipple-free current in a load from a 
voltage source with a strongly pulsating value, such as the half-wave rectified sine 
wave shown in Figure 10.114. What method would you use to specify the inductor 
value with which to achieve a specified maximum variation in load current? Why 
might the specifications of a huge L value, much larger than might be needed, be a 
poor design? 

d) Try your hand at a design: Assume that the source waveform is half-wave rectified 
60 hz 115 V AC, the load resistor is 16.2 12, and it is desired to have a load current 
ripple of 5% of the average load current. Make reasonable approximations. 

PROBLEM 10.16 Consider the circuit shown in Figure 10.115. 

a) Plot vr and vq for several cycles of the indicated input wavefonn. Assume the RC 
time constant is 10 1\. 
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FIGURE 10.115 


b) During the first several cycles, the vq waveform does not repeat, but after some 
time, vq is cyclic. Find and sketch this cyclic waveform. Dimension key values. 

PROBLEM 10.17 Referring to Figure 10.116, for uj = Kt, a ramp starting at 
t = 0, find expressions for vr and vj,. Plot the waveforms. 

PROBLEM 10.18 Referring to Figure 10.117, given an initial inductor current 
il{ 0) = 1 mA, find the expression for vr and vr. Plot the waveforms. 

PROBLEM 10.19 The purpose of this problem is to illustrate the important fact 
that although the zero-state response of a linear circuit is a linear function of its input, the 
complete response is not. Consider the linear circuit shown in Figure 10.118. 

a) Let i{0) = 2 mA. Let i\ and *2 be the responses resulting from voltages e\ and ex 
applied one at a time, where 




| 0 , t < 0 

| 10 volts, t > 0 


(10.185) FIGURE 10.116 


jo, t < 0 

| 20 volts, t > 0 . 


(10.186) 


Plot 4 and *2 as functions of t. Is it true that hit) = 24(t) for all t > 0? 



FIGURE 10.117 


FIGURE 10.118 
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b) Consider now the zero-state responses due to e\ and e 2 \ call them i^(t) and i 2 (t). 
Plot /| and /-, as functions of t. Is it true that / 9 (f) = 2^ (t) for all t> 0? 

PROBLEM 10.20 In the circuit shown in Figure 10.119, the switch opens at 
t = 0. Sketch and label ij{t) and i’i(t). 



FIGURE 10.120 


v\ = 5 V t '2 = 3 V, Ri = 2 kfl, R 2 = 3 k£2, L = 4 111 H 
PROBLEM 10.21 A two-input RC circuit is shown in Figure 10.120. 



Consider operation with ij(t) = 0, vj[t) = 0 for t > 0. The voltage is known to be 
1 volt at time 1=0. Determine vo{t) for all t > 0. 

A different constraint is that sources ij(t) and 1 /j(f) are zero for t < 0 and that vq( 0) = 0. 
Sources ij(t) and vj(t) undergo step transitions of +1 mA and +1 volt respectively, at 
time 1=0. Determine 1 >o{t) for all time. 

PROBLEM 10.22 The neon bulb in the circuit shown in Figure 10.121 has the 
following behavior: The bulb remains off and acts as an open circuit until the bulb voltage 
u reaches a threshold voltage Vj = 65 V. Once v reaches Vj, a discharge occurs and 
the bulb acts like a simple resistor of value Rjy = 1 kfi; the discharge is maintained as 
long as the bulb current i remains above the value Is = 10 mA needed to sustain the 
discharge (even if the voltage v drops below Vj.) As soon as i drops below 10 mA, the 
bulb again becomes an open circuit. 

a) Sketch and dimension v(t) and i(t), showing the first and second charging intervals. 

b) Estimate the flashing rate. 
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R = 1 MQ 



Neon 

bulb 


FIGURE 10.121 


PROBLEM 10.23 Because of the input resistance and capacitance of an oscillo¬ 
scope, laboratory observations of transients, such as the step response of the R\ — Cj 
circuit in Figure 10.122 may have errors in them. 



on scope 


Circuit being tested Scope input impedance 


FIGURE 10.122 


a) Assuming that the effect of connecting the oscilloscope to the circuit under test is 
to add J ?2 and C 2 as shown in Figure 10.122, find and sketch the step response 
that will be observed at vg in this circuit. Discuss the errors introduced by the 
scope by comparing your result to what would be observed if the scope were ideal 
{R 2 -*■ 00 , C 2 -*■ 0.) Assume zero initial state. 

b) A common method of coping with the errors of part (a) is to use a compensated 
attenuator in series with the scope (see in Figure 10.123.) For simplicity, we examine 
what the compensated scope displays when it is connected directly to the unit step 
without the R\ — C\ circuit of part (a). Assume zero initial state before the step is 
applied. 

i) What is vg immediately after the step is applied, that is, at t = 0 + ? 

ii) What is vg as t —> 00 ? 


C 3 



Displayed 
on scope 


FIGURE 10.123 





























590 


CHAPTER TEN FIRST-ORDER TRANSIENTS 


v /(0 



17 (f) iL 



FIGURE 10.124 


iii) Using your results, find 175 (f) for all f. 

iv) What conditions on Rx, Cx,R 3 , and C3 must be satisfied in order that there 
be no natural response component, that is, no transient, in 175 (f)? What is 175 (f) 
in this case? 

PROBLEM 10.24 The RL circuit shown in Figure 10.124 is driven with the ramp 
17 (f) = K\t, for f greater than zero, and 1 //(f) = 0, t < 0. 

a) Assuming 2 y( 0~) = 0, sketch the current iy(f). Also find an analytic expression for 
idt). 

b) In some applications, such as generating a linear sweep for a magnetically deflected 
cathode-ray tube, we want to make iy(f) a linear ramp as shown in Figure 10.125. 
Find a new input waveform 17 (f) such that iy(f) = Kit, t > 0. Plot 17 (f). Label all 
values and slopes. 



FIGURE 10.125 
FIGURE 10.126 


PROBLEM 10.25 For the RL circuit shown in Figure 10.126, sketch and label fR 
versus time for f > 0. Assume iy (f < 0) = 0, and that Tj is five times as long as the 
circuit time constant. 




PROBLEM 10.26 With the capacitor initially at rest (ifc(0) = 0) and discon¬ 
nected, the switch is closed to position (1) at time t = 0 in Figure 10.127. 


a) Sketch the waveform ifc(l) for t > 0. Label all relevant points on Figure 10.127 and 
calculate the time constant. 



FIGURE 10.127 


V 
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b) At a time T > 0 (at least five time constants later), the switch is thrown (instan¬ 
taneously) to position (2). Sketch vc(t) for t > T and label all relevant points on 
Figure 10.127 

c) With R\ = R .2 = -R 3 , is the time constant in part (a) greater than, less than, or equal 
to the time constant in part (b)P 

PROBLEM 10.27 For the circuit shown in Figure 10.128, sketch and label vp 
versus time. Assume that vj = Ki for a long time prior to t = 0 as illustrated in the 
figure. 

Note that this problem can be solved in a number of simple steps by breaking the problem 
down into parts and solving each part. There are several ways to do this breakdown, all 
of roughly equal ease. 

PROBLEM 10.28 You are given the RC circuit shown in Figure 10.129. 

a) Suppose you observe that i’o{t) is a triangular pulse, as shown in the sketch in 
Figure 10.130. Find and draw the waveform vj{t) that must be applied to produce 
this output signal. Label times and magnitudes, and significant parameters of the 
function. 

b) Now the input signal is changed. You apply a ramp starting at t = 0, vj(t) = tu-\{t), 
as the input signal vj(t). (Note that w_i(t) represents a unit step at t = 0.) Sketch 
and label the output signal vo(t) for 0 < t < 5. 

c) Give an analytic expression for the output signal Vq({) you sketched in (b). 



FIGURE 10.128 


1 Mil 



FIGURE 10.129 



FIGURE 10.130 


PROBLEM 10.29 Consider the digital memory element shown in Figure 10.131. 
The voltage at the storage node with respect to ground is denoted vm- The figure also 
shows a parasitic resistance Rp from the storage node to ground. This resistance will 
cause a leakage of the charge stored in the memory. 

The signal A is fed to an inverter and the inverter drives the input c/jjsr of the mem¬ 
ory element. All inverters shown in Figure 10.131 have a load resistor Rp and the on 
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Store 



resistance of the pulldown MOSFETs in each of the inverters is -Ron- Assume that the 
on resistance of the switch driven by the Store signal is also Ron- The supply voltage is 
Vs and the threshold voltage for the MOSFETs is Vj. In doing this problem, assume 
that Rp is much larger than either Ron or Rl- 

a) Suppose that a 0-V to Vs-step is applied at the Store input of the memory element 
at t = 0. Sketch vm( t) for t > 0, assuming that Vf^(t = 0) = 0, and that A is at 
0 V throughout. Assuming that Ron ^ Rp> what is the maximum value attained 
by I'm? 

b) Suppose, now, that a rectangular pulse of height Vs is applied at the Store input of the 
memory element, and that A is at 0 V throughout. The rising transition of the pulse 
occurs at t = 0 and the falling transition at t = T. Determine the minimum value of 
the pulse width T so that vm can charge up to Vp[, where Vpp = Vih — Voh> the 
high voltage threshold of the static discipline. Assume the following: i'M{t = 0) = 0; 
Vh < Vs; Vh > Vj- 

c) Let us now consider the case in which A is at Vs throughout, and i'M{t = 0) = Vs- 
Sketch i>M{t) for t > 0, when a 0-V to Vs-step is applied at the Store input of the 
memory element at t = 0. What is the minimum value attained by vm ? 

d) Suppose, now, that a rectangular pulse of height Vs is applied at the Store input 
of the memory element. The rising transition of the pulse occurs at t = 0 and the 
falling transition at t = T. Determine the minimum value of the pulse width T so 
that vm can discharge from Vs to Vp, where Vp = Vjp = Vop, the low voltage 
threshold of the static discipline. Assume as in (c) that A is at Vs throughout and 
that VM{t = 0) = Vs. Assume further that Vp < Vp and that Vp is greater than the 
minimum value attainable by vm- 

e) Suppose the memory element is storing a 1 (assume vm = Vs) at t = 0 and that 
Store = 0. Assuming that no further Store signals occur, determine the period of 
time for which the output (tfoUT) of the memory element will be valid. (Flint: the 
output becomes invalid when JoUT switches from 1 to 0.) 
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ENERGY AND POWER IN 
DIGITAL CIRCUITS 


Digital circuits form the basis of a large number of battery-powered appliances 
used in our day to day life, including cell phones, beepers, digital watches, cal¬ 
culators, and laptop computers. A battery of a given weight and size stores a 
fixed amount of energy. The amount of time that the battery will last before 
requiring a replacement or a recharge depends on the amount of energy con¬ 
sumed by the device. Similarly, the heat generated by a device depends on 
its energy consumption rate, or power dissipation. Thus, both the amount of 
energy consumed by a device and the rate of energy consumption are critical 
issues in the design of circuits. 

11.1 POWER AND ENERGY RELATIONS FOR 
A SIMPLE RC CIRCUIT 

Tet us first develop the power and energy relations for the simple RC circuit 
shown in Figure 11.1. Assume that the switch is closed at time t = 0 connecting 
the voltage source to the RC network. Further, assume that the capacitor has 
zero charge on it initially. 

We know that the power delivered to a two-terminal element at any given 
instant of time t with a voltage v(t ) across it and a current iit) through it is given by 

p(t) = v(t)i(t) (11.1) 

where the current i{t) is defined to be positive if it enters the element at the 
terminal with the positive voltage. Power is delivered to the element if i(i) is 
positive, for example, in a resistor or a charging capacitor. A resistor dissipates 



R 

-VWW- 


c 


FIGURE 11.1 Energy drawn 
from a power source by a simple 
RC circuit. 
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energy, while a capacitor stores it. Power is delivered by an element if i(t) is 
negative, for example, in a battery or in a discharging capacitor. 

Referring to Figure 11.1, when the switch is closed, the voltage source 
begins to charge the capacitor C through the resistor R. What is the instanta¬ 
neous power drawn from the voltage source? The instantaneous power drawn 
from the voltage source is given by 


p(t) = Vi{t) 


where 


i(t) = 


V- vdf) 

R 


( 11 . 2 ) 


(11-3) 


Using the equations derived for capacitor charging dynamics in Section 10.4, 
we can write 


vc = V(1 — eRc) (11.4) 

Substituting the expression for vc from Equation 11.4 into Equation 11.3, and 
that for i(t) from Equation 11.3 into Equation 11.2, we get 

V 2 ^ 

p(t) =—eRc. (11.5) 

K 

What is the total amount of energy supplied by the voltage source if the 
switch is closed for a long period of time? Since power is the rate at which 
energy is supplied, the energy w supplied over an interval of time 0 -* T, is 
given by 



The total amount of energy supplied by the voltage source can be obtained by 
taking the limit as T goes to oo. 

Thus, the total amount of energy supplied by the voltage source as T goes 
to oo is given by 


L 


t = oo y2 _t 

— e*cdt 
t= 0 R 


V 2 =t 


=- RCe*c 

R 


= CV 2 . 


1=0 
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What is the amount of energy stored in the capacitor when T goes to oo? 
After a long period of time, the capacitor will charge up to the voltage V. From 
Equation 9.18, the amount of energy stored on a capacitor with a voltage V 
across it is given by 1/2CV 2 . 

What is the amount of energy dissipated by the resistor? Since the voltage 
source supplies an amount of energy equal to CV 2 , and the amount of energy 
stored in the capacitor is 1/2 CV 2 , the remaining half of the energy supplied by 
the voltage source must have been dissipated in the resistor. We can verify this 
by explicitly computing the energy dissipated in the resistor as follows. The 
instantaneous power for the resistor is given by 

Pit) = i(t) 2 R 



V 2 =2 1 
= — eRc. 
R 


The energy dissipated in the resistor over the interval t = 0 to t = oo is 
given by 


w = 


pt=oo 

Jt= 0 


V 2 =M 
— eRcdt 
R 


V 2 RC - 2t 

= - eRc 

R 2 


t= 


oo 


t— oo 

t= 0 



V 2 C - 2 ‘ 

- eRc 

2 


Interestingly, notice that if the transients are allowed to settle, the total energy 
dissipated in the resistor when charging a capacitor is independent of its 
resistance value. The same is true when discharging a capacitor through a 
resistor. 


11.2 AVERAGE POWER IN AN RC CIRCUIT 

Tet us now derive the average power dissipated by the slightly more compli¬ 
cated circuit depicted in Figure 11.2 comprising two resistors and a capacitor 
connected to a voltage source through a switch. Assume that a square wave 
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S 



FIGURE 11.2 An RC circuit with 
a switch. 


* T l t ^ T 2 „ 

Switch 

closed 

Switch 

open 






- T -► 


signal S with a cycle time of T such as that shown in Figure 11.2 controls the 
switch, so that the switch is closed for an interval Tf, then open for an inter¬ 
val T?, and so on. When the switch is closed, the voltage source charges up 
the capacitor. The capacitor discharges through resistor Ri when the switch is 
open. We will be particularly interested in the special case where the T\ and 
T 2 intervals are large enough that the capacitor voltages during each of the 
intervals Tj and T? reach their respective steady state values. 

As current flows through the resistors, energy is dissipated. However, the 
capacitor does not dissipate energy. It simply stores energy when the switch 
is closed (during Tj) and supplies this stored energy when the switch is open 
(during T 2 ). We can derive the instantaneous power p(t ) dissipated in the circuit 
as a function of time. We can also derive the average power p dissipated by the 
circuit. 

The average power is defined as the total amount of energy w dissipated during 
some time interval, divided by the length of the time interval T. 

In other words, 


w 



More specifically, if w\ is the energy dissipated during the interval T\ and w 2 is 
the energy dissipated during the interval T?, then the average power dissipated 
in the circuit is given by 

_ W\ + W2 

P = 


T 


(11.7) 
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FIGURE 11.3 Equivalent circuit with the FIGURE 11.4 Thevenin equivalent circuit 

switch closed. with the switch closed. 


We will also use the fact that the energy dissipated within some interval of 
time is the time integral of the instantaneous power within that interval. For 
example, the energy dissipated within the time interval T is given by 

,r=T 

w r r = I p{t)dt. (11.8) 

Jt= o 


11.2.1 ENERGY DISSIPATED DURING INTERVAL T, 

Let us first consider the case when the switch is closed and derive the value of u >\. 
When the switch is closed, the circuit shown in Figure 11.3 applies. 

To compute the energy dissipated by the circuit, we first need to determine 
the currents through the resistors R\ and /T- To facilitate the computation of 
the currents, let us first determine vq ■ To simplify the calculation of vq, we 
transform the circuit shown in Figure 11.3 to its Thevenin equivalent shown in 
Figure 11.4. We assume that time t starts from 0 at the moment that the signal 
S transitions from low to high. From the circuit in Figure 11.4, we can write an 
expression for the voltage vq as 


v c = Vth ( 1 - e R ™ c ] • 


We will be particularly interested in the special case in which t —> oo. When 
t -» oo, vc -* Vth- 

We are now ready to determine the instantaneous power dissipated in the 
circuit when the switch is closed. In general, we cannot use the Thevenin equiv¬ 
alent circuit to determine the power consumed in the original circuit because the 
power computation is a nonlinear process. Therefore, returning to the circuit in 
Figure 11.3, the instantaneous power dissipated by the circuit when the switch 
is closed is given by the sum of the power dissipated in resistors R \ and R 2 . 
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Recalling that the power dissipated in a resistance R with a voltage v across it 
is iP'/R, we can write 


p(t) — Power in Ri + Power in Ri 

= (V- vc) 2 4 

Ri Ri 

_ [V - Vth( 1 ~ | [V TH ( 1 ~ 

Ri Ri 


We are now in a position to derive the energy dissipated in the circuit using the 
relationship from Equation 11.8. 


w i 


-L 


f=0 


V- V TH (1 - e R T H c) 


Vth( 1 - e R ™ c ) 


Ri 


R 2 


dt. 


which yields: 


w i 


\ 

V TH 

Ri 

l 

"I- 

Ri L 

V 2 m 


RtuC ~ 2 ‘ ' 

£ - -^—e R THC + 2RrnCe R TH< : 


RthC 


t=T x 

f=0 


Ri 


(V — VTH/t— V'ln ———e R TH c — 2{V — Vj'H)VTHRTHCe R ™ c 
R C 2Tl r i 

Tj - -±^- e R THC + 2R TH Ce R THC 


t=Ti 

t= 0 


Vi 


■2 r 

TH 

Ri . 


RthC 


+ 2 RthC 


1 

1 

^ L 


(V- Vth) 2 Ti - V 2 TH -^-e R THC - 2(V— VmJVmRmCe^c 


-) RthC 

-Vth —y- 2{V— VthWthRthC 
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Separating the terms containing a Tj factor, we get 
V 2 Ti 


w i 


V 2 

V TH 


Ri + Ri R 2 

RthC 


~Tj ' 

R-TJ-fC 


V 2 m 


Ri 

l 

R~i 

l 

L 


R, r ,,C 1 

- —e R TH c +2R TH Ce R TH< 

2 

2 RthC 


-V- 


RthC 


TH~ 


e R TH c — 2{V — Vth}VthRthCc r ™ c 


-V 


RthC 


TH~ 


- 2(V— VthWthRthC 


Rearranging and simplifying, 

V 2 Ti 


w 1 = 


CV 2 
^ V TH 


R\ + R 2 


1 _ e Rm c 


(11.9) 


When Tf RthC, the capacitor can be assumed to charge up to its steady- 
state value of Vth, and e~ 2Tl ' r thC 0 . In this situation, the above expression 
for w\ simplifies to: 


w\ 


V 2 

-Ti 

R1+R2 


V 2 C 

V TH ^ 

2 


( 11 . 10 ) 


where 


Vth = 


VR 2 

R\ + R 2 


v c 


11.2.2 ENERGY DISSIPATED DURING INTERVAL T 2 

Now, let us consider the second interval T 2 in which the switch is off. During 
T 2 , the capacitor discharges through the resistor Ri- For simplicity, let us 
assume the special case considered in the previous section in which Tf RthC. 
In this case, at the start of the second interval, the capacitor will have an initial 
voltage of Vth across it. 

As in the previous section, let us first determine vc■ When the switch is 
off, the circuit shown in Figure 11.5 applies. For this derivation we assume 


C 



FIGURE 11.5 Equivalent circuit 
with the switch open. 
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that time t starts from 0 at the moment that the signal S transitions from high 
to low. Since the initial voltage on the capacitor is Vth, the voltage vq is 
given by 


-1 

vq — Vths R iC - 


Notice that as t oo, the capacitor voltage vq —»■ 0. 

We are now ready to determine the instantaneous power dissipated in the 
circuit when the switch is open. The instantaneous power dissipated in resistor 
R 2 is given by 


Vn 

m =£ 


= —(Vm^ c ) . 


The corresponding energy consumed during T 2 is given by 


ft = T> 

/ p(t)dt 
Jt = 0 

/: 


w 2 = 


It = 0 Rl 


ft = T 2 1 / 2 

/ — V m e R 2 c 

Jt= 0 R 2 \ 


-±V 2 TH R 2 Ce* 2 “ 

IKi 


t= t 2 

t = 0 


( 11 . 11 ) 

( 11 . 12 ) 

(11.13) 

(11.14) 

(11.15) 


When T 2 R 2 C, we can ignore the second term in the above equation and 

write: 


V 2 C 

V TH 0 


W 2 — 


2 


(11.16) 
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11.2.3 TOTAL ENERGY DISSIPATED 

Combining Equations 11.10 and 11.16, for the case of Ti RthC and 
T 2 '^> RiC we obtain the total energy dissipated in a cycle T: 


w = W\ + W 2 


V 2 


Ri + R 2 


Ti 


4c 


V TH C 


Combining terms, we get 


V 2 7 

w =-Ti + V^ H C. 


Ri + Ri 

Dividing by T we get the average power p: 


V 2 Ti , vi H c 


(£1+^2) T T 

For a symmetric square wave, T\ = TI 2, so Equation 11.17 simplifies to: 

V 2 


(11.17) 


P- 


Vj H C 


2(R l +R 2 ) T 


(11.18) 


Equation 11.18 shows that the average power is the sum of two terms. The 
first term is independent of the time period of the square wave and is called the 
static power p stat [ c . It can be computed independently by removing all capacitors 
and inductors from the circuit (in other words, replace the capacitors with open 
circuits and inductors with short circuits). The second term is related to the 
charging and discharging of the capacitor, and depends on the time period 
of the square wave. This term is called the dynamic power ^dynamic- I 11 other 
words, 


V 2 

Pstatic ~~ 2 (Ri+R 2 ) 
_ VthC 

V dynamic rj -, 


(11.19) 

( 11 . 20 ) 


Notice that if the switch were kept closed for a long period of time, no 
dynamic power is dissipated in the steady state. Notice further that the dynamic 
power dissipation is proportional to the capacitor value, the switching fre¬ 
quency, and the square of the voltage, but independent of the resistance 
value. 
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FIGURE 11 

capacitor. 



.6 Inverter with load 


11.3 POWER DISSIPATION IN LOGIC GATES 

Let us now compute the power dissipated by our logic gates using the inverter 
as an example. The inverter is shown in Figure 11.6 driving a load capacitor. The 
load capacitor Cl is the sum of the wire capacitance and the gate capacitances 
of the devices driven by the inverter. 

As mentioned earlier, there are two different forms of power dissi¬ 
pated by a MOSFET inverter of the type shown in Figure 11.6 — static power 
and dynamic power. 

► The static power dissipation /; statlt is the power loss due to the static or 
continuous current drawn from the power supply. It is independent of the 
rate at which signals transition. (It can depend, however, on the state of 
the input signals.) 

► The dynamic power dissipation /^dynamic is the power loss due to the 
switching currents required to charge and discharge capacitors. As we 
saw previously, this component of power depends on the rate at which 
signals transition. 


11.3.1 STATIC POWER DISSIPATION 

Let us first compute the static power dissipated in an inverter. The static 
power can be determined by removing all capacitive and inductive elements 
from the circuit (remember, this means that we replace capacitors with open 
circuits and inductors with short circuits). Accordingly, we will assume that 
Cl = 0 for our static power calculation. When the MOSFET in the inverter is 
turned on, a resistive path exists between power and ground. So current flows 
through Rl and the on resistance of the MOSFET, Ron-, causing static power 
dissipation: 


Pstatic — 




Rl + Ron 


( 11 . 21 ) 


Notice that static power is dissipated only in gates that are on. 1 When the 
MOSFET in the inverter is off, the static power dissipation is zero. Thus, 
Equation 11.21 reflects the worst-case static power dissipation. 

The static power dissipation of a circuit depends on the particular set 
of applied inputs. When the inputs are not known, there are several ways 
of estimating static power dissipation. One estimate attempts to compute the 
worst-case power dissipation of a circuit. In this method, choose the set of 


1. In practice, there are other sources of static power loss, such as that due to leakage currents, but for 
simplicity we will ignore these. 















11.3 Power Dissipation in Logic Gates 


605 


CHAPTER ELEVEN 


inputs that results in the worst-case power dissipation for the circuit. For the 
simple inverter, this estimate is the power dissipated when the input is a logical 1 
and the MOSFET is on, for example, as computed in Equation 11.21. Another 
estimate is statistical, and is based on determining the expected power over 
all possible input sets. Each input set is assigned an occurrence probability and 
the power for that input set is determined. Then the expected power is com¬ 
puted by averaging the power for each set of inputs weighted by the occurrence 
probability for that input set. Yet another estimate assumes that each input to 
the circuit is a square wave comprising an alternating sequence of logical l’s 
and 0’s. 


EXAMPLE II.I STATIC POWER DISSIPATION Let us compute 
the worst-case static power dissipation for the logic gate in Figure 11.7. The worst case 
dissipation occurs when all the inputs are high. Suppose Rl = 100 and -Ron — 
10 k£2 for each of the MOSFETs. Also assume that Vs = 5 V. 

When all the inputs are high, the effective resistance R e ff between power and 
ground is 


Reff = r l + (2RonI|RonI|Ron)- 

In other words, R e ff = 104 kf2. The maximum static power dissipation is 

Pstatic = — = 25/104 = 0.24 mW = 240 gW. (11.22) 

Reff 



FIGURE 11.7 Worst-case static 
power dissipation in a logic gate. 


11.3.2 TOTAL POWER DISSIPATION 

Let us now compute the total power dissipated in the inverter when a time- 
varying input signal is applied. The total power will include both the static 
power and the dynamic power. Dynamic power dissipation results from the 
transient currents that flow through the resistors to charge and discharge the 
capacitor, as depicted in Figures 11.8 and 11.9. 

Suppose we have a square-wave signal input to the inverter representing 
a sequence of alternating l’s and 0’s. Let the time period of the square wave 
be T. Therefore, the frequency of the square wave is f — 1 IT. As depicted in 
Figure 11.8, when the input voltage is low, the MOSFET is off, and the load 
capacitor Cl is charged up to Vs by the power supply through the resistor R/ . 
As suggested in Figure 11.9, when the input signal is high, the MOSFET is on, 
and the capacitor discharges through the on resistance of the MOSFET. After a 
long time, the voltage on the load capacitor will reach the steady state value of 
V.sRon/ (Ron + Rl)- Assume that the period of the input square wave is long 
enough for the capacitor to charge and discharge completely. 
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V T N^ 



FIGURE 11.8 Charging the load capacitor. 


FIGURE 11.9 Discharging the load capacitor. 


We will derive the average total power consumed by the inverter as in the 
example in Section 11.2. Let us denote the high part of the input signal as T\ 
and the low part of the signal as Ti. Similarly, let w\ be the energy dissipated 
during the interval Tf and W 2 the energy dissipated during the interval TS. Then 
the average power dissipated in the circuit is given by 

W\ + W2 


Energy Dissipated During Interval T i 

Let us first consider the case when the input to the MOSFET switch is high 
and the switch is closed, and derive the value of w \. When the switch is closed, 
the situation corresponds to that shown in Figure 11.9 and the circuit shown 
in Figure 11.10 applies. Figure 11.11 shows the Thevenin equivalent for this 
circuit. 

For the circuit shown in Figure 11.11, vq is given by the following expres¬ 
sion (assuming that time t starts from 0 at the moment that the input signal 



FIGURE 11.10 Equivalent circuit for the 
inverter with the MOSFET switch closed. 



FIGURE 11.11 Thevenin equivalent circuit for the 
inverter with the switch closed. 
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transitions from low to high): 


-t 

v c = V TH + {V s - V TH )e R ™ c L . 


By substituting t = 0, we can verify that the capacitor is initially charged to 
Vs when the MOSFET just turns on. Similarly, by substituting t = oo, we can 
confirm that the final voltage on the capacitor is Vth- 

The rest of the derivation for w\ follows the steps in Section 11.2. When 
Ti RthCl, we obtain the following simplified expression for w\: 


W\ 


Vs 


Rl + Ron 


T, 


yjRjcL 

2 {Rl + Ron ) 2 


(11.23) 


Energy Dissipated During Interval T 2 

Now, let us consider the second interval T 2 in which the input signal is low 
and the switch is off. During Ti, the capacitor charges through the resistor R/ . 
The initial voltage on the capacitor is Vth- 

As in the previous section, let us first determine vq- When the switch 
is off, the circuit shown in Figure 11.12 applies. Since the initial voltage on 
the capacitor is Vth and the final voltage is V 5 , we can write the following 
expression for vc- 


vc = Vth + (Vs - Vth) 


1 - e R L c L 



FIGURE 11.12 Equivalent 
circuit with the switch open for the 
inverter. 


Notice that as t—*■ 00 , the capacitor voltage vc —»■ Vs- Similarly, for t = 0, the 
capacitor voltage is Vth- 

Following the derivation in Section 11.2, we can derive the following 
expression for wi when T 2 H/Q: 


VfflCL 
2 {Rl + Ron ) 2 


Total Energy Dissipated 

Combining the expressions for u>\ and u’ 2 , we obtain total energy dissipated 
by the inverter in a cycle: 


w — w\ + w 2 


Vs T | V 2 s r 2 l c l V 2 S R 2 L Cl 
Rl + Ron 2 {Rl + -Ron) 2 2 {Rl + Ron) 2 
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In other words, 


Vl 

w= -^-Ti 

+ #ON 


V 2 s r lCl 
(Rl + Ron) 2 


Dividing by T we get the average power p: 

V 2 S T] VjRjCL 
P ~ (R l + Ron ) T + (R L + £on) 2 T 


(11.24) 


For asymmetric square wave, Ti = T/2, so Equation 11.24 simplifies to: 


P = 


V 2 s 


2 {Rl + Ron) 


VfrlCL 

(Rl + Rqn) 2 T 


(11.25) 


As expected, Equation 11.25 shows that the average power is the sum of a 
static component 2 and a dynamic component as indicated by the following 
equations: 


Static = S 

2(R l + Ron) 

(11.26) 

v 2 r 2 c, 

ftl_- (Rt + RoN) 2 T ' 

(11.27) 


Notice that the dynamic power dissipated is proportional to the frequency with 
which the input signal transitions. Not surprisingly, high-performance chips 
that clock at high frequencies dissipate a lot of power. Also notice that the 
power is related to the square of the supply voltage. As clock speeds of VLSI 
chips increase, power considerations are causing manufacturers to continually 
reduce the supply voltages. Whereas 5-volt power supplies were the norm in 
the 80s, voltages closer to 3 volts have been the norm in the 90s, and supplies 
closer to 1.5 volts have been commonplace after the year 2000. 

It is instructive to compare the relative values of the static and dynamic 
power. To do so, we take the ratio of the static and dynamic power as follows: 

Pstatic _ v| x (Rl + Rqn)~T 
^dynamic 2(R L + R ON ) V j R L C L 


2. The static power for the inverter computed here (Equation 11.26) is half that in Equation 11.21 
because here we are assuming that the input is a symmetric square wave, while Equation 11.21 
presented the worst case. 
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Simplifying and rearranging, we get 

Astatic A/ A A()f\ T 
-= - x -. 

Adynamic fo. 2 Rj^ C/ 


(11.28) 


Since for normal operation of the digital gate, T^> Rp Cl, we see that p sta ti c 5A 
Adynamic- Thus, it becomes imperative to minimize the static power. 


EXAMPLE II.2 DYNAMIC POWER DISSIPATION Let US com¬ 
pute the worst-case dynamic power dissipation for the logic gate in Figure 11.7 using 
Equation 11.27 under the following conditions: 

► The load capacitor driven by the output of the gate has a value of Cl = 
0.01 pF. 

► The clock frequency f= 1/Tat which signals transition is 10 MHz. In other words, 
an input cannot change at a rate greater then 10 MHz. 

► The power supply voltage Vs is 5 V. 

► Ri = 100 k£2 and Ron = 10 kfl for each of the MOSFETs. 

Equation 11.27 applies when T/2 S> RthCl and T/2 S> RlCl. First, let us confirm 
that these relationships hold. Since Tl is greater than Rth, it is sufficient to verify 
that T/2 3> RlCl. For the parameters supplied, T/2 = 1/(20 x 10 6 ) = 50 ns and 
R l C l = 100 x 10 3 x 0.01 x lO" 12 = 1 ns. Clearly, the circuit time constants are much 
smaller than the signal intervals. 

To obtain the worst-case dynamic power dissipation, we assume that the load capacitor 
is charged and discharged every cycle. Under these conditions, Equation 11.27 gives the 
formula for the worst-case dynamic power (with Ton replaced by RoNpd, where RoNpd 
is the resistance of the pulldown network). We rewrite this equation here by replacing 
Ton in the equation with the resistance of the pulldown network RoNpd'- 

v 2 s r[c l 

Adynamic - (Rl + t o . 


Since it is clear from the formula that the dynamic power is maximized when RoNpd i s 
minimized, we assume that all the pulldown MOSFETs are turned on when the clock 
signal goes high. Accordingly, if the on resistance for a MOSEET is Ron, we must use 
the following value for RoNpd'- 


Ron pd = (2^onII^onI!^on)- 
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We also assume that all the input signals switch at the clock frequency. Thus the worst- 
case power dissipation is given by 


Pdynamic 


5 2 x (100 x 10 3 ) 2 x 0.01 x 10~ 12 x 10 x 10 6 
(100 x 10 3 + 4 x 10 3 ) 2 


= 2.3 fj. W. 


Observe that for our example, the static power dissipation (from Equation 11.22) is 
nearly 100 times larger than the dynamic power dissipation. 


EXAMPLE II.3 TOTAL POWER DISSIPATION IN A MOS 
INVERTER The inverter shown in Figure 11.13 drives a load capacitor Cl that 
models the gate-to-source and interconnect capacitances of the immediate downstream 
circuitry. We wish to approximate the average power dissipated in the inverter given 
that the input voltage fflsj is a 100-MHz square wave. In doing so, we assume that the 
MOSFET on-state resistance Ron satisfies Ron Rpu- 

Since Ron 4C Rpu, the output voltage rises much more slowly than it falls. The time 
constant for the rising transient is RpyCp = 1 ns, which is much smaller than a half 
period of the input square wave. Therefore, all inverter transients fully settle, and the 
power dissipated in the inverter may be approximated as the sum of a static dissipation 
plus a dynamic dissipation. 

The static dissipation occurs when the MOSFET is on. The instantaneous value of this 
dissipation is approximately V 2 /Rpu = 22.5 piW because Ron Rpu- However, since 
the MOSFET is on only half the time, the average static power dissipation is 11.25 piW. 

The dynamic dissipation is caused by the repeated charging and discharging of Cl- The 
energy CpV|/2 is lost during both the charging and discharging of the capacitor. Thus, 
the dynamic loss is Cl V| f= 1.125 /tW, where f— 100 MHz is the switching frequency 
of the input voltage. 

Finally, the total average power dissipated is 12.375 piW, with the static dissipation 
being the dominant component of this loss. 


FIGURE 11.13 An inverter 
driving a load capacitor. 
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11.4 NMOS LOGIC 

The pullup device that we have been using thus far (and seen previously in 
Section 6.11) in our digital gates is a resistor (for example, see the inverter in 
Figure 11.6). In practice, we do not really use resistors as we know them — they 
would take up too much area. Rather, as displayed in Figure 11.14), we might 
use another MOSFET with its gate connected to a second supply voltage Va, 
where Va is at least one threshold voltage higher that the supply voltage Vs- 
This way, the pullup MOSFET remains in its ON state for any voltage between 
0 and Vs applied at its source. 

This style of building logic gates using n-channel MOSFETs for both the 
pullups and the pulldowns is called NMOS logic? The Ron of the pullup 
serves as the load resistor. The gate length of the pullup MOSFET is sized to 
be larger relative to the pulldown MOSFET, so the static discipline is satisfied 
(see Section 6.11). The power and energy calculations of Section 11.3 apply to 
NMOS devices with Ron of the pullup replacing the load resistor Rl in the 
analyses. 

11.5 CMOS LOGIC 


v s 

A 



V A 


1 


FIGURE 11.14 A MOS pullup 
device. 


1 ° 

G — 

NFET symbol 


Logic gates in the NMOS logic family dissipate static power even when the 
circuit is idle. In the example discussed earlier, the static power was nearly 100 
times larger than the power associated with signal activity. Because the pullup 
MOSFET is always on, the cause of the static power dissipation is the resistive 
path from the power supply to ground when the pulldown MOSFET is on. 
In this section, we introduce another type of logic called CMOS or Comple¬ 
mentary MOS, which has no static power dissipation. Because of its low static 
power dissipation, 4 CMOS logic has all but replaced NMOS in modern VLSI 
chips. 

CMOS logic makes use of a complementary MOSFET called the 
p-cbannel MOSFET or the PFET. 5 The n-channel MOSFET that we have 
dealt with thus far is called an NFET. The symbols and the SR circuit models 
for the NFET and PFET are shown in Figures 11.15 and 11.16, respectively. 
As we saw previously in Section 6.6, the NFET turns on when its vqs > V/„. 


3. NMOS logic families actually use a special kind of pullup called a depletion-mode MOSFET, 
which has a negative threshold voltage. The MOSFETs that we have been dealing with thus far 
are called enhancement-mode MOSFETs. The depletion-mode MOSFET is used as a pullup with 
its gate connected to its source instead of the power supply. One of its advantages is that it does 
not require a second supply voltage. 

4. Although the static power for CMOS is significantly lower than NMOS, sources of static power 
loss still remain, such as leakage currents. 

5. We saw the p-channel MOSFET briefly in the context of amplifiers in Chapter 7 in Example 7.7. 
FFere we will focus on its use in digital circuits. 


o 


D 


O- 

G 

V GS < V Tn 


o - 

G 

V GS ~ V Tn 


6 s 

OFF State 
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FIGURE 11.15 The switch- 
resistor model of the n-channel 
MOSFET or the NFET. 
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FIGURE 11.16 The switch- 
resistor model of the p-channel 
MOSFET or the PFET. 


When it is on, a resistance RoNn appears between its drain and source. In 
contrast, the PFET turns on when its vqs < Vrp• V rp is usually negative (for 
example, —1 volt). When it is on, a resistance RoNp appears between its drain 
and source. The drain terminal of the PFET is chosen as the terminal with the 
lower voltage. In contrast, the channel terminal of the NFET with the higher 
voltage is labeled as the drain. 

As an example, an NFET with a threshold voltage V j n = 1 V turns on 
when the voltage between its gate and source is raised above 1 V. A PFET with 
a threshold voltage Vrp = — 1 V turns on when the voltage between its gate 
and source is lowered below — 1 V. In other words, the PFET turns on when 
the voltage between its source and gate is raised above 1 V. 

A CMOS inverter is shown in Figure 11.17. When the input voltage is high 
(t , ]\j = Vs), the NFET is ON and the PFET is off, resulting in a low output 
voltage. When the input voltage is low (itn = 0), the NFET turns off and the 
PFET turns on, resulting in a high output voltage. 

CMOS logic does not suffer static power dissipation. Referring to 
Figure 11.17, provided the input is at Vs or 0, notice that the two com¬ 
plementary MOSFETs are never on at the same time. Thus, there is never any 
direct resistive path from the power supply to ground. Hence there is no static 
power dissipation. 


EXAMPLE II.4 POWER DISSIPATION IN A CMOS INV¬ 
ERTER Let us compute the dynamic power dissipated in the CMOS inverter. The 
CMOS inverter does not suffer from static power loss, since at any instant of time, either 
the pullup or the pulldown device is off, thereby precluding any continuous current flow. 

The circuit model of the inverter using the SR MOSFET models for the PFET and the 
NFET is shown in Figure 11.18. As the model shows, no current flows directly from Vy 
to ground for either a high or a low input signal. 



Let us assume that a square-wave signal such as a clock with time period T is fed to the 
input of the inverter as shown in Figure 11.19. Further assume that the inverter drives 
a load capacitor Cp. We shall compute the power dissipated by the inverter for this 
signal. A signal that transitions every cycle will result in the worst-case dynamic power 
dissipation. 

During the first half of the cycle, the load capacitor Cl is discharged, and during the 
second half of the cycle, it is charged up to the supply voltage. Since static and dynamic 
currents don’t flow simultaneously in CMOS devices, we can compute the average 
dynamic power dissipated using the following very simple method. 

Recall that the average power dissipated is defined as the energy dissipated in a cycle 
divided by the cycle time T. During the low half cycle of the input signal, a quantity 
of charge equal to Ql is transferred from the power source to the capacitor. Assuming 
that the cycle time of the input signal is large enough for the capacitor to charge up to 


FIGURE 11.17 CMOS inverter 
circuit. 
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FIGURE 11.19 CMOS inverter power dissipation. 



v OUT 


(a) Vjjj low 


the supply voltage, 


Ql = C L V S . 


Then, during the second half cycle, the same charge is transferred from the capacitor to 
ground. Effectively, a charge Ql is transferred from the power source to ground during 

each cycle. The amount of energy lost during this transfer is 
this quantity by T to obtain the average power. Thus, 

given by VsQl- We divide 

Adynamic ~ Vs Q jJC 

(11.29) 

= VsC L Vs/T 

(11.30) 

= fC L vj 

(11.31) 


V S 



K 


v OUT 



(b) v IN high 


where f is the frequency of the square wave signal. 

We can also derive the same answer from first principles as follows. The time-average 
dynamic power dissipated is the product of the power supply voltage and the average 
current supplied by the power supply. In other words, 

1 f T . 

Atynamic = i(t)dt 

where Vs is the DC power supply voltage and i(t) is the current supplied by the power 
source as a function of time. 


FIGURE 11.18 CMOS inverter 
model. 


R ON p 



v OUT 


C L 


Figure 11.20 shows the situation where the input signal is low (second half cycle) and 
the load capacitor is charging up through the on resistance of the PEET. Figure 11.21 
shows the situation where the input signal is high (first half cycle) and the load capacitor 
discharges to ground through the on resistance of the NFET. 


FIGURE 11.20 Load capacitor 
charging. 
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I 

t 


FIGURE 11.21 Load capacitor 
discharging. 


Because the pullup switch is off in the first half cycle (when the input is high), notice that 
the power supply directly provides a current only during the second half cycle (when 
the input is low). Therefore, power is delivered by the power supply only during the 
interval T/2 —*■ T. Thus, 


1 f T . 

Pdynamic = V S~ / ’(t)dt. 

T J T/2 

(11.32) 

If Q(t) is the charge on the capacitor as a function of time, we have 


■/., dQ(t) 

At) = , ■ 

dt 


Therefore 


„ v 1 [ T dQ(t) 

Pdynamic = V S - 1 at. 

T Jt/ 2 at 

(11.33) 

Furthermore, we know that 


Q(t) = Cli'outM 


where t'oUTW is the voltage across the load capacitor as a function of time. Differenti¬ 
ating both sides with respect to t, we get 

dQ(t) _ £ dvomit) 
dt L dt 


Substituting for dQ(t)/dt in Equation 11.33 and observing that i^out 
during the second half cycle, we obtain: 

rises from 0 to Vs 

\ rVs 

Pdynamic = ^S^L~ J ^OUT 

(11.34) 

= VsCl-^Vs 

(11.35) 

A ^ 

> 

II 

(11.36) 


The dynamic power dissipated by the CMOS inverter is therefore V|Q JT. If T = 1 /f 


the dynamic power dissipated by the CMOS inverter is /V| Cl- 


In reality, it is difficult to obtain instantaneous input rise and fall times. When the rise and 
fall times are finite, there will a short period of time in the middle of an input transition 
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FIGURE 11.22 Static power 
loss due to nonzero signal rise and 
fall times. 


A _ A _ A_^ 

t 


interval (for example, when iin = 2.5 V) in which both MOSFETs will be turned on, 
resulting in a current path from the power supply to ground. This transient switching 
current, ij , depicted in Figure 11.22 is another source of dynamic power loss, but we 
ignore it in our analyses. 


EXAMPLE II.5 POWER DISSIPATION IN ANOTHER CMOS 
INVERTER The circuit shown in Figure 11.23 is the same as that shown in 
Figure 11.13 except that the inverter in Figure 11.23 is a CMOS inverter. As in Exam¬ 
ple 11.3, we wish to approximate the average power dissipated in the inverter given 
that hn is a 100-MHz square wave. Again, we will assume that the on-state resis¬ 
tance of both MOSFETs is so small that the switching transients of the inverter fully 
settle. 

Because the two MOSFETs in Figure 11.23 are never on at the same time, the CMOS 
inverter does not exhibit static dissipation. This a major advantage of CMOS logic over 
NMOS logic. The only dissipation is dynamic dissipation, which is the same as for the 
inverter in Example 11.3 because Vs, Cl, and f are all the same. Thus the average power 
dissipated in the CMOS inverter is 1.125 /t W. 



FIGURE 11.23 CMOS inverter 
driving a load capacitor. 


EXAMPLE II.6 POWER CONSUMED BY A MICROPRO¬ 
CESSOR In this example, we will estimate the average power consumed by a 
microprocessor based on the simple formula developed in Equation 11.31. The Raw 
microprocessor designed at MIT using IBM’s 180-nm, SA27E CMOS technology pro¬ 
cess, had about 3 million gates (assume each gate is equivalent to a 2-input NAND gate) 
and clocked at 425 MHz. Assume each gate offered a load capacitance of approximately 
30-nF, and the nominal supply voltage is 1.5 V. Assume further that approximately 25% 
of the gates switch values in a given cycle. 
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FIGURE 11.24 CMOS NAND 
gate. 
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TABLE 11.1 Truth table. 



Substituting the values from the Raw microprocessor into Equation 11.31, we obtain 
the dynamic power consumed by the entire chip as 

(Fraction Switching) x (#Gates) x /Cj V^ 

= 0.25 x (3 x 10 6 ) x (425 x 10 6 ) x (30 x 1(T 15 ) x 1.5 2 
= 21.5 W. 


11.5.1 CMOS LOGIC GATE DESIGN 

How do we build logic gates such as NANDs and NORs using CMOS tech¬ 
nology? Let us look at a few examples and then generalize to arbitrary logic 
functions. We have already seen one example — the inverter. The CMOS 
inverter comprised a pulldown NFET and a pullup PFET. 

CMOS NAND Gate 

As you can verify, the circuit in Figure 11.24 implements a logic function with 
the truth table shown in Table 11.1. This is the truth table for a NAND gate. 
Notice that pulldown circuit comprising two series-connected NFETs is the 
same as in the NMOS logic implementation. The pullup circuit performs a com¬ 
plementary function and comprises parallel-connected PFETs. In other words, 
the pullup is off when the pulldown circuit is on, and vice versa. There is no 
static power dissipation in this gate. 

CMOS NOR Gate 

Similarly, we can verify that the circuit in Figure 11.25 implements the truth 
table for a NOR gate as shown in Table 11.2. 

The two pulldown NFETs are connected in parallel as in the corresponding 
NMOS implementation. The PFET pullups are series connected to form the 
complementary network. 

Other Logic Functions 

As evident from the previous examples, CMOS logic gates can be visualized as 
comprising two complementary modules: the familiar pulldown circuit com¬ 
prising NFETs, and a complementary pullup module using PFETs. If we are 
interested in implementing the logic function f the NFET pulldown network is 
designed so it offers a short circuit when /is FALSE and an open circuit when 
/is TRUE. Similarly, the PFET pullup network is designed so it offers a short 
circuit when /is TRUE and an open circuit when f is FALSE. Thus, the CMOS 
implementation of logic function /will assume the form shown in Figure 11.26. 
In the figure, /is the complement of / In other words, 


FIGURE 11.25 CMOS NOR 
gate. 


/= NOT / 
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Let us construct a CMOS circuit for the function 


f[A,B,Q = {A + B)C. 


Assume that the inputs are available in both their TRUE and complement forms. 
In the CMOS circuit, the pulldown network must be on when f is FALSE. 
Similarly, we must construct a complementary pullup circuit / that is off when 
f is on. Let us derive an expression for/: 


f(A,B,Q = (A + B)C 

(11.37) 

= ( AB ) C 

(11.38) 

= AB + C 

(11.39) 

= AB + C. 

(11.40) 


A 

B 

C 

0 

0 

i 

0 

l 

0 

1 

0 

0 

1 

1 

0 


TABLE 11.2 Truth table. 


An application of the ideas in Figure 11.26 leads to the circuit in Figure 11.27. 
We can verify that the circuit indeed correctly implements the logic by 
developing its truth table and comparing it to that of / 



OUT 


FIGURE 11.26 CMOS configuration to implement the logic function f. 



Out 


FIGURE 11.27 CMOS 
implementation of 
f(A,B,C)= (A + B)C. 
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11.6 SUMMARY 

► We began this chapter by analyzing the power and energy dissipated in first- 
order resistor-capacitor networks driven by voltage-step inputs. The results 
of this analysis were then used to determine the losses in NMOS logic gates. 
Most importantly, we observed that, if the transients in NMOS logic gates 
are allowed to settle, then the average power dissipated in the gates could 
be decomposed into two parts: static losses and dynamic losses. Static 
loss results when a pull-up resistor is connected across the power supply 
by one or more closed MOSFETs. Dynamic loss results from the repeated 
charging and discharging of the MOSFET gate-to-source capacitances, and 
hence increases linearly with switching speed. We further observed that in 
NMOS logic gates in which the switching transients settle, the static losses 
are always much larger than the dynamic losses. Finally, this observation 
motivated the development of CMOS logic gates, which do not exhibit 
static losses. CMOS logic is therefore much more energy efficient that 
NMOS logic. 

► The dynamic power loss in a CMOS gate driving other CMOS gates was 
found to be 

CV 2 f , 

where C is the total driven downstream capacitance, V is the power sup¬ 
ply voltage, and f is the switching frequency. As digital circuits become 
ever faster, this loss increases linearly with f. Therefore, in order to 
reduce dynamic losses, and hence reduce the associated thermal man¬ 
agement problems, CMOS logic circuits are built from MOSFETs having 
ever decreasing gate-to-source capacitances, and are built to operate from 
ever decreasing power supply voltages. 6 Also, circuits that are not in use are 
now commonly shut down to avoid dynamic losses. 

EXERCISES EXERCISE II.I An inverter built using an NMOS transistor and a resistor Ri 
drives a capacitance The power supply voltage is Vs and the on resistance of the 
MOSFET is -Ron- The threshold voltage for the MOSFET is Vj. Assume that logical 
0’s are represented using 0 V and logical l’s using Vs volts. 

a) Determine the steady-state power consumed by the inverter when a 0 is applied to 
its input. 

b) Determine the steady-state power consumed by the inverter when a 1 is applied to 
its input. 


6. As of 2004, for example, commonly available technology processes use power supply voltages 
of IV to 1.5 V. 
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c) Determine the static power and the dynamic power consumed by the inverter when 
a sequence of the form 01010101 ... is applied to its input. Assume that signal 
transitions (0 to 1, or 1 to 0) happen every T seconds. Assume further than T is 
much greater than the circuit time constant. 

d) Assuming the input in part(c), by what factor does the dynamic power decrease if 
(i) T is increased by a factor of 2, (ii) Vs is decreased by a factor 2, and (iii) Cj, is 
decreased by a factor 2 ? 

e) Suppose that the inverter must satisfy a static discipline with high and low voltage 
thresholds Vih = Voh — Vh = Vol = Yl, respectively. You are given a MOSFET 
with on resistance .Ron and threshold Vj. Assume that Vi < Vj < Vh < Vs 
choose a value for Ri in terms of the other circuit parameters such that the power 
consumed by the inverter is minimized. 

EXERCISE II.2 Determine f for the following functions. Express your answer 
in a simplified sum of products form (Hint: use De Morgan’s laws.) 


a) f=A^B 

b) f=A + B 

c) f=A + B 


EXERCISE II.3 Give a CMOS implementation (using NMOS and PMOS tran¬ 
sistors only) of the following logic functions. In doing these exercises, is the value of the 
on resistance of the MOSFETs needed? Why or why not? 

a) f=A^B 

b) f=A + B 

c) f=A + B 


EXERCISE II. 4 Write a truth table and a boolean expression that describes the 
operation of each of the digital circuits in Figure 11.28. 



FIGURE 11.28 
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PROBLEMS PROBLEM II.I This problem examines the power dissipated by a small digital 
logic circuit. The circuit comprises a series-connected inverter and NOR gate as shown 
in Figure 11.29. The circuit has two inputs, A and B, and one output, Z. The inputs are 
assumed to be periodic with period T 4 as shown in Figure 11.29. Assume that Ron for 
each MOSFET is zero. 



a) Sketch and clearly label the waveform for the output Z for 0 < t < T 4 . In doing so, 
assume that Cg and Cl are both zero. 

b) Derive the time-average static power consumed by the circuit in terms of Vs, Rl, Tj, 
T 2 , T 3 , and T 4 . Here, time-average power is defined as the total energy dissipated 
by the gate during the period 0 < t < T 4 divided by T 4 . 

c) Now assume that Cg and Cl are nonzero. Derive the time-average dynamic power 
consumed by the circuit in terms of Vs, Rl, Cg, Cl, Tj, T 2 , T 3 , and T 4 . In doing 
so, assume that the circuit-time constants are all much smaller than Tj, T 2 — Tj, 
T 3 - T 2 , and T 4 - T 3 . 

d) Evaluate the time-average static and dynamic powers for Vs = 5 V, Rl = 10 kfi, 
C G = 100 fF, C L = 1 pF, Tj = 100 ns, T 2 = 200 ns, T 3 = 300 ns, and 
T 4 = 600 ns. 
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e) What is the amount of energy consumed by the circuit in 1 minute for the parameters 


in part (d)? 


f) By what percentage does the total time-average power consumption drop if the 
power supply voltage Vs drops by 30°/o? 

PROBLEM II. 2 Implement the logic function Z = A + B + CD using NMOS 
transistors alone. In other words, use an NMOS transistor in place of the pull-up resistor. 
Your implementation must satisfy a static discipline with low and high voltage thresholds 
given by Vji = Vol = Vl and VlH — Voh — Vh, where 0 < Vj < Vj < Vh < Vs- 
Vs is the power supply voltage. As your answer, specify the W/L values for the pullup 
and the pulldown transistors. 

For what combination of inputs does the circuit dissipate the greatest amount of static 
power? Determine the static power dissipation for this combination of inputs. 

PROBLEM II. 3 A circuit consists of N inverters, where N>1. Each inverter is 
built using a NMOS transistor and a resistor Ri- The power supply voltage is Vs and 
the on resistance of the MOSEETs is Ro n- The threshold voltage for the MOSFETs 
is Vt- 

a) Suppose we do not know how the inverters are connected to each other or to the 
inputs and outputs of the circuit. How might you estimate the amount of static 
power that the circuit is likely to consume? 

b) Suppose it is known that the inverters are connected in series as one long chain. 
Estimate the amount of static power dissipated by the circuit. 

PROBLEM II. 4 Consider the digital memory element illustrated in Figure 11.30. 
Assume that the inverters are implemented using a pulldown NMOS transistor with on 
resistance RoiSh and a pullup resistor Ri- The power supply voltage is Vs- What is the 
instantaneous power dissipated by the memory element when it stores a logical 1 ? What 
is the instantaneous power dissipated by the memory element when it stores a logical 0 ? 


Store 



FIGURE 11.30 


PROBLEM II. 5 Give a CMOS implementation (using NMOS and PMOS 
transistors only) of the following logic functions: 


1. (A + B)-(C + D ) 


2. (A + B)-(C + D ) 
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3. A- B C D 

4. (rW)(FW)(X- Y-W) 

PROBLEM II .6 

a) Express F in a simplified sum-of-products form given that F = AB + CD. 

b) Implement the logic function F = AB + CD with an NMOS digital logic circuit that 
obeys the static discipline defined by the low-level and high-level logic thresholds 
Vjl = Vol — Vl and Vm = Voh = Vh, respectively. Assume the supply voltage 
is Vs, and that the on-state resistance of the NMOS transistors is Ron ■ Determine 
the lowest value of the pull-up resistor Rpu for which the circuit will obey the static 
discipline in terms of -Ron, Vs, Vl, and Vh; not all variables need appear in your 
answer. 

c) Implement the logic function F = AB + CD with a CMOS digital logic circuit. (Hint: 
make use of the result from part (a).) 

d) Suppose that the NMOS and CMOS circuits above drive a capacitance Cl- Assume 
that the on-state resistance of both the PMOS and NMOS transistors is Ron- For 
both the NMOS and CMOS circuits determine the worst-case output rise time. For 
the purpose of this problem, assume that the worst-case output rise time is the time 
the output takes to go from 0 V to Vh- Sketch the form of the output for both the 
NMOS and the CMOS circuit. 

e) Suppose that the inputs are arranged such that B = 1, C = 0, and D = 1, and 
that a 0-V to 5-V square-wave signal is applied to the input A. Assume the square 
wave cycle time is T, and that T is large enough so that the output comes close to 
its steady state value for both falling and rising transitions. Under these conditions, 
compute the power consumed by the CMOS and NMOS circuits when driving the 
capacitance Cl load. 
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TRANSIENTS IN 
SECOND-ORDER CIRCUITS 



Many familiar physical systems that exhibit oscillatory behavior, such as clock 
pendulums, automobile suspensions, tuned filters in radios, and inter-chip dig¬ 
ital interconnections are predominantly second-order systems. That is, their 
dynamics are well described by second-order differential equations. Second- 
order systems contain two energy storage elements with independent states. 
For example, a second-order circuit could contain two independent capacitors, 
two independent inductors, or one capacitor and one inductor. In contrast, the 
circuits studied in Chapter 10 contained only one energy storage element that 
is, one capacitor or one inductor. Therefore, their dynamics were described by 
first-order differential equations. As we shall see in this chapter, the dynamics 
of first-order circuits and second-order circuits can be very different. 

To illustrate the typical behavior of second-order circuits, and to moti¬ 
vate their study, consider the behavior of the two cascaded inverters shown in 
Figure 12.1. Given a square-wave input to the first inverter at ^ini, we expect 
to see a square-wave output at t'ouTl and tlN2> as illustrated in Figure 12.2. 
However, in Chapter 9 we saw that the presence of the parasitic MOSFET 
gate capacitance in the second inverter results in the slower output waveform 




FIGURE 12.1 Two cascaded 
inverters. 
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FIGURE 12.2 Ideal response of 
the first inverter to a square-wave 
input. 
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V IN1 A 


t 


FIGURE 12.3 Second-order 
response of the cascaded inverters 
to a square-wave input. 




FIGURE 12.4 Cascaded 
inverters with parasitic wiring 
inductance and gate capacitance. 


shown in Figure 9.3. In Section 10.4 we analyzed this waveform in detail and 
found that it contains a decaying exponential. This decaying exponential is 
the homogeneous response of the first-order circuit formed by the Thevenin 
equivalent of the first inverter and the MOSFET gate capacitance in the sec¬ 
ond inverter. Now suppose that the interconnect between the two inverters is 
long, so that its parasitic inductance also becomes important. In this case, the 
dynamics of the cascaded inverters change considerably, and the waveform of 
v \^2 takes on the second-order character shown in Figure 12.3. 

With the inclusion of the gate capacitance Cgsi of the MOSFET in the 
second inverter, and the interconnect inductance L/ between then two inverters, 
the circuit shown in Figure 12.1 becomes the circuit shown in Figure 12.4. The 
latter circuit contains a capacitor and an inductor, and so it is a second-order 
circuit. Note that itouti and f[N2 are now no longer equal. The second-order 
nature of the new circuit is more readily seen in Figure 12.5, which is extracted 


FIGURE 12.5 Circuit model of 
the cascaded inverters when the 
input at i/iisj, is low. 
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from Figure 12.4 for the case of a low-level input at t'|\ |. The circuit shown 
in Figure 12.5 contains the series combination of the resistor Ri, the capacitor 
C(,s 2 , and the inductor L/. It is the interaction of these three elements that 
leads to the oscillatory waveform observed in Figure 12.3. We shall study this 
second-order circuit in more detail in Section 12.5. 

Close inspection of the waveform of 14^2 shown in Figure 12.3 reveals 
that both the correct operation and the speed of the cascaded inverters depends 
on the second-order behavior of the capacitor-inductor-resistor circuit fomied 
between the two inverters. The oscillatory character of the waveform of t/nsE 
following each rising and falling transition is referred to as ringing. As can be 
seen in Figure 12.3, the output of the first inverter as received by the second 
inverter is valid only after the ringing transitions settle above Voh for a rising 
transition, and below Vol for a falling transition. Waiting for the ringing to settle 
within the output thresholds results in the signal propagation delays ^i-^o 
and tpj t o-j. 1 - This too is analyzed in more detail in Section 12.5. 

In the remainder of this chapter, we will study the behavior of a variety of 
second-order circuits similar to the one shown in Figure 12.5. We begin with the 
simplest circuit involving only one capacitor and one inductor. Following that, 
we study more complex circuits by including resistors and then sources. As we 
shall see, there are many such second-order circuits. Fortunately, their behavior 
is much the same, and so we need examine only several of them in detail. We 
will also study the behavior of two-capacitor and two-inductor second-order 
circuits. Finally, we close by addressing several issues of general importance to 
the analysis of second-order and higher-order circuits. 


12.1 UNDRIVEN LC CIRCUIT 


The simplest second-order circuit is the undriven circuit having one capacitor 
and one inductor, shown in Figure 12.6. It is lossless because it contains no 
elements that dissipate energy. That is, it contains no resistors. It is undriven 
because it contains no independent sources to provide external stimuli. There¬ 
fore, it offers us the opportunity to focus on the internal, or homogeneous, 
behavior of the circuit itself. The undriven response is also the Zero Input 
Response (ZIR) of the circuit. Of course, without a source one should ask how 
did the operation of the circuit begin. We will temporarily defer the answer to 
this question and simply assume for the moment that its branch voltages and 
currents are not all zero. 

To examine the behavior of the circuit shown in Figure 12.6, we can 
employ the node analysis method outlined in Chapter 3. Since a ground node 
is already selected in Figure 12.6, and since the unknown voltage at the other 
node is already labeled with the node voltage v, Steps 1 and 2 of the node 
analysis are already complete. Note that v will be the primary unknown for the 
node analysis. 



FIGURE 12.6 A simple 
second-order circuit. 
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Ill addition to the node voltage v, the states of the two circuit elements are 
of interest. These are the capacitor voltage vq and the inductor current //, and 
they too are labeled in Figure 12.6. The states are related to v according to 

vc(t) = v(t) (12.1) 


i L (t) = — f v[t)dt (12.2) 

L J—OO 

where t is a dummy variable of integration. Equation 12.1 follows from the 
fact that v and vq represent the same voltage, and Equation 12.2 follows 
from the constitutive law for the inductor given in Equation 9.30. Thus, once 
the node voltage v is determined, both vq and z'/ are easily determined from 
Equations 12.1 and 12.2, respectively. 

As observed in Equation 12.1 we have chosen to use two separate sym¬ 
bols for the same voltage. Those symbols are v and vq. We have done this 
to distinguish between the node voltage v and the branch voltage vq, which 
happen to be the same. In the future, for simplicity in such cases we will use 
only one symbol. 

Returning now to the node analysis, we complete Step 3 by writing KCL 
in terms of v for the node at which v is defined. This yields 


c Mt) 

dt 



(12.3) 


The first term in Equation 12.3 is the capacitor current, and follows from 
the constitutive law for the capacitor given in Equation 9.9. The second 
term in Equation 12.3 is the inductor current. Because the circuit contains 
an inductor, Equation 12.3 contains a time integral. To remove this integral, 
we differentiate Equation 12.3 with respect to time, and also divide by C, to 
obtain 


d 2 v[t) 

dt 2 


H- v(t) — 0 

LC 


(12.4) 


which is easier to work with. 

To complete the node analysis, we complete Steps 4 and 5 by solving 
Equation 12.4 for v, and using it to determine zf and vq, for example. Equa¬ 
tion 12.4 is an ordinary second-order linear differential equation with constant 
coefficients. As we did with first-order systems in Section 10.11, we can obtain 
a general solution to our second-order differential equation using the following 
steps: 


1. Find the homogeneous solution. To find the homogeneous solution, the 
drive is set to zero. 
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2. Find the particular solution. 

3. The total solution is then the sum of the homogeneous solution and the 
particular solution. Use the initial conditions to solve for the remaining 
constants. 

In our Equation 12.4, there is no drive to begin with, so Equation 12.4 is also 
the homogeneous equation. Thus, the homogeneous solution is also the total 
solution. To obtain the homogeneous solution, we proceed as in Section 10.1.1 
for solving first-order homogeneous equations. We expect the homogeneous 
solution to our linear, constant-coefficient, ordinary, second-order differential 
equation (Equation 12.4) to be a superposition of two terms of the form 

Ae st 


where A is a coefficient and s is a frequency. The substitution of this candidate 
term into Equation 12.4 yields 

As 2 e st + A—e st = 0. (12.5) 

LC 

After factoring out A and e st , this becomes 

A (s 2 + e st = 0. (12.6) 


Since e st is never zero for finite st, and since A = 0 is a trivial solution that leads 
to v = 0, it follows from Equation 12.6 that 


s 2 + — = 0. 

LC 

(12.7) 

The two roots are 

Sl = +)COo 


o 

3 

1 

II 

(12.8) 

where 


(12.9) 

and where y denotes \f— I. Therefore, the solution for it is a 

linear combination 


of the two functions 


e Slt and e Slt 
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and takes the form 


v{t) = A ie sit + A 2 e S2t (12.10) 

where A\ and Ai are as yet unknown constants that are equivalent to the two 
constants of integration encountered when integrating Equation 12.4 twice to 
find v. Substituting for si and si from Equation 12.8, the solution for v becomes 

v(t) = Aie +J< ° ot + A 1 e~ im ° t . 

However, rather than work with these complex exponential functions, it is 
more intuitive to work with their scaled sum and difference, namely cos (ca 0 t) 
and sin^o^). 1 Thus, we can take the solution for v to be 

v(t) — Ki cos(ca 0 t) + Ki sin(® 0 f) (12.11) 

where K\ and Ki are as yet unknown constants. 

Equation 12.7 is referred to as the characteristic equation of the circuit 
because it summarizes the internal dynamics of the circuit. The roots of the 
characteristic equation, sj and S 2 , are called the natural frequencies of the circuit 
because they indicate the oscillation frequency of the natural circuit when no 
forcing drive is present (see Equations 12.8 and 12.11). We have seen similar 
equations and frequencies before in the context of first-order resistor-capacitor 
and resistor-inductor circuits. For example, in Chapter 10, the characteristic 
equations took the form 


for first-order RC circuits, and 


for first-order LR circuits. Their roots led to the natural frequencies —1/RC 
and —R/L, respectively, and the associated time constants RC and L/R, 
characteristic of first-order circuits. 

To complete the solution to Equation 12.4 we must determine the 
unknown constants K\ and Ki. To do so, we need specific information 
about v. Mathematically, this is provided by specifying v and dv/dt at a particu¬ 
lar time. That is, we provide initial conditions from which Equation 12.4 can be 
integrated. However, in working with electronic circuits, it is more common to 
know the states of a circuit at the initial time, and this information must be used 


sH-= 0 

RC 


R 

sH-=0 

L 


1. Recall from the Euler relation, = cos (<o 0 t) + ] sm(a) 0 t), that e+t £u ° f + e la>ot = 2 cos(o) 0 f) 
and that e+t® 0 * — e ~= 2/ sin(e> 0 L) (See Appendices C and B for more details). 
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to find v and dv/dt at that time. Nevertheless, let us assume for the moment 
that we know v and dv/dt at an initial time, and complete the solution for v, 
we will return to the initial states shortly. Without loss of generality we will 
choose the initial time to be t = 0. In other words, we assume we know the 
initial conditions 

t'(O) and — (0). 
dt 

From Equation 12.11 evaluated at t = 0 we see that 


tz(0) = fCi 

(12.12) 

and from the derivative of Equation 12.11 evaluated at t — 

0 we see that 

dv 

-(0 ) = 0)0*2. 
dt 

(12.13) 

Equations 12.12 and 12.13 can be solved to yield 


o 

II 

£ 

(12.14) 

AT = i-To). 

co 0 at 

(12.15) 


The two unknown coefficients are now known in terms of the initial conditions. 
Finally, combining Equations 12.11,12.14 and 12.15 yields 


1 dv 

v(t) = v(0) cos(co 0 t ) H-— (0) sin(tw 0 f) (12.16) 

a> 0 dt 


as the solution for v given that we know v and dv/dt at t — 0. It both satisfies 
Equation 12.4 and matches the initial conditions. 

While Equation 12.16 is the solution for v, it is not expressed in terms of 
the state variables zfi and vq evaluated at t — 0, which is often more useful. 
To make it so, we must determine v and dv/dt in terms of z'/ and V(\ From 
Equation 12.1 we can immediately determine v in terms of vq- Thus evaluating 
v{t) at t — 0, we get 

m = v c (0). (12.17) 


Next, by combining Equations 12.2 and 12.3 we can determine dv/dt in terms 
of z'l according to 


C 


dv(t) 

dt 


-idt). 


(12.18) 
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Thus, evaluating dv(t)/dt att—0, we get 

dv 1 

-T 0) = --id 0). (12-19) 

dt C 

Then, combining Equation 12.16 with Equations 12.17 and 12.19 yields 


v{t) — vc(0) cos (< 0 o Z) - 



id0 ) sin(tt> 0 £) 


( 12 . 20 ) 


as the completed solution for v given the state variables of the circuit at t — 0; 
Equation 12.9 has also been used to simplify the result. 

The final step in our analysis of the circuit shown in Figure 12.6 is to 
determine the state variables. From Equations 12.20 and 12.1 we find that 


vc(t) = tr c (0)cos (co 0 t) - J^idO) sm(co 0 t) 


7 c <°) + S 0) cos ( "•'+ 1™" 1 (/IS) 


( 12 . 21 ) 


and from Equations 12.20 and 12.18 we find that 


id*) = Jj^v c {0) sin(wo^) + Zl(0) cos (co 0 t) 


1 iS (0)+ l* (0) sin (”"' +tan_1 ( 


( 12 . 22 ) 


where the second equalities in Equations 12.21 and 12.22 both result from the 
application of trigonometric identities. 2 Again, Equation 12.9 has been used to 


2. The relevant identities are 

a cos(x) — b sin(x) = \J {£ + cos (a: + tan ~^(b/a)) 


and _ 

f 2 sin(x) + b cos(x) = y/ + IP- sin(x + tan ~^(b/a)). 

These are discussed further in Appendix B. 
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FIGURE 12.7 i[_ and vq for the 

simplify the results. We could also have used Equation 12.2 to determine fy undriven LC circuit shown in 
according to Figure 12.6 for the special case of 

t id o) = 0 . 

kit) = >l( 0) + 7 f v{t)dt. (12.23) 

L Jo 

Substitution of Equation 12.20 into Equation 12.23 does yield Equation 12.22, 
but using Equation 12.18 is easier. Note that Equation 12.23 displays the 
memory property of the inductor first observed in 9.33. 

A close look at Equations 12.21 and 12.22 shows that, for all choices of 
initial condition, fy and vq are sinusoidal functions that are a quarter cycle out 
of phase with each other. The initial conditions affect only their amplitudes and 
their common absolute phase. Therefore, we can illustrate the behavior of the 
circuit without loss of understanding by considering the special case of 


*1.(0) = 0, 


for example. The resulting expressions for ij and vc for fy(0) = 0 are given as 
follows, and Figure 12.7 shows the corresponding evolution of both fy and vq- 


vc(t) = vc{0) cos (co 0 t) 

(12.24) 

k{t) = J ^uc( 0 )sin (co 0 t). 

(12.25) 

V L 



Figure 12.7 illustrates several important points. As mentioned earlier, both 
branch variables, or states, are sinusoidal in time. Because of this, the peaks of 
one state occur at the zeros of the other. This behavior underlies the ringing 
seen in Figure 12.3, and is identical to that of many other lossless second-order 
oscillators, such as a spring and mass or a linearized pendulum in which mass 
position and velocity are the two states. Given the definitions of positive fy and 
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vc in Figure 12.6, vc leads 2 '/ by a quarter cycle. Thus, the greatest positive 
slope in 2 occurs at the positive peaks of vq, and the greatest negative slope 
in ii occurs at the negative peaks of vc, in accordance with the constitutive 
law for the inductor. Similarly, the greatest positive slope in vc occurs at the 
negative peaks of // , and the greatest negative slope in vc occurs at the positive 
peaks of vc, in accordance with the constitutive law for the capacitor. So, each 
state drives the growth of the other. 

There is also an important energy interpretation to Figure 12.7. It is that 
the oscillations in je and vc carry out a repetitive exchange of energy between 
the inductor and the capacitor. Indeed, the state of each element drives the 
growth of the other at the expense of the energy it stores. To see this, consider 
the energy we stored in the capacitor, the energy wm stored in the inductor, and 
the total energy we stored between them. In the general case, the substitution 
of Equations 12.21 and 12.22 into Equations 9.18 and 9.36, respectively, yields 

w E = ( ^Ci/£(0) + cos2 l^cT+tan -1 | 'j 

(12.26) 

WM = {\ Cv C {0) + skl2 |"<T+ tan_1 

(12.27) 




and so we is given by 

l 1 

we — we + wm = -Cvq(0) + -Li[(0). (12.28) 

Thus, the total energy we is constant in time. This is the case because there 
are no resistors in the circuit that could dissipate the energy. Note too that 
the energy completely exchanges between the two elements since both we 
and wm periodically go to zero. This behavior is also identical to that of many 
other lossless second-order mechanical oscillators in which kinetic and potential 
energies are repetitively exchanged. To illustrate this, Figure 12.8 shows the we, 
wm, and we for the special case of id 0) = 0. Note that the energies exchange 
at the frequency 2co 0 because both d and vc go to zero twice during the period 
2n/co 0 - 

To close this section, let us summarize three important observations. The 
first observation is that second-order capacitor-inductor circuits are capable 
of oscillation. This is in contrast to first-order resistor-capacitor and resistor- 
inductor circuits. The second observation is that we have now seen a third time 
constant to go along with the RC time constant associated with first-order 
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FIGURE 1 2.8 w& w^, and wj 
for the circuit shown in Figure 12.6 
for the special case of //_(o) = o. 


resistor-capacitor circuits, and the L/R time constant associated with first-order 
resistor-inductor circuits. That time constant is VTC, which is the time constant 
associated with second-order capacitor-inductor circuits. The third observa¬ 
tion is the meaning of the ratio y/L/C when associated with second-order 
capacitor-inductor circuits. This ratio is a characteristic of energy storage. 
Because we and wm exchange completely, it follows from Equations 12.21 and 
12.22 that 


—v~ — — j- 

2 Q^eak ^ ^T'aik 



(12.29) 


where ^c Peak and h, Peak are the peak values of vq and z'/, respectively. Thus, the 
ratio yjL/C, which has the units of resistance, originates from energy consider¬ 
ations and is the ratio of the peak values of the two states. The ratio y/TJC is 
called the characteristic impedance. In the following section, we will see that the 
parameter y/L/C also helps characterize the dynamics of damped second-order 
circuits. 


EXAMPLE 12.1 AN UNDRIVEN LC CIRCUIT For the circuit 
shown in Figure 12.6, suppose that C = 1 /iF and L = 100 /iH. What is the oscillation 
frequency of ij, and vq! Further, suppose that at some time, /p = 0.5 A and vq = 10 V. 
What will be the peak values of 4. and vq} 

From Equation 12.9 with C = 1 /iF and L = 100 /xH, 

^_ = 10 5 rad/s 

Vlc 


a>, 
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or approximately 15.9 kHz. At the time of the measurement of ii and vq, 

= 50 fi J and = 12.5 fi J. 


Thus 

wj = 62.5 /uj. 

The peak value of ii occurs when this energy is stored entirely in the inductor. In other 
words, 


k = W T = 62.5 mJ. 


So, 




i^Peak = “'?’ = 62.5 Mj- 


Similarly, the peak value of vq occurs when the energy is stored entirely in the capacitor. 
In other words, 

1 ( 

2 
So, 

H-2 V. 

Also, note that C, L, vc? eak , and iL? cak do satisfy Equation 12.29. This corresponds to 

i/l/C= 10 £2. 


EXAMPLE 12.2 ANOTHER UNDRIVEN LC CIRCUIT For the 
circuit shown in Figure 12.6, as in the previous example, suppose that C = 1 /iF 
and L = 100 juH. Further, suppose that at t = 0 the inductor current ii = 0 and the 
capacitor voltage vq = 1 V. Plot the waveforms for t > 0 for 2/ and vq. 

Since 

w 0 = ,_ = 10 5 rad/s 

Vlc 

we know that the waveforms for the voltage and the current will be sinusoids of frequency 
(D 0 = 10 5 rad/s. 

Further, since the initial value of the current is given to be 0, we have from 
Equations 12.24 and 12.25 

vc(t) = uc(0) cos(woi) = 1.0cos(10 5 f) 


k(t) = 



i>c(0) sin(woi) = 0.1 x sin(10 5 f). 


The waveforms are plotted in Figure 12.9. 
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FIGURE 12.9 i[_ and vq for the 
undriven LC circuit shown in 
Figure 12.6 for //_(o) = o and 
v c (o) = l.o. 


EXAMPLE 12.3 SPRING-MASS OSCILLATOR The spring-mass 
oscillator shown in Figure 12.10 is also a lossless second-order system. Its motion is 
described by 

d 2 x(t) 

M - - + Kx(t) = 0. (12.30) 

dt 2 

What is its oscillation frequency? 

The equation of motion for the spring-mass oscillator is the same as Equations 12.3 and 
12.4, but with M replacing C, 1/K replacing L, and x replacing v. So, by analogy to 
Equation 12.9, its oscillation frequency is 


K 

-'trap- 


M 


N 



FIGURE 12.10 A second-order 
spring-mass oscillator. Note that 
the coiled object in this figure is a 
spring, not an inductor. 


Similar analogies can be made to every aspect of our analysis of the capacitor-inductor 
circuit. 


EXAMPLE 12.4 AN IDEALIZED SWITCHED POWER 
SUPPLY In this example, we will analyze the idealized switching charge pump 
shown in Figure 12.11. Such charge pumps are used in voltage converters to trans¬ 
late one DC voltage to another DC voltage (for example, from a 1.5-volt battery to an 
electronic amplifier circuit that needs a 3-volt DC source). The purpose of the charge 
pump is to transfer energy losslessly from the voltage source through the inductor 
and into the capacitor. In doing so, it charges the capacitor and builds up the voltage 
across it. 

The charge pump operates cyclically as shown in Figure 12.12. To begin a cycle, switch 
SI closes for the duration T causing the current in the inductor to ramp up. During this 
time switch S2 remains open, and so the capacitor charge and voltage remain constant. 
Next, switch SI opens and switch S2 closes. This switch action disconnects the source 
from the inductor, and since the inductor current does not change instantaneously, it 
redirects the inductor current into the capacitor. The inductor current now rings down 
as the capacitor voltage rings up. Finally, switch S2 opens when the inductor current 
first goes to zero, and both switches remain open until the start of the next cycle. 



FIGURE 12.11 An idealized 
switching charge pump. 
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FIGURE 12.12 Charge pump 
operation. 


51 State 



Our goal is to determine the value of the capacitor voltage as a function of time. To 
do so, we will analyze the behavior of the circuit during each interval of operation in 
sequence. To begin, let us find the inductor current i p as it ramps up over the beginning 
of each cycle. 

SI Closed, S2 Open During this initial interval, because SI is closed and S2 is open, 
the DC voltage V appears directly across the inductor, and the inductor current ip ramps 
up. This aspect of charge pump operation has already been analyzed in Subsection 9.4.2. 
In particular, if we define t = 0 to occur at the beginning of a cycle, then ip is given by 
Equation 9.78 for 0 < t < T. Thus, ip builds up as a ramp. 

Now suppose that we wish to find the capacitor voltage vc at the end of the «th cycle. 
This is most easily done through energy considerations. From Equation 9.36 we see that 



(12.31) 
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at the end of each current ramp. Therefore, from Equation 9.36, the energy w m stored 
in the inductor at the end of each current ramp is given by 


L 

U’M = ~ 



yljl 

2 L 


(12.32) 


51 Open, S2 Closed This energy is completely transferred to the capacitor during the 
next interval of the cycle over which switch S2 is closed and SI is open. Indeed, switch 

52 opens to end the second interval just as i E goes to zero and the energy transfer is 
completed. 

SI Open, S2 Open The cycle ends with both SI and S2 open. All the energy is now 
stored in the capacitor. This sequence of actions is repeated during each cycle. 

Therefore, the energy w E stored in the capacitor at the end of the rath cycle grows as 

V 2 T 2 

we[h] = u> E [n — 1] 4-(12.33) 


beginning from 


w E [0] = 0 


(12.34) 


where the notation [ra] is used to show that n is a cycle index rather than continuous 
time. Equations 12.33 and 12.34 can be solved to yield 


w E [n\ = ra 


V 2 T 2 
2 L 


(12.35) 


as an explicit statement of the energy stored in the capacitor at the end of the rath cycle. 
Finally, by combining Equations 9.18 and 12.35, we find that 


vd.n\ = 



(12.36) 


Thus, the voltage across the capacitor is related to the voltage V of the input source, and 
grows with the square root of ra. This example will be revisited later on in this chapter 
and its operation as a DC-DC converter will be established more explicitly. 

Finally, suppose that we wish to find the details of i E and vq during the rath ringing 
period in which switch SI is off and switch S2 is on. In this case, we use Equations 12.21 
and 12.22 with one modification and several substitutions. The modification is that the 
sign of i E in both equations must be reversed since fi, is defined in opposite directions 
in Figures 12.6 and 12.11. The substitutions are —VT/L for zfi(O), vq [ra] for vc(0), and 
t—T for t since 1=0 occurs at the beginning of a cycle when switch SI closes. 
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CEO EXAMPLE 12.5 GRAPHICAL INTERPRETATION 



(a) Parallel RLC circuit 


■AMMA 


(b) Series RLC circuit 

FIGURE 12.14 Two second- 
order circuits with one resistor 
each. 


Node 1 Node 2 



FIGURE 12.15 The series 
second-order circuit shown in 
Figure 12 . 14 b. 


12.2 UNDRIVEN, SERIES RLC CIRCUIT 

The next step in our study of second-order circuits is to include a loss mechanism 
through which energy stored in the circuit will dissipate. Second-order circuits 
can exhibit loss for two reasons. First, real capacitors and real inductors are 
lossy. A common loss mechanism in a capacitor is dielectric leakage, which can 
be modeled with a parallel resistor. A common loss mechanism in an inductor 
is the resistive loss in its winding, which can be modeled with a series resistor. 
Second, we may purposefully introduce loss into a circuit in order to modify 
its behavior. For example, we might wish to suppress the oscillations seen in 
Figure 12.3. Again, this is accomplished by including one or more resistors. 

In this section, we will focus on undriven second-order capacitor-inductor 
circuits to which we have added a single resistor. There are two ways in which 
we can add a resistor to the circuit shown in Figure 12.6. We can either place 
it in parallel or in series with the two original elements. The two resulting 
circuits are shown in Figure 12.14. We will study the series RLC circuit in more 
detail here, and in Section 12.4 will discuss the corresponding parallel circuit. 
As we shall see shortly, the presence of the resistors in these circuits, and their 
associated losses, changes the behavior of the original circuit significantly. Most 
importantly, the energy stored in the circuit is no longer constant; rather, it 
decays in time. As a consequence, the circuit states also decay in time. 

Let us now examine the behavior of the series circuit shown in 
Figure 12.14b, which is redrawn in Figure 12.15. To analyze the behavior of this 
circuit we can again employ the node method, and this analysis closely parallels 
that of Section 12.1. Since a ground node is already selected in Figure 12.15, 
and since the unknown node voltages are already labeled as v\ and v 2 , we may 
proceed immediately to Step 3 of node analysis. Here, we write KCL at Nodes 
#1 and #2 in terms of v\ and v 2 - This yields 


c dvi(t) vijt) - v 2 {t) _ Q 


for Node #1, and 


dt 


v 2 {t) - vi(t) 


R 


1 

lJ-c 


v 2 (t)dt = 0 


(12.37) 


(12.38) 


R L J—oo 

for Node #2. To treat these two equations simultaneously, we first use Equa¬ 
tion 12.37 to determine v 2 in terms of v\, and then substitute the result into 
Equation 12.38 to obtain a second-order differential equation in v\. This yields 


dt r (f) 

v 2 (t) = RC — 7 — + v^t) 


dt 


(12.39) 
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d 2 v 1 (t) R dv\(t) 1 

-r-1-1- V\{t) = 0. 

T dt. T C. 


(12.40) 


Note that to arrive at Equation 12.40 we have divided Equation 12.38 by C, 
and differentiated it with respect to time. 

To complete the node analysis, we complete Steps 4 and 5 by solving 
Equation 12.40 for v\, and using it to determine v 2 and other branch variables 
of interest. Equation 12.40 is an ordinary second-order homogeneous linear 
differential equation with constant coefficients. Since the circuit does not have 
a drive, its homogeneous solution is also its total solution. Thus, as with Equa¬ 
tion 12.4, we expect its solution also to be a superposition of two terms of the 
form 


Ae st . 

The substitution of this candidate term into Equation 12.40 yields 


A 



-s+ — )e st = 0 
L LC, 


from which it follows that 


(12.41) 


s 


2 


R 1 

—sH-= 0. 

L LC 


(12.42) 


Equation 12.42 is the characteristic equation of the circuit. It is slightly more 
complex than Equation 12.7 because of the term proportional to s. We will see 
shortly that this term is responsible for damping and energy loss. To simplify 
Equation 12.42, and to put it in a form that is more standard for the characteristic 
equation in second-order circuits, we write it as 



-f- 2 as &)q — 0 

(12.43) 

where 


R 

a = — 

2 L 

(12.44) 


yic 1 

(12.45) 


note that Equation 12.45 is the same as Equation 12.9. Equation 12.43 is a 
quadratic equation having two roots. Those roots are 


si = -a + yja 1 - a>2 

(12.46) 

s 2 = -a - a 2 - co 2 . 

(12.47) 
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Therefore, the solution for v\ is a linear combination of the two functions 
e Slt and e Slt , and takes the form 

vi (t) = A ie Slt + A 2 e S2t (12.48) 

where A\ and /T are as yet unknown constants that are equivalent to the 
two constants of integration encountered when integrating Equation 12.40 
twice to find v\. Note that s\ and si are the two natural frequencies of the 
circuit. 3 

To complete the solution to Equation 12.40 we must again determine A \ 
and Ai- To do so, we need specific information about v\, which we will again 
be provided by specifying v\ and dv\/dt at an initial time, again chosen to be 
t = 0. As mentioned earlier, it is actually more common to know z’y and vq at 
that initial time, and so we must use this information to first detemiine v\ and 
dvi/dt at the initial time, and then A i and Ai. Since v\ and vq represent the 
same voltage, 

vcd ) = v\ (t) (12.49) 

so that 

vi (0) = v c (0). (12.50) 

Next, the constitutive law for the capacitor yields 

m = -At) (12.5D 

dt 

so that 

^(0) = --U(0). (12.52) 

dt C 


3. At this point, it is worth dwelling for a moment on the two natural frequencies and S 2 , and 
writing a few useful equalities related to them. Adding Equations 12.46 and 12.47 gives us 

si + S 2 — -2a, 

subtracting them yields 

51 - 52 = 2 [yja 2 - o>2), 
and multiplying them yields 

S1S2 = ml- 

Because they are the roots, both s\ and S 2 satisfy the characteristic equation given in Equation 12.42, 
or in its more general form, Equation 12.43. 
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Next, we evaluate Equation 12.48 and its derivative at t — 0, and equate the 
results to Equations 12.50 and 12.52 to obtain 


v\ (0) = Ai + A 2 = t'c(O) (12.53) 

^ (0) = si Ay + s 2 A 2 = - h L (0). (12.54) 


Equations 12.53 and 12.54 can be jointly solved for Aj and A? to obtain 

Cs 2 v c { 0) + id 0) 


Ai = 


C(s 2 - si) 


(12.55) 


A 2 = 


Csii/c(0) + ?l(0) 


(12.56) 


C(si-s 2 ) 

which can be substituted into Equation 12.48 to yield 

v ,, _ Cs 2 vc{ 0) + idO) c sit Csivc(0) + idO) nt 

1 C(s 2 - si) C(si - s 2 ) 

Finally, substitution of Equation 12.57 in Equations 12.49 and 12.51 yields 


(12.57) 


^ _ Cs 2 vc(0) + id0) ^ sit + Csif C (0) + id0) c s ?t 


C(s 2 - si) 


C(si - s 2 ) 


i M = -si &21,c(0) + 'jM e v _ S2 Oi^c(0) + 


(s 2 - Si) 


(si - S 2 ) 


(12.58) 

(12.59) 


as the states of the series circuit. This completes the formal analysis of the circuit 
shown in Figure 12.15 * * * 4 . 


4. The two circuits shown in Figure 12.14 are duals of one another, and so the response of one 

can be directly constructed from the response of the other. To see this, note that KVL applied to 

the single loop in the circuit shown in Figure 12.15 results in 


4 2 T R&l ‘l 
dfi- L dt LC 


and the element law for the capacitor results in 


'L = ~C 


dvc 

dt 


Similarly, KCL applied to the upper node in the circuit shown in Figure 12.14a results in 

dvc G dvr vr 

L + - L + _C = Q 

dt 2 C dt LC 
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Let us now examine the dynamic behavior of vr and as expressed by 
Equations 12.58 and 12.59. To do so, it is convenient to consider three separate 
cases defined by the relative sizes of a and w Q . These cases are as follows: 


a < 0) o =>• 

under-damped dynamics; 

a = co 0 

critically-damped dynamics; 

a > co 0 =7 

over-damped dynamics. 


As we shall see in the following three sections, the dynamic behavior of the series 
RLC circuit shown in Figure 12.15 is quite different for these three cases. 5 


12.2.1 UNDER-DAMPED DYNAMICS 

The case of under-damped dynamics is characterized by 

a < co 0 

or, after substitution of Equations 12.44 and 12.45 , by 

R/2 < sJUC. 

As R becomes small, the corresponding resistor approaches a short circuit, and 
so the circuit shown in Figure 12.15 approaches that shown in Figure 12.6. 
Therefore, we should expect the under-damped dynamics to be oscillatory in 
nature. As we shall see shortly, this is indeed the case. 

With a < co 0 , the quantity inside the radicals in Equations 12.46 and 
12.47 is negative, and so si and S 2 are again complex numbers. To simplify 
matters, and to make clear the complex nature of si and S 2 , we define coj 


and the element law for the inductor results in 


VC 



where vq is the capacitor voltage defined positively at the upper node, is the inductor current 
defined positively in the downwards direction, and G, C and L are the conductance, capacitance 
and inductance of the resistor, capacitor and inductor respectively. A comparison of the two sets of 
equations shows that the second set can be constructed from the first with ij^ replaced by vq, —vq 
replaced by /£, R replaced by G, L replaced by C and C replaced by L. Therefore, the homogeneous 
response of the circuit shown in Figure 12.14a can be constructed directly from Equations 12.58 
and 12.59 in the same way. See, for example, Equations 12.100 and 12.101. Indeed, all results in 
Section 12.4 can be derived from those in Section 12.2 in the same way. Further, duality continues 
to hold when the circuit shown in Figure 12.14a is extended to include a parallel current source 
while the circuit shown in Figure 12.14b is extended to include a series voltage source. Thus, all 
results in Section 12.6 can be derived directly from the results in Section 12.5. 

5. Interestingly, as we will see in Section 12.4, the dynamics of the parallel RLC circuit will be 
essentially identical to that of the series circuit for all three cases, except for a reversal in the role of 
R. The identical dynamics for the two circuits arises because they both have the same characteristic 
equation when it is represented in the standard form shown in Equation 12.43. 
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according to 


\j «o - « 2 

(12.60) 

so that Equations 12.46 and 12.47 become 

si = -a + jw d 

(12.61) 

s 2 = -a- jco d . 

(12.62) 


The real and imaginary parts of si and S 2 are now more apparent. 

Since si and S 2 are now complex, the exponentials in Equations 12.58 
and 12.59 are also complex. Thus, vq and ij will exhibit both oscillatory and 
decaying behavior. To see this, we substitute Equations 12.61 and 12.62 into 
Equations 12.58 and 12.59, and use the Euler relation given by 

e i° >dt = cos {co d t) + jsm(co d t) 
and the fact that LCs\S 2 = 1, to obtain 


vdt) = vc(0)e at cos{w d t) + 


^c( 0 )-Tl( 0 )\ _ at . 


Ca>d ) 


e “ f sin (cojt) 




cos I co d t — tan 


aCvc(0) ~ 9.(0) V e - at 

Cio d ) 

-1 (aCv c {0) - id 0 ) 


Cm ( jvc{0) 


(12.63) 


id*) = d(0)e at cosicodt) + f Vc ^ <xLidO) \ g oit^^ 

\ La> d J 


r 


sin I co d t + tan 


-1 ( LcoJdO) 


vt'c(O) - aLi L (0) 


(12.64) 


These expressions for vq and z'/ more clearly expose the oscillatory and decaying 
behavior of the circuit states. Sketches of vq and z’/ are shown in Figure 12.16 
for the special case of 

9.(0) = 0. 

From Figure 12.16, we see that the capacitor voltage is nearly maximum when 
the inductor current is zero, and vice versa. A more careful examination of 
Equations 12.63 and 12.64, however, reveals that the circuit states are not 
exactly in quadrature as they were for the circuit shown in Figure 12.6. In fact, 
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FIGURE 1 2.16 Waveforms of 
vq and ii_ in series RLC circuit for 
the case of 4(o) = 0. 


examination of Equations 12.63 and 12.64, for example, with i[(0) = 0, shows 
that the quadrature lead of vq with respect to ii is reduced by cp = tan -1 {a/a>q). 
Nonetheless, the peaks of vq occur when z'/_ is nearly zero, and vice versa. This 
indicates that the energy is sloshing back and forth, stored first in the electric 
field of the capacitor, and then in the magnetic field of the inductor. All under¬ 
damped second-order systems have this property. A simple pendulum is an 
obvious example. Here the exchange is between kinetic energy and potential 
energy: The kinetic energy is maximum when the potential energy is zero, and 
vice versa. We defer a more detailed analysis of the stored energy to Section 12.3. 

As R —*■ 0, that is, as the corresponding resistor approaches a short circuit, 
it is apparent from Equations 12.44 and 12.60 that a —f 0 and u>q —*■ co 0 , 
respectively. Therefore, as R -> 0, remembering that co a = 1/VTC, Equations 
12.63 and 12.64 reduce to Equations 12.21 and 12.22, respectively. This is 
expected because Figure 12.15 reduces to Figure 12.6 as R —> 0. Limiting 
behavior such as this can often be used to check the validity of an analysis. 

Using Equations 12.63 and 12.64 it is now possible to interpret physically 
the parameters a, a> 0 , and coq in the context of the circuit shown in Figure 12.15. 
The factor e~ at produces the decay or damping in vq and z'/ , hence a is referred 
to as the damping factor of the circuit. Larger values of a cause the circuit states 
to decay more rapidly. 

In the absence of damping and the associated energy dissipation in the 
circuit, that is for R — 0 and hence a — 0, the circuit states would oscillate at 
the frequency 

1 

COo = —j= 

Vlc 

as they did in the case of the circuit shown in Figure 12.6. Thus, co a is referred 
to as the undamped natural frequency or the undamped resonance frequency. 

hi the presence of damping, the circuit states oscillate at the lower frequency 
a>q, hence coq is referred to as the damped natural frequency. With sufficiently 
large damping, coq goes to zero and the circuit ceases to oscillate. This case is 
studied in the next two subsections. 
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Since a> 0 , wj, and a are directly related to the roots of the characteristic 
equation, sj and sj (see Equations 12.60, 12.61, and 12.62), it should also be 
clear at this point why sj and S 2 are called the natural frequencies of the system. 

Equation 12.60 indicates that a, a>d, and co a respectively, form the two sides 
and hypotenuse of a right triangle. In fact, this is part of a more comprehensive 
picture of the location in the complex plane of the roots of the characteristic 
equation. These locations, given by Equations 12.61 and 12.62, are shown in 
Figure 12.17. Note that as R varies so do a and coj; oj q , however, remains 
constant so that sj and S 2 remain the constant distance a> 0 from the complex- 
plane origin for the case of under-damped dynamics. 

In contrast to the circuit behavior studied in Section 12.1, Equations 12.63 
and 12.64 are characterized by two important rates, or frequencies. The first 
frequency is <z>j, which determines the rate at which the states oscillate. The 
second frequency is a, which determines the rate at which the states decay. As a 
consequence, another important characteristic of the circuit behavior described 
by Equations 12.63 and 12.64 is the relative size of a with respect to a> 0 . This 
is usually expressed in terms of the Quality Factor Q of the circuit defined by 

Q=!p. (12.65) 

la 

For the series circuit shown in Figure 12.15, Q is evaluated by substituting 
Equations 12.44 and 12.45 into Equation 12.65. This yields 



FIGURE 12.17 The location of 
Si and s 2 in the complex plane. 


2 4/1 {nM) 

If the damping factor a is small compared to co a , as is characteristic of an under¬ 
damped circuit, then Q will be large, and the circuit will oscillate for a long 
time near the frequency co 0 . For the series circuit, this is achieved with a small 
R, that is, with the corresponding resistor near a short circuit. Alternatively, to 
purposefully damp any oscillations and make them slower, one would make R 
large. 

The preceding discussion suggests an interesting interpretation of Q. From 
Equations 12.63 and 12.64 we see that the period of oscillation of the circuit 
states is lit/cod- Thus, the period of Q oscillations is InQ/coj- In the latter 
period of time the same equations show that the amplitude of the circuit states 
will decay by 

e -2nQa/m d ^ g -jr 

for oj ( j ~ a > 0 . Thus, as illustrated in Figure 12.18, the state amplitudes of an 
under-damped circuit will decay to approximately e -7r , or 4%, of their original 
values in Q cycles of oscillation. 6 


6 . Or to approximately 20% of their original values in Q/2 cycles. 









648 


CHAPTER TWELVE 


TRANSIENTS IN SECOND-ORDER CIRCUITS 


FIGURE 1 2.18 Waveform of vq 
in under-damped, undriven, series 
RLC circuit for the case of 
/'/_(o) = o, with a Q of 5 . 



12.2.2 OVER-DAMPED DYNAMICS 

The case of over-damped dynamics is characterized by 

a > co 0 

or, after substitution of Equations 12.44 and 12.45, by 

RJ2 > v'TTC'. 

In this case, the quantity inside the radicals in Equations 12.46 and 12.47 is 
positive, and so both sj and S 2 are real. For this reason, the dynamic behavior 
of vq and // , as expressed by Equations 12.58 and 12.59, does not exhibit 
oscillation. Rather, it involves two real exponential functions that decay at 
different rates, as the two equations show. 

The expressions for vq and zl for the case of ij_{ 0) = 0 with over-damping 
are obtained from Equations 12.58 and 12.59, and are shown here: 


. ,, Cs 2 iz c (0) t 

i L (t) = — si- e 1 — si 

(52 - Si) " (51 


(12.67) 

( 12 . 68 ) 


Since a > co 0 for over-damped circuits, note that si and s 2 are both real in the 
preceding two equations. 

Figure 12.19 compares the waveforms of vq and z'/ for the case of z'l(O) = 0 
with under-, over-, and critical-damping. We will address the critically-damped 
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t t 


circuit in the next subsection. Notice that the circuit displays ringing behavior 
only for the under-damped case. 

As R becomes large, in particular larger than 2^/L/C, it becomes a signifi¬ 
cant open circuit between the capacitor and inductor. In this way it absorbs the 
oscillating voltage that the capacitor and inductor share for smaller values of 
R. As a consequence, the energy exchange between the capacitor and inductor 
is interrupted, and the circuit ceases to oscillate. Instead, its behavior is more 
like that of an independent capacitor and an independent inductor discharging 
through the resistor. To see this, let us determine the asymptotic values of si 
and S 2 as R becomes large and hence as a becomes large. They are 


FIGURE 1 2.19 Waveforms of 
vq and //_ in undriven, series RLC 
circuit for the case of 4(o) = 0 with 
under-, over-, and critical-damping. 


«1 




fs 2a — 


R 

L 


(12.69) 


S2 





1 

RC 


(12.70) 


As expected, the corresponding time constants approach L/R and RC, the 
time constants of an independent inductor-resistor circuit and an independent 
capacitor-resistor circuit. Note that, for over-damped dynamics, a > &>„ from 
which it follows that L/R is the faster time constant and RC is the slower time 
constant. 


12.2.3 CRITICALLY-DAMPED DYNAMICS 
The case of critically-damped dynamics is characterized by 


a — co< 
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In this case, it again follows from Equations 12.46 and 12.47 that 


si = 52 = -a 


and that the characteristic equation, Equation 12.43, has a repeated root. 
Because of this, e Slt and e S2 ‘ are no longer independent functions, and so 
the general solution for v\ is no longer the superposition of these two func¬ 
tions as given by Equation 12.48. Rather, it is the superposition of the repeated 
exponential function 

e sit = e s 2 t = e - a t and t -a.t' 


From this observation, and Equations 12.49 and 12.51, it follows that vc and 
i] will exhibit similar behavior. 

Perhaps the easiest way to determine vq and 2 / for the case of critical- 
damping is to evaluate Equations 12.63 and 12.64 under the conditions of that 
case. To do so, observe from Equation 12.60 that, for critical-damping a> 0 = a, 
and so coj — 0. Therefore, we can obtain vq and for the case of critical- 
damping by evaluating Equations 12.63 and 12.64 in the limit wj -> 0. To do 
so, substitute the approximations cos ps 1 and s'm(a>jt) & co^t, as co^t — > 0 , 
into the first equalities in Equations 12.63 and 12.64, and cancel the resulting 
terms involving oij. This results in 


v c (t) = v c (0)e~ at 


uCv c {0 ) - i L {0 ) _ at 
- te 


idH = id 0)e~ at + 


v c (.0) - aLii (Q) t 

- te . 

L 


(12.71) 

(12.72) 


From Equations 12.71 and 12.72 we see that vc and q contain both the 
decaying exponential function e~ at and the function te~ at , as expected. 


—WW--► 

R = 50 a L = 20 mH 

C= 13 nF : 


V C 


EXAMPLE 12.6 ZERO INPUT RESPONSE OF A SERIES 
RLC CIRCUIT What is the general shape of the transient response of the 
undriven, series RLC circuit in Figure 12.20, assuming that the capacitor and inductor 
have some nonzero initial state? 


FIGURE 12.20 Undriven series 
RLC circuit. 


The circuit in Figure 12.20 is an undriven series RLC circuit, the same as discussed in 
Section 12.2. Its damping factor is given by 

a = — = 1,250 rad/s, 

2 L 

and its undamped resonance frequency 


a>o = 


— = 62,017 rad/s, 
LC 
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a < co 0 

we conclude that the circuit is under-damped and will therefore produce a sinusoidal 
response. 

As given in Equation 12.66, its Q is yjL/C/R, which evaluates to approximately 25. 

Following the interpretation of Q discussed in Section 12.2.1, the transient response of 
any branch variable in the circuit will be an underdamped decaying sinusoid that decays 
to 4% of its amplitude in 25 cycles of oscillation. 

The oscillation frequency is given by Equation 12.60, which is 
c oj = -Jaig — a 2 = 62,005 rad/s, 

or, 9.8684 kHz. 

The wavefonn for vq assuming t>c(0) = 1 V and ii( 0) = 0 is plotted in Figure 12.21. 


12.3 STORED ENERGY IN TRANSIENT, 

SERIES RLC CIRCUIT 

Let us now calculate the stored energy in the series RLC circuit. Specifically, we 
calculate the decay of energy stored in the under-damped series RLC circuit (see 
Figure 12.22) previously analyzed in Section 12.2.1. Recall, the under-damped 
case applies when 


-VWW- 

R 





a < co a . 


FIGURE 12.22 Analysis of the 
stored energy in a series RLC 
circuit. 
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To simplify matters, we will further assume that O » 1. For O )>> 1, a co 0 , 
so co 0 and a 

The voltage and current expressions for this special case are derived from 
Equations 12.63 and 12.64, and simplify to 


v dt) « J^c(°) + e cos ( oyf + tan 1 j 


(12.73) 


kit) ^ J j-Jv £(0) + ^/ 2 (0) e sin [ tan 1 ^ ?L ^ 


The energy stored in the capacitor is given by 

1 7 

mtW = -Cv c [t) 

and that in the inductor is given by 

1 2 

KM*) = -Lidt) ■ 

2 

Substituting for vc and i E , we get 


C t'c(O) 


(12.74) 


w E (t) « ( ^0^(0) + ^Tq 2 (0) j e 2at cos 2 | tan 1 | ^ 


(12.75) 


»m(^) ~ QcV^(O) + ^Lil(0)^J e lat sin 2 ( co d t+ tan 1 


L i L { 0) 
C^c(0) 


(12.76) 


The total energy stored in the circuit is the sum of the energy in the capacitor 
and that in the inductor and is given by 

w T (t) = w E (t ) + w M (t) ss QcTq(O) + ^L/ 2 (0)^ e~ lat . (12.77) 

Let us examine the expression for the energy stored in the capacitor 
(Equation 12.75). The expression is made up of three factors. The first 
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factor term, 

is the initial stored energy (w;(0)) in the system. The second factor represents 
the decay of energy with time. Finally, by rewriting the third factor as 


FIGURE 12.23 Energy in RLC 
transient. 


cos I <yj£+ tan 


-1 


II id 0) ] \ _ 1 

Cv c (0) I 


' cos 2 (^+tan ' (/f^g)) 


we can see that the energy is sloshing back and forth between the capacitor and 
inductor, twice per cycle of the transient ring. 

Through a comparison with the results of Section 12.f, we also see that 
for large Q, that is, for a relatively short-circuited R and hence light damping, 
the introduction of a resistor into the circuit causes an exponential decay of the 
states and the stored energy. A sketch of the energy versus time is shown in 
Figure 12.23 for the case 

vdO) = 0. 

The length of time for the stored energy to dissipate can now be readily calcu¬ 
lated. Obviously the controlling function in Equation 12.77 is the exponential 
term e~ lat . This can be rewritten using Equation 12.65 as 

decay = e~ Wot/Q . (12.78) 


Since coj — a> 0 for large Q, then in Q cycles 


co 0 t — cojt = 2i tQ. 
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Hence in Q cycles the decay term is 

decay = e~ 2n , (12.79) 


which is much smaller than one. Hence we conclude the following: 

The energy in the transient decays to a very small value (approximately 0.2%) 
in about Q cycles. 

Notice again the significance of Q. 

The preceding discussion suggests yet another interpretation for O. From 
Equation 12.77 it is apparent that the energy stored in the circuit during an 
oscillation cycle is approximately wj-(0)e~ 2c,t . From Equations 12.73 and 12.77 
it is also apparent that the average value of v 2 is approximately wy{0)e~ 2oit /C 
during that same cycle. Therefore the energy dissipated in the resistor during 
the cycle is approximately 2nWT^S)e~ 2at IKCu>^. Division of the stored energy 
by the dissipated energy leads to the conclusion that 


Qp»2tt 


Energy stored during an oscillation cycle 
Energy dissipated during an oscillation cycle 


(12.80) 


as an energy interpretation for O. This interpretation is common to all under¬ 
damped second-order systems. 



FIGURE 12.26 The series 
second-order circuit with a resistor, 
capacitor, inductor, and voltage 
source. 


I'.'tVl'.'l 

EEEI 

CEEJ 

12.5 


12.4 UNDRIVEN, PARALLEL RLC CIRCUIT* 

12.4.1 UNDER-DAMPED DYNAMICS 

12.4.2 OVER-DAMPED DYNAMICS 

12.4.3 CRITICALLY-DAMPED DYNAMICS 

DRIVEN, SERIES RLC CIRCUIT 


In the next two sections, we combine the results of the previous sections and 
study the behavior of second-order circuits that have both damping and an 
external input. In this section, we study the series circuit obtained by including 
a series voltage source in Figure 12.15. The next section studies the parallel 
circuit obtained by including a parallel current source in UL11I Figure 12.24. 
Through the use of Thevenin and Norton equivalence, the results actually apply 
to many other circuits as well. 

Consider now the circuit shown in Figure 12.26. As in previous subsections 
of this chapter, we will analyze the behavior of this circuit using the node 
method beginning at Step 3. In doing so, we will follow the analyses presented 
in Subsection 12.2 very closely, using vc and vq as the unknown node voltages. 
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We begin by completing Step 3 of the node method. To do so, we write 
KCL in terms of vq and vq for the node at which they are defined to obtain 


C dv c {t) vdf) ~ vp(t) _ Q 


dt R 

for the node at which vq is defined, and 


(12.116) 


v°{t) v c {t) _1 f ^ N (fj)dt = 0 (12.117) 

iv L, J —OO 

for the node at which vq, is defined. To treat these two equations simultane¬ 
ously, we first use Equation 12.116 to determine vq> in terms of vq, and then 
substitute the result into Equation 12.117 to obtain a second-order differential 
equation in vq. This yields 

v Q (t) = RC dl ^ + v c (t) (12.118) 

dt 


d 2 vc(t) 
dt 2 


Rdvcit) 
L dt 


+ 


1 

LC 


vdf) = 


l 

LC 


unM- 


(12.119) 


Note that to arrive at Equation 12.119 we have divided Equation 12.117 by C, 
and differentiated it with respect to time. Unlike Equation 12.4, Equation 12.119 
is an inhomogeneous differential equation because it is driven by the external 
signal 

To complete the node analysis, we complete Step 4 and 5 by solving 
Equation 12.119 for vq, and using it to detennine z'/ and any other variables of 
interest. Since the capacitor and inductor share the same current, z’l in particular 
can be obtained from 


i L {t) = -C 


dvc(t) 

dt 


( 12 . 120 ) 


Here, the negative sign follows from the opposing definitions of positive 
capacitor and inductor currents. 

To solve Equation 12.119, we employ our usual method of solving 
differential equations: 


1. Find the homogeneous solution vcdf). 

2. Find the particular solution VQp{t). 

3. The total solution is then the sum of the homogeneous solution and the 
particular solution as follows: 


vdt) = vend) + v CP (t). 


Then, use the initial conditions to solve for the remaining constants. 
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The homogeneous solution to Equation 12.119 is obtained by solv¬ 
ing this differential equation with = 0. With = 0, the circuit shown in 
Figure 12.26 is identical to that shown in Figure 12.15, and so the two circuits 
have the same homogeneous equation. Thus, borrowing the homogeneous 
solution from Equation 12.48, we can write 


v CH {t) = K ie Slt + K 2 e S2t (12.121) 


where K\ and K 2 are as yet unknown constants, that will be determined from 
the initial conditions after the total solution has been formed, si and s 2 are the 
roots of the characteristic equation 


s 2 + 2 as + a> 2 = 0 

(12.122) 

where a and co 0 are given by 

R 

a = — 

2 L 

(12.123) 

e 

o 

in 

(12.124) 

The roots are given by 

Si = -a + y« 2 - col 

(12.125) 

s 2 = —a — yja- - Co 2 . 

(12.126) 


As with the undriven, series RLC circuit in Section 12.2, the circuit exhibits 
under-damped, over-damped, or critically-damped behavior depending on the 
relative values of a and co a : 


a < oo 0 =► 

under-damped dynamics; 

a = C0o 

critically-damped dynamics; 

a > co 0 

over-damped dynamics. 


For brevity, the rest of the section will assume that 

a < co 0 


so that the circuit displays under-damped dynamics. For the under-damped 
case, si and s 2 are complex and can be written as 

S! = -a + jw d 
s 2 = -a- jco d 
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where, as in Section 12.2.1, 

co d = _ a 2 . (12.127) 

Since si and S 2 are complex, the exponentials in Equation 12.121 are also 
complex. To expose the resulting oscillatory and decaying behavior, we can 
rewrite into a more intuitive form the homogeneous solution in Equation 12.121 
using the complex notation for si and S 2 as in Equation 12.127 and the 
Euler relation: 


v CH (t) = A\e at cos(co d t) + A^e “ f sin (co d t) (12.128) 

where w d is defined as in Equation 12.127, and where A\ and A 2 are unknown 
constants we will evaluate later depending on the initial conditions of the circuit. 
Next, we need to find vcp(t). Knowing it, we can write the total solution as 

vc(t) = vcp(t ) + vcdt) = vcp(t) + Aie~ at cos(w d t) + A 2 e~ at sm(co d t). 

(12.129) 


At this point, only vcp, and Aj and A 2 , remain as unknowns. 

We will now proceed to find vqp, and then A\ and A 2 , for two cases of 
flN, namely a step and an impulse. That is, we will proceed to find the step 
response and the impulse response of the circuit. To simplify matters, we will 
continue to assume that the circuit is under-damped, that both the step and 
the impulse occur at t = 0, and that the circuit is initially at rest prior to that 
time. The latter assumption suggests that we are interested in the zero-state 
response 7 and provides these initial conditions 

v C (0) = 0 
id 0 ) = 0 


for the solution of Equation 12.119 after the step and impulse occur, that is, 
for t > 0. Arbitrary initial conditions will modify only A\ and A 2 . 

12.5.1 STEP RESPONSE 
Let be the voltage step given by 


V IN 


v ‘ 

y o 

l 




0 

t 


iW*) = Vo u(t) 


and shown in Figure 12.27. 


(12.130) FIGURE 12.27 A voltage step 
input. 


7. Recall, the zero-state response is the response of the circuit for zero initial state. 
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To find vcp , we substitute Equation 12.130 into Equation 12.119 and obtain 


d 2 vc{t) 

dt 2 


R dugif) 
L dt 


+ Ic" M = Ic v ° 


(12.131) 


for t > 0. Any function that satisfies Equation 12.131 for t > 0 is an acceptable 
vcp■ It does not matter whether that function satisfies the initial conditions 
or not. One such function is 


v C p(t) = V 0 . (12.132) 

Thus, we have the particular solution for a step input. The total solution is given 
by summing the homogeneous solution (Equation 12.128) and the particular 
solution (Equation 12.132) as 

vc(t) = V Q + A\e~ at cos{u> d t) + Aie~ at sin(co^), (12.133) 

again for t > 0. Additionally, the substitution of Equation 12.133 into 
Equation 12.120 yields 


i L (t) = (aCAi — a> d CAi)e at cos(a> d t) + (cojCA-i + aCA 2 )e at sm{a) d t), 

(12.134) 


also for t > 0. Now only A \ and A 2 remain as unknowns. 

In Chapter 9, we saw that the voltage across a capacitor is continuous unless 
the current through it contains an impulse. We also saw that the current through 
an inductor is continuous unless the voltage across it contains an impulse. Since 
contains no impulses, we can therefore assume that both vc and i\ are 
continuous across the step at t = 0. Consequently, since both states are zero 
for t < 0, Equations 12.133 and 12.134 must both evaluate to zero as t -> 0. 
This observation allows us to use the initial conditions to determine A\ and 
A 2 . Evaluation of both equations as t — y 0, followed by the substitution of the 
initial conditions, yields 


vc{0) = Vo + Ai (12.135) 

id 0) = «CAi - w d CA 2 . (12.136) 

Equations 12.135 and 12.136 can be solved to yield 

Ai = vdfl) - V 0 (12.137) 

wc(0) - aVo - z'l(0)/C 

A2 = -■ 

a>d 


(12.138) 
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Since we are given that r'c(O) = 0 and ijjf)) = 0, 

A\ = -Vo (12.139) 

A> = - —V 0 . (12.140) 

a>d 

Finally, the substitution of Equations 12.139 and 12.140 into Equations 12.133 
and 12.134 yields 8 

t'c(f) = V 0 ^1 — ^e _ " f cos ^u> d t — tan -1 u(t) (12.141) 

i L (t) = ——e _ “ ? sin {cojt)u{t); (12.142) 

a> d L 

Equations 12.124 and 12.127 have also been used to simplify the results. Note 
that the unit step function n has been introduced into Equations 12.141 and 
12.142 so that they are valid for all time. The validity of Equations 12.141 and 
12.142 can be demonstrated by observing that they satisfy the initial conditions, 
and Equations 12.119 and 12.120, respectively, for all time. Because they do, 
our assumption that the states are continuous at t = 0 is justified. 

Figure 12.28 shows i'c and // as given by Equations 12.141 and 12.142. 
Notice the overshoot of vq above the input voltage V 0 during the initial tran¬ 
sient. Although the average value of vq is close to V 0 during the transient, the 
peak value is closer to 2V 0 . 

As expected, the ringing in both states now decays as t —> oo. This 
decay is well characterized by the quality factor Q, as defined in biiiiU Equa¬ 
tion 12.108 and discussed shortly thereafter. In fact, because the circuits shown 
in Figures 12.15 and 12.26 have the same homogeneous response, the entire 
discussion of a, a> d , and co a given in Subsection 12.2 applies here as well. 

Another observation concerns the short-time behavior of the circuit. We 
have seen in Chapter 10 that the transient behavior of an uncharged capacitor is 
to act as a short circuit during the early part of a transient, while the correspond¬ 
ing transient behavior of an uncharged inductor is to act as an open circuit. This 


8. We can also substitute the expressions for A\ and with nonzero initial conditions as given by 
Equations 12.137 and 12.138 into Equation 12.133, for example, and obtain a more general form 
of the solution 


vcV) = Vo + (v c (0) - V 0 )e at cos <D d t + 


(at/ c (0) - otVo - i L (Q)/Q ~_ at 
<o d 


sin (tirft. 


We can obtain the ZSR from this general solution by substituting i'c(O) = 0 and /^(0) = 0. 
Alternatively, we can obtain the ZIR by substituting V 0 = 0 and using the appropriate initial 
conditions for the state variables. 
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t 



FIGURE 1 2.28 v c and i L for the 
series RLC circuit circuit shown in 
Figure 12.26 for the case of a step 
input through i/i^. 


behavior is observed in Figure 12.28 since drops entirely across the inductor 
(and uq is 0) at the start of the transient, and i\ ramps up correspondingly. 

A related observation concerns the long-time behavior of the circuit. We 
have also seen in Chapter 10 that the transient behavior of a capacitor is to 
act as an open circuit as t -> 00 , while the corresponding transient behavior 
of an inductor is to act as a short circuit. This behavior is also observed in 
Figure 12.28, since t/pq appears entirely across the capacitor as t —> 00 , since 
vc —r V 0 . 

Figure 12.28 also explains the ringing transients seen in Figure 12.3. This 
is because the circuit shown in Figure 12.26, from which the response in 
Figure 12.28 is derived, is essentially the same as the subcircuit containing 
the inductor Lj shown in Figure 12.5. 



EXAMPLE 12.7 STEP RESPONSE OF SERIES RLC CIRCUIT 
In this example we evaluate the step response of the circuit shown in Figure 12.29 with 
R = 50 12, L = 20 mH, and C = 13 pF. Assume that pjn steps from 0 to V 0 at t = 0, 
where V 0 = 1 V. In other words, tpq = V a u(t) = u(t) V, where u(t) is the unit step 
function. Let us suppose that we are interested in obtaining fr, vr, vc, and vr. 

Following Equations 12.123, 12.124, and 12.127, respectively, this circuit is character¬ 
ized by a = 1.25 krad/s, co 0 — 62.017 krad/s, and coj = 62.005 krad/s. 


FIGURE 12.29 A driven, series From Equation 12.142 
RLC circuit. 

il(t) = —0.8064 mA e - d250 s sin ^62005 — u(t). 


Multiplying this result by 50 12 yields 


VR{t) 


-40.32 mV e -( 1250 s 1 t) s in ( 62005 


rad 


u(t). 
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From Equation 12.141 


uc(t) = 1 V ^1 — 1.0002 e ^ 1250 s li cos ^62005 — t — 20.14 mrad^ u{t). 


Finally, using i’i = L dij^/dt. 


— 1+ 20.14 mradj u(t). 

Since ij, is common to all four circuit elements in Figure 12.29, all branch variables 
are now known. Finally, as a quick check on our work, note from the preceding that 
V C ~ V R ~ V L — 74N = 1 V u(t) as is required by applying KVL around the one loop in 
the circuit. 


v L {t) = -1.0002 V e~ {1250 s 1 t] cos ( 62005 


12.5.2 IMPULSE RESPONSE 

Let be the impulse given by 


t4N = A 0 8(t) (12.143) 

as shown in Figure 12.30. Because t'i\ is an impulse, it vanishes for t > 0. 
Therefore, Equation 12.119 reduces to a homogeneous equation for t > 0. 
Thus the impulse response of the circuit is essentially a homogeneous response, 
this response is identical to that studied in Subsection 12.2. In fact, as observed 
in Section 10.6.4 for a first-order circuit, the role of the impulse is to establish 
initial conditions for the subsequent homogeneous response. 

As previously observed on several occasions, the transient behavior of an 
uncharged capacitor is to act as a short circuit during the early part of a transient, 
while the corresponding transient behavior of an uncharged inductor is to act 
as an open circuit. Since the inductor acts as an open circuit during a sudden 
transition, the impulse in falls entirely across the inductor while vc remains 
zero at t = 0. An important consequence of this is that the flux linkage A 0 
delivered by is delivered entirely to the inductor, and so 7/ steps to —A 0 /L 
at t = 0. This establishes the initial conditions immediately after the impulse. 
In other words, these will be our initial conditions for the rest of our analysis: 



FIGURE 12.30 The voltage 
impulse 


«°>-T 

I'c'Oj = 0. 


Since Equation 12.119 reduces to a homogeneous equation, the simplest 
acceptable particular solution is 


v C p{t) = 0. 


(12.144) 
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We obtain the total solution by adding this particular solution to the homoge¬ 
neous solution described by Equation 12.128: 

vc(t) = vaM + vcp{t) = A\e~ at cos (co d t) + A 2 e~ at sin (co d t), (12.145) 

again for t > 0. Additionally, since the capacitor and inductor share the same 
current, ip can be obtained by substituting Equation 12.145 into 


kit) = ~C 


dvc(t) 

dt 


(12.146) 


as follows: 


ip(t) = (aCAi — a> d CA 2 )e at cos{a> d t) + (a> d CA\ + aCA 2 )e 0,1 sin{a> d t), 

(12.147) 


also for t > 0. 

We will now determine the unknowns A\ and A 2 from the initial conditions. 


vc(0) =A i=0 

4.(0) = -co d CA 2 - aCAi = 

Equations 12.148 and 12.149 can be rearranged to yield 

Ai =0 

cwc(0) 


A 2 = 


Ao 


A d 


LCco d 




LCco d 


(12.148) 

(12.149) 

(12.150) 

(12.151) 


Finally, the substitution of Equations 12.150 and 12.151 into Equations 12.145 
and 12.147 yields 


vc(t) — ( -— J e “ f sin (co d t)u(t) (12.152) 

\LCco d J 

k(t) = ~ e ~ at cos(co d t) - e~ at sm{a) d t)u{t), (12.153) 

where the unit step function u has been introduced into Equations 12.152 and 
12.153 so they are valid for all time. 

Finally, we may also determine vp from KVL according to 


vp(t) = vc{t) - vjN{t) - ip{t)R. 


(12.154) 
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Note that Equations 12.152 and 12.153 satisfy the initial conditions estab¬ 
lished by the impulse, and that they respectively satisfy Equations 12.119 and 
12.120 for all time. Because they do, they justify our interpretation of the circuit 
behavior at t = 0. 

Because the impulse response of the circuit is essentially a homogeneous 
response, this response is identical to that studied in Section 12.2. In fact, 
Equations 12.63 and 12.64 are identical to Equations 12.152 and 12.153 with 
the substitution of zero for uc(0) and —A 0 /L for ii( 0) in the former equations. 

Alternatively, we can determine the circuit response to the impulse input by 
simply differentiating the step response given in Equations 12.224 and 12.225. 
As discussed in Section 12.6, we do this by applying the operator (A 0 /V 0 )d/dt 
because the impulse input can be derived by applying the same operator to the 
step input as 

d 

(A 0 /Vo) —Vo u{t) = A 0 <5(f). 
dt 

This results in 

vM = T.J, { v ° (‘ ‘ S^‘ cos (£))) “ (,) ) 

= (i> 0 A 0 e~ at sin ^co d t — tan -1 ^^ u[t) 

aa> 0 A 0 t / _i / a: \\ 

+ - e f cos I ojjt — tan I — 1 1 u(t) 

Vd \ \(OdJ / 

+ A 0 ^1- -e~ at cos )jt— tan -1 ^ S(t) 


= A a —e " f sin {co d t)u(t) (12.155) 

ca d 

i L {t) = (-^e~ at sm(to d t)u(f)\ 

V 0 dt V a> d L ) 

=- -e~ at cos{co d t)u(t) H- -e~ at sin{cojt)u(t) 

L w d L 

- —e~ at sin {cojt)8{t) 

a> d L 

= -- e~ at cos (a> d t + tan -1 ( —^ uit). (12.156) 

L m d \ \(OdJ) 
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FIGURE 12.31 The driven, 
series LC circuit. 
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Note that terms involving the impulse S vanish in Equations 12.155 and 12.156 
because 8 is itself zero everywhere except t = 0, and the coefficients of the 
impulse in both the equations are zero at t — 0. 9 


EXAMPLE IZ.8 SERIES LC CIRCUIT DRIVEN BY A STEP 
Consider the driven, series LC circuit in Figure 12.31. This circuit differs from the series 
RLC circuit in Figure 12.26 in that the series resistance is zero. Suppose that we are 

interested in the ZSR for the circuit for a voltage step drive given by 
'in 

unsi(t) = Vo u(t). 


The zero-state response of this circuit to the step input can be obtained from the ZSR 
of the series RLC circuit (Equations 12.141 and 12.142) by assuming R = 0. When the 
resistance is zero, 

a = 0 


and 


COJ — C0 o 

(see Equations 12.123 and 12.210). Thus Equations 12.141 and 12.142 simplify to 


vc(t) = Vo(l — cos(co 0 t))u(t) (12.157) 


il{t) = —— sin {co 0 t)u{t). (12.158) 

a> 0 L 

Figure 12.32 shows vq and ii as given by Equations 12.157 and 12.158. Notice that the 
oscillations in both states do not decay and continue indefinitely because there are no 
resistors in the circuit to damp their response. Similarly, here, vq undergoes a two-fold 
overshoot. However, the average value of vq is V 0 . 


EXAMPLE IZ.9 CASCADED INVERTERS We now apply the results 
of this section to a practical problem, namely the study of the cascaded inverters shown 
in Figure 12.1, and modeled in Figure 12.4. What is new in the latter figure is the 
parasitic wiring inductance between the two inverters, which makes the circuit a second- 
order circuit. As discussed in Subsections 9.3.2 and 9.3.3, parasitic inductance is present 
in all wiring. In some cases it is particularly important, and these cases are generally 
characterized by a large Q when they are second-order in nature. 


9. Note that Figure 12.17 is helpful in simplifying trigonometric expressions involving a, a>j, andto 0 . 
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t 


Long clock and data lines between gates within computer chips can have significant para- FIGURE 12.32 v c and i L for the 

sitic inductance, perhaps as much as tens of pico Henries per millimeter. This inductance series LC circuit circuit for the case 

becomes increasingly important as clock rates increase. Similarly, long power supply lines of astep input through 

within computer chips and on printed-circuit boards (see Figure 12.33) can have signifi¬ 
cant parasitic inductance. This inductance becomes increasingly important as circuits are 
switched on and off dynamically in an effort to save power and reduce heat dissipation 
when the circuits are functionally inactive. Finally, as data lines pass across chip bound¬ 
aries they acquire parasitic inductance arising from the bonding wires within the chips 
(see Figure 12.34) and the interconnection between the chips. This inductance can be as 
high as tens of nano Henries or more. 

For the sake of discussion, consider Figure 12.4 in which one inverter, acting as a pad 
buffer, drives a signal off one chip to the input of a second inverter on another chip. 



FIGURE 12.33 An example printed-circuit 
board showing wiring traces. (Photograph 
Courtesy of Maxim Integrated Products.) 


FIGURE 12.34 Bond wires connecting integrated 
circuit to the posts of a package head frame. 
(Photograph Courtesy of Maxim Integrated Products.) 
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FIGURE 1 2.35 Circuit model of 
the cascaded inverters when the 
input at is low. 



The corresponding circuit model shown in Figure 12.5 is repeated here in Figure 12.35 
for convenience. Consistent with this example, we assume that the driving inverter is 
characterized by 


R l = 900 Q 
Ron = 100 £2 
Vs = 5 V. 

We also assume that the receiving inverter is characterized by 

C G S2 = o.l P F 

and that the parasitic wiring inductance is well modeled by 

Li = 100 nH. 

Given this system description, let us examine the transient voltage that appears at vc, 
where 


t'C = tlN2 

is the gate voltage of the receiving inverter, and determine its impact on the propagation 
delay. Here there are two separate cases, namely a rising transient and a falling transient 
at the node with voltage vq. 

The complexity of handling successive rising and falling transients is most easily managed 
by modeling the driving inverter with its Thevenin equivalent, which is summarized in 
Figure 12.36. This in turn leads to a simpler model for the interconnection as shown in 
Figure 12.37. Figure 12.36 shows that 

vth — 5 V 
Rth = 900 £2 









12.5 Driven, Series RLC Circuit 


CHAPTER TWELVE 


667 


5 V 


(a) Rising transient 


r l = 900 n 



r th = 90 n 



(b) Falling transient 



FIGURE 12.36 Thevenin 
equivalent of the driving inverter 

when the driving inverter drives a high output during a rising transient. Similarly, it during a rising and falling transition, 
shows that 


I'TH — 0-5 V 
Rjh — 90 Q 


when the driving inverter drives a low output during a falling transient. 

There are two complications to Figure 12.36 that we have not studied so far. The first 
complication is that Rjh is different for the rising and falling transitions. However, 
this complication is inconsequential because Rth is piecewise constant. Thus, we can 
separately analyze the rising transient during which Rjh = 900 and the falling 
transient during which Rth = 90 f2. Note too that the circuit remains linear even 
though Rth is time varying. 

The second complication is that vth does not step to or from 0 V. Rather it falls from 
5 V to 0.5 V for a falling transition, and rises from 0.5 V to 5 V for a rising transition. 
Because the circuit in Figure 12.37 is linear, we can use the method of superposition to 
decompose this problem into two simpler problems. Accordingly, we will break vth into 
two component voltage sources connected in series as shown in Figure 12.38. The first 
component, vjh> is constant at 0.5 V. The second component, vjh> steps from 0 V to 
4.5 V for a rising transition, and falls from 4.5 V to 0 V for a falling transition. The circuit 
response to these two components may be superimposed to find the total response. We 
will denote the vc response to vth by vc, and we will denote the corresponding response 
to vth by vc■ Similarly, we will denote the corresponding ii responses as it and It. 

The circuit response to the constant vjh is most easily determined by observing that 
the capacitor and inductor in Figure 12.37, respectively, behave as an open circuit and a 



FIGURE 12.37 Equivalent 
circuit of the two-inverter circuit. 
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FIGURE 12.38 Breaking up 
vji- f into two additive components, 
each of whose responses can be 
added together to obtain the total 
response through superposition. 


short circuit after long periods of time. Therefore 

v c {t) = 0.5 V (12.159) 

l L {t) = 0 A. (12.160) 

We will now determine tft and ft, and then the total vq and ii, first for the falling 
transient and then for the rising transient. During the analysis of each transient we will 
assume that the previous transient has fully settled. 

Falling Transient 

Prior to a falling transient, ujh is assumed to equal 5.0 V for a long time. Since the 
capacitor and inductor, respectively, behave as an open circuit and a short circuit after 
long periods of time, the circuit states will have settled to vq = 5.0 V and ft = 0 prior to 
the transient. These are then the initial states for the falling transient. For simplicity, we 
will assume that the falling transient begins at t = 0. Therefore, the varying component 
of the circuit states begin a falling transient from 

v c (0) = y c (0) - v c = 5.0 V - 0.5 V = 4.5 V (12.161) 

7 L (0) = ft( 0) - ft = 0A-0A = 0A. (12.162) 

This transient resembles that of an undriven, series RLC circuit with an initial voltage 
on the capacitor, and is studied in Subsection 12.2. To determine whether the circuit is 
under-, over-, or critically-damped, we first compute the parameters that describe the 
response, namely 


— = 4.5 x 10 8 rad/s (12.163) 

2Li 

1 = 1.0 x 10 10 rad/s (12.164) 

VLiCgsi 

- a 2 = 0.999 X 10 10 rad/s (12.165) 

— = 11. (12.166) 
2 a 

Since a < u> 0 , the circuit is under-damped, and so we may use Equations 12.63 
and 12.64 to determine the falling transient response. 

With the substitution of Equations 12.161, 12.162, 12.163, and 12.165 into Equations 
12.63 and 12.64, the varying component of the falling transient is found to be 

v c (t) = 4.5 e -( 4 - 5xl ° 8 1) cos(0.999 x 10 10 t - 0.045) V (12.167) 

ft,ft = 4.5 x 10" 3 e -( 4 -5x 10S 0 s in(0.999 x 10 10 t) A. 


Of = 

O) o = 

U>d = 

Q = 


( 12 . 168 ) 
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The total transient is then obtained by summing the individual responses as follows: 
v c (t) = 0.5 V + 4.5 e -( 4 - 5xl ° 8 *> cos(0.999 x 10 10 t - 0.045) V (12.169) 

i, (t) = 4.5 x 10~ 3 e"' 4 ' 5 * 10 * s in(0.999 x 10 10 t) A. (12.170) 

The transient in vq is shown in Figure 12.39. 

Interestingly, when ringing occurs during the transient, calculating the propagation delay 
is not as straightforward as in the RC case. In the RC case, the propagation delay of the 
driving inverter was simply the time required for the output voltage to fall below the 
valid output low threshold, Vol (see Section 10.4.2). For our discussion, we will assume 
that when the inductance of the connecting wire is relevant, the delay associated with 
the driving inverter includes the effect of both the inductor Ly and the gate capacitance 
Cgsi- Accordingly, we can see from the circuit model in Figure 12.37 that the relevant 
output node for computing the propagation delay of the driving inverter is 1^2 — V C- 
With ringing behavior during a falling transition, this output is a valid low only when all 
oscillations remain below the Vol threshold. The corresponding tpjo-s-1 propagation 
delay is depicted in Figure 12.39; recall that for an inverter tp^ o_»i is the delay of the 
inverter for a low to high transition at the input, and hence a high to low transition at 
the output. 

Finally, notice that if the ringing is sufficiently under damped then vq can fall below Vol 
and then rise again above Voh one or more times. However, this behavior does not 
violate the combinational gate abstraction because the definition of the combinational 
gate in the presence of delay (see Section 10.4.1) does not constrain the gate’s opera¬ 
tion following an input transition during a time interval whose length is equal to the 
propagation delay. 


FIGURE 12.39 vq transient 
during a falling transition. 


Rising Transient 

Prior to a rising transient, t'jyy is assumed to equal 0.5 V for a long time. Since the 
capacitor and inductor, respectively, behave as an open circuit and a short circuit after 
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long periods of time, the circuit states will have settled to vq = 0.5 V and ip = 0 
prior to the transient. These are then the initial states for the rising transient. Again for 
simplicity, we will assume that the rising transient begins at t = 0. Therefore, the varying 
component of the circuit states begin a rising transient from 


v c (0) = i'c(0) - v C = 0.5 V - 0.5 V = 0 V 
1 L ( 0) = i L { 0)-t L = 0A — 0A = 0A. 


(12.171) 

(12.172) 


This transient resembles that of a series RLC circuit that is initially at rest, driven by a 
voltage step of 4.5 volts, and is studied in Section 12.5. We first compute the parameters 
that describe the response, namely 


vth = 4.5 V 

(12.173) 

— = 4.5 x 10 9 rad/s 

(12.174) 

2Li 

1 - 1.0 x 10 10 rad/s 

Vf-iOys'2 

(12.175) 

yj a — a 2 = 8.9 x 10 9 rad/s 

(12.176) 

^ = 1.1. 

2a 

(12.177) 


Since a < co 0 , the circuit is under-damped, and so we may use Equations 12.141 and 
12.142 to determine the rising transient response. With the substitution of Equations 
12.173 through 12.176 into Equations 12.141 and 12.142, the varying component of 
the rising transient is found to be 

v c {t) = 4.5(1 - 1.1 e -( 4 - 5xl ° 9 « C os(8.9 x 10 9 1-0.47)) V (12.178) 

~t L {t) = 5.1 x 10" 3 e -( 4 - 5 xi° 9 t) sin(8.9 x 10 9 t) A. (12.179) 

The total transient is then 

v c (t) = 0.5 V + 4.5(1 - 1.1 e -< 4 - 5xl ° 9 C os(8.9 x 10 9 1 - 0.47)) V (12.180) 

i L (t) = 5.1 x 10" 3 e -( 4 -5xi0 9 t) sin(g 9 x 10 9 tj A (12.181) 


This transient is shown in Figure 12.40. Again we see that the transient rings, although 
with greater damping due to an increase in Rjh- With this ringing behavior, the output 
is not valid until all oscillations remain above the Voh threshold. The corresponding 
tpd,\—>0 is depicted in Figure 12.40. 
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FIGURE 12.40 vq transient 
during a rising transition. 


EXAMPLE 12.10 ANOTHER SWITCHED POWER SUPPLY In 
this example, we will analyze the behavior of the switched power supply circuit shown 
in Figure 12.41.The purpose of the circuit is to convert the DC input voltage V to a 
different output voltage four- The MOSFETs in the circuit operate as switches, and 
the square-wave inputs to the MOSFET’s are shown in Figure 12.42. For variety, the 
switched power supply circuit in this example has a slightly different arrangement of 
switches than the one previously discussed in Figure 12.11. We will further assume 
that the switches have some resistance associated with them. Specifically, assume that 
the MOSFET’s have Hqn — the inductor has inductance L, and the capacitor has 


S 1 control input 


High 


Low 




High 


Low 


S 2 control input 


FIGURE 12.41 RLC circuit with switches. 


FIGURE 12.42 Input to the switches. 
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FIGURE 12.43 The equivalent 
RL circuit when Si is closed and S 2 
is open. R is the on resistance of 
the MOSFET switch. After a long 
period of time, the final value of the 
current through the inductor will be 
1 HR. 



FIGURE 12.44 The equivalent 
RLC circuit when S 2 is closed and 
Si is open. 


capacitance C. We also assume that the MOSFET’s have no capacitances associated 
with them. What is the behavior of this circuit, and in particular, how does foUT change 
over time? 

Intuition We first provide an intuitive explanation of the circuit behavior. When the 
switch Si is closed and S 2 is open, we have a series RL circuit as shown in Figure 12.43. 
Over time, the current through the inductor in this circuit will build up and eventually 
reach V/R (if given enough time). 

Next, when Si is open and S 2 is closed, we have a series resonant RLC circuit as shown 
in Figure 12.44. When all the transients have died out, the capacitor will have the same 
voltage (V) as the voltage source and no current flows through the inductor (again, if 
given enough time). 

Let us first consider the case where Si is opened and S 2 is kept closed for a long period 
of time. At the instant that Si is opened and S 2 is closed, the inductor has a current 
equal to V/R flowing through it. Since the current flowing through the inductor cannot 
change instantaneously, the same current will flow into the capacitor through the closed 
switch S 2 . As the capacitor charges, its voltage rises and the current decreases. After 
some amount of time, the current reaches zero. If the capacitor is small enough, or 
if there was a large enough initial voltage on it, its voltage might be at a higher value 
than the voltage of the source V. Let us assume this is the case. Because the capacitor 
voltage reaches a higher value than V, it begins to supply energy and a current begins to 
flow through the inductor in the reverse direction. This process continues as the energy 
oscillates between the inductor and the capacitor. If the given switch settings exist for 
a long enough period of time, the oscillations will die out as the resistor dissipates the 
energy. 

Let us now consider the case where Si is opened and S 2 is kept closed only for a 
short amount of time. This case starts out just like the previous case. In other words, 
at the instant that Si is opened and S 2 is closed, the inductor has a current equal to 
V/R flowing through it. Since the current flowing through the inductor cannot change 
instantaneously, the same current will flow into the capacitor through the closed switch 
S 2 . As the capacitor charges, its voltage rises past V (again, assuming a small enough 
capacitor, or a large enough initial voltage on the capacitor). 


Now, an interesting scenario arises if we close Si and open S 2 after the capacitor voltage 
has risen past V, but before the current reverses direction. Since S 2 is now open, the 
capacitor has no path to discharge, and so it holds the final value of its voltage. Then 
when Si is opened and S 2 is closed again, the inductor current charges up the capacitor 
further, thereby further increasing its voltage. If this process is repeated, notice that the 
capacitor voltage will keep rising indefinitely over time. 


If, however, a resistive load is applied to the capacitor output as illustrated in Figure 12.48, 
its output will not keep rising indefinitely; rather the capacitor gets discharged (fully or 
partially depending on the relative charging and discharging time constants). By adjusting 
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the switching intervals over which the capacitor is allowed to charge and discharge we 
can achieve a range of average voltage values (including values that are higher or lower 
than the input voltage) at the output of the circuit. This property forms the basis of 
DC/DC converter power supplies. 

The following discussion provides a more detailed analysis of the circuit behavior, assum¬ 
ing there is no output load resistor. We will consider the two cases: (a) Si closed, Sj 
open, which forms a series RT circuit, and (b) Si open, Si closed, which forms a series 
RLC circuit. 

Si ClosedSi Open: Series RL Circuit When Si is closed and Sj is open, we have the 
series RL circuit shown in Figure 12.43. We will assume that Si is closed long enough 
for the transient to die out. Therefore, the current through the inductor will reach V/R 
before Si is opened. 

Si Open, S 2 Closed: Series RLC Circuit When Si is open and Si is closed, we 
have the driven, series RLC circuit shown in Figure 12.44, which is identical to the 
circuit in Figure 12.26. This time around, we will analyze this circuit from first principles 
following the method shown in Section 12.2. First, let us collect our information on the 
drive voltage and the initial conditions. We know that the drive voltage for the circuit is V. 

Let us now determine the initial conditions. For convenience, we will take t = 0 as 
the instant that Si is opened and S 2 is closed. The state of the circuit at t = 0 is 
given by 


id 0) = | (12.182) 

K 

vdP) = vo (12-183) 

where vq is the voltage on the capacitor at t = 0. Just before Si is opened and S 2 is 
closed, there was a current of V/R flowing in the inductor and a voltage vq on the 
capacitor. Therefore, these are our initial conditions. The initial voltage on the capacitor 
t'O will be 0 when the circuit starts from rest. If there is no load resistor connected to 

the capacitor, then this voltage will simply be the final value on the capacitor from the 

previous charging cycle. 

We know that the total solution for vq and Zf is given by the sum of the homoge¬ 
neous solution ( vch and zlh) and particular solution ( vqp and ipp). We know from 
Equation 12.121 that the homogeneous solution is given by 

VCH = K ie Slt + K 2 e Slt . (12.184) 


Further, using 


*LH = 


c dvcH 


dt 
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we obtain the homogeneous solution for the current as 

iLH — K\Cs\e Slt + K 2 Cs 26 Slt . 


(12.185) 


In the preceding equations, si and S 2 are given by 


where 


si = -a + 
S2 = —a — 



— co 


2 

o 


— CO 


2 

o 


R 

a = — 
2 L 



If we wait long enough for all the transients to die out, there will be no current flowing 
in the inductor and the capacitor voltage will be the same as the voltage source. Thus, 
we have the following particular solution: 


i LP = 0 (12.186) 

v c p = V. (12.187) 


Therefore the total solution is given by 

v c = K ie Slt + K 2 e Slt + V (12.188) 

ij, = KiCsie Slt + K 2 Cs 2 e Slt . (12.189) 


Now, we are in a position to solve for K\ and K 2 using the initial conditions as follows: 


v o = K\ + K 2 + V 
— = K j Cs] + K 2 Cs 2 . 


Solving for K 2 and K 2 we get 


wo - V)Cs 2 - | 

Ki =-^ 

C(s 2 - sj) 

(wo - V)CS! - I 

K 2 = 


(12.190) 

(12.191) 


(12.192) 


C(si - s 2 ) 


(12.193) 
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Substituting the preceding expressions for K\ and K 2 into Equations 12.188 and 12.189, 
we obtain the complete solutions: 


v c = 


(v 0 - V)Cs 2 - £ (t'o - V)Csi - 

-« e s i f +- 


‘L = 


C(s 2 - si) 
(t'o - V)Cs 2 - 


C(si - s 2 ) 


R e Slt +V 


-Csie Slt + 


(t'o - V)Csi - 


- Cs 2 e Sl . 


(12.194) 

(12.195) 


C(s 2 - si) C(si - s 2 ) 

Suppose we choose the element values in our switched power supply circuit such that 


a < a> 0 , 

then the circuit will be under-damped, and sj and s 2 will be complex, sj and s 2 can now 
be written as 


si = -a + ja>d 


s 2 = -a - ja>d 


where 



As discussed in Section 12.5, for complex si and s 2 , our solution in Equation 12.195 
can be rewritten using the Euler relation into the following form: 

vc = V + A\e~ at sin(a)jt) + A 2 e~ at cos (o^t) (12.196) 

il — A 2> e~ at sin(ayt) + A 4 e~ at cos(aijf). (12.197) 

The form of the waveforms for t'c and ii are shown in Figures 12.45 and 12.46. The 
waveforms in the figures assume that 5j is left open and S 2 is left closed for a long period 
of time. 

Notice that the voltage waveform in Figure 12.45 first increases and the current wave¬ 
form first decreases. This corresponds to the observation we made earlier that the current 
can’t change direction within an inductor instantaneously. Thus, if we close 5i and open 
S 2 quickly, (for example, before t\, which is the instant that the inductor current goes 
to zero as seen in Figure 12.46), we can accumulate more charge, and hence more volt¬ 
age, on the capacitor during each cycle. In this situation, the waveform of the capacitor 
voltage t'our (where ^out — V C ) will look like that shown in Figure 12.47. 

The value of the voltage itouT at the end of the «th cycle can be calculated iteratively. 
Let foUTl”] denote the value of four at the end of the »th cycle. In the first iteration, 
we compute foUTll] — v c by substituting vq = 0 and t = t\ in Equation 12.197. In 
the second iteration, we compute fourP] by substituting vq = foUTll] and t — t\ in 
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FIGURE 1 2.45 Components of 
the capacitor voltage waveform. 



FIGURE 1 2.46 Components of 
the inductor current waveform. 



Equation 12.197. Using this iterative process, we can determine the value of the output 
voltage after n cycles. 


Alternatively, if are interested only in the maximum value of the output voltage at the 
end of each cycle, and we do not care about the exact waveforms, we can use the 
much simpler energy method discussed in Example 12.4, with one difference. In our 
example, since the switches have a finite resistance, and since we have assumed that Iq 
is closed and sj is open for a long period of time, in Equation 12.31 is computed 
differently as 



Charging and Discharging the Capacitor through a Load Resistor Let us make the 
circuit a little more interesting by adding a load resistor Ri at the output port as shown 
in Figure 12.48. How does this new circuit behave? 
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FIGURE 12.47 Behavior of 
vqut over time. 



FIGURE 1 2.48 The modified circuit. FIGURE 12.49 Behavior of the output port. 


The mathematical computation of the form of the output voltage is complicated, so 
we do not present it here. Instead, we present a qualitative discussion of the circuit, 
behavior. First, when Sj is closed and Si is open, we have a slightly more complicated 
RLC circuit, which behaves in a manner similar to the original circuit. Essentially, the 
inductor current charges the capacitor to a higher voltage. 

Now, when Si is closed and Si is opened, we have two subcircuits operating. The first 
circuit is a series RL circuit identical to the original circuit. The second circuit is an RC 
circuit in which the capacitor discharges through the load resistor Ri. Depending on the 
exact values of the charging and discharging capacitor time constants, we might obtain 
the waveform shown in Figure 12.49 at the output port. The waveform in the figure 
assumes that RiC» tg, where to is the time interval for which S 2 is open. 






























678 CHAPTER TWELVE TRANSIENTS IN SECOND-ORDER CIRCUITS 

□Ml 12.6 DRIVEN, PARALLEL RLC CIRCUIT* 
EH 12.6.1 STEP RESPONSE 
MM 12.6.2 IMPULSE RESPONSE 

12.7 INTUITIVE ANALYSIS OL 
SECOND-ORDER CIRCUITS 

Second-order circuits are amenable to a quick, intuitive analysis when they are 
driven by simple inputs such a step or an impulse, much like first-order circuits 
(see Section 10.3). To illustrate, we will show how vc, the voltage across the 
capacitor, in the series RLC circuit in Figure 12.55 can be plotted by inspection. 
We will assume the following element values: 

L = 100 (i H 
C = 100 il F 
R = 0.2 £2. 

The initial state of the circuit at t — 0 is given by 

v c (0) = 0.5 V 
id 0) = -0.5 A. 

The circuit is driven by a DC voltage source, with 

Dn = 1 v. 

Based on the initial conditions and the drive, we can immediately determine 
the initial value and the final value of vq. From the initial conditions that we are 
given, we know that 


4, 



FIGURE 12.55 A driven, series 
RLC circuit. 


v c (0) = 0.5 V 
4.(0) = -0.5 A. 

In the steady state, the capacitor behaves like an open circuit. Therefore, the 
inductor current vanishes and the input drive appears across the capacitor. Thus, 


V C (oo) = PIN = 1 V 
4.(00) = 0. 


The initial and final values of vq are plotted in Figure 12.56a. 
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(a) 


t (ms) 



(b) 


t (ms) 



Next, we obtain additional information by writing the characteristic equa- FIGURE 12.56 Sketching the 
tion for the circuit. A simple method for writing the characteristic equation by form of v c- 
inspection will be discussed in Sections f4.f.2 and Section f4.2 in Chapter f4. 

That method will be based on the impedance approach, which will be discussed 
in Chapters f 3 and f4. For now, proceeding based on what we know thus far, 
we can obtain the characteristic equation by writing the differential equation for 
the system with the drive set to zero, 


d 2 vdt) R dvgit) 

dt 2 L dt 


1 

LC 


vdfi = o 


and then substituting the candidate solution Ae st and dividing throughout 
by Ae st 
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Comparing to the standard form of the characteristic equation 

s 2 + 2 as + ® 2 


we obtain a few more parameters that describe the behavior of our second-order 
system 


a — — = 10 3 rads/s 
2 L 


co 0 = ,/ — = 10 4 rads/s 
LC 


Since 


a < a> 0 , 

we conclude that the system is under-damped. The oscillation frequency is 
given by 

= Jco^ — a 1 ~ 9950 rads/s ~ 1584 cycles/s 
and the quality factor 


Q = 


(Do 

2a 


Since Q = 5, we also know that the system will ring for approximately 5 cycles. 

To complete the picture, we must now combine the boundary values 
shown in Figure 12.56a with a sinusoid of frequency 1584 Hz (or cycle time 0.6 
ms) that decays over about 5 cycles. To do so, it helps to determine the initial 
trajectory of the capacitor voltage (increasing or decreasing) starting from its 
initial value of 0.5 V. It turns out that we can obtain this information by looking 
at the initial state on the other memory element, namely the inductor. The 
initial inductor current is given as —0.5 A. In the absence of a driving impulse, 
since the magnitude of this current cannot change instantaneously, and since 
the given direction of the initial current tends to discharge the capacitor, we can 
conclude that the capacitor voltage will tend to decrease. This decreasing initial 
trajectory of the capacitor voltage is illustrated in Figure 12.56b. 

Knowing the initial trajectory, we can stitch in a sinusoid that decays over 
about 5 cycles with the correct initial trajectory. The resulting approximate 
sketch is illustrated in Figure 12.56c. Notice that a simple intuitive analysis 
allowed us to guess the values of the following parameters of the curve in 
Figure 12.56c: 

1. The initial value. 

2. The final value. 
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3. The initial trajectory of the curve. 

4. The frequency of ringing. 

5. The approximate length of the time interval over which the ringing lasts. 

Unfortunately, our list does not include the maximum amplitude of the envelope 
that governs the decay of the sinusoid, a parameter that when combined with 
the rate of decay a would add even more accuracy to our sketch. Although we 
can determine this value, it adds significant complexity of our analysis, and so 
we will not attempt to solve for the general form. It turns out, however, that 
the maximum amplitude can be calculated much more easily when an initial 
state and a driving voltage are not both present. We will work out the following 
example to illustrate this fact. 


EXAMPLE 12.II INTUITIVE ANALYSIS EXAMPLE This exam¬ 
ple shows how the maximum initial amplitude of the decaying sinusoid can be calculated 
with ease when an initial state and a driving voltage are not present simultaneously. Sup¬ 
pose we set the voltage drive to zero in our circuit in Figure 12.55, but we let all other 
conditions remain the same. In other words, suppose that 

L = 100 fiH 
C = 100 /zF 
R = 0.2 Q. 

Further, suppose that the initial state of the circuit at t = 0 is given by 

v c (0) = 0.5 V 
id 0) = -0.5 A. 

However, the input drive is given by 


ptn = 0. 

As we did in Section 12.7, we can quickly guess the following: 

1. The initial value of the capacitor voltage is given by 

vc (0) = 0.5 V. 

2. Since there is no drive, and since there is a dissipative element in the circuit, the 
final value of the capacitor voltage is given by 

vc(oo) = 0V. 

These initial and final values are plotted in Figure 12.57a. 




(A) 3 * 
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(a) 


(b) 



FIGURE 12.57 Sketching the 
form of vq when the drive is set to 
zero. 


3. The capacitor voltage will tend to decrease initially, since the initial inductor 
current tends to discharge the capacitor. This decreasing initial trajectory of the 
capacitor voltage is illustrated in Figure 12.57b. 

4. The ringing frequency is a>^ ^ 9950 rads/s. 

5. Since Q= 5, the ringing will last for approximately 5 cycles. 


Additionally, we can use energy arguments to determine the envelope bounding the 
decaying capacitor voltage. Recall that the magnitude of the capacitor voltage peaks 
whenever the system energy resides entirely in the capacitor, and the inductor cur¬ 
rent is zero. At t = 0, had all the energy been stored in the capacitor, the capacitor 
voltage would have attained an absolute maximum value that we denote by Vcm- 
Accordingly, the decay in the capacitor voltage will be governed by a pair of expo¬ 
nential curves (positive and negative) with initial values + Vcm and — Vcm at t = 0, 
decaying to zero in about 5 cycles, as illustrated by the dotted curves in Figure 12.57c. 
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The value of Vqm can be computed from the total energy in the system at t = 0 as 
follows: 

\cv c (0) 2 + l -U L { 0) 2 = l -CV 2 cm . 

Substituting for vc{0) and ii{ 0) we obtain 

Vcm^OJV. 

The form of the decaying sinusoid can now be completed as also shown in 
Figure 12.57c. 


EXAMPLE 12.12 INTUITIVE ANALYSIS EXAMPLE: 

IMPULSE RESPONSE In this example, we will use intuition to sketch the form 
of vc in the parallel RLC circuit shown in Figure 12.58 when it is driven by an input 
impulse current given by 

; inM = Qo&(t). 

The strength of the impulse is given as 

Q 0 = IQ" 4 C. 


Assume that 


L = 100 fiH 

C = 100 /tF 


R = 5Q. 


and that the circuit is initially at rest (that is, both the capacitor voltage and the inductor 
current are zero before the impulse). 

Recalling that the impulse serves to establish initial conditions on the circuit, let us first 
determine the values of the state variables immediately following the impulse, namely, 


! in 



+ 




FIGURE 12.58 A parallel 
second-order circuit with a resistor, 
capacitor, inductor, and current 


source. 
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v c (0+) and 4,(0+). The capacitor looks like an instantaneous short to the current pulse, 

and so the impulse passes entirely through the capacitor depositing a charge of Q 0 = 1 

C on it. Thus, 

t'do+l =^ = iv 

and 4(0 + ) = 0. 

As we did in Section 12.7, we can now determine the following: 

1. The initial value of the capacitor voltage is 1 V. 

2. Since there is no drive, and since there is a dissipative element in the circuit, the 
final value of the capacitor voltage is given by 

vq{oo) = 0 V. 

3. The capacitor voltage will tend to decrease initially, since all the energy starts out 
in the capacitor. Since there is no drive, the maximum voltage across the capacitor 
is also 1 V. 

4. Since we have a parallel RLC circuit, 


a = ' = 10 3 rads/s 

2 RC 

a>o = . = 10 4 rads/s 

Vlc 


and the ringing frequency is 


a> d = 



10 4 rads/s. 


5. The quality factor 

Q=^=5, 

2a 

so the ringing will last for approximately 5 cycles. 

The form of vq( t) can now be plotted as shown in Figure 12.59. 


12.8 TWO-CAPACITOR OR TWO-INDUCTOR 
CIRCUITS 

In the previous sections of this chapter, we focused on second-order circuits 
containing one capacitor and one inductor. It is also possible to construct a 
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FIGURE 1 2.59 Sketching the form of vc for a FIGURE 1 2.60 A second-order circuit 

parallel RLC circuit driven by an impulse current input. containing two independent capacitors. 


second-order circuit from two capacitors or two inductors. In this section, we 
will briefly examine the analysis and behavior of such circuits. 

As an example of a two-capacitor circuit, consider the circuit shown in 
Figure 12.60. To analyze this circuit we again employ the node method begin¬ 
ning with Step 3, just as we have in previous sections. To do so, we write KCL 
at Nodes #1 and #2 in terms of v\ and v 2 . This yields 

+ 1 + 1 _ = Q (1Z238) 
dt R\ R 3 

for Node #1, and 

C 2 — p- + ^v 2 (t) + ~^(v 2 (t) - vM = 0 (12.239) 

dt R 2 R 3 

for Node #2. To treat these two equations simultaneously, we first use Equa¬ 
tion 12.238 to determine v 2 in terms of v \, and then substitute the result into 
Equation 12.239 to obtain a second-order differential equation in v\. This yields 

v 2 (t) = R 3 Ci ^ 1 vi (0 (12-240) 

dt \ RiJ 

d 2 vi(f) + / 1 + 1 + 1 + 1 \ dviif) 

dfi \ R ] C] Ri C 2 R 1 , C] R 2 C 2 ) dt 

1 1 1 
R i R 2 C\ C 2 R i R} C| C 2 R 2 R 2 C\ C 2 



j v\ (t) = 0. (12.241) 
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Equation 12.241 is an ordinary second-order linear homogeneous differential 
equation with constant coefficients similar to those derived in earlier sections 
of this chapter. 

To complete the node analysis, we complete Steps 4 and 5 by solving Equa¬ 
tion 12.241 for v\, and using it to determine vi and any other branch variables 
of interest. Given the fonn of Equation 12.241, we expect its solution to be a 
superposition of two terms of the form Ae st . The substitution of this candidate 
term into Equation 12.241 yields 


s -f- 2o?s -(- ( 0 0 — 0 

as the characteristic equation of the circuit where 

1/1 1 1 1 \ 
2 V^iCi HiCh R3C i R3C2J 

2 _ 1 1 1 

/\ 1 /T C, Ci R 1 R 3 C 1 C 2 R 2 R 3 C 1 C 2 


(12.242) 


(12.243) 

(12.244) 


Except for the details of a and &>□, Equation 12.242 is the same as every other 
characteristic equation seen so far in this chapter. Because Equation 12.242 is a 
quadratic equation it has two roots. Those roots are 


si = —a + yja 1 — co 2 (12.245) 

S 2 = —a — Ja 2 — co 2 . (12.246) 


Therefore, the solution for v\ is a linear combination of the two functions e Slt 
and e Slt , and takes the form 

vi[t) = A x e sxt + A 2 e S2t (12.247) 

where A x and A 2 are unknown constants that depend on the initial states of 
the two capacitors. To find A x and A 2 , two equations are required. The first 
equation comes from the evaluation of v\ in Equation 12.247 at the initial time. 
The second equation comes from the substitution of Equation 12.247 into 
Equation 12.240 to determine V 2 followed by the evaluation of V 2 at the initial 
time. The solution of the two equations yields A] and A 2 ; we will not carry 
out the details here. 

On the surface, it appears that the analysis and behavior of a second- 
order circuit containing two independent capacitors is identical to that of a 
second-order circuit containing one capacitor and one inductor. The same 
conclusion is reached by examining a circuit containing two independent induc¬ 
tors. While this conclusion is largely true, there is one important difference 
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between second-order circuits containing two capacitors or two inductors, and 
second-order circuits containing one capacitor and one inductor. That differ¬ 
ence is that the latter circuits can exhibit under-damped oscillatory behavior, 
while the former circuits cannot. That is, sj and S 2 are always real and non¬ 
positive, for second-order circuits containing two independent capacitors or two 
independent inductors. In fact, we can extend this statement, without proof, 
to higher-order circuits as well. 10 Circuits containing only resistors and capaci¬ 
tors, or only resistors and inductors, will have characteristic equations with only 
real non-positive roots. For this reason, such circuits can not oscillate. Rather, 
their states may have only as many as N— 1 zero crossings where N is the order 
of the circuit. The exact number of zero crossings actually depends upon the 
initial conditions of the circuit. 

To see that si and si as given in Equations 12.245 and 12.246 are always 
real and negative, we examine the term inside the radicals. With the substitution 
of Equations 12.243 and 12.244, this term becomes 



(12.248) 


which is always positive. Therefore, si and S 2 are always real and negative, and 
the circuit exhibits only over-damped dynamics. 


EXAMPLE 12.13 A NUMERICAL EXAMPLE Plot V\ and Vi for the 
circuit in Figure 12.60 given that 


R[ = Ri = R3 = 1 M£2 

Cl = c 2 = c 3 = 1 /rF 


and initial states on the capacitors given by 


«*(<>) = 0 


and 


v 2 (0) = 1 V. 


10. For an outline of a proof, see Problem 4.6 in W. M. Siebert, Circuits, Signals, and Systems, MIT 
Press, 1986. 
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Substituting these values into Equation 12.241, we obtain the second-order differential 
equation that must be solved to obtain v\: 


dt 2 dt 


+ 3 vi{t) = 0. 


Substituting the candidate term Ae st into the preceding differential equation we get the 
characteristic equation 

s 2 -f- 4s 4-3 = 0. 

Comparing corresponding terms with the standard form of the characteristic equation 
for the following second-order circuits: 

s 2 4- las + a: 2 = 0 


we can write 


a = 2 rads/s 
a> 0 = -s/3 rads/s. 


The two roots of the characteristic equation are 

si = -1 

S2 = —3. 


Therefore, the solution for v\ is a linear combination of the two functions e f and e 3t , 
and takes the form 

v\{t) = A\e~ l + Aze -3 *. 


The corresponding solution for V 2 is related to that for v\ by Equation 12.240 and is 
given by 

V 2 (t) = + 2iq(f) = Axe -1 - A 2 e~ 3t . 

dt 

Substituting the initial conditions (iq(0) = 0 and 1^2 (0) — 1) into the expressions for v\ 
and v 2 , we get 


Ax + A 2 = 0 
Ax-A 2 = 1. 
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These two equations can be solved to yield 


Thus, the solutions for v\ and v 2 are 

v 1 (t)= -e- 1 - -e~ 3t 
2 2 

v 2 (t)= V f + ^e~ 3t . 

Plots of v\ and v 2 are given in Figure 12.61. 

12.9 STATE-VARIABLE METHOD 



FIGURE 12.61 v-i and v 2 for the 
two-capacitor circuit. 


In the preceding sections of this chapter, we used the node method to analyze 
the behavior of various second-order circuits. This form of analysis directly yields 
the node voltages within a circuit expressed as functions of time. However, as 
noted earlier, we are often more interested in the circuit states than we are in 
the node voltages. In this case, we must use the node voltages to determine the 
states, and this takes additional effort. As we shall see shortly, there exists an 
alternative method of analysis that is particularly useful when the circuit states 
are of primary interest. We will refer to this method as state-variable analysis. 
Its principal advantage is that it offers a more direct way to obtain the equations 
which govern state evolution, and hence a more direct way to determine the 
states themselves. Of course, to determine the node voltages from the results 
of a state-variable analysis also requires additional effort. Thus, when both the 
states and node voltages are of interest, there may be no best choice of analysis. 

The first step of a state-variable analysis is to derive the differential equations 
that explicitly govern the evolution of the circuit states. The second step is to 
solve these state equations for the states as functions of time. The states may 
then be used to determine any other branch variables of interest. Here, we 
will focus only on the first step since the solution of the differential equations 
that are the state equations may be executed using the same method employed 
earlier in this chapter, or the method developed in Section 12.10. 

The desired state equations express the derivative of each state as functions 
of the states themselves, and any external signals applied through independent 
sources. As we shall see now, there is a relatively simple method for deriving 





690 


CHAPTER TWELVE 


TRANSIENTS IN SECOND-ORDER CIRCUITS 


these equations. To motivate this method, consider the constitutive laws for the 
capacitor and inductor, namely Equations 9.9 and 9.28. They can be written as 


dvc(t ) 
dt 

didt) 

dt 



(12.249) 

vdt). 

(12.250) 


respectively. From these equations we see that the derivative of the capacitor 
voltage is proportional to the capacitor current, and that the derivative of the 
inductor current is proportional to the inductor voltage. Therefore, to determine 
expressions for the state derivatives, we can equivalently find expressions for the 
capacitor currents and inductor voltages. These expressions should be derived 
in terms of the states and any independent external signals. This suggests a 
method for deriving the state equations. 

First, we replace each capacitor by an independent voltage source having 
a voltage equal to the corresponding capacitor state. Additionally, we replace 
each inductor by an independent current source having a current equal to the 
corresponding inductor state. Second, we analyze the new circuit, which now 
contains only sources and resistors, to find the capacitor currents and inductor 
voltages. This analysis may be carried out using the node method developed 
in Chapter 3. It results in expressions that depend on the independent sources 
within the new circuit, namely the original independent sources and the sources 
representing the circuit states. Finally, we substitute the expressions for the 
capacitor currents and inductor voltages into equations of the form of Equations 
12.249 and 12.250. This yields the desired state equations. 

To illustrate the state-variable analysis of a circuit, consider the analysis of 
the circuit shown in UL11I Figure 12.50. To analyze this circuit we replace 
the capacitor by a voltage source and the inductor by a current source as 
shown in Figure 12.62. Next we analyze this circuit to determine ic and 17 . 
This results in 


idf) = z'inW - idfi ~ 


vcd) 

R 


(12.251) 


vdf) = vc{t). 


(12.252) 


FIGURE 1 2.62 The equivalent 
circuit used for the state-variable 


analysis of the circuit shown in 
biiliili Figure 12 . 50 . 
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Finally, the substitution of Equations 12.251 and 12.252 into Equations 12.249 
and 12.250, respectively, yields 



(12.253) 


(12.254) 


Equations 12.253 and 12.254 are the desired state equations. 

It is important to emphasize that a state-variable analysis introduces no new 
physics. Rather it offers only an alternative analysis of the same circuit. To see 
this for the previous example, note that the substitution of Equation 12.254 into 
Equation 12.253 to eliminate vq yields tvtvlv< Equation 12.201. Thus, the state 
equations predicts the same circuit behavior as found previously in Section 12.6. 

To close this section, it is valuable to identify the similarities and differences 
of the node and state-variable analyses. To begin, it is again important to 
emphasize that both analyses predict the same behavior for any given circuit. 
The main difference is that they do so in terms of different sets of variables, and 
through different mathematical mechanics. A node analysis does so in terms of 
the node voltages, and often results in a single high-order differential equation. 
A state-variable analysis does so in terms of the states, and results in a set of 
coupled first-order differential equations. For this reason, if the initial conditions 
for a circuit analysis are expressed in terms of the states, then the state-variable 
analysis will make easier use of that information. Further, a coupled set of 
first-order differential equations is more likely to be compatible with typical 
numerical analysis packages. On the other hand, it is often the node voltages, 
defined with respect to a common ground, that are most easily measured in an 
experiment. Thus, both sets of variables are useful. 


Em 12.10 STATE-SPACE ANALYSIS* 


Em 12.10.1 NUMERICAL SOLUTION* 


cm 12.11 HIGHER-ORDER CIRCUITS* 
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12.12 SUMMARY 

► The primary goal of this chapter was to examine the behavior of second- 
order circuits, primarily circuits containing at least one capacitor and one 
inductor. To analyze these and other second-order circuits we again relied 
on the node method of analysis. The mechanics of this analysis were essen¬ 
tially unchanged from Chapter 10, except for the details of the solution of 
second-order, as opposed to first-order, differential equations. 

► Through our analysis of second-order circuits we observed that their behav¬ 
ior can be very different than the behavior of first-order circuits. Most 
importantly, a circuit containing one capacitor and one inductor can exhibit 
oscillations that correspond to an exchange of energy between the capaci¬ 
tor and inductor. Not surprisingly, these oscillations were found to decay 
in the presence of energy loss (for example, when a resistor is introduced in 
the circuit). To characterize this oscillatory behavior we introduced several 
key parameters: the undamped natural frequency (or undamped resonance 
frequency, or simply resonance frequency) 

0) o = i/Vlc 

the damping factor a, the damped natural frequency 



and the quality factor 

Q = co 0 /2a. 

The details of a depend on the circuit topology. For a parallel resonant 
circuit, 

1 

a = - 

2 RC 

and for a series resonant circuit, 

R 

a = —. 

2 L 

► The response of second-order systems can be classified as under-damped, 
critically-damped, or over-damped according to 

a < u> 0 =>■ under-damped; 

a = a) 0 =>■ critically-damped; 

a > co 0 =>■ over-damped. 
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► When the system is under-damped, the parameter co d determines the rate 
at which the states oscillate, and a determines the rate at which the states 
decay. a> 0 is the oscillation frequency in the absence of damping. Intuitively, 
Q determines the amount of ringing exhibited by the circuit, and is the 
approximate number of cycles after which the energy in an RLC circuit can 
be considered to have decayed to zero. 

► The zero-input response (ZIR) is the response of the system to the initial 
stored energy, assuming no drive. 

► The zero-state response (ZSR) is the the response to an applied drive signal, 
for no initial stored energy. 

► The zero-input response of under-damped second-order systems resemble 
sinusoids with amplitudes that decay with time. As an example, the ZIR 
for an under-damped parallel resonant circuit, with V 0 as the initial voltage 
on the capacitor and zero initial current through the inductor, is given by 


vc{t) = Vo— e at cos (<xy£+ 0) 
OM 


for the capacitor voltage, and 


k(t) = “ f sin {cojt) 

(o d L 


for the inductor current, for t > 0. hi the previous equation 



4 > = tan 


To facilitate the analysis of second-order circuits, we also introduced two 


► 


new methods of circuit analysis, namely state-variable analysis and state- 
space analysis. State-variable analysis was introduced as an alternative to 
node analysis, which is particularly useful when the state variables of a 
circuit, as opposed to the node voltages, are of primary interest. State- 
space analysis was introduced as a means of solving the coupled first-order 
differential equations that commonly result from a state-variable analysis. 

However, we also saw that it could be used as a means of solving the 
differential equations that naturally result from a node analysis. Finally, we 
briefly examined the analysis of higher-order circuits. The important finding 
from that examination was that the analysis of higher-order circuits can be 
carried out in a manner identical to the analysis of second-order circuits. 

EXERCISE 12. i EXERCISES 

a) Is the zero input response of the circuit shown in Figure 12.64 under-damped, over¬ 
damped, or critically-damped? 
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R 


vwwv 



+ 


R= 15 n L= 1 pH 


FIGURE 12.64 


L 


C 


C = 0.01 pF 


b) Wliat is the form of the zero input response (i>c) for the same circuit? Make a rough 
sketch. 

c) Compare the envelope of the zero input response with the rate of decay of the zero 
input response of the RC circuit in Figure 12.65. 


R 


WWW 


R= 1512 



FIGURE 12.65 


C = 0.01 pF 


How do they differ? 

EXERCISE 12.2 For each of the circuits in Figure 12.66, find and sketch the 
indicated zero-input response corresponding to the indicated initial conditions 

a) In Figure 12.66, find V 2 , assuming ui(0) = 1 V, t^(0) = 0 

b) In Figure 12.67, find v, assuming /(0) = 0, v[0) = 1 V 

c) Repeat (b), but with the resistor changed to 5 £2. 


8kQ 


6kQ 


i 1 mH 



FIGURE 12.66 


FIGURE 12.67 
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EXERCISE 12.3 In the circuit in Figure 12.68, a constant voltage source of 10 V 
is applied at t = 0. Find all branch voltages and all branch currents at t = 0 + and at 
t = 00 given if 0 _ ) = 2 A and f 4 ( 0 - ) = 4 V. 


+ V, 


10 v- 


ll 


v \ 


—►—VWW- 

R, 


Ri 



r 2 = 1 n 

L = 1 H 
C = 0.5 F 

i? 1= 2 a 


FIGURE 12.68 


EXERCISE 12.4 Is the zero-input response of the circuit in Figure 12.69 under¬ 
damped, over-damped, or critically-damped? (Provide some kind of justification for your 
answer, either a calculation or a sentence of explanation.) 

L — 1 /rH C = 0.01 ijl F and Ri = R 2 = 15 £2 

EXERCISE 12.5 In the circuit in Figure 12.70, the inductor current and capacitor 
voltage have been constrained by some external magic to be zfi = 5 A, vq = —6 volts. 
At t = 0, the external restraints are removed, and the natural response of the circuit is 
allowed to evolve. Find the initial slopes of the state variables. 

EXERCISE 12.6 

a) Write the differential equations for the circuit in Figure 12.71 in state-variable form. 

b) Assuming vq(0) = 0, sketch vc(t) for a very short pulse of height v t . Don’t work it 
out: just show the form. 




EXERCISE 12.7 Solve the following sets of coupled first-order state equations 
for t > 0 with the indicated inputs and initial values. Plot the positions of the natural 
frequencies in the complex plane. Sketch the state trajectories. 


a) 


^ = _ 3;q+ * 2 
dt 


dx 2 
dt 


xi - 3x 2 


Xl (0) = 2 


FIGURE 12.70 



FIGURE 12.71 


x 2 (0) = 


0 
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b) 


dx i 
dt 
dx 2 
dt 

*l( 0 ) 

* 2 ( 0 ) 


-4x 2 


4xj 


2 

0 


EXERCISE 12.8 Find the roots of the characteristic polynomial (often called the 
network natural frequencies) in each of the networks in Figure 12.72. 

Numerical values: R\ = 10 Q, L = 10 fi H, C = 10 /tF, R 2 = 2 12. 


PROBLEMS 



(a) 


R, L 



(c) 


(d) 


PROBLEM 12.1 Electrical networks are used to model physical systems governed 
by linear differential equations. The most important problems that arise in such modeling 
concern the interplay of accuracy and simplicity. It is usually very important to know 
when certain effects can safely be ignored in order to simplify the model and subsequent 
analysis. Such knowledge can be obtained by understanding the consequences of making 
the simplifying assumptions. 

Two networks that could be used to model an acoustic system are shown in Figure 12.73. 
It is known that the inductance L is small (specifically L << [R 2 Q/4) but it is not known 
whether a circuit model with no inductances will be adequate. You are to help answer 
this problem by determining the difference in the responses of the capacitor voltage vq 
for the two circuits. Specifically, assume: 

is(t) = Iu_i(t) (a step of amplitude I) 
t'c(O-) = 0 
z'l(O-) = 0. 


Determine vc(t) for t > 0 for both circuits. You should identify the effects of the 
inductance on such characteristics of the response as the natural frequencies, approximate 
behavior for small t, and asymptotic behavior. 

You can greatly simplify the form of your results by making use of some assumptions 
derived from Taylor’s theorem. For x << 1, 

Vl -x ~ 1 - l/ 2 x (12.297) 


FIGURE 12.72 


and 


e~ x ~ l- x. 


(12.298) 
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PROBLEM 12..2 Capacitor Cj has an initial voltage iq(0) = V. Capacitor Cj is 
initially uncharged, i^(0) = 0. The voltage across element A tends to zero as time tends 
to infinity. At time t = 0, the switch is closed. Refer to Figure 12.74. 

a) Compute the initial charge of the system. 

b) Find the voltage across both capacitors a long time after the switch has been closed. 
Remember that the total charge of the system must be conserved. 

c) Find the energy stored in the system after a long time. 

d) Find the ratio of final stored energy to initial energy. Where did the rest of the energy 
go? 



FIGURE 12.73 


e) Assume element A is a resistor R. Find its voltage or current, and from that, find out 
the energy lost in it. 


f) Find the ratio of lost energy to initial energy. Is it what you expected? Does it depend 
on R? 

g) What would happen if an inductor was placed in series with R? Sketch the behavior 
of the current. (No calculations are needed.) 

PROBLEM 12.3 Shown in Figure 12.75 is one possible circuit model for a trans¬ 
former, for use where there can be a common ground between primary and secondary. 
Assume: L\ = 2.5 H, L 2 = 0.025 H, M = k^/LiL 2 , where k < \, R\ = 1 kll, 
R 2 = 10 n. 


+ V A - Switch closes 



FIGURE 12.74 


a) Write the state equations for this network using i\ and h as state variables, and using 
the given circuit model to represent the transformer. 

b) Determine the behavior of the natural frequencies of the network as a function of 
the coupling constant k. In particular, what are the natural frequencies in the limit of 
small k, and in the so-called tight-coupling limit, where k approaches unity? 

c) Assume that vs is a 1-volt square pulse of length 5 msec. Find v 2 (t) for the case 
k = .98. Is the output a good replica of a square pulse, or are there obvious 
departures from the square pulse shape? 



PROBLEM 12.4 Assuming y[t) = Be st , for each differential equation, find the 
particular solution and the general form of the homogeneous solution. Plot the natural 
frequencies in the complex plane. 

Assume r, a, coq are constants. Do not worry about the dimensions of the right-hand 
side. Assume B always has the appropriate dimension. 


FIGURE 12.75 


1 ) 


dx I x 
dt r 


= y 
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FIGURE 12.76 


dx I x _ dy 

' dt^~ x ~ dt 

3) + % 

x t dt 

4 ) f? + o>o x =y 

For 5) and 6 ), assume a and a>o are both positive numbers. 

5) + 2a ^ + cl>qX = y Assume a > coq. 

6 ) + 2a ^ + o>q* = ^ Assume a < a>o- 

PROBLEM 12.5 The circuit in in Figure 12.76 is the electrical analogue of a 
temperature control system. 



Assuming Ca = 1 F, Qj = 4 F, Ra = 1 £2, Rg = 4 £2. 
i s = K(V 0 - v B ) 2 where fC = 25 A/V 2 , V 0 = 1.1 V. 

a) Write dynamical equations for this network in state form. Use va and vg as state 
variables. 

(As a check on your state equations, the stable steady-state value of vg is 1 V. That 
is, you should have dvA/dt = dvg/dt = 0 for vg = 1 V.) 

b) Now assume i'a = Va + v 0 and t'B = Vg + t^, where Va and Vg are the steady- 
state values and v a and vg are small variations. Determine a small-signal linear circuit 
model in which v a and bg are the state variables. 

c) Is the zero-input response of the small-signal circuit under-damped, over-damped, 
or critically-damped? 

PROBLEM 12.6 In the circuit in Figure 12.77, the switch has been in position 1 
for all t < 0. At t = 0, the switch is moved to position 2 (and remains there for t > 0 ). 
Find and sketch vq( t) and ig{t) for t > 0. 
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PROBLEM 12.7 Figure 10.107 (Problem 10.8 in the chapter on first-order tran¬ 
sients) illustrated a parasitic inductance associated with VLSI package pins. Figure 12.78 
is a modification of Figure 10.107 and shows a lumped parasitic capacitor Cp associated 
with the power node within the VLSI chip. In this problem, we will study the combined 
effect of the parasitic inductance Lp and capacitance Cp. 




Assume that the input Bis 0 Vat all times. Assume further that the input A has 0 V applied FIGURE 12.78 

to it initially. At time t = to, a 5-V step is applied at the input A. Plot the form of vp as a 

function of time for the under-damped and over-damped cases, assuming that vp = Vs 

for t < tQ. Clearly show the value of vp just prior to to and just after lo- Assume that the 

on resistance of a MOSFET is given by the relation ( L/W)R n and that the MOSFET’s 

threshold voltage is Vp < Vs- Also assume that Vp < 5 V. Compare this result with 

that for the inductor acting alone as computed in Problem 10.8 (Figure 10.107) in the 

chapter on first-order transients. 
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SINUSOIDAL STEADY STATE: 
IMPEDANCE AND FREQUENCY 
RESPONSE 



13.1 INTRODUCTION 

This chapter represents a major change in point of view for circuit analysis, 
hence it is important to review where we have been and where we are going. 
The analysis method discussed in preceding chapters has four basic steps: 

f. Draw a circuit model of the problem. 

2. Formulate the differential equations. 

3. Solve these equations. If the equations are linear, then find the homogene¬ 
ous solution and the particular solution. If the equations are nonlinear, 
then numerical methods often are required. 

4. Use the initial conditions to evaluate the constants in the homogeneous 
solution. 

This approach, diagrammed in the top of Figure 13.1, is basic and power¬ 
ful, in that it can handle both linear and nonlinear problems, but often it 
involves substantial mathematical manipulations if the drive signals are other 
than simple impulses, steps, or ramps. Thus there is considerable incentive to 
look for easier methods of solution, even if these methods are more restricted 
in application. Simplified methods are indeed possible if the system is linear 
and time invariant, and we assume sinusoidal drive and focus on the steady- 
state behavior. Because in many design applications such as audio amplifiers, 
oscilloscope vertical amplifiers, and Op Amps linearity is a basic design con¬ 
straint, systems that are linear or at least incrementally linear represent a large 
and important class, hence are worthy of special attention. Further, more com¬ 
plicated input signals such as square waves can be considered to be the sum of 
many sinusoids; hence the problem can be solved by superposition. 

Equally important, we often characterize systems by their frequency 
response (that is, sinusoidal response). Examples include our hearing, audio 
equipment, ultrasonic pest deterrents, and wireless network receivers. The fre¬ 
quency related behavior of such systems is as important as their time-domain 
behavior. Therefore, the sinusoidal steady state response is useful because it is 
a natural and convenient way to describe the behavior of linear systems. 
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FIGURE 13.1 Analysis methods. 


Initial 

conditions 



Linear problems 
only: 

impedance 



We wish to show in this chapter that the solution to linear circuit problems 
is greatly simplified by assuming a drive of the form as illustrated in the center 
panel of Figure 13.1, primarily because under this assumption the differential 
equation is transformed into an algebraic equation, and because the response 
to a sinusoidal drive can be directly obtained from the response to the drive. 
This leads further to a shorthand solution method involving the concept of 
impedance, whereby the algebraic equation can be found directly from the 
circuit model, without writing the differential equation at all, as diagrammed in 
the lowermost panel of the Figure 13.1. 

The insight behind the employment of a drive of the fonn eT, where s — jco, 
is the following: Recall, we wish to find the system response in the steady 
state 1 to a sinusoidal input of the form cos {cot). We will show that directly 
solving system differential equations with a sinusoidal input leads to a tangle of 
trigonometry and is very complicated. (You have already seen an example of a 
direct solution of an RL circuit for a sinusoidal drive in Section 10.6.7.) Instead, 
we employ the following mathematical trick: Realizing that 

e’ mt — cos {cot) + js'm(cot) (13.1) 

(the Euler relation), we first obtain with relative ease the circuit response to an 
unrealizable drive of the form e ,a>t . The resulting response will contain a real 


1. Interestingly, the substitution of s = jco will give us the response of the circuit in sinusoidal 
steady state. Although not covered in this book, the use of Laplace Transforms where we substitute 
s = a T jco will yield the total response. 
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FIGURE 13.2 A two-stage 
MOSFET amplifier showing the 
MOSFET gate capacitor. 


part and an imaginary part. For real linear systems, by superposition, the real 
part of the response is due to the real part of the input (namely, cos {cot)) and 
the imaginary part of the response is due to the imaginary part of the input 
(namely, /sin(a>£)). Accordingly, by taking the real part of the response to 
we obtain the response to a real sinusoidal input of the form cos {cot). (Similarly, 
by taking the imaginary part of the response to e ,a)t , we obtain the response to 
an input of the form sin(®£).) 

To motivate the study of methods based on the sinusoidal steady state, 
let us present an example of the type of problem that can be solved with ease 
using these methods. Suppose we construct the linear small-signal amplifier 
shown in Figure 13.2 by concatenating two single stage MOSFET amplifiers 
of the type studied in Chapter 8. The DC voltage Vj is chosen to bias the 
first stage appropriately, and the DC value of the first stage output voltage Vo 
provides the bias for the second stage. Figure 13.2 further shows the presence 
of a capacitor Cgs at the input node of the second stage (for example, reflecting 
the gate capacitance of the MOSFET in the second stage). 

Suppose, now, that we wish to find the first-stage output voltage v Q in 
response to v t , a small sinusoidal signal applied to the input of the amplifier. In 
particular, we are interested in determining how the presence of the capacitor 
Cgs affects the amplification afforded by the first amplifier stage. Suppose, 
further, that we do not care about initial transients, rather, we are interested 
in the steady-state behavior when all transients have died out. Experimental 
application of a sinusoid to the input and measurement of the response v Q will 
show very different behavior as the frequency of the input is swept from a low 
to a high value. We will observe that for low-frequency signals the gain of the 
first stage is no different from our earlier calculations in Chapter 8 in the absence 
of the capacitor Cgs ■ However, we will also observe that the presence of the 
capacitor makes the gain of the amplifier fall off rapidly at high frequencies. 

Analytical analysis based on the methods we learned in the previous chap¬ 
ters would suggest writing the differential equation for the circuit comprising the 
resistor Ri and the capacitor Cgs and finding the forced response to an applied 
sinusoid. As demonstrated by the example in Section 10.6.7, this type of anal¬ 
ysis is very cumbersome. In contrast, the analysis methods that we will learn 












706 


CHAPTER THIRTEEN 


SINUSOIDAL STEADY STATE 


FIGURE 13.3 RC circuit with 
tone burst in. The amplitude of the 
input waveform is Vj, where Vj 
is real. 



+ v,. - 

-W— 

R 

Vj = V' cos (ff> f) 
for t>0 


+ 

c=F v c 


in this chapter will make this a trivial exercise. In particular, Section 13.3.4 
will analyze the circuit of Figure 13.2 in detail and explain the observed 
behavior. 

13.2 ANALYSIS USING COMPLEX 
EXPONENTIAL DRIVE 

To illustrate this new approach, let us analyze the simple linear first-order RC 
circuit shown in Figure 13.3, and presume that we wish to find the capacitor 
voltage v c , in response to a cosine wave suddenly applied at t — 0, often called 
a tone burst. The tone burst is mathematically represented as 

Vj — Vi cos (oo\f) for t> 0, 

where V, is the amplitude of the cosine, and o>\ its frequency. (Note that we do 
not use &> 0 in the input signal to avoid confusion with the &> 0 used to represent 
the undamped natural frequency in a second order systems.) 

The differential equation for the circuit is 

v i = v c + RC d ^. (13.2) 

dt 

Let us attempt to solve this differential equation by summing its homogeneous 
and particular solutions. Recall, when dealing with circuit responses, the homo¬ 
geneous solution is also called the natural response, and the particular solution 
is also called the forced response. Recall further that the forced response depends 
on the external inputs to the circuit. Let us denote the homogeneous solution 
as v c h and the particular or forced solution as v,#. Then, we know that the total 
solution is given by 


Vc = Vch + Vcp. 


13.2.1 HOMOGENEOUS SOLUTION 

From Equation 13.2, the homogeneous solution can be derived by solving 


I , ( - TtV /; 

RC—+ v c h — 0. 


(13.3) 
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As we have seen in Chapter 10, the homogeneous solution for this equation is 

v cb = K ie ~ t/RC (13.4) 

where K\ is a constant to be determined from the initial conditions. 

13.2.2 PARTICULAR SOLUTION 

The straightforward approach to finding the particular or forced solution Vcp 
involves finding any solution to the differential equation 

Vi = v + RC d ^. (13.5) 

dt 

Since the input Vj is given by 

Vi = V,cos (&>i t) 


(where V, is real), this amounts to finding any solution to 


Vi cos (co\t) = Vcp + RC 

dt 


(13.6) 


Obviously the forced response v c p must be some combination of sines and 
cosines, so we assume 


Vcp = K .2 sin (cot) + K 3 cos (cot) 


(13.7) 


or, equivalently, 


Vcp = K 4 cos (cot + d>). (13.8) 

There is nothing wrong with this approach, except that it leads to a tangle of 
trigonometry. So, we will abandon this path. 

Instead, let us launch out in a slightly different direction. The Euler 
relation 


ei mt = cos(cot) +jsin(cot) (13.9) 

shows that e ,wt contains the cosine term we want, in addition to an unwanted 
sine term. Hence, by a sort of inverted superposition argument, we replace the 


708 


CHAPTER THIRTEEN 


SINUSOIDAL STEADY STATE 


actual source v y with a source of the form 

Vi=V i e Slt (13.10) 

and return later to unscramble the cosine and sine parts. In this equation we 
have used 

sj as a shorthand for/wi, 

and have included a above v, to indicate that this is not the true drive voltage. 
For consistency, we will use the same notation for all variables related to this 
fake drive voltage. The differential equation to find the particular solution to vi 
now becomes 

Vi= V i e s ' t = v cp +RC d ^. (13.11) 

dt 

It is clear that a reasonable assumption for the particular solution is 

v'cp = V c e st (13.12) 

in which we must somehow find V c and s. On substitution of the assumed 
particular solution into Equation 13.11, we obtain 

V ie s ^ = V c e st + RCsV c e st . (13.13) 

We note first that s must equal sj, otherwise Equation 13.13 cannot be satisfied 
for all time. Now, on the basis that e st can never be zero for finite values of 
t, the e Slt terms can be divided out, to yield an algebraic equation relating the 
complex amplitudes of the voltages rather than a differential equation relating 
the voltages as time functions: 


Vi = V c + V c RCs x 


(13.14) 


which can be solved to yield 


Vi 

1 


V- - - 

for si ^-- 

(13.15) 

1 + RCs\ 

RC 



a restriction clearly satisfied in this case because si = jco\ where cl>\ is a real 
number. Thus Equation 13.15 becomes 


V c = 


1 + ja>\RC 


(13.16) 


or, from Equation 13.12, the particular solution for the fake input v, is 


V t 


e^T. 


1 + jcoiRC 


Vcp — 


(13.17) 
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\V) cosicop) 

- M - 




R 

iAAA 



c- 

- Vcp 

Vi cosfcop)!^-^ 

vVV 

c- 


(a) Circuit for exponential source 


(b) Subcircuit for cosine drive only 


R 

-MA- 


J v a^JV i sin(0V)(^t 


+ 

C=j= i V c P 2 


(c) Subcircuit for sine drive only 


At this point you should protest. No waveform measured in the labora- FIGURE 13.4 RC circuit with 

tory will have a associated with it. The problem arises because we have exponential drive e st . 

used a complex rather than a real drive. That is, we have analyzed the cir¬ 
cuit shown in Figure 13.4a, rather than Figure 13.3. The complex exponential 
drive Vj can be represented by the Euler relation as the sum of two sources 
as depicted in Figure 13.4a. If the circuit is linear , the two-source circuit can 
be analyzed by superposition, as suggested in Figure 13.4b and 13.4c. Specifi¬ 
cally, the voltage v~cp can be found by summing the response to V t cos(twf), as 
obtained from Figure 13.4b with j times the response to V, sin(o)f), as found from 
Figure 13.4c: 

V~cp = Vcp 1 + jVcp 2 - (13.18) 

From the perspective of Figure 13.3, we have calculated in Equation 13.18 
the response v~ c p, and what we really want is Vcp\. Notice that Vcp\ is none other 
than the v c p that we had originally set out to find, namely, the solution to Equa¬ 
tion 13.6. So we want to “de-superimpose” the two sources in Figure 13.4a. 

This is a simple matter because of the j flag: is the real part of v~cp. 

The next task, then, is to find an easy way of calculating the real part of a 
complex expression. (Those readers who are a little hazy about manipulation 
of complex numbers, and in particular the conversion between rectangular and 
polar form, should review at this point Appendix C on complex numbers or a 
suitable math text.) In this specific problem, we must find the real part of the 
v~ c p expression, Equation 13.17. The difficulty is that the expression has two 
factors, one in Cartesian or rectangular form, and the other in polar, whereas 
multiplication is simpler if both factors are in polar fomi. Hence we rewrite 
Equation 13.17 in polar form as 


Vcp 


_ J. _g/O e P> 1 * 

yi +Wi RQ 2 


(13.19) 
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where 


= tan 


_i f — aRC\ 


(13.20) 


Now, to find the real part of v~cp, we use the Euler relation to write 
Equation 13.19 as 


V 


: COS {(Olt+ <J>) + /'- 


V 


cp yi + (<ui RQ 2 L ’ ' ' Vl + («1 RQ 1 

from which the real part of v~ c p is available by inspection, 

V 


sin (a>\t+ d>) 


v cpl — 


: COS {(0\t+ <£). 


(13.21) 


yi + (coiRC) 2 
This, finally, is the particular solution of Equation 13.6. 

13.2.3 COMPLETE SOLUTION 

The complete expression for the capacitor voltage in response to a cosine tone 
burst is the sum of this particular solution (tvpi) and the homogeneous solution 
{v c h) previously found in Equation 13.4: 


tV = KitT f/RC + 


Vi 


(cotRC) 2 


: COS 


(«i*+ <J>). 


(13.22) 


The one remaining unknown constant, K\, can be found from the initial condi¬ 
tions by setting t to zero in the usual manner. However, as we will see shortly, 
we usually do not care about the first term. 


13.2.4 SINUSOIDAL STEADY-STATE RESPONSE 

Under sinusoidal drive, we are almost always interested in the steady-state value 
of the capacitor voltage, which can be readily obtained from Equation 13.22 by 
assuming t is very large. When t —»■ oo, Equation 13.22 reduces to 

v c = ’ cos (w\t + O), (13.23) 

Y 1 + (&>i RC) 2 

which is simply the particular solution to a cosine input (compare with Equa¬ 
tion 13.21). For a cosine input, the steady-state response is often termed 
the response to a cosine. The corresponding complete response is termed the 
response to a cosine burst , and includes both the homogeneous and particular 

terms. In Equation 13.23, the Vj/J 1 + {o>\ RC) 2 factor gives the amplitude 
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(or magnitude) of the response, and O is the phase. The phase is the angu¬ 
lar difference between the output and input sinusoids. Notice that both the 
magnitude and phase (see Equation 13.20) of the response are frequency 
dependent. 

Equation 13.22 is really quite general, in that it gives the capacitor voltage 
for any amplitude and any frequency of cosine tone burst. For example, it is 
obvious that at low frequencies, (that is, for co\ small), and after the transient 
has died away: 


v c — V,cos(&>if). (13.24) 

Thus, after the transient has died away, the output looks almost like the input. 
We conclude that for o>\ small, the capacitor behaves like an open circuit. 
Further, for w\ large, that is, at high frequencies, after the transient has died 
away 


v c — ^ cos(®i£ — 90°) (13.25) 

cviRC 

so the output will be sinusoidal, but 90 degrees out of phase with the input, 
and much smaller. At high frequencies then, the magnitude of the capacitor 
voltage will get very small, so we can say that the capacitor begins to behave 
like a short circuit. 

There are four general conclusions to be drawn from this specific example: 

1. The use of an e st drive reduces a differential equation to an algebraic 
equation, thereby simplifying the solution. This solution process replaces 
trigonometry with complex algebra, which is a wise trade. 

2. The last couple of pages from Equation 13.17 to Equation 13.22, 
although necessary for completeness, did not add any new insight about 
the circuit behavior. For example, the same information about the form of 
v c in the steady state, or its value at low frequencies and high frequencies 
could have been found from Equation 13.17, or even from the complex 
amplitude V c , Equation 13.16, just as easily as from Equation 13.21, 
without the intervening “real part” calculation. 2 

For example, the steady state value of v c (or the particular or forced 
response) can be determined from the value of V c as 


v c = Re [V c t> lf ] 


(13.26) 


2. Recall from Equation 13.16 that V c is the complex amplitude of the forced response to our fake 
input Vi = 
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FIGURE 13.5 The amplitude and phase of 
the response v c compared to the input 
sinusoid Vj. 


FIGURE 13.6 A circuit interpretation of 
Equation 13 . 15 . 


or, equivalently, 




v c = | V c \ cos(«i* + /-Vc). 

(13.27) 




Figure 13.5 shows a sketch of the input cosine and the output response 
with the various magnitudes and phases marked. Notice that the complex 
amplitude V c carries both the amplitude and phase information of the 
response (| V c \ and /V c respectively) in an easily accessible manner. Thus, 
our analysis can stop at Equation 13.16. 


3. The denominator of the V c expression, Equation 13.15, has the same 
form as the characteristic polynomial in the homogeneous solution, 

(see Chapter 10, Equation 10.9 for example) so the value of s in the 
homogeneous solution could have been found from this denominator 
without any formal solution of the homogeneous equation. That this is 
a general result can be shown by examining the two derivations. 


4. The V c expression, Equation 13.15, looks very much like a voltage 
divider expression, especially if we divide through by Csi. 


V c = 


1/Csi 
R + 1/Csi 


V. 


(13.28) 


This suggests a very simple method for finding the complex amplitude V c 
directly from the circuit: Redraw the circuit, replacing resistors with R 
boxes, capacitors with 1/Csi boxes, and cosine sources by their ampli¬ 
tudes, in this case Vj, as shown in Figure 13.6. Now V c can be found in 
one line. But what are these boxes? And what is V c ? The next section 
will provide the answers. 


13.3 THE BOXES: IMPEDANCE 


FIGURE 13.7 Impedance 
calculations. 


To get a better idea of the meaning of the boxes in Figure 13.6, let us examine 
some trivial cases, as sketched in Figure 13.7. In Figure 13.7a, a voltage source 
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V,cos(®i£) is connected across a capacitor, hence 


1^3 

u 

II 

(13.29) 

On the basis of Section 13.1, assume the voltage and current 

are of the fonn 

V) 

£ 

ii 

(13.30) 

i = Ie st 

(13.31) 

where, as before, we use s as a shorthand notation for jco. 

On substituting these relations in Equation 13.29, and dividing by e st 
(never zero for finite s and t) we find 

1= CsV 

(13.32) 

or 


V=i,. 

Cs 

(13.33) 

Similar calculations on the inductor and the resistor yield 

V = Lsl 

(13.34) 

oi 

>— I 

II 

(13.35) 


These equations indicate that for linear R, L, or C, in each case the complex 
amplitude of the voltage is related to the complex amplitude of the current 
by very simple algebraic expressions which are generalizations of Ohm’s Law. 
The constants relating V to 7 in Equations 13.33, 13.34, and 13.35 are called 
impedances, and these equations are the constituent relations for C, L, and R 
expressed in impedance form. The constituent relations for these elements and 
for voltage and current sources are summarized in Figure 13.8. 

Just as we used R to denote resistances, we commonly use the letter Z to 
denote impedances. 


Thus, the impedances of an inductor, a capacitor, and 

a resistor are given by 

'—, 

II 

II 

ss 

(13.36) 

Zc=- = —— 

(13.37) 

sC jcoC 
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FIGURE 13.8 Constituent 
relations for a voltage source, a 
current source, and R, L, and C in 
impedance form. Note that V 0 and 
l 0 are terminal variables, while V a 
and l a are element parameters. 
Note also that s = jco. 



and 

Zr — R (13.38) 

respectively. 

Furthermore, just as the conductance was defined as the reciprocal of resistance, 
we define admittance as the reciprocal of impedance. 

Impedances are complex numbers in general. They are also frequency 
dependent. Figure 13.9 plots the magnitude of the impedances of an inductor, 
a capacitor, and a resistor as a function of frequency. The curves in the figure 
reinforce the following intuition developed in Chapter 10 and summarized in 
Section 10.8: 

Inductors behave like short circuits for DC (or very low frequencies) and like 
open circuits for very high frequencies. Capacitors behave like open circuits for 
DC (or very low frequencies) and like short circuits for very high frequencies. 
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FIGURE 13.9 Frequency 
dependence of the impedances of 
inductors, capacitors, and resistors. 


Now, generalizing from these results, the relations among complex amplitudes 
of voltages and currents for any linear RLC network can be found by replacing 
the (sinusoidal) sources by their complex (or real) amplitudes, and replacing 
resistors by R boxes, capacitors by 1/Cs boxes, and inductors by Ls boxes. The 
resultant diagram is called the impedance model of the circuit. The complex 
voltages and currents in circuits can now be found by standard linear circuit 
analysis: Node Equations, Thevenin’s theorem, etc. 

The impedances follow the same combination rules as resistors, for exam¬ 
ple, impedances in series add, although here the addition involves complex 
numbers. 

Therefore, the intuitive method based on series and parallel simplifications 
also applies. 

We note that the impedance representation does not change the topology 
of the circuit — devices are simply replaced by their corresponding impedance 
models drawn as boxes. The reason is that KVL and KCL apply to a given 
circuit irrespective of the form of the drive. In other words, KVL and KCL apply 
irrespective of whether the voltages and currents are sinusoids, DC values, or 
any other form, for that matter. The impedance form simply assumes sinusoidal 
drive and response and captures in a convenient form individual device behavior 
when the drives are sinusoids. Thus, because the KVL and KCL equations are 
unchanged for sinusoidal drive, the circuit topology remains the same because 
it captures the same information as expressed by KVL and KCL. 

If desired, the expressions for the actual voltages and currents, the par¬ 
ticular solutions or forced responses in Chapter 10 parlance, can be found by 
multiplying the corresponding complex variable by e lait and taking the real part. 

For example, to obtain the actual voltage v x (t) from the corresponding 
complex variable V x {ja)), we use 


i ’At) = Re [v* (jco) e’ 0>t 


(13.39) 
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or equivalently, 

v x (t) = | V x \ cos (cot+ ZV X ). (13.40) 

We emphasize again, however, that this step is usually not necessary, because 
the complex amplitude expression contains all the key information about circuit 
behavior. 

At this point it is necessary to explicitly introduce a notation for voltages 
and currents to clearly differentiate complex amplitudes from time functions. 
We abide by the international standard in this matter: 


► DC or operating-point variables: uppercase symbols with uppercase 
subscripts (for example, Va) 

► Total instantaneous variables: lowercase symbols with uppercase 
subscripts (for example, va) 

► Incremental instantaneous variables: lowercase symbols with lowercase 
subscripts (for example, v a ) 

► Complex amplitudes or complex amplitudes of incremental components, 
and real amplitudes of sinusoidal input sources: uppercase symbols with 
lowercase subscripts (for example, V a ) 


Summarizing, the impedance method allows us to determine with ease the 
steady-state response of any linear RLC network for a sinusoidal input. The 
method works with complex amplitudes of voltages and currents at its variables 
and has the following general steps: 


1. First, replace the (sinusoidal) sources by their complex (or real) 
amplitudes. For example, the input voltage va = V a cos[a>t) is replaced 
by its real amplitude V a . 

2. Replace circuit elements by their impedances, namely, resistors by R 
boxes, inductors by Ls boxes, and capacitors by 1/Cs boxes. Here s = jco. 
The resulting diagram is called the impedance model of the network. 

3. Now, determine the complex amplitudes of the voltages and currents 
in the circuit by any standard linear circuit analysis technique — Node 
method, Thevenin method, intuitive method based on series and parallel 
simplifications, etc. 

4. Although this step is not usually not necessary, we can then obtain the 
time variables from the complex amplitudes. For example, the time 
variable corresponding to node variable V 0 is given by 

vo(t) = \V 0 \ cos(cvt+ZV 0 ). (13.41) 
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EXAMPLE 13.1 REVISITING THE RC EXAMPLE To illustrate 
the power of the method, let us revisit the RC circuit from Figure 13.3 (redrawn 
here as Figure 13.10a for convenience) and analyze it using the impedance method just 
described. As before, suppose that we wish to find the steady-state capacitor voltage v c in 
response to an input of the form Vi — Vi cos a>\ t. 

Figure 13.10b shows the corresponding impedance model. In the model, notice that we 
have replaced the input voltage v t with the real amplitude V„ and the capacitor voltage 
v c with the complex amplitude V c , according to the first step of the impedance method. 
Further, according to the second step of the method, we have replaced the resistor with 
an R box and the capacitor with a box with impedance 1/Cs. As before, s is a shorthand 
notation for ja>. 

We can derive an expression for V c by applying the generalized voltage divider relation 
in the impedance model in Figure 13.10b as 

V g = V, (13.42) 

Zr + Z c 


-AV- 

R 

1 V; = V; COS((0 C- 


(a) Circuit 



(b) Impedance model 


FIGURE 13.10 Impedance 
model of RC circuit with sinusoidal 
input. 


where Zr and Zq are the impedances of the resistor and the capacitor, respectively. 
Substituting the actual impedance values, we obtain 


V c = 


1/Cs 
R + 1/Cs ' 


■Vi = 


1 


RCs+ 1 


-V,. 


(13.43) 


Since s is a shorthand for ja>, at a specific frequency ojj, 


V c = 


1 

1 4- ja^RC 


V. 


(13.44) 


Having obtained the expression for V c , the complex amplitude of the desired voltage, 
we have completed the third step of the impedance method. Amazingly, notice that we 
have arrived at the same result as in Equation 13.16 in a few easy steps. 

Although not always necessary, we will proceed with the fourth step of the impedance 
method and obtain the actual voltage v c as a function of time. We can do so by substitut¬ 
ing the magnitude and phase of V c , and the frequency of our input into Equation 13.41 
as follows: 


v c (t) = \V C \ cos(a>if + ZV C ) 


V, 

cos 

V 1 + (co\RQ 2 


^ co\t+ tan 


(uiRCj 


Not surprisingly, this expression for v c (t) is the same as that in Equation 13.23, but 
derived with significantly less effort. 
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FIGURE 13.11 Impedance 
model of LR circuit 


L 



(a) Circuit (b) Impedance model 


As a final note, this is the forced response for a cosine wave drive. If the excitation is 
a tone burst, then the homogeneous solution must be added to obtain the complete 
solution. 


13.3.1 EXAMPLE: SERIES RL CIRCUIT 

Next, as a further illustration of the concept of impedance, let us find 
the voltage across the resistor in the RL circuit of Figure 13.11, assuming 
that Vi = V;cos(&>if). Figure 13.11b shows the corresponding impedance 
model. 

The generalized voltage divider relation for V a in the impedance model, 
Figure 13.11b, is 


-> 

N 

II 

(13.45) 

Zr + Z l 



where Zr and X/ are the impedances of the resistor and the inductor, 
respectively. Substituting the actual impedance values, we obtain 


Vo = 


R 


R + Ls 


-Vi. 


(13.46) 


Recall from Equation 13.10 that we have been using s as a shorthand for jco. So 
at any frequency, a>\. 


V 0 = 


R 

R + jcoiL 


Vi. 


(13.47) 


The denominator on the right-hand side of Equation 13.47 is the 
impedance Z seen by the voltage source at the frequency w\. In other words, 


Z(;a>i) = R + jco\L. 
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To find v 0 , the actual output voltage as a time function, convert Equation 13.47 
to polar form, then substitute into Equation 13.39 

Vo = . R e^Vj (13.48) 

Jr 2 + cojL 2 

where 

cD = tan -1 —a>iL/R. (13.49) 

From Equation 13.39, the time function is 

v 0 (t) = - V; cos(o)| t + cp). (13.50) 

^R 2 + co 2 L 2 


This is the forced response for a cosine wave drive. If the excitation is a 
tone burst, then the homogeneous solution must be added to obtain the com¬ 
plete solution. By comparing Equation 13.50 to Equation 13.48, we conclude 
that the complex amplitude V Q in Equation 13.48 is a complex number con¬ 
taining information about both the amplitude and the phase of the sinusoidal 
output waveform v Q (t) at any frequency. 

Again it is easy to find v 0 (t) when the drive frequency <x>i is either low or 
high. At low frequencies, (co i small) we note from Equations 13.50 and 13.49 
that 0 = 0 and 

V 0 = V (13.51) 

so after the transient has died out, v 0 (t) ~ v,{t). That is, the resistor voltage 
looks just like the drive voltage. The inductor at low frequencies must behave 
like a short circuit, because its impedance approaches zero for co small. 

At high frequencies, specifically, where co\ is such that (aqL) 2 R 2 , 

|V 0 | ~ -iU (13.52) 

and O approaches —90°. Thus in this frequency range v Q (t ) becomes smaller 
and smaller in amplitude with increasing frequency, and lags behind vi by 
nearly 90°. 

At this point, we can also look at the impedance of each component (Zi 
and Zr) in Figure 13.11 and develop the same qualitative intuition about the 
behavior of the circuit from the voltage-divider relationship. For instance, when 
co\ is small, the impedance of the inductor is small, and so Vo = V ; . Similarly, 
for high frequencies, the impedance of the inductor becomes much greater than 
that of the resistor and so V 0 becomes very small. 
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EXAMPLE 13.2 RL EXAMPLE WITH NUMBERS Let US rework 
the example of Figure 13.11 and obtain the amplitude of v a using numbers this time 
around. Suppose that 


L= ImH 
R= 1 kfi 

v, = Vi cos[2nft), where V; = 10 

where we will look at three values of the frequency f: 100 kHz, 1 MHz, and 10 MHz. 
Using impedances and the voltage divider relation 


Zr V, 

Zr + Z l 

(13.53) 

1000 y 

1000 + 0.001S ’ 

(13.54) 

1000 

10 

1000 + 0.001s 

(13.55) 

10 

1 + 0.000001s 

(13.56) 


where s = j2nf. 

We can also write Equation 13.54 in the form of a transfer function H(s) relating the 
complex output voltage to the complex input voltage: 


m = 


Vo 

v, 


1000 

1000 + 0 . 001 s‘ 


(13.57) 


Since 


Vo = I Vol cos (2 nf+ZVo) 


using Equation 13.56, we get 

Amplitude of v 0 = | V 0 | 

10 

1 + j 0.000001 x 2 jt f 
1 ° 

~ *J\ + 3.9 x 10 ~ n f 2 ' 
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Let us now plug in the three values of f and obtain the amplitudes of the response at 
those frequencies 

f= 100 kHz: 


f= 1 MHz: 


Amplitude of v 0 = — 

VI +3.9 x 10- n (100000) 2 

= 8.5 V 


f= 10 MHz: 


Amplitude of v Q = — 

y/1 + 3.9 X 10~ n (1000000) 2 

= 1.6 V 


Amplitude of v Q = 

v 1 + 3.9 X l(H n (10000000) 2 
= 0.16 V. 

The numbers clearly show the increasing impedance of the inductor as the frequency is 
increased. At the relatively low frequency of 100 kHz, the low impedance of the inductor 
causes the amplitude of the response to be similar to that of the input signal (8.5 V versus 
10 V). Conversely, at the high frequency of 10 MHz, the amplitude of the response is 
much smaller than that of the input (0.16 V versus 10 V). 

Thus far, in this example, we computed the amplitude of v 0 at three specific frequencies. 
In general, we can also graph any parameter of interest as a function of frequency. 
Commonly, we graph the form of the amplitude and the phase of the transfer function 
V 0 /Vi as a function of frequency co (Equation 13.57). Although this seems difficult to do 
by inspection, we will learn a technique for doing so in Section 13.4. A computer 
generated plot of the magnitude and phase of V 0 /Vj versus frequency is shown in 
Figure 13.12. The same magnitude graph plotted on a log-log scale in Figure 13.13 
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FIGURE 13.13 Magnitude and 
phase of V 0 /Vj versus frequency co 
on log scales. 



is much more revealing. The corresponding phase graph is also plotted on a log scale. 
Notice the interesting frequency related behavior of the magnitude and phase plots in 
Figure 13.13. The log plot instantly reveals that high frequencies are severely attenuated 
while low frequencies are passed through unattenuated. We will have much more to 
say about this variable frequency view of responses in Section 13.4. 


13.3.2 EXAMPLE: ANOTHER RC CIRCUIT 

Let us now work another example with numerical quantities. Figure 13.14a 
shows an RC circuit driven by a sinusoidal voltage Vj = 10 cos(1000 t) V. Find 
the impedance Z seen by the voltage source at the frequency a> = 1000 rad/s. 
Also, find the voltage V r across the resistor. 

Figure 13.14b shows the impedance model for the circuit. Since the capaci¬ 
tor and the resistor are in series, the impedance Z seen by the source is given 
by the sum of the impedances of the capacitor and the resistor as 

Z = 500 x 10 3 +- 1 —- £2 

1 x 10 _9 s 

where, we have used the shorthand s = jco. Since o> — 1000 rad/s, we get 

Z = 500 x 10 3 +--- Q 

1 x 10- 9 /1000 



FIGURE 13.14 Impedance 
model of RC circuit. 


(a) Circuit 


(b) Impedance model 
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or 


Z = 0.5 - j M£2. 

Next, let us determine V r . Applying generalized voltage divider relation for V r 
in the impedance model, 


V r = 


500 x 10 3 


500 x 10 3 + —1^- 

1x10 y s 


Vi. 


Substituting s = jl 000 and Vj — 10 we get 

500 x 10 3 

V r — 


500 X 10 3 +-4- 

lxKHb'lOOO 


10 . 


(13.58) 


(13.59) 


Simplifying, 


Vr = 


0.5 Mil 

0.5 MQ, -jMQ 


10 


or, 


V r = 


5 

0.5-j' 


Impedance analysis can end here, since the expression for V r contains all 
the information about the amplitude and the phase of the time function v r . 
However, let us take the extra step and determine v r by writing 


v r = Re 


JlOOOt 


L 0.5 — ; 


Simplifying, and writing the previous expression in polar form 
v r = Re |^4.47e ;1 ' 1 e /1()00 'j . 


Taking the real part, 


v r = 4.47 cos(1000£+ 1.1) V. 

Notice from Equation 13.59 that if the frequency of the input were 
increased from 1000 rad/s to, say, 10 6 rad/s, V r ~ 10 V. This says that 
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FIGURE 13.15 A second-order the capacitor offers very low impedance compared to that of the resistor at 

circuit example. high frequencies, and the entire input voltage falls across the resistor. 

On the other hand, if the frequency of the input is decreased from 
1000 rad/s to, say, 1 rad/s, V r ~ 0 V. This says that the capacitor has a very 
high impedance compared to that of the resistor at low frequencies. Therefore, 
nearly all of the input voltage falls across the capacitor, resulting in V r ss 0. 

13.3.3 EXAMPLE: RC CIRCUIT WITH TWO 
CAPACITORS 

Consider the second-order circuit containing resistors and capacitors shown in 
Figure 13.15a. The impedance model of the circuit is shown in Figure 13.15b. 

Suppose we are interested in deriving v 0 {t) for an input of the form 
Vj(t) = Vicos{cot). Observing that 

v,{t) = Re |V,T> f 

our usual method will be to find the output response V Q e ,a>t to the input Vje ,a>t , 
and then to determine the actual output voltage v 0 {t) using 

v 0 (t)=Re[v 0 e’ a,i . 

For convenience, as in the past, we will use the variable s as a substitute for ja>. 

Let us first use the impedance method to derive the complex output voltage 
amplitude V 0 as a function of the input voltage amplitude Vj. We will use the 
method of series and parallel simplification from Section 2.4 to do so. Notice 
that the voltage V a can be obtained using a voltage-divider relationship between 
1 /C]S and -R 1 HCR 2 + I/C2S). Then, observe that V 0 can be obtained from 
yet another voltage-divider relationship between R 2 and I/C2S. Accordingly, 
we have 


V a = 


(R 2 + £) IIS, + £ 


(13.60) 
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V„ = 


1 

C2 s 




V. 


(fr+i)ifr 

fy + i) + fy 2 + i, 


1 

C2S 


Vi. 


Simplifying, we get 
Vo = 


R\ Qs 


R 1 R 2 C 1 C 2 s 2 + (Rj Ci + R\ C 2 + R 2 C 2) 5 + 1 


V. 


(13.61) 


(13.62) 


(13.63) 


Equation 13.63 written in the form of a transfer function H(s) relating the 
complex output voltage to the complex input voltage is 


H(s) = 


V 0 _ R\C\s 

Vj R]R.2 Ci C 2 S 2 + {R \ Ci + Ri C 2 + R 2 C2)s + 1 


(13.64) 


Let us assume the following set of parameters: R\ = 1 kfi, Ri = I kfi, 
C| = I mF, and Co = I mF. For these parameters, we get: 


Vo = 


s 2 + 3s + 1 


V,. 


(13.65) 


Factoring the denominator polynomial, we get 


Vo = 




Vi. 


(13.66) 


Observe that the denominator polynomial has real roots at (—3 — s/5) /2 and 
(—3 + VJ) / 2. 

Substituting s = ja>, we obtain the complex amplitude V 0 as a function of 
Vj for a given frequency ®: 


Vo = 


/&> 


(" 


]W- 


-3-s/5 

2 


)(> 




—3 +s/s ' 


-Vi. 


(13.67) 


In general, V, and V Q are complex amplitudes. 3 * We can determine the 
actual time-varying voltage by multiplying the complex amplitude by e ,wt 


3. In this instance, we know that Vi is real since we chose 

Vi(t) = Re = Vi cos{cot). 
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and taking the real part of the resulting expression. Therefore the complex 
amplitude V 0 given by Equation 13.67 contains all the information about the 
amplitude and phase of the actual sinusoidal output v 0 {t). Therefore we could 
very well stop at this point. However, as an exercise, let us go ahead and 
determine the actual output voltage. 

The actual output voltage v 0 {t) is given by 


v 0 (t) = Re 


Simplifying, 


where 


V 0 e ia,t 


= Re 






V:e imt 


v Q (t) = Re [AiA 2 A 3 V#** 1 ~ ^ ~ 03 ] e j “*] (13.68) 


A\ = u> , A 2 = 


+ 


7 + 3yT 


a 3 = 




and 


01 


n 

2 ’ 


02 = tan' 


2 co 

3wr 


(f> 3 = tan 


2w 

3 — VJ" 


In the preceding equation, notice that the expression within the brackets exclud¬ 
ing the e ,cot term is simply a polar representation of the complex amplitude V 0 . 
In other words, 

V 0 = A^AiVie ’ (01 “ ^ ~ (13.69) 

In Equation 13.69, A^AjAt, V, is the magnitude of V Q and (<p-\ — 0 2 — 0 3 ) is the 
phase. 

Now, to obtain v Q (t), we can simplify Equation 13.68 to get 


v Q {t) = AiA 2 A 3 V,-cos(tttf + 0i - 02 - 0 3 ). (13.70) 


The preceding expression for v Q {t) is actually the particular solution for an 
excitation given by v t {t) = Vicos(cot), and is the steady-state response of the 
circuit for a cosine wave excitation. If we care to obtain the complete solution, 
we must add in the homogeneous solution as illustrated in Equation 13.22. 

A computer generated plot of the magnitude and phase of V 0 /Vi (Equa¬ 
tion 13.69) versus frequency is shown in Figure 13.16. The same magnitude 
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Frequency (rad/s) 



FIGURE 13.16 Magnitude and 
phase of V 0 (assuming Vj is unity) 
versus frequency u>. 




Frequency (rad/s) 


graph plotted on a log-log scale in Figure 13.17 is much more revealing. The FIGURE 13.17 Magnitude and 

corresponding phase graph is also plotted on a log scale. Notice the interesting phase of V 0 (assuming V, is unity) 

r , jii r i i 1. i - T— iti -7 versus frequency u> on loq scales. 

frequency related behavior of the magnitude and phase plots m Figure 13.17. 

The log plot reveals that both low and high frequencies are severely 
attenuated. 


EXAMPLE 13.3 NODE METHOD ANALYSIS WITH IMPED¬ 
ANCES Consider again the circuit shown in Figure 13.15a and its impedance model 
shown in Figure 13.15b. The node method applies equally well when impedances are 
used in place of resistances and complex amplitudes are used in place of time functions 
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FIGURE 13.18 Using node 
analysis with impedances. 


V V 

v a o 



for sources. Let’s use the node method to determine V 0 as a function of the input voltage 
amplitude Vj. 

As the first and second steps of node analysis. Figure 13.18 shows our choice of ground 
node and the node voltages labeled with respect to this selection of a ground node. 

As the third step of node analysis, let us write KCL for the nodes with unknown node 
voltages. For the node with voltage V a we have, 


Vi ~ V a V a Va ~ Vq 

Z\ Z 2 Z 3 

Substituting for the impedance values, 

V, - V a V a V a ~ Vq 

*2 

Cjs 


or, simplifying, 


Vi- 



1 

RiQs + 


1 

R 2 Qs 


V< 2 + R 2 Cis Vo ° 


(13.71) 


and, for the node with voltage V 0 we have, 


Vq- Vo _ _V_ 0 _ 

R 2 1/C 2 s 


Simplifying, we get 


1 


R 2 C 2 s 


Va — 



R 2 C 2 s 


Vq = 0 . 


(13.72) 


Eliminating V a from Equations 13.71 and 13.72 and solving for V 0 in terms of Vj 
we get 


Vo = _ R|C|S _ 

V, “ RtRtQQs 2 + (RiC 1 + RiC 2 + R 2 C 2 )s + 1' 


(13.73) 


It should come as no surprise that the solutions for V 0 in Equations 13.73 and 13.64 
are the same. 
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13.3.4 EXAMPLE: ANALYSIS OF SMALL-SIGNAL 
AMPLIFIER WITH CAPACITIVE LOAD 

Consider the two-stage MOSFET amplifier shown in Figure 13.19. When biased 
properly, this circuit behaves as a linear amplifier for small signals. This example 
was used in Section 13.1 (Figure 13.2) to motivate the study of methods based 
on the sinusoidal steady state. There we made the experimental observation 
that the presence of the capacitor Cgs makes the gain of the amplifier fall off 
rapidly at high frequencies. We now explain why. 

Let us analyze the steady-state response of the first stage of the amplifier 
to a small sinusoid signal applied at its input when the output of the first stage 
is loaded with the gate capacitance Cgs of the second stage. In other words, 
our goal is to find the relationship between v a and V{ in the presence of the 
capacitor Cgs when v, = V t cos(<wf). 

We first construct the small-signal circuit model for the first stage including 
the load capacitor. We can ignore the loading of the second stage because the 
MOSFET has an infinite input resistance. It is easy to see that the small-signal 
circuit model can be developed from the circuit in Figure 8.16 by adding the 
load capacitor Cgs as illustrated in Figure 13.20. 

If Cgs were absent, we would get the usual amplifier response relation 


v 0 = -K(V I -V T )Rw 

— gniR-L^i- 

When Vi = Vi cos (&>£), and Cgs = 0, the output is simply an amplified version 
of the input, and is given by 


v 0 = -gmRlViCO$(ojt). 



FIGURE 13.19 A two-stage MOSFET amplifier showing 
the MOSFET gate capacitor. 


(13.74) 



FIGURE 13.20 Small-signal circuit model for a MOSFET 
amplifier including a load capacitor. 
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(a) (b) 


FIGURE 13.21 Impedance 

model. To find the relation between v Q and v t in the presence of the capacitor, we first 

draw the impedance model of the circuit as shown in Figure 13.21a, and replace 
the load resistance Ri with the effective load impedance Z/ in the computation 
of the amplifier response. As illustrated in Figure 13.21b, the load impedance 
Zl is given by 


Z l = Rl 


sCgs 

Rl 


1 + sR l Cgs 


From the circuit in Figure 13.21a, we can write the following expression for the 
complex amplitude of the output: 


To — gmZj^Vi — gm 


Substituting s = jco, the response becomes 


Rl 


1 + sRlCgs 


-Vi. 


Vo — gm 


Rl 


1 +ja>RLCGS 


-V. 


(13.75) 


As usual, we can derive the time domain value v 0 of the output voltage by 
multiplying the complex amplitude V 0 by e ,a)t and taking the real part. In other 
words, 


v 0 = Re | 'v o (jm)e’ a>t 


(13.76) 


To simplify the analysis, let us first convert V 0 to polar form: 


Vo — gm 


Rl 


\/i + (mRlCgs ) 2 


V,e^ where cp = tan 1 (— coRlCgs)- 
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Substituting the polar form of V 0 (jco) into Equation 13.76 we get 


v 0 = Re 


gtn 


gm 


Rl 


yi + (r vR l Cgs ) 2 
Rl 


y. e Ka>t + c/>) 


\/l + {ojRiCcs) 2 


Vi cos (cot + <p) 


(13.77) 

(13.78) 


_ | 

where cp = tan (— coRlCgs )• 

Let us analyze the response at various frequencies. Equation 13.78 shows 
that at low frequencies (a> —*■ 0) the expression for v Q is no different from 
that in Equation 13.74. Thus the response to a DC signal or a very low fre¬ 
quency sinusoid is similar to the response when the capacitor is absent. This 
is not surprising because the capacitor behaves as an open circuit at very low 
frequencies. 

However, notice that as the frequency of the input sinusoid increases, the 
amplitude of the output sinusoid decreases. In fact, for very high frequencies 
(co 1 /RlCqs )■> the amplitude of v Q tends to 0. The insight behind the high 
frequency result is that the capacitor behaves as a short for high frequencies. 
The resulting zero impedance of the load reduces the amplifier gain to 0. 


13.4 FREQUENCY RESPONSE: MAGNITUDE 
AND PHASE VERSUS FREQUENCY 

We characterize the behavior of a network by its frequency response. 

Frequency response A plot of the magnitude and the phase of the network’s 
transfer function as a function of frequency. 


Transfer function Also known as a system function, is the ratio of the complex 
amplitude of the network output to the complex amplitude of the input. 

Equation 13.57 is one example of a system function, and Figure 13.13, a plot 
of the magnitude and phase of the system function versus frequency, is the 
frequency response. 

The frequency response contains a lot of information about the system. It 
includes a magnitude plot and a phase plot, both as a function of frequency. 
The magnitude of the network’s transfer function is the ratio of the amplitudes 
of the output and the input, and indicates the gain of the system as a function 
of frequency. The phase is the angular difference between the output and the 
input sinusoids. 

Observing the frequency response of networks represents a major difference 
in perspective from the preceding chapters. The earlier chapters presented time- 
domain analyses in which our focus was on finding an output signal value as a 
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function of time for a given input signal also specified as a function of time. For 
example, as shown in Figure 10.2, the step response of an RC network plotted 
the output voltage of an RC network as a function of time in response to a 
step input. In contrast, the frequency response represents a frequency domain 
analysis in which output behavior is presented as a function of input frequency. 
In a frequency domain analysis our goal is to determine the magnitude and phase 
of the output in response to an input sinusoidal signal of a given frequency in 
steady state. 

Plotting the frequency response of a network with the aid of a computer 
for arbitrary system transfer functions as illustrated in Figure 13.13 is quite easy. 
Nevertheless, it is still useful to be able to make approximate sketches of the 
frequency response by inspection. We’ve already seen that obtaining insight into 
the frequency response at low frequencies and high frequencies is a relatively 
simple matter, as demonstrated by Equations 13.51 and 13.52 in Section 13.3.1. 
At intermediate frequencies, however, the relation between output and input is 
somewhat more complicated, especially for a network with several inductors 
or capacitors. This section will show how the general shape of the frequency 
response for first-order circuits can be sketched by inspection. Chapter 14 will 
do the same for an important class of second-order circuits. We will resort to 
computer analysis for other circuits. 4 

Section 13.4.1 begins by reviewing the frequency response of resistors, 
capacitors, and inductors. This simple process will help us build some intuition, 
which will then be used in Section 13.4.2 to develop a more general method of 
sketching by inspection the frequency response for circuits containing a single 
storage element and a resistor. 

13.4.1 FREQUENCY RESPONSE OF CAPACITORS, 
INDUCTORS, AND RESISTORS 

Resistors, inductors, and capacitors result in transfer functions of the form s, 
1/s, or a constant. Recall from Section 13.3 that the element laws for resis¬ 
tors, inductors, and capacitors in terms of complex amplitudes of voltages and 
currents are given by 


Resistor: V 0 — RI 0 
Inductor: V 0 — sLI a = jwLI 0 


Capacitor: V D 


1 

sC 


—Io = 


jcoC 


4. There do exist methods for sketching frequency response plots for arbitrary circuits without 
the use of a computer. One of these, the Bode plot method, is discussed in Section 13.4.2. The 
popularity of these methods, however, has waned in recent times due to the widespread use of 
computers. 
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respectively. We can rewrite the preceding expressions in the form of V 0 /I 0 
transfer functions that relate the complex voltage amplitudes to the complex 
current amplitudes as a function of frequency as follows: 


Resistor: 

Inductor: 

Capacitor: 


Vo 

Io 

Vo 

Io 

Vo 

Io 


= H(jco) = R 


— H(jco) — jtoL 


= H{jco) 


1 

jcoC 


Here each of the transfer functions is an impedance. These transfer functions 
are complex numbers. They are also frequency dependent. The corresponding 
magnitudes and phases are given by 


Resistor: 

Inductor: 

Capacitor: 


Vo 

Io 

Vo 

Io 

Vo 

Io 


= R and Z — = 0 
Io 

= coL and Z—^ = 90° 

Io 

= — and Z — = —90°. 
coC I Q 


Figure 13.22 plots the frequency response for the resistor, inductor, and the 
capacitor using the following values for the elements: 


R= 1 Q 


L = 1 /iH 

C — 1 /rC. 


As shown in Figure 13.22, the frequency response is a plot of the magnitude 
and phase of the transfer function versus frequency. 

Frequency response plots are commonly plotted using log scales. As we will 
see shortly, log scales make the magnitudes of the responses due to capacitors 
and inductors appear as straight lines in the graph. Log scales also allow us to 
observe the response over many orders of magnitude variation in the frequency 
without necessarily compressing the low frequency behavior of the response 
(near zero rad/s) into the magnitude and phase axes. The frequency responses 
for the resistor, inductor, and the capacitor can be sketched on log scales by 
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FIGURE 13.22 Frequency 
response of inductors, capacitors, 
and resistors plotted on linear 

scales. using the following relations: 5 


Resistor: 

log 

Inductor: 

log 

Capacitor: 

log 


Vo 

Io 

Vo 

Io 

Vo 

Io 


= log R 

= log c oL — log L + log co 

1 

= log — = log C log co. 
co L 


Figure 13.23 shows the corresponding plots. We can make several observations 
about the plots. The first set of observations relate to the nature of logarithmic 
plots in general. 

► If x is the variable being plotted using a log scale, x is multiplied by a fixed 
factor for each fixed length increment along the axis. In contrast, on a 
linear scale, x is incremented by a fixed amount for each fixed length 
increment along the axis. For example, equal length increments along the 
frequency axis on a linear scale might correspond to the values 0, 2 x 10 5 6 , 
4 x 10 6 , 6 x 10 6 , 8 x 10 6 , and so on. On the other hand, equal length 


5. In deriving the log relations here and in the future, we assume that both the left- and right-hand 
sides of the equations are divided by appropriate unit constants before taking the logs so that the 

arguments to the log functions are unitless. 
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FIGURE 13.23 Frequency 

increments along the frequency axis on a log scale might correspond to response of inductors, capacitors, 

the values 10 4 , 10 5 ,10 6 ,10 7 , and so on. 6 and resistors P lotted on log scales ' 

► There are two equivalent ways of plotting log functions: 
f. Plot log x on a linear scale. 

2. Plot x on a logarithmic scale. 

In Figure 13.23, we have plotted the magnitude functions both ways. In 
other words, for the abscissa, we plot both log wona linear scale and u> 
on a logarithmic scale. For the ordinate, R, a>L, and 1 /coC are also plotted 
both ways, hi the future, we will choose to plot x on a logarithmic scale. 7 

On the phase plot, the horizontal scale is logarithmic, and the vertical 
scale is linear. 

► The function 


\H\ = oj 


6. Historically, an octave is used to indicate a 2 times change in frequency. For example, 2 kHz is 
a 1-octave increase in frequency from 1 kHz. Similarly, 4 kHz is a 2-octave increase from 1 kHz, 
and 8 kHz is a 3-octave increase from 1 kHz. In like manner, 500 Hz is 1 octave below 1 kHz. 

Another useful term is a decade. A decade is a range of frequencies in which the highest 
frequency is 10 times the lowest frequency. For example, the range from 1 kHz to 10 kHz is 
1 decade, and that from 1 kHz to 100 kHz is 2 decades. 

7. hi the literature it is also common to plot the response magnitude in decibels (dB), defined as 

Response ratio in dB = 20 log^Q \H(jeo)\. (13.79) 
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plots as a straight line with slope of +1 in log space, given consistent 
horizontal and vertical scales, because it changes by a factor of 10 for 
a factor of 10 increase in u>. 

► Correspondingly, 


|H| = 1/co 


plots as a straight line with slope of —1 in log space. (Notice that 
log\H\ = log l/« = — log ft>.) 

► The value of L in \H\ = coL establishes the offset. Writing 


log \H\ = log L +log ft). 


Thus, log \H\ — 0 when logL = — log ft), or when to = 1/L. Put another 
way, |H| = 1, when co — 1/L. 

The second set of observations relate to the specific magnitude and phase curves 
for our three transfer functions. 

► Notice in Figure 13.23 that the magnitude curve for the inductor appears 
as a straight line with +1 slope on log-log scales. This implies that the 
magnitude of the transfer function (or the impedance of the inductor) 
increases with increasing frequency. 

Because L = 1 /i,H, the magnitude curve for the inductor passes through 
unity for co — 1/L — 10 6 rad/s. 

► In contrast, the magnitude curve for the capacitor appears as a straight 
line with —1 slope on log-log scales. This implies that the magnitude of 
the transfer function decreases with increasing frequency. 

Because C — 1 //F, the magnitude curve for the capacitor passes through 
unity for co — 1/C — 10 6 rad/s. 

► The magnitude plot for the resistor appears as a horizontal line. 

► The phase plot for the inductor shows that the inductor causes a fixed 
phase shift of 90°, while that for the capacitor indicates a phase shift of 
—90°. The resistor does not introduce any phase shift. 

As we will see next, these simple plots for resistors, capacitors, and induc¬ 
tors provide much of the necessary insight to plot the frequency responses for 
circuits containing a resistor and a storage element. 
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13.4.2 INTUITIVELY SKETCHING THE FREQUENCY 
RESPONSE OF RC AND RL CIRCUITS 

Let us now examine the frequency response of circuits with a single storage 
element and a single resistor, an important class of first-order circuits, and 
see how their responses can be sketched by inspection. Such circuits result in 
transfer functions of the form l/(s + d), (s + a), s/(s + a), (s + dj/s, where a is 
some constant. We will illustrate the approach using as an example the series 
RL circuit from Figure 13.11 in Section 13.3.1. 

The input-output relationship as a function of the input drive frequency co 
for the series RL circuit of Figure 13.11 is given by 


Vo = 


R 


R + sL 


Vi 


(13.80) 


(see Equation 13.47). Dividing by Vi, we obtain its transfer function: 


H(jco) = 


Vo 

V, 


R 

R + sL 


(13.81) 


For reasons that will be clear shortly, let’s rewrite this in a more standard 
form as 

H(jco) = — = R/L . (13.82) 

V, R/L + s 

The magnitude of the transfer function is 


\H(jco)\ 


R/L 

R/L + jco 


(13.83) 


and its phase is 

ZH(jco) = tan -1 -. (13.84) 

R 

This frequency response using logarithmic scales for the horizontal and vertical 
axes was previously shown in Figure 13.13. We repeat here in Figure 13.24 
a computer-generated plot of the same response plot (assuming, as before, 
L = 1 mH, R= 1 kQ, so that R/L = 10 6 rad/s). 

The same frequency response can also be sketched easily by making the 
following observations about the magnitude and phase plots. Let us first deal 
with the magnitude plot. Observe from Figure 13.24 that the magnitude plot 
is asymptotic to two straight lines. At low frequencies (a> —> 0), the magnitude 
becomes 

\H{jco)\ ~ 1. (13.85) 

Thus, at low frequencies the magnitude is unity, and hence appears as a 
horizontal line. 
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FIGURE 13.24 Magnitude and At high frequencies {co — f oo), the co term dominates the expression in the 

phase of V 0 /Vj versus frequency co denominator and the magnitude becomes 

on log scales. 

R/T 

\H(jco)\ = -. (13.86) 

CO 

From our observations on log plots in Section 13.4.1, we know that the log 
plot for the expression in Equation 13.86 will appear as a straight line with a 
slope of — 1 for consistent horizontal and vertical scales, and passes through the 
point H| = 1 when co = R/L. 

Clearly the two asymptotes intersect at 

D 

co — — — 10 6 rad/s 
L 

called the break frequency or corner frequency. At the break frequency, the true 
magnitude of H( jco) is 


\H(ja>)\ = |10 6 /(10 6 +/'10 6 )| = — = 0.707. 

V2 


Thus the break frequency is also called the 0.707 frequency. At this frequency, 
the real and imaginary parts of the function are equal. 8 


8. Since 0.707 in decibels is 20 log 0.707 = —3 dB, the break frequency is also called a —3 dB 
frequency. Since 0.707^ = 0.5, the break frequency is also called the half-power point. When the 
magnitude curve begins to dip after the break frequency, the break frequency is also called the cutoff 
frequency. 
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As is clear from Figure 13.24, the high- and low-frequency asymptotes 
approximate the frequency response curve pretty well. 

Let us now address the phase plot. Like the magnitude plot, the phase 
curve can also be approximated by the low and high frequency asymptotes. 
At low frequencies the phase becomes 

ZH(jco) ~ 0 (13.87) 

while at high frequencies the phase is 


ZH{jco) = -90°. 


(13.88) 


Notice that the phase curve goes smoothly from 0° at co = 0 to —90° at a> — oo. 
At the break point, the real and imaginary parts of Equation 13.83 are equal, 
hence the angle of H(jco) is —45° at this frequency. 

Examination of Equations 13.16 and 13.47 (or Equations 13.21 and 13.50 
for the corresponding time functions) shows that the RC circuit of Figure 13.3 
and the RL circuit of Figure 13.11 will have frequency response plots of the same 
form: unit magnitude and zero phase at low frequencies, and magnitude falling 
as l/o) (slope of —1 in log-log plot) with —90° phase shift at high frequencies. 
These functions are called low-pass filters , because in signal-processing terms 
they pass low frequencies and reject high frequencies. In other words, they do 
not affect low frequencies, while they provide a low gain for high frequencies. 
However, in many circuit applications the opposite effect is desired. We wish 
to get rid of low frequencies, and pass high frequencies. Decoupling amplifier 
stages so that the DC offset from one stage does not affect the next stage is a 
case in point. We will study these and other filters in more detail in Section 13.5. 

To summarize, the frequency response of circuits containing a single stor¬ 
age element and a single (Thevenin ) resistor is of the form l/(s + a), (s + a), 
s/(s + a), (s + a)/s, where a is some constant, and can be sketched intuitively as 
follows: 

► Magnitude Plot 

1. Sketch the low frequency asymptote. 

2. Sketch the high frequency asymptote. The two asymptotes intersect 
at the break frequency a. 

► Phase Plot 

1. Sketch the low frequency asymptote. 

2. Sketch the high frequency asymptote. 
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3. At the break frequency, the phase will be 45° or —45° as 

appropriate. Draw a smooth line starting with the low frequency 
asymptote, passing through 45° or —45° as appropriate at the break 
frequency, and finishing off at the high frequency asymptote. 


EXAMPLE 13.4 INTUITIVE SKETCH OF THE FREQUENCY 
RESPONSE OF RC CIRCUIT Let us sketch the frequency response for the 
transfer function relating V r to V, for the RC circuit shown in Figure 13.14. 

From Equation 13.58, we can immediately write the transfer function as 


Vr 

V, 


= m = 


500 x 10 3 


500 x 10 3 + 


1 ' 

lxl0- 9 s 


(13.89) 


Simplifying, 


m = 


s 

s + 2000 


Substituting, s = jco, 


H(jco) = 


jco + 2000 


(13.90) 


Since the transfer function is of the form s/(s +a), we can apply our intuitive method for 
sketching the frequency response: 


► Magnitude Plot 

1. Sketch the low-frequency asymptote. 

The low-frequency asymptote [co <3C 2000) is given by: 

\H\ = —. 

2000 

2. Sketch the high-frequency asymptote. The two asymptotes intersect at the 
break frequency. 

The high-frequency asymptote (co 2000) is given by: 

\H\ = 1. 

The two asymptotes intersect at the break frequency: 

co = 2000 rad/s. 

The dashed lines in the magnitude plot in Figure 13.25 show these two 
asymptotes. They intersect at co = 2000 rad/s. A computer-generated plot of 
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the magnitude versus frequency is also shown. Together, the asymptotes are a FI G U R E 13.25 Frequency 
fairly good approximation of the magnitude curve. response. 

► Phase Plot 

1. Sketch the low-frequency asymptote. 

The low-frequency asymptote for the phase is given by: 

ZH= 90°. 

2. Sketch the high-frequency asymptote. 

The high-frequency asymptote for the phase is given by: 

ZH= 0°. 

The dashed lines in the phase plot in Figure 13.25 show these two 
asymptotes. 

3. The point (2000,45°) denoting the phase at the break frequency is also 
marked. The true phase curve is also shown, starting with the low-frequency 
asymptote, passing through 45° at the break frequency, and finishing off at 
the high-frequency asymptote. 


EB 13.4.3 THE BODE PLOT: SKETCHING THE 

FREQUENCY RESPONSE OF GENERAL 
FUNCTIONS * 
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IVAViVl EXAMPLE 13.5 

CIRCUIT 

BODE PLOT FOR SERIES RL 



E3M1 EXAMPLE 13.6 

ANOTHER BODE PLOT EXAMPLE 

13.5 FILTERS 



The frequency response of several of the circuits considered in the previ¬ 
ous sections indicated their frequency selective behavior (for example, the 
RL circuit in Figure 13.if or the RC circuit in Figure 13.15). We can use 
such circuits to process signals according to their frequency. Circuits used 
in this manner are called filters. Filters are a major application of frequency 
domain analysis. The signal-processing property of filtering is fundamental 
to the operation of all television, radio, and cellular phone receivers, which 
must select one transmitted signal from among many present at the receiver 
antenna. 

The frequency response plots (see Figure 13.24) of the RT circuit in 
Figure 13.11 show that it rejects (that is, attenuates) high frequencies and passes 
(that is, does not affect) low frequencies, and therefore behaves like a low-pass 
filter. The RC circuit in Figure 13.15 behaves like a band-pass filter because 
it passes frequencies that fall within a certain band and rejects both very low 
frequencies and high frequencies (see Figure 13.17). In general, we can build 
many other types of filters as well. Figure 13.30 shows in abstract form the 
magnitude curves of the frequency response for several types of filters. 

This section analyzes circuits from a filter point of view. Let us begin with a 
detailed analysis of a simple RC circuit with a view towards using it as a filter. To 
illustrate the concept of filtering, let us find the voltage across the capacitor in the 
simple RC circuit of Figure 13.31a, assuming that Vi — Vicos[o>t). In particular, 
we wish to find the amplitude of the output signal as the frequency co of the 
input signal is changed. 


s 


3 


3 



3 




5? i 

L 

& 1 

l 

& 1 

L 


S? 1 

L 
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to 




1 


1 


— 1 
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FIGURE 13.30 Various forms of 

filters. 
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(a) Circuit (b) Impendance model 


FIGURE 13.31 A simple RC 
filter circuit and its impedance 
model. 


The generalized voltage divider relation for V 0 in the impedance model, 
Figure 13.31b, is 


Vo = 


Cs 


R + vr 


Vi = 


1 /RC 
s+l/RC 


-Vi. 


(13.101) 


Recall from Equation 13.10 that we have been using s as a shorthand for jco. So 
at any frequency, a>, the complex output voltage is given by: 


Vo = 


1 /RC 

jco + 1 /RC 


Vi. 


The corresponding system function is 


(13.102) 


H(jco) = 


Vo 

Vi 


1 /RC 

jco +1 /RC 


(13.103) 


It is easy to see that the magnitude of the system function at low frequen¬ 
cies is close to unity. At high frequencies, on the other hand, the magnitude 
of the system function approaches 0. Because low frequencies are passed and 
high frequencies are rejected or attenuated, this circuit acts as a low pass filter. 

Figure 13.32 plots the frequency response of the RC circuit assuming that 
the RC time constant of the circuit is RC =1/20 seconds. The shape of the 







FIGURE 13.32 Frequency 
response of the simple RC filter 
circuit. 
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FIGURE 13.33 Designing the 
cutoff frequency (or break 
frequency) of a filter. 


FIGURE 13.34 Crossover 
system for an amplifier. 
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magnitude plot is indicative of a low-pass filter. The break frequency is 20 rad/s. 
This says that the filter begins to reject input signals whose frequencies are in the 
vicinity of 20 rad/s. The level of attenuation increases as the frequency increases 
beyond the break frequency. 

Frequency cutoff begins in the vicinity of the break frequency. Hence the 
break frequency is also called the cutoff frequency. Thus we can design our RC 
low-pass filter to have any cutoff frequency by an appropriate choice of the RC 
time constant. As pictured in Figure 13.33, the higher the value of RC, the 
lower the cutoff frequency of the filter. 

Finally, noting the similar forms of Equations 13.75 and 13.103, we 
conclude that Figure 13.32 reflects the frequency response of the circuit in 
Figure 13.21 as well. In fact, the circuit in Figure 13.21 is a Norton version of 
the circuit in Figure 13.31. 

13.5.1 FILTER DESIGN EXAMPLE: 

CROSSOVER NETWORK 

Jeb is building a stereo amplifier system and needs some help. As illustrated 
in Figure 13.34, Jeb needs to take the output of his CD player and somehow 
split it into high and low frequencies, then pass each of the signals through 
MOSFET amplifiers, and then send the amplified high and low signals to a 




Tweeter 


Woofer 
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FIGURE 13.35 Crossover network circuit. FIGURE 13.36 Impedance model of the crossover 

network. 

tweeter and a woofer, respectively. Together, the tweeter and woofer form the 
speaker system. 

Jeb asks his science teacher for help. The science teacher tells him, “Take 
a resistor and an inductor and connect them in series. Then take the high 
frequencies off one element and the low frequencies of the other,” and then 
rushes off to teach a class. Unfortunately, Jeb forgot to ask which element 
to connect to the low-frequency woofer and which to connect to the high- 
frequency tweeter. 

Jeb goes to one of his friends Nina for help, and sketches the network 
suggested by the science teacher (see Figure 13.35). Nina has just read about 
filters in her electronics class and is confident she can figure this out quickly. 

As a first step, Nina draws the impedance model of the circuit as shown in 
Figure 13.36. 

She then writes down the transfer functions corresponding to the inductor 
and resistor outputs as follows: 


V, _ Ls 

Vi ~ ~Ls + R 

V r _ R 

Vi ~ ~ Ls + R 

Substituting, s = jco, 

Vi _ jcoL 

Vj jcoL + R 

V r _ R 

Vj jcoL + R 

By taking the limit as co —» 0, Nina observes that signal across the inductor, 
V/, goes to zero. Similarly, V/ tends to V; as oo —> oo. Thus Nina concludes 
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FIGURE 13.37 The magnitude 
of the transfer functions for the two 
signals from the crossover network. 



(c) 


FIGURE 13.38 Amplifier circuit 
discussed in Chapter 8. 




that the transfer function for the signal across the inductor resembles that of 
a high-pass filter. 

In contrast the signal across the resistor, V r , tends to V, as co —> 0. It tends 
to zero as u> -» oo. Thus the transfer function for the signal across the resistor 
resembles that of a low-pass filter. 

Nina plots the two transfer functions in Figure 13.37, and based on her 
analysis, recommends that Jeb connect the signal from the inductor to the 
tweeter and the signal from the resistor to the woofer. 

Jeb then asks Nina to walk down with him to an electronics store, eShack 
Inc., so they can select an appropriate resistor and inductor. Since the human 
ear responds to frequencies up to 20 kHz, 9 Nina decides that an appropriate 
break frequency for the filters is /b rea k = 5 kHz. In radians, the break frequency 
is given by: 


&>break = 27r5000 

or 31,416 radians. Thus, Nina begins to look for an inductor and a resistor 
with values L and R such that R/L = 31416. She is able to find a resistor 
of value 100 Q and an inductor of value 3.2 mH, thus solving Jeb’s design 
problem. 


13.5.2 DECOUPLING AMPLIFIER STAGES 

In this section, we will discuss an application of an RC filter. Recall the 
MOSFET amplifier circuit discussed in Chapter 8. The same circuit is shown in 
Figure 13.38a. The circuit has an input port and an output port. Figure 13.38b 


9. In reality, only a young human ear responds to frequencies up to 20 kHz. Humans lose their 
sensitivity to high frequencies as they grow older at the rate of roughly 1 Hz per day starting in 
their teenage years. Loud music accelerates the sensitivity loss! 
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shows the same amplifier circuit supplied with an input DC bias voltage Vj 
and a small signal input v,. The bias voltage V/ might be provided by a resistor 
divider circuit as in Figure 13.38c. Unlike the DC bias, the small signal input v, is 
commonly a time-varying voltage, for example a sine wave. Correspondingly, 
the output voltage vq, is the sum of a DC output bias Vo and a small-signal 
voltage v Q . 

A problem with the amplifier circuit shown in Figure 13.38a is that it 
cannot be cascaded easily. In other words, the output port of an amplifier 
A cannot easily be coupled to the input of another amplifier B because the 
biasing of one stage affects the biasing of all cascaded stages. This form of 
coupling might be useful if a designer wants to build an amplifier whose gain 
is greater than that of a single amplifier stage. Notice in Figure 13.38 that the 
output of the amplifier is the sum of a bias output voltage Vo and a small- 
signal output v 0 . Notice further that the output of our amplifier in Figure 13.38 
(call it amplifier A) cannot be fed directly to the input of another amplifier 
B because of the biasing requirement for saturation operation of B. If the 
output of amplifier A is fed directly to the input of amplifier B, then the out¬ 
put bias voltage of A will become the input bias for B, and amplifier design 
requirements often result in conflicting values for the output and input bias 
voltages. 

We will now discuss another implementation of the amplifier circuit based 
on an input coupling capacitor as shown in Figure 13.39a. This circuit makes use 
of the fact that most small-signal inputs of interest are time-varying signals with 
a reasonably high-frequency content. As illustrated in Figure 13.39b, a small- 
signal input can be fed directly to the input port of the amplifier in Figure 13.39a, 
even if the small signal is superimposed over some DC bias voltage. As we will 
show shortly, the capacitor C and the resistors R\ and Rj filter out any DC 
bias voltage over which the small signal is superimposed, and pass through the 
time-varying small signal. Furthermore, we will show that the resistive divider 
formed by R i and Rz provides the necessary input bias voltage. 

Let us determine the voltage vcs at the gate of MOSFET as a function of the 
input voltage vj for the amplifier in Figure 13.39b. We will use the impedance 
method to do so. Our goal is to determine vgs as a function of frequency so 
we can see how the circuit behaves for DC for and time-varying signals. Since 
the gate input of the MOSFET is an open circuit, the subcircuit relevant to the 
computation of vgs is shown in Figure 13.40. The corresponding impedance 
model is shown in Figure 13.41. 

Figure 13.41 shows that V gs is a function of two inputs: V; and Vs- We will 
use superposition to compute their combined effect. Let V gs j be the component 
due to V, and V gss be the component due to Vs- 

To find the effect of Vs acting alone, namely V gss , we short out V, and 
obtain the equivalent circuit shown in Figure 13.42a. The MOSFET has infinite 
input impedance, so it does not figure in the calculation of V gss . (We ignore the 
MOSFET’s gate capacitance for simplicity.) V gss can now be found through a 
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(b) 


FIGURE 13.39 New amplifier 
circuit with decoupling capacitor. 



FIGURE 13.40 Subcircuit to 
compute vqs- 
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FIGURE 13.41 Impedance 
model relevant to the computation 
of Vgs- 



(b) 


FIGURE 13.42 (a) Equivalent 
circuit to compute Vg SS , the 
component due to l/g; (b) equi¬ 
valent circuit to compute Vg SI , the 
component due to Vj. 


simple voltage divider relationship: 


Vgss — 


1/Cs || R 2 y 
R\ + 1/Cs || R 2 ^ 


Ri 

RiRiCs + ( R\ + R2) 


Ri 

RiRiCjco + (R\ + R2) 


(13.104) 

(13.105) 

(13.106) 


Since Vs is a DC voltage, we know that its frequency co is 0. Therefore, 


VgSS — 


Ri 

Ri + R 2 


Vs- 


(13.107) 


Notice that V gss does not depend on C. 

Now let us short out Vs and compute V gs i. The relevant equivalent circuit 
is shown in Figure 13.42b. The voltage V gst can again can be found through a 
simple voltage-divider relationship: 


y„= Rll|Rj Vi 

8 l/Cs + R l \\R 2 
R e a 

= -^— v, 

1/Cs + R e q 
ReqCs 

= -^-V ; 

1 + ReqCs 


where R eq = R{ || R 2 - Substituting s = jco 


Vgsi — 


ReqCju) 

1 + ReqCjca 


-V,. 


(13.108) 

(13.109) 

(13.110) 


(13.111) 


We can also write a transfer function H(jco) relating the complex input voltage 
to Vgsi as follows: 


H(jco) = V ^= ReqCjw . 

V, 1+R e qCjw 

Let us analyze Equation 13.112 at low and high frequencies: 


(13.112) 


► When co is small, H{ jco) is close to 0. In particular, co — 0 for DC signals, 
and H(jco) = 0. This implies that the circuit will filter out any DC bias 
over which the input signal is superimposed. Thus, any DC bias voltage 
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FIGURE 13.43 Frequency 
response plot (magnitude only) for 
the high-pass filter formed by C, 
Ri, and R 2 . 


carried by the input will not affect the node voltage V(,s, which means that 
the biasing of the MOSFET in Figure 13.39 is independent of the applied 
input VJ. We will discuss the issue of biasing in more detail shortly. 

► When w is large, H(jco) is close to unity. Therefore high frequencies are 
passed through without any attenuation. 

The magnitude portion of the frequency response plot for the preceding system 
function is shown in Figure 13.43. It is easy to see that the plot resembles that 
for a high-pass filter. Signals with frequencies significantly greater than the break 
frequency l/R eq C will pass through, while signals with frequencies significantly 
lower than l/R eq C will be attenuated. 

Next, to study the impact of cascading, suppose the input V; is composed 
of a DC component V,o and a time-varying component V !r „, as might be the 
case if the output of a previous amplifier stage is used as an input to the next 
stage. In other words, suppose 


Vi = V, 0 + V k0 


then, from Equation 13.111, 

ReqCjw 


Vgsi — 


1 + ReqCju) 
ReqCjcO 


-Vi 


-V i0 + ReqCjW V ia 
1 + ReqCjw 1 + R eq Cjw 


(13.113) 

(13.114) 


Since V,o is a DC signal, the first term in the preceding equation van¬ 
ishes, so 


_ ReqCjw 

V g* ~ , . D 

1 + ReqCjW 


(13.115) 
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Therefore, if we choose R eq C to be large compared to the lowest frequency 
component of interest in the input signal, (o> ~S> f /R eq C), we get 

V gsi - Vico- (13.116) 

This completes our derivation of V gs i- The expression for V gs i demonstrates 
that the DC component of the input signal does not influence V gs i. 

To complete the analysis, we obtain V gs by adding the contributions due 
to Vs and V,: 


Vgs — V g ss + Vgsi — 


Ri 

R\ + R 2 


V s + 


R eq Cju> 

via) 

1 + ReqCjco 


(13.117) 


Further, choosing a large value for R eq C so that the lowest frequency component 
of the input signal (<w) is much greater than l/R eq C, we get 


V g s= „ V s +V ia . (13.118) 

Ri + Ri 

Equation 13.118 indicates that the voltage at the gate of the MOSFET is the 
sum of two components: a DC bias voltage, Ri Vg/(Ri + /C), and V l0) , the 
time-varying component of the input. The values of I\ \ and Ri can be chosen 
to achieve a desired input DC bias. Thus, from the viewpoint of biasing the 
amplifiers, as shown in Figure 13.44, multiple amplifier stages can be designed 
independently, and cascaded without the output bias of one stage impacting 
the input bias of the next stage. 10 The decoupling capacitor is instrumental in 


FIGURE 13.44 Cascading 
multiple amplifiers together. 



10. Note, however, that the small-signal gain of each amplifier stage depends on the load offered by 
the subsequent stage. Specifically, when computing the small-signal gain, assuming the capacitor 
C behaves as a short for the frequencies of interest, the load seen by each of the first and second 
stages will not by alone, rather it will be Ri in parallel with R\ and We saw an example of 
a loading effect, specifically a capacitive loading effect, in Section 13.3.4. 
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filtering out the DC bias component of the input, thereby allowing multiple 
amplifiers to be coupled directly. 

13.6 TIME DOMAIN VERSUS FREQUENCY 
DOMAIN ANALYSIS USING VOLTAGE- 
DIVIDER EXAMPLE 

In this section, we compare frequency domain versus time domain analysis using 
the compensated attenuator (or compensated voltage divider) as an example. 
The simple voltage dividers discussed in Section 2.3.4 do not work very well at 
high frequencies, hi most circuits, some parasitic shunt capacitance is present, 
represented in Figure 13.45a by capacitor C 2 . If the drive is a low-frequency sine 
wave, the attenuation of the voltage divider is Rz/[R\ + Rz) as expected, but at 
high frequencies the capacitance causes the attenuation to increase beyond this 
desired value. This effect can be readily shown by a frequency domain analysis 
of the voltage divider. 


13.6.1 FREQUENCY DOMAIN ANALYSIS 

The frequency domain analysis begins by constructing the impedance model 
for the circuit, Figure 13.45b. The generalized voltage divider relation is 


which simplifies to 


y - ** " ( 1/C ^ y 

° Ri+RzWd/Czs) ” 

Vo =-—- Vi. 

R] + R2 + R1R2C2S 


(13.119) 


(13.120) 


At high frequencies, (co large, and s = jco), this expression reduces to 


V 0 -- Vi 

/toRiCi 


(13.121) 


so v 0 {t) becomes an increasingly small sinusoid, lagging 90° behind the input 
sine wave. Thus the attenuation of the voltage divider is not fixed as desired, 




+ 



FIGURE 13.45 Voltage divider 
with parasitic capacitance. 


(a) Circuit 


(b) Impedance model 
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FIGURE 13.46 Compensated 
voltage divider. 


C, 




(a) Circuit 


(b) Impedance model 


but increases with increasing frequency. This effect is readily observable if one 
tries to build a 2:1 divider at the input of an oscilloscope by using two one- 
megohm resistors for R \ and Ri- (Such a divider circuit might be used in a 
scope probe, for example.) Two problems will arise. The input resistance of 
the scope will change the desired attenuation at low frequencies, and the scope 
input capacitance will cause the attenuation to change with frequency, as can 
be seen from Equation 13.120. 

To remedy the capacitance problem, it is necessary to add a small capacitor 
in parallel with the series resistor, as shown in Figure 13.46. This design is used 
in all good oscilloscope probes. Analysis of the impedance model yields 


Vo = 


Ri II (1/C 2 s) 


Ri || (1/Cis) + R 2 || (1/C 2 s) 


-V;, 


(13.122) 


which expands to 


R2CR1C1S + 1 ) 


Vo= — 

Ri(R2C 2 s+1)+R 2 (RiCis+1) 

If we choose one particular value of Cj such that 

K 1 C 1 = r 2 c 2 , 

then Equation 13.123 reduces to 

Vo = „ R l „ V, 


Vi. (13.123) 


(13.124) 


Ri + R 2 


(13.125) 


so the real output time function is 


R 2 

v °{t) = - —Vi {t) 

R 1 + R 2 


(13.126) 
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independent of frequency! The voltage divider has now been compensated for 
the effect of Ci. Let us examine Equation f3.123 in more detail, and form the 
frequency response plots for under-compensation, correct compensation, and 
over-compensation. For this purpose it is helpful to rearrange Equation 13.123, 
to obtain the system function in our standard form, 


FIGURE 13.47 Magnitude and 
phase for compensated attenuator 


S+ ihQ \ 
(&i+R 2 ) I ‘ 
Rifo(Ci+C 2 ) / 

Let us assume that 


H[s) = — = 
V: 


Cl 


C.t 4- 


Cl 

Ci + Ci 


0.025 


(13.127) 


RjCi = 1 ms 


and 


R] + Ri 

RiRiiCi + C2) 


100 


and so that Equation 13.127 in our standard form becomes 


H{ ju>) = 


Vo 

V, 


0.025(1000 + jco) 
100 + jco 


(13.128) 


The frequency response for the under compensated case (Ci too small) 
is plotted with solid lines in Figure 13.47. The plots appropriate for 
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FIGURE 13.48 Compensated 
attenuator, step drive. 






under- and over-compensation are also shown in dashed lines. The circuit 
is properly compensated when the attenuation is constant, independent of 
frequency. 

13.6.2 TIME DOMAIN ANALYSIS 

To relate back to the analysis methods used in Chapter 10, let us now calculate 
the response of the attenuator to a voltage step, as shown in Figure 13.48. Note 
first that the system is still first order, in spite of the two capacitors. We know 
this because it is not possible to specify two independent initial conditions, 
only one. 

Let us assume that the capacitor Cz is initially uncharged, so the initial 
condition is 


Vo (t = 0 ) = 0. (13.129) 

It follows that the initial voltage on Cj must also be zero, if we assume v, — 0 
for t < 0. A homogeneous solution of the form 


v 0 = Ke st (13.130) 

is appropriate. (Note that here s is not a shorthand notation for jco.) But as 
noted in Section 13.2, we have already solved this problem: The character¬ 
istic polynomial is the denominator of the system function, in this case the 
denominator of Equation 13.127. Setting the characteristic polynomial to zero, 
we find 


-1 

S_ (Ri ||H 2 )(Ci + C 2 )' 


(13.131) 


By inspection, the particular solution, which will satisfy the differential equation 
after the transient has died away, is 


&2 

Ri + R 2 


Vs 


Vo = 


(13.132) 
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where Vs is the height of the applied step. Thus the complete solution is of 
the form: 


v 0 = fe-^dl^XQ+Q) + Rl - y f or t > 0 . (13.133) 

Ri+Ri 


The constant K cannot be evaluated in the usual way (that is, setting v 0 — 0 
for t = 0 and solving for K), because the two capacitors form a loop facing 
the voltage source. Thus when the step is applied, in theory infinite current 
flows through the capacitors for an instant, and the capacitor voltages change 
instantaneously. Thus immediately after the step, at t — 0 + , the initial condition 
on v 0 will not be 0. 

Instead, we can proceed as follows to find the initial condition at t = 0 + . 
Because the same current flows through each capacitor, both capacitors receive 
equal charge: 


q = CiVd = Civ 0 . 


(13.134) 


Also 


Vi = Vd + v Q ; 


(13.135) 


hence right after the step, at t = 0 + , 


Vo=—^—V s . (13.136) 

Ci + C 2 

This, then, is the initial condition to use. 

Now K can be evaluated by setting t to zero in Equation 13.133, and 
equating the voltage to that given in Equation 13.136 


whence 


Ci 

Ci + C2 


V S = K + 


Ri 

Ri + Ri 


Vs 


(13.137) 


K = 


Ci 

Ci + C2 


Ri \ 
Ri + Ri) 


V S . 


(13.138) 


The complete solution is sketched in Figure 13.49 for Ci too small, correctly 
chosen, and too large. The correct choice is obviously the one that makes K 
equal to zero in Equation 13.138, so that there is no transient. This is equivalent 
to making the capacitor voltage at t = 0 + , Equation 13.136, equal to the final 
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FIGURE 13.49 Time response 
of compensated attenuator to a 
step input. 


vft) 1 

L 


Vo(t) t 

l 

s —Over-compensated 

Under-compensated 

Step 

input 


capacitor voltage derived from the particular solution, Equation 13.132. These 
conditions both require, as before: 


RiCi=R 2 C 2 . (13.139) 


13.6.3 COMPARING TIME DOMAIN AND FREQUENCY 
DOMAIN ANALYSES 

It is possible to tie together the time-domain solution with the previous 
frequency-domain solution by assuming the driving waveform to be a square 
wave. The time-domain solution for the over-compensated case (Ci is large) 
now looks like Figure 13.50. In particular, make a note of the relatively higher 
values of the output signal at the transition points. 

In terms of the frequency domain, the square-wave drive can be considered 
as a sum of the sine waves: 11 A sine wave with the same period as the square 
wave, a sine wave at three times this frequency and one-third the amplitude, 
another at five times the frequency and one-fifth the amplitude, etc. The higher 
frequency sine waves are called harmonics. It is relatively easy to visualize how 
each of these components will be altered as they pass through the attenuator 
by examining the appropriate frequency response plot. Again looking at the 
over-compensated case (Ci is large), the magnitude plot of Figure 13.47 shows 


11. The theory behind such a decomposition of waveforms into sinusoids can be found in any text 
that deals with Fourier Series, for example, Signals and Systems , Alan V. Oppenheim and Alan S. 
Willsky, 1996, Prentice Hall Publishers. 
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FIGURE 13.50 Time response 
of compensated attenuator to 
square-wave input. 


that the high-frequency harmonics will be larger than they are supposed to be 
compared to the low frequencies, and the phase plot of the same figure shows 
that they will be shifted in phase. 

We can correlate the larger amplitude of the high-frequency harmonics 
in the output as observed in the frequency domain with the relatively larger 
values of the square wave immediately following a signal transition in the time 
domain. 

The important conclusions from these two quite different analysis methods 
are as follows: 

► The two analyses provide complementary views of the same circuit. 

► Often in an experimental situation it is easier to adjust Ci for perfect 
compensation by the time-domain approach of looking at the response 
to a square wave. The alternative technique more consistent with the 
frequency-domain view is to apply first a low-frequency sine wave, and 
then a high-frequency sine wave, and check that the response amplitude 
is the same in both cases. 


13.7 POWER AND ENERGY IN 
AN IMPEDANCE 

In this section, we wish to address some of the issues of power and energy 
flow in RLC circuits. As discussed in Chapter 11, power and energy are critical 
issues in the design of circuits. The size of the battery required by a device so 
it will function for a desired amount of time is related to the energy efficiency 
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of the device. Similarly, the cooling requirements for a device depend on the 
power dissipated by the device. 

13.7.1 ARBITRARY IMPEDANCE 

Let us examine first the power delivered to some arbitrary impedance Z = 
R + jX by a sinusoidal source, as depicted in Figure 13.51. The quantity X is 
usually referred to as the reactance of the circuit. 

A general sinusoidal drive can be written as: 


FIGURE 13.51 Power 
calculations in an arbitrary 
impedance. 

Hence the complex amplitudes of the voltage and current are 


Vi{t) — | V/| cos {cot+(/>). 


(13.140) 


;§■ 

> 

II 

>7 

(13.141) 

r _ v, _ \Vi\ei* 

' Z R+jX 

(13.142) 

\Vi\ e M~ d) 
y/R 2 + X 2 

(13.143) 

= \Ii\e^~ e) . 

(13.144) 


where 


9 = tan -1 (13.145) 

R 

The power delivered to the impedance is by definition the product of v{t) 
and i(t). 

Because power is not a linear function of v and i, we must be cautious about 
using impedance concepts in power calculations. 

Thus we start with time expressions such as Equation 13.140 rather than 
complex amplitudes. From Equation 13.143, the current as a function of 
time is 


lit) = Re [/,£>*] 


IV/I 

V-R 2 + X 2 


cos {cat + </> — 9). 


(13.146) 


(13.147) 














13.7 Power and Energy in an Impedance 


CHAPTER THIRTEEN 


759 


Hence, from Equations 13.140 and 13.147 the instantaneous power is given by: 
|Vf| 2 


p{t) — vi = 


Vr 2 + x 2 

1 Wi\ 2 


2/R2+X 2 


[cos(tt>£ + 0)][cos (cot + 0 — 9 )] (13.148) 

[cos{2a>t + 2(f — 9) + cos 9]. (13.149) 


Thus, in general, the instantaneous power for sinusoidal drive has a sinusoidal 
component at twice the frequency of the input signal, and the DC component. 
We will examine this expression for some simple cases shortly, but first let us 
complete the general derivation by calculating the average power , because this 
is the quantity that determines your monthly bill from the power company. 

Because the average value of cos (cot) is zero, the average power flowing 
into an arbitrary impedance is just the DC term in Equation 13.149: 


P 


1 IVrl 2 

2 /R2 + X 2 


cos 9. 


(13.150) 


From Equations 13.141 and 13.143, this can be written as 

1 

p = - |W || Ii\ cos 9 (13.151) 

where V, and I, are the complex amplitudes of the voltage and current respec¬ 
tively, and 9 is the angle between them. The term cos 9 is often called the power 
factor. 

The average power in terms of complex amplitudes of voltages and currents 
is one-half the product of the two magnitudes multiplied by the cosine of the 
angle between them. 


The average power can also be written directly in terms of complex voltage and 
complex current. Again from Equations 13.141 and 13.143 


1 


p = 2 Re[V,I*] 

(13.152) 

= jRe[V*Ii] 

(13.153) 


where /* is the complex conjugate of /„ and V* is the complex conjugate of 
V. Using this notation, 1/2 VI* is often called complex power, whence the 
real part of the complex power is the average power, the “real” power, as per 
Equation 13.151, and the imaginary part is called reactive power. 
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FIGURE 13.52 Power flow in a 
pure resistance. 




13.7.2 PURE RESISTANCE 

To develop some insight concerning power and energy flow, let us examine 
a few special cases. First, assume that the impedance in Figure 13.51 is a pure 
resistance R. That is, X = 0. Further, we assume for simplicity that the time 
origin is selected to make the voltage drive a cosine wave, that is, 0 = 0 in 
Equation 13.140. Then 13.149 is reduced to: 

V 2 

p{t) — —(1 + cos2(ftj t)). (13.154) 


Again we have a double-frequency term and a DC term. A plot of power as 
a function of time for the resistive case is shown in Figure 13.52. From the 
figure or from Equation 13.154, the average power dissipated in the resistor for 
sinusoidal drive is 

V? 

/>= ' . (13.155) 

2 R 

Remember from Section 1.8.1, this is exactly one half of the power delivered 
by the DC voltage of the same amplitude. Recall, also from Section 1.8.1, the 
voltage unit called the root-mean-square voltage, abbreviated rms, which is 
related to the peak amplitude of the sinewave by the square root of two 


y -?L 

Vrms “ V2- 

In terms of the rms unit, average power is 

* (V rms ) 2 

p =-ir 


(13.156) 


(13.157) 


just as for DC power. For non-sinusoidal voltages, the general definition of 
rms voltage is, as the name implies, 


Vrr 



(13.158) 
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Most voltages related to the AC power line are quoted in terms of rms values, 
unless specifically designated as peak values. Thus the 115-V AC power from 
a wall socket is 115 volts rms, or 115 x V2 = 162.6 volts peak. 


13.7.3 PURE REACTANCE 

Next, we examine the case where the impedance in Figure 13.51 consists only 
of inductors and/or capacitors, that is, R = 0. Regardless of the circuit con¬ 
figuration, at any given frequency the impedance must look like either a pure 
inductor or a pure capacitor (although it will change from one to the other as 
frequency changes, when we go through a resonant frequency). If the circuit is 
inductive, then from Equation 13.145, 9 = n/2. Again assuming a cosine drive 
voltage (0 = 0), Equation 13.149 reduces to: 


Pit) = 


V 2 

— cos (2 cot — n/2) 
2X 


V? 

= — sin 2 (eat). 
2X 


(13.159) 

(13.160) 


If the circuit is capacitive at the frequency of interest, then X in Equation 13.143 
must equal — 1/coC, hence from Equation 13.145 with R = 0, 9 = —n/2, and 

y? 

p[t) = — ■ ' sin(2&>£). (13.161) 


Power flow as a function of time for both of these cases is shown in Figure 13.53. 
Note that in both cases the average power is zero. Thus, circuits with inductors 
and capacitors but no resistors do not dissipate any power. The L’s and C’s 
absorb power for two quarters of each cycle, and deliver the power back to the 
source during the other two quarter cycles. Power companies are not happy 
about this state of affairs, because they still must supply the power depicted 
in Figure 13.53, even though they get it all back a few milliseconds later. The 
problem is that the current associated with this instantaneous power causes i 2 R 
power losses in the transmission lines, and the power company must pay for 
this power loss, even though the customer is consuming zero power on the 
average. 12 

Although there is no average power supplied to this lossless circuit in the 
sinusoidal steady state, there is energy stored on the average. For example, for 


12. Not surprisingly, it turns out that the customers pay for it eventually, because the rates assume 
a loss factor. 
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FIGURE 13.53 Power flow in 
inductor and capacitor. The 
maximum value of p(f) for both the 
inductor and capacitor is l/2(l/?/X). 



a capacitor, the stored energy is, from Equation 9.18, 

W c =^Cp(t) 2 . (13.162) 

For sinusoidal v(t), 

W c =^ C(Vj cosM) 2 (13.163) 

= - CVj (- + - cos (2a>/A . (13.164) 

2 \2 2 J 

Again a DC term and a double-frequency term. Hence the average stored energy 
is 

Wc=^CV 2 . (13.165) 

A similar derivation for an inductor yields 

WE = h/ 2 (13.166) 

for an inductor current of the form 

i L (t) = Ij cos {cot). (13.167) 
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FIGURE 13.54 Power flow in an 
inductive circuit. The average 
power is given by 
p=i/ 2 V?/VR 2 + X 2 cos 9. The 
maximum value of p(f) is 
l/ 2 K?/-y Zr 2 +X 2 (cos 6 + l), and 
the minimum value is 
\ll\/ 2 lslR 2 + X 2 (cosff - l). 


For the general case when the network contains resistors, capacitors, and induc¬ 
tors, the power flow will have some intermediate fonn between Figure 13.52 
and Figure 13.53. Assuming that the circuit is net inductive at the frequency of 
interest, then 6 is positive but less than itII, and Equation 13.149 with 0 = 0 
becomes 


pit) = - 


Vf 


2 V R 2 + X 2 


[cos(2&>£ — 0 ) + cos 0]. 


The power waveform is as depicted in Figure 13.54. 

13.7.4 EXAMPLE: POWER IN AN RC CIRCUIT 

Let us examine a specific circuit with both resistive and reactive components, 
the RC circuit of Figure 13.55. To calculate the average power from either 
Equation 13.151 or 13.152, we must find the complex amplitude of the current. 
By inspection of Figure 13.55: 


r = V, = V, 

1 Z R +1 IjcoC 

Vi 


VR 2 + (1 IojQ 2 


where 


0 — tan 


-1 


wRC 


(13.168) 

(13.169) 

(13.170) 


Now the average power dissipated in the circuit is, from Equation 13.151: 


v,- = Vj cos 



1 

p= - 


Vi 


2 /R 2 + (1/ W Q2 


cosh 


(13.171) 


FIGURE 13.55 Series RC 
circuit. 


























764 


CHAPTER THIRTEEN 


SINUSOIDAL STEADY STATE 


Note from Equation 13.171 that if we choose co such that 


R — — (13.173) 

coC 

that is, at the break frequency or corner frequency of the circuit, then 


P = 


1 V? 
22R 


(13.174) 


Hence the frequency w = 1/RC is also called the half-power frequency of 
the impedance, because the average power is one half of the value found in 
Equation 13.151 for the capacitor being a short circuit. Note also that because 
there is no average power dissipated in the capacitor, the average power dis¬ 
sipated in the resistor must be identical to the average power supplied by the 
source to the impedance. 


ivmvi EXAMPLE 13.7 MAXIMIZING POWER TRANSFER 
USING A TRANSFORMER 


EEE1 EXAMPLE 13.8 NON-IDEAL TRANSFORMERS 
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13.8 SUMMARY 

► Sinusoidal steady state is an important characterization of a linear system. 
It comprises a frequency response, which includes a gain plot and a phase 
plot as a function of frequency. 

► The impedance approach provides an analysis of circuits for sinusoidal 
inputs, which complements the time-domain calculations of Chapter 12, 
by showing the behavior of the circuit as a function of frequency. 

► By assuming complex exponential drives instead of sinusoidal drives for 
linear time-invariant circuits, the differential equations describing circuit 
behavior reduce to algebraic equations. 

► These algebraic equations can be found directly by using impedance. The 
constituent relations for R, L, and C, relating complex amplitudes are 


V=fR 


V —Ls I 


and 


V= (1 /Cs) I 


where s is a shorthand notation for jco. Accordingly, the impedance of an 
inductor is sL, that for a capacitor is 1/sC and that for a resistor is R. 

► We extended our variable notation to distinguish between total variables, 
DC operating values, small-signal variables, and complex amplitudes. 

► We denote total variables with lowercase letters and uppercase 
subscripts, for example, V£>. 

► DC operating-point variables using all uppercase, for example, V/> 

► Incremental values using all lowercase letters, for example, vj. 

► Complex amplitudes use uppercase letters and lowercase subscripts, 
for example, Vj. 

► Inductors behave like short circuits for DC (or very low frequencies) and 
like open circuits for very high frequencies. Capacitors behave like open 
circuits for DC (or very low frequencies) and like short circuits for very high 
frequencies. 

► The steady state values of the real voltages or currents (functions of 
time) can be found from their corresponding complex amplitudes by multi¬ 
plying the complex amplitude by e ,(ot and taking the real part. For example, 
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the steady state value of v c can be determined from the value of V c as 

V C = Re [l V c e 


or, equivalently, 


V c = I Vd cos {cot + Z-V c ). 

► The impedance method allows us to determine with ease the steady-state 
response of any linear RLC network for a sinusoidal input. The method 
works with complex amplitudes of voltages and currents at its variables 
and has the following steps: 

f. First, replace the (sinusoidal) sources by their complex (or real) ampli¬ 
tudes. For example, the input voltage v/\ — V a cos (cot) is replaced by its 
amplitude V a . 

2. Replace resistors by R boxes, inductors by Ls boxes, and capacitors by 
1/Cs boxes. The resulting diagram is called the impedance model of the 
network. 

3. Now, determine the complex amplitudes of the voltages and currents 
in the circuit by any standard linear circuit analysis technique — Node 
method, Thevenin method, etc. 

4. Although this step is not usually not necessary, we can then obtain the 
time variables from the complex amplitudes. 

► The frequency response characterizes the behavior of a network as a func¬ 
tion of frequency. Frequency domain analysis of a network is carried out by 
examining the network’s system function, which is the ratio of the complex 
amplitude of the network output to the complex amplitude of the input. 

► A frequency response plot is a convenient way of summarizing how a 
network behaves as function of frequency. A frequency response plot has 
two graphics: 

► the log magnitude of the system function plotted against log frequency, 
and 

► the angle of the system function plotted against log frequency. 

► \H{jw)\ = co plots as a straight line with slope of +1 in log space, given 
consistent horizontal and vertical scales. 

Correspondingly, \H(jco)\ = 1/co plots as a straight line with slope of —1 
in log space. 

► The frequency response for system functions arising from circuits contain¬ 
ing a single storage element and a single (Thevenin) resistor is of the form 
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1 /(s+dj, ( s+a ), s/(s+a), ( s+a)/s , where a is some constant. Such responses 
can be intuitively graphed as follows: 

► The magnitude plot is sketched by drawing the low-frequency and the 
high-frequency asymptotes. The two asymptotes intersect at the break 
frequency a. 

► The phase plot can also be graphed by sketching the low-frequency 
and the high-frequency asymptotes. At the break frequency, the phase 
will be 45° or —45° as appropriate. 

► The average power in terms of complex amplitudes of voltages and currents 

is one-half the product of the two magnitudes multiplied by the cosine of 
the angle between them. 

EXERCISE 13.1 Find the magnitude and phase of each of the following EXERCISES 

expressions: 

a) (8 +7)(5^ 30 °)(e-' 39 °)(0.3 - j 0.1) 

(8.5 +; 34)(20e-' 25 °)(60)(cos(10°) + ;sin(10°)) 

(25ei 20 °)(37e/ 23 °) 

c) (25e' 30 °)(10el 27 °)(14 13)/(1 — /2) 

d) (13ef 30<15 ° +,1 ' 5> )(6ed-/ 30 °)) 

EXERCISE 13.2 Find the real and imaginary parts of the following expressions: 

a) (3+/A)(4e' 50 °)(7e~ /20 °) 

b) ( 10 e^°°)(el 20 °) 

c) (lOe' 50 ')^*) 

d) Ee^ 1 * 3 * * where E = \E\e^ & 

EXERCISE 13.3 Find the system function Vjjl for the network shown in Figure 
13.62. Then find the response i'i[t) for i(t) = /cos(cut) under steady-state conditions. 

EXERCISE 13.4 Referring to Figure 13.63, given i(t) = Iq cos(wf), where Iq = 

3 mA and 01 — 10 6 rad/s, determine v(t) in the sinusoidal steady state. Assume R = 1 kfi 

and L = 1 mH. 

EXERCISE 13.5 The two-terminal linear network in Figure 13.64 is known to 

contain exactly two elements. The magnitude of the impedance function is as shown 
(log-log coordinates). 
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FIGURE 13.62 


FIGURE 13.64 


FIGURE 13.63 


IZ(jco)l 

ioo il _ 



FIGURE 13.65 


Draw a two-element circuit that has the impedance magnitude function indicated in your 
sketch. Specify the numerical value of each element. 


EXERCISE 13.6 For each of the circuits shown in Figure 13.65, select the magni¬ 
tude of the frequency response for the system function (that is, impedance, admittance, 
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or transfer function) from those given. It is not necessary to relate the critical frequencies 
to the circuit parameters, and you may choose a magnitude response more than once. 

Please note that the magnitude responses, except (7), are sketched on a log-log scale, 
with slopes labeled. 

EXERCISE 13.7 A linear network is excited with a sinusoidal voltage vj(t) — 
cos (f — 5n/8) for all time, as shown in Figure 13.66. 



FIGURE 13.66 


The current observed under the sinusoidal steady-state conditions is ij(t) = 
\/ 2 sin(t + n/8). 

What is Z(s = /l), the impedance of the network at an excitation frequency of one 
radian per second? 

EXERCISE 13.8 Find V 2 (t) in the sinusoidal steady state in Figure 13.67. Assume 
L = 10 H, R[ = 120 £2, and Rj = 60 £2. 

EXERCISE 13.9 A sinusoidal test signal is applied to a linear network that is 
constmcted from exactly two circuit elements as shown in Figure 13.68. 

The magnitude portion of the Bode plot for the impedance Z(jco) — V{ja>)/I{jcL>) is 
shown in Figure 13.69. 



FIGURE 13.67 



I(j CO) 



FIGURE 13.68 


FIGURE 13.69 


Draw the network and find the element values. 

EXERCISE 13.10 The circuit shown in Figure 13.70 is a highly simplified model 
of a power transmission system. 
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(c) C=1|XF=10- 6 F 



L i L 2 



FIGURE 13.70 


v\ (t) and t> 2 (t) are the voltages of two power generators: 
v\ = Vcos (cot) V 2 = Vcos((ut+ |<t>) 

Find the Thevenin equivalent of this circuit at the terminals 1-2 in terms of a complex 
amplitude V oc and a complex Thevenin impedance Z t /,. 

EXERCISE 13 . II Write expressions for H(jco) = V 0 /Vj, its magnitude \H(ja>)\, 
and its phase angle ZH(ju>), as a function of a> in the four cases shown in Figure 13.71. 

EXERCISE 13.12 Plot the log magnitude and the phase angle, both as functions 
of frequency (on a logarithmic scale), of the following complex quantity: 

H(jco) = 

1 +JCO 

Label all significant asymptotes, slopes, and break points. 


FIGURE 13.71 



+ 

: C 2 


FIGURE 13.72 


EXERCISE 13.13 In the network shown in Figure 13.72, 

R = 1 kQ Q = 20 fiF C 2 = 20 /xF. 

a) Determine the magnitude and phase of H[ja>), the transfer function relating Vq/V,. 

b) Given 1 x,(t) = cos(100t) + cos(10000t), determine the sinusoidal steady state output 
voltage, v 0 (t). 

EXERCISE 13.14 Find t >2 [t) in the sinusoidal steady state for the circuit in Figure 

13.73. 

L = 10 H Ri = 120 Q. R 2 = 60Q, 

EXERCISE 13.15 

a) Write the transfer function V 0 (s)/V,(s) for the circuit in Figure 13.74. 


b) Write the transfer function I a (s)/Vj(s). 
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FIGURE 13.73 FIGURE 13.74 

EXERCISE 13.16 Write the transfer functions V 0 (s)/Vi(s), I a (s)/Vj(s) in the circuit 
in Figure 13.75. 


R , L 



FIGURE 13.75 


EXERCISE 13.17 Write the transfer function I a [s)/I s {s) for the circuit in 
Figure 13.76. 



FIGURE 13.76 


EXERCISE 13.18 Find I a /I s in the circuit in Figure 13.77. 




*a(0 


R (let G = 1/R) 
-VWW- 


-C, 


C , 


FIGURE 13.77 


PROBLEM 13.1 For each of the networks shown in Figure 13.78: PROBLEMS 

a) Determine an expression for the indicated complex impedance or transfer 
function. 
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C 2 



R 


FIGURE 13.78 


b) Sketch the magnitude and angle of the indicated quantity as a function of frequency. 
You may use either linear or log-log coordinates, but it is recommended that you 
learn to use both kinds of axes. 

PROBLEM 13.2 Shown in Figure 13.79 is one possible circuit model for a 
transformer, for use where there can be a common ground between primary and 
secondary. 



FIGURE 13.79 

Assume: 

Lj = 2.5 H, L 2 = 0.025 H, M = k^L[Li where k < 1, Ri = 1 kS2, R 2 = 10 S2. 


a) Determine an expression for the sinusoidal steady-state transfer function V^/Vs- 

b) In the tight-coupling limit, k -*■ 1, the two natural frequencies are far apart. (See 
Problem 12.3 in the previous chapter.) For this specific case, sketch the magnitude 
and angle of the transfer function on log-log scales. 

PROBLEM 13.3 An electrical system has the following transfer function: 

rr,. . Y(jco) 10 5 (10 + /ft>)(1000 + jio) 

H(ico) — -= -. 

X{jco) (1 + jco)(W0 + ;a>)(10000 + jco) 

a) Plot the magnitude of H{jm) in decibels versus the logarithm of frequency, labeling 
all 3dB points. 

b) Sketch the phase of H{ja>) versus the logarithm of frequency. 

c) For what values of a> does the magnitude of H(ja >) equal 0 db? What is the 
relationship between the magnitudes of X[ja>) and Y{ja >) at these frequencies? 

d) List the frequencies at which the phase of H{j(6) equals —45 degrees. 

PROBLEM 13.4 Refer to Figure 13.80 for this problem. Assume R\ = 1 k£2 and 

Ll = 10 mH. 


a) Find the transfer function H(ja >) = Vj/Vq 
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R L 



FIGURE 13.80 


b) Find R so that the DC gain is 1/10. 

c) Find a value of L so that the response at high frequencies is equal to response at DC. 

d) Plot H{ja>) (magnitude and phase) versus, log a> for the values of R and L found 
previously. 

PROBLEM 13.5 This problem examines the simple doorbell circuit commonly 
used in homes (see Figure 13.81). 




FIGURE 13.81 


Circuit model for 
bell transformer 


Data for the transformer in Figure 13.81 is: 

L x = 2.5 H, L 2 = .025 H, M = k^L^, where k < 1. 

a) In the limit k ~ 1, what is the voltage V 2 with the push-button switch not pressed 
(open)? You should use root-mean-square amplitudes for all quantities. The voltage 
source is given as 120-V root-mean-square M = 0.25 H. 

b) The doorbell operates by repetitive making and breaking of a contact and can 
normally be modeled as a 10 £2 resistance at 60 FIz. Determine the magnitude of 
the root-mean-square primary current I x under normal doorbell operation (push 
button closed, doorbell = 10 £ 2 ) in the limit of k ~ 1 . 

c) An important safety issue in such circuits is the prevention of fire in the event that 
the doorbell should accidently stick with its contact closed, thus becoming equal to 
a short circuit. This can be accomplished by adjusting the value of k. Find the value 
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of k that will limit the root-mean-square primary current to 500 mA for the case 
where the push button is pressed and the doorbell acts like a short circuit. 

PROBLEM 13.6 In the circuit in Figure 13.82, the switch has been in Position (1) 
for a long time. At t = 0, die switch is moved instantly to Position (2). For the particular 
parameter values of this circuit, the complete output waveform for all time greater than 
zero is 


(1) 


FIGURE 13.82 



v c {t) = \V e \ cos (wt+ <t>) 

a) Find | V c \ and <t> in terms of Vi, a>, R, and C. 

b) Find Vo in terms of | V c \,a>, R, and C required to produce the v c {t) waveform. 
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SINUSOIDAL STEADY STATE: 
RESONANCE 



Chapter 12 showed that circuits containing an inductor and a capacitor could 
display oscillatory behavior when the circuit was under-damped. This chapter 
will show that oscillatory behavior occurs when the system function has com¬ 
plex roots. Such systems are called resonant systems. The behavior of resonant 
circuits was characterized by parameters such as their quality factor and reso¬ 
nant frequency. This chapter revisits resonant circuits from an impedance and 
frequency point of view. 

Resonant circuits are useful in analog design to build filters with high selec¬ 
tivity such as radio tuners and channel selectors in cell phones and wireless 
networks. Resonant circuits are also used to build oscillators to produce sinu¬ 
soids of a given frequency. The same oscillators also form the basis of clock 
generators in digital design. 

Many physical systems can also be modeled as second-order resonant cir¬ 
cuits. Because the injection of even miniscule amounts of energy at or near 
the resonant frequency of a second-order resonant circuit can cause a massive 
and sustained response, physical structures such as buildings and bridges are 
carefully modeled and designed to avoid such responses. In fact, resonators 
excited at their resonance can be viewed as energy accumulators in the sense 
that they continuously extract and store energy from their excitation. In this 
case, the only limit to the amplitude of their response is internal dissipation 
or nonlinear behavior resulting from the stresses of large amplitude responses. 
The most notorious case of such a response is the Tacoma Narrows Bridge dis¬ 
aster. Alternating winds injected enough energy into the bridge structure at its 
resonant frequency that the entire bridge entered into resonance and began to 
sway back and forth and finally collapsed. Sections 14.5.2 and 14.6 will provide 
more insight into this type of resonant behavior. 


14.1 PARALLEL RLC, SINUSOIDAL RESPONSE 

The response of a second-order system, specifically a parallel RLC system as 
in Figure 14.1, to a brief pulse and to a step was calculated in Chapter 12. We 
now wish to examine this same system from the impedance point of view, to 
show how such circuits can be used as filters. In particular, we will discuss the 
factors that affect the selectivity of the filter. To tie back to the calculations in 
Chapter 12, let us first calculate the total time-domain response v{t), when the 
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FIGURE 14,1 Parallel RLC 
circuit. 



circuit is driven with a tone burst at some frequency &>i: 

i(t) — I 0 cos (co\ t) for t > 0. (14.1) 


We acknowledge that the total response to a sinusoid is rarely necessary; we 
are more often interested in just the forced (or particular) response to sinusoids. 
Accordingly, you may skip directly to Section 14.1.2 and then to Section 14.2 
without loss of continuity. We, however, will plow through the total response 
for completeness. 

Application of KCL to the top node gives 

dv v 

i(t) = C— + - + i L (14.2) 

dt R 


and the constituent relation for the inductor is 


, dii 
v — L —. 
dt 


(14.3) 


Differentiating Equation 14.2, and substituting Equation 14.3, we obtain a 
second-order differential equation describing the system: 


1 dt d 2 v 1 dv 1 

C dt dt 2 RC dt LC 


(14.4) 


As in the past, we will solve this differential equation by summing together the 
homogeneous and particular solutions, vp and Vp, respectively. 


14.1.1 HOMOGENEOUS SOLUTION 

The homogeneous solution for this equation was worked out in detail in 
Chapter 12, so will be only briefly reviewed here. The homogeneous equation is 

d 2 v 1 dv 1 

—~ -f--+ —v — 0. 

dt 2 RC dt LC 


(14.5) 












14.1 Parallel RLC, Sinusoidal Response 


CHAPTER FOURTEEN 


779 


Assuming a homogeneous solution of the form: 


v/, — Ke st 


the characteristic equation is 


1 1 

H- s H-= 0 

RC LC 


which, to simplify notation, is written in canonic fonn as 

s 2 + 2as+ co 2 = 0 


(14.6) 


(14.7) 


(14.8) 


where 


and 



f 

LC 


f 

a = -. 

2 RC 


We saw in Chapter 12 that the system is resonant, that is, displays oscillatory 
behavior, when it is under-damped. As further discussed in Section f2.2.f, 
under-damped systems are characterized by the condition: 


co 0 > a. 


(14.9) 


Since we are focusing on resonant systems in this chapter, we will assume 
that the system is under-damped, that is, co 0 > a. Under this assumption, the 
characteristic equation has these two roots: 


Sa = -a + j(Od (14.10) 

= —a — jcoj (14.fl) 

where 

co 2 d = co 2 0 - a 2 . (14.12) 

It follows from our assumption ( a> 0 > ot) that the two roots identified in Equa¬ 
tions 14.10 and 14.11 are complex. Furthermore, the roots form a complex 
conjugate pair. In other words, resonant systems are characterized by a pair of 
complex conjugate roots. 
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Hence the homogeneous solution is 


v h {t) = e~ at 


K a e j( ° dt + K b e~ i( ° dt 


(14.13) 


= Ke at cos ( w^t + 9 ) 


(14.14) 


where K and 9 are constants to be determined from the two initial conditions, 
the inductor current and the capacitor voltage before the tone burst, after the 
expression for the total solution has been written. 


14.1.2 PARTICULAR SOLUTION 

Now let us find the particular solution for this system using the impedance 
approach. One possible particular solution is the steady-state response of the 
system i/p{t) to the cosine signal I Q c os (&»if). The impedance model derived 
from the original circuit, Figure 14.1, is shown in Figure 14.2. The complex 
constants I 0 and Vp in Figure 14.2 are related to the original time variables by 
the expressions: 


i(t) = Re |7 0 e Slt J = I 0 cos a>it (14.15) 

v p = Re [ Vpe s T] . (14.16) 


Direct application of KCL to the top node in the impedance model yields 


Vp Vp Vp 

— T-h-• 

Lsj R 1/Csj 


(14.17) 


Solving for Vp we find 


Io 

(14.18) 

1/Lsi + 1/R + Csj 

I 0 s\/C 

s ^ + si/RC + 1/LC 

(14.19) 



FIGURE 14.2 Impedance model, 
parallel RLC. 
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Note that we could have obtained the characteristic equation, Equation 14.7, 
without writing the differential equation by using the denominator of this system 
function. 

The particular solution for this system can now be found from Equa¬ 
tions 14.16 and 14.18: 


v p {t) = | V p \ cos (w\t+ ZV p ). (14.20) 

This example is continued in Section 14.1.3 where the homogeneous and 
particular solutions are added to derive the total solution. 

14.1.3 TOTAL SOLUTION FOR THE PARALLEL 
RLC CIRCUIT 

Now we are in a position to calculate the total solution, or the complete time 
function v(t), which is the capacitor voltage in response to the cosine tone 
burst. The complete solution for the cosine tone burst drive is the sum of 
the homogeneous solution Vf, (Equation 14.14), and the particular solution Vp 
(Equation 14.20): 

v(t) — Ke~ at cos (&>j£+ 9) + | Vp] cos (co\t + ZVp) (14.21) 

where the constants K and 9 are chosen to match the initial conditions for ip 
and L’c- 

Equation 14.21 gives the complete response for our parallel circuit for a 
cosine tone burst of frequency &q. As t becomes large, the first term dies away, 
and only the second cosine term with frequency remains. Accordingly, the 
second term is the steady-state response to a cosine of frequency o>i. 

Equation 14.21 further shows that, in general, the two cosine terms in 
this expression are not at the same frequency. The first term is the natural 
response, at a frequency the damped natural frequency of the system. The 
second term is the forced or driven response, at the frequency (®i) of the 
input signal. Thus one would expect interference or beating to occur between 
these two components. Computer generated plots of v{t) (see Figure 14.3) from 
Equation 14.21 show the interference effect clearly for a>\ ~ ojp. Observation 
of the response of any high Q resonant circuit 1 to a step cosine slightly off the 
resonant frequency will reveal such interference. 


1. Those of you taken aback by the sudden reappearance of Q (introduced in Section 12.4.1, 
Equation 12.65) take heart from the fact that we will have a lot more to say about Q from a 
frequency point of view in Section 14.2. For now, it suffices to understand that for a high Q 
resonant circuit the value of the damping factor a is small, and therefore the natural response of 
the circuit will last for a long time. 



782 CHAPTER FOURTEEN 


SINUSOIDAL STEADY STATE: RESONANCE 


FIGURE 14.3 Computer 
calculation of the response i/(f) to a 
step cosine: (a) drive at ay, 

(ra f = ay = I rad/s); (b) drive a 
little below ay, (ay = 1 rad/s, 
a;, = o.g rad/s); (c) drive frequency 
lower still, (ay = 1 rad/s, a>i = 0.8 
rad/s). 



(a) 



(c) 


Next, Figure 14.4 shows plots of v(t) when &>i a>j and u>\ a>^. When 

the drive frequency is very low (for example, Figure 14.4b), the response looks 
almost like that for a step. 

This section analyzed the total response of the resonant circuit. How¬ 
ever, as mentioned earlier, we tend to be less interested in the total response, 
and more concerned with the particular solution or the steady-state response. 
Accordingly, Section 14.2 will analyze the steady state response of Equa¬ 
tion 14.19 in more detail. It will also show how to draw the frequency 
response plot for quadratic roots, and revisit the parameters Q, a, co 0 , 
and coj, the stalwarts of second-order systems, from a frequency point of 
view. The frequency response plot of our parallel resonant circuit will show 
vividly the filtering that occurs when a signal is passed through the resonant 
circuit. 
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(b) 


Time (s) 



Time (s) 


FIGURE 14.4 Computer 
calculation of the response i/(f) to a 
step cosine: (a) drive at a much 
lower frequency than &y, that is, 

Wj <sC ay, (ay = 1 rad/s, o> ( = o.i 
rad/s); (b) drive near DC, (ay =1 
rad/s, wi = 0.004 rad/s); (c) drive 
frequency much greater than ay, 
(104 = 0.1 rad/s, a>) = 3 rad/s). 


(c) 

14.2 FREQUENCY RESPONSE FOR RESONANT 
SYSTEMS 

The previous section determined the total response of a parallel RLC circuit 
for a sinusoidal input by solving its differential equation, which tended to be a 
fairly grungy calculation. But as noted previously, we tend to be more inter¬ 
ested in the steady-state response of circuits to sinusoidal inputs. As introduced 
in Chapter 13, plotting the frequency response is a convenient way of visu¬ 
alizing how the circuit responds in the steady state to sinusoids of various 
frequencies. The frequency response of a network is examined by plotting two 
graphics: 

► the log magnitude of the system function of the network plotted against 
log frequency, and 

► the angle of the system function plotted against log frequency. 
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FIGURE 14.5 Impedance model, 
parallel RLC. 



A network’s system function is the ratio of the complex amplitude of the output 
to the complex amplitude of the input. 

Let us study the frequency response of our parallel RLC resonant circuit. 
Its impedance model is shown in Figure 14.5. Its system function can be written 
by inspection using the impedance method as illustrated in Section 14.1.2. 
Referring to Figure 14.5, we can write the following expression relating the 
output V p to the input I Q : 


Vt = 


In 


1/Ls+l/R+Cs 


Thus, the system function is given by 


H(s) = ^ = 


I 0 1/Ls+l/R + Cs 
s/C 

s 2 + s/RC + l/LC. 


(14.22) 

(14.23) 


Notice that the denominator of Equation 14.23, which computes the steady- 
state response of our parallel RLC circuit, and is the characteristic equation, 
yields a pair of complex roots under certain conditions. From Equation 14.9, 
we know that the roots are complex when 


u>o > a 



or specifically, when 


and we expect the frequency response to look substantially different from those 
we have seen thus far. The rest of this section will focus on the frequency 
response of system functions with complex roots. This discussion will expand 
the repertoire of system functions we have seen thus far, which included both 
first- and second-order system functions with real roots (Chapter 13). 
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For concreteness, let us examine the frequency response of the circuit for 
the following element values: 


L = 0.5 fiH 


FIGURE 14.6 Computer¬ 
generated plot of the magnitude 
and phase of the frequency 
response. 


C = 0.5 fiF 
R= 4 £2. 


For these element values, the system function becomes 


H(s) 


2 x 10 6 s 

s 2 + 0.5 x 10 6 s + 4 x 10 12 ‘ 


(14.24) 


For the element values that we have chosen, the denominator of Equation 14.24 
indeed yields a pair of complex roots, and hence the system is resonant. 
Figure 14.6 shows a computer-generated plot of the corresponding frequency 
response. The magnitude plot clearly displays the frequency sensitive behavior 
of the circuit: Both low and high frequencies are attenuated, giving this response 
the characteristics of a bandpass filter. 

More interestingly, observe the behavior of both the magnitude and phase 
plots at the frequency 2 x 10 6 rads/sec. At this frequency, the magnitude plot 
displays a sharp peak and the phase plot shows an abrupt phase transition. 
The rest of this section will provide more insight into this response, and will 
discuss how we can quickly guess the form of the frequency response for system 
functions with complex roots. Section 14.2.1 will further show that the sharp 
transitions of the magnitude and phase at the resonant frequency are directly 
related to the complex roots. Section 14.4 goes on to show how we can sketch 
the complete fonn of the response of resonant system functions without the 
use of a computer. 
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To obtain insight into resonant system functions, let us start by examining 
the system function from Equation 14.23, repeated here for convenience: 


m = 


Vp 

Io 


s/C 

s 2 + s/RC+ l/LC 


Observe that the denominator of the system function can 
following standard form for second-order systems: 

be written in the 


s -j- 2,ois -I - co Q 

(14.25) 

where 

IT 

&>o = ,/ — 

(14.26) 


V LC 

and 

1 

a = - 

2 RC 

(14.27) 


which is the same as the characteristic polynomial for second-order systems 
(see Equation 12.85 from Chapter 12). Depending on the relative values of 
a and a> 0 , the roots of this second-order polynomial will be real or complex. 
Shortly, we will show that the behavior of the system response depends heavily 
on the nature of these roots, and that the values of u> 0 and a provide substantial 
insight into the form of the frequency response plot. We will also study the 
correspondence between the frequency domain interpretation of a and co Q and 
our previous time-domain interpretation of Chapter 12. 

As a first step towards obtaining some insight into the relationship between 
the system function and the shape of the frequency response, we divide 
Equation 14.25 throughout by s/C and rewrite as 


m = 


i 

1/Ls+1/R+ Cs' 


(14.28) 


To simplify further, we set G = 1/R in Equation 14.28 and write s as jco and 
1/jco as —j/co, which yields 


H{ jco) 


1 

G + j (coC — 1/eoL) 


(14.29) 


Certain features are already obvious without recourse to any complicated cal¬ 
culations. At one particular frequency, the L and C terms in the denominator 
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will cancel, and \H\ will be maximum. This cancellation occurs where 


a>C — 1/ooL. 


At this frequency, 


co — co 0 


1 

VEc 


(14.30) 


(14.31) 


This frequency is called the resonant frequency co 0 of the system. In the context 
of the homogeneous solution in the time domain developed in Chapter 12, this 
was called the undamped resonant frequency. Notice also that this resonant 
frequency is none other than the co 0 obtained by writing the system function in 
standard form as in Equation 14.25. 

In our example, L = 0.5 pH and C = 0.5 /iC, so 


co 0 = 



= 2 x 10 6 rad/s. 


The peak in the value of H(s) occurs at this frequency, as can be verified by 
looking at the magnitude plot in Figure 14.6. 

Next, let us focus on the behavior of the circuit at this resonant frequency. 
At the resonant frequency, 


I H(jco 0 ) | = R (14.32) 

so the complex amplitude of the capacitor voltage simplifies to 

V p = I a /G = I a R. (14.33) 

The capacitor voltage (time function) at this particular frequency is thus 

vp(t) — I a R cos (co 0 t ). (14.34) 


Thus at resonance the effect of the inductor cancels out the effect of the 
capacitor, and the circuit behaves like a pure resistor. 

Put another way, the parallel connection of the inductor and capacitor offers 
infinite impedance to an input signal whose frequency is co — co 0 . 

Next, let us study the behavior of the circuit for very small and very large 
value frequencies. For co very small, Equation 14.29 indicates that 


H(jco) — jcoL 


(14.35) 



788 


CHAPTER FOURTEEN 


SINUSOIDAL STEADY STATE: RESONANCE 


or that 


Vp — jwLI 0 


(14.36) 


and hence 


Vp{t) — wLI 0 cos ( cot + 7r/2). (14.37) 

That is, the circuit behaves like an inductor. This is not surprising since 
the effect of the smallest impedance in a parallel circuit dominates. Relating 
back to the frequency response, Equation 14.35 further implies that the low- 
frequency asymptote of the magnitude plot will resemble that of an inductor 
(see Figure 13.9). 

Similarly, for u> very large, we find that 

H(jco) ~ (14.38) 

](D C 

or that 

kp — ~~~ (14-39) 

jcoL 

and 

v(t) — —— cos (cot — jt/2) (14.40) 

coC 

and the circuit appears to contain only a capacitor. In terms of the frequency 
response, Equation 14.38 implies that the high frequency asymptote of the 
magnitude plot will resemble that of a capacitor (see Figure 13.9). 

At this point, although we do not as yet have a complete understand¬ 
ing of the frequency response (for example, the cause of the peakiness of 
certain second-order system functions), we know enough to develop the 
form of the response plot by identifying a few constraints. Specifically, Equa¬ 
tions 14.32, 14.35 and 14.38 establish the basic structure of the frequency 
response, Figure 14.7. As illustrated in the figure, the system function mag¬ 
nitude has low-frequency and high-frequency asymptotes of coL and 1/cuC, 
respectively. From Equations 14.29 and 14.30, these asymptotes intersect at 
&>o, the resonant frequency. Further, we know at frequency co — co 0 , the sys¬ 
tem function H(jco) — R. These three constraints are shown in Figure 14.7. 
Together, the three constraints point to the form of the actual magnitude curve 
as shown in Figure 14.8. 

The phase of H[ja >) is also relatively easy to guess. From Equations 14.35 
and 14.38, it is easy to see that the low- and high-frequency asymptotes of the 
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FIGURE 14.7 Frequency response asymptotes for parallel RLC circuit. 


I V// 0 |(Q) 



FIGURE 14.8 Form of the frequency response for parallel RLC circuit. 


phase are +90° and —90°, respectively. Furthermore, at resonance, since 

H{ jco 0 ) = R 

the angle is zero. These three phase constraints are shown in Figure 14.7. 
Compare the three phase constraints in Figure 14.7 with the actual curve drawn 
in Figure 14.8. 

The process discussed here for guessing the form of the frequency 
response for Equation 14.23 generalizes to other resonant systems and can 
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be summarized as follows: 

► Magnitude Plot Constraints 

1. Mark the low-frequency asymptote. 

2. Mark the high-frequency asymptote. 

3. Mark \H(ja> 0 )\, the magnitude of the system function at the 
frequency co 0 . The frequency co 0 can be determined by writing the 
system function in standard form (Equation f 4.25). 

► Phase Plot Constraints 

1. Mark the low-frequency asymptote. 

2. Mark the high-frequency asymptote. 

3. Mark ZH(ja> 0 ), the angle of the system function at the frequency co Q . 


EXAMPLE 14.1 TRANSFER FUNCTION FOR PARALLEL 
RLC CIRCUIT Determine the transfer function H c = VJ1 for the parallel RLC 
circuit shown in Figure 14.9 given that 

i(t) = 0.1 A cos (2nfi) 

L = 0.1 mH 
C= 1 /xF 
R= 10 Q 

Sketch the asymptotes of the magnitude and phase of the frequency response. Determine 
the values of Q, a> Q , a, the two u>.7 07 frequencies, and the bandwidth. Write the 
time-domain expression for the steady state value of v c for f— 1 MHz. 

We can obtain V c by multiplying the current I by the impedance of the parallel R, L, C 
combination as: 

V c = I ---. 

1/Ls + 1 /R + sC 



FIGURE 14.9 Parallel resonant 
circuit example. 
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The transfer function is given by 


H c =^ = 


1 


I 1/Ls+l/R + sC 


or in standard form, 


H c = 


s/C 


1 /LC + s/RC + s 2 ' 
Substituting the actual element values, 


He = 


10 6 s 


10 10 + 10 5 s + s 2 

The frequency response obtained by substituting s = ja> is 

; 10 6 « 


H c (ja>) = 


(10 10 - co 2 ) +;10 5 w 


(14.41) 


To determine the form of the magnitude plot of the frequency response, we must 
find the low- and high-frequency asymptotes and the value of the response at a> 0 . The 
low-frequency asymptote is given by 


H c (ja >) = 


j«> 

10 4 


and the high-frequency asymptote is 


Hc(ja>) = 


10 6 

ja> 


Comparing the denominator of Equation 14.41 to the canonic form s 2 + 2 o/s + o> 2 , 
we get 

co 0 = 10 5 

and 


\H c (jco 0 )\ = 10. 

The corresponding low- and high-frequency phase asymptotes are 90°, and —90°, 
respectively. The phase at a> 0 is 0°. 

The dashed lines in the plots in Figure 14.10 show the low- and high-frequency asymp¬ 
totes, and the X symbols mark the values at a> 0 . The solid lines show the actual 
plots. 
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FIGURE 14.10 Magnitude and 
phase of the frequency response. 


Finally, to determine the time domain expression for v c , we know that 


Vc = H c I 


where, since i(t) = 0.1 cos {Inft), 

I = 0.1 A 

Thus, the time-domain expression for v c in the steady state is given by: 

v c (t) = |0.1H c (a>)| cos{o>t + ZH c [a ;)). 

At f= 1 MHz, or u> = 27rl0 6 rad/s, this expression becomes 
v c (t) = 0.016 cos(2tr 10 6 t — 89°). 

14.2.1 THE RESONANT REGION OF THE FREQUENCY 
RESPONSE 

We will now take a closer look at the resonant region of the frequency response 
in Figure 14.6 where there are sharp transitions in the magnitude and phase. In 
particular, we would like to detennine the width of the resonant peak and the 
factors that affect its sharpness. 

To obtain some indication of the width of the resonance in Figure 14.6, two 
points that are easy to calculate are the frequencies where \H{jco)\ is down to 
0.707 (or 1A/2) of its maximum value. 2 These frequencies «o.707 can be readily 


2. A frequency at which H(jco)\ falls to 1 /vT or 0.707 of its maximum value is called a 0.707 
frequency or ^o. 707 - As defined for first-order circuits in Chapter 13, such a frequency is also called 
a half power frequency. Since 0.707 in decibels is 20 log{ 0.707) = —3dB, it is also called a —3dB 
frequency. 
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calculated from Equation 14.29 because |H| will be at 0.707 of its maximum 
when the denominator becomes G(1 ± jl). (Notice that when the denomi¬ 
nator of H becomes G(1 ± jl), the magnitude |JT| becomes 1/V2G, which 
is equivalent to 0.707/G.) In other words, for w\ = a>o.707> \H\ will be at 
0.707 of its maximum, and 


G + j (a> 0 j 07 C — 1/(i>q 707 L) = G(1 ±/l). 


Simplifying, 


G — ± (a> 0 707 C — 1/ coqjo 7 L) . 

This is a quadratic in co 0 . 707 : 

2 G 1 
"0.707 ± q "0.707 - 


Solving for &> 0 707 


»0.7°7=±^± 



1 

LC' 


The two positive roots, namely, 


^*0.707 — 



and 


^0.707 — _ 


G_ 

1C 



(14.42) 


(14.43) 


(14.44) 


(14.45) 


(14.46) 


diagramed as in Figure 14.1 la on a linear frequency scale, indicate that the width 
of the curve between the two 0.707 frequencies, usually called the bandwidth, 
is G/C. In other words, 


Bandwidth = — = —. 

C RC 

Comparing Equation 14.25 with the standard form for second order 
circuits, Equation 14.25, we can write 

1 

— —2 a = Bandwidth. 

RC 
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FIGURE 14.11 Bandwidth Recall, we came across this same damping factor in Equation 12.85 in Chapter 12 

calculation; in the figure, G = i /R. from a time-domain point of view. There, in the time domain view, the damping 

factor was an indication of how quickly the natural response died out. Notice 
the presence of the decaying exponential term containing a in Equation 14.21, 
the time domain response for our parallel RLC circuit. 

Notice also from Figure 14.11a that the 0.707 frequencies are not usually 
symmetric about co 0 , rather they are symmetric about 


/ 



2 


+ 


1 

LC 


or 


7 ^. 

However, for low values of G, this value is close to the resonance fre¬ 
quency. Therefore, the tenns center frequency and resonance frequency are used 
interchangeably. 

A useful gauge of the sharpness of the resonance is the ratio of the resonance 
frequency to the bandwidth: 


Resonance frequency co 0 R 

-= -= Q = co 0 RL = -. 

Bandwidth G/C co 0 L 


(14.47) 


Again, this very Quality Factor was introduced in Chapter 12 (Equations 12.65 
and 12.66) from a quite different point of view. There, in the time domain view, 
Q indicated the length of time for which the circuit would “ring” when excited 
by an input such as a step. If we know the quality factor Q and the frequency 
0 ) o , we can derive the bandwidth as: 


Bandwidth = —. 

(14.48) 

Q 
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The relative importance of the two terms under the radical in Equations 14.45 
and 14.46 can be assessed by noting from Equation 14.31 that 



(14.49) 


By dividing out the or Q from under the radical, and substituting from 
Equation 14.47, we obtain 


"0.707 



and 


(14.50) 


"0.707 



1-171 


For Q greater than five, the radicals in the expressions for the two 0.707 fre¬ 
quencies are within 1/2 percent of unity. In such a case, it is reasonable to 
neglect the small offset, and assume that the resonant curve is symmetric about 
a> 0 , as illustrated Figure 14.11b, and as summarized in the following equations: 

G 

"0.707 ^ a>°+ -— (14.52) 

and 

Q 

"0.707 ^ "o — —■ (14.53) 

Knowing the five constraints, namely the two 0.707 frequencies in addition 
to the resonance frequency co 0 and the low- and high-frequency asymptotes, 
we can guess the form of the frequency response more accurately than that in 
Figure 14.8. The five constraints, along with the actual curve, are shown in 
Figure 14.12. 

The phase of H{ jco) is also relatively easy to sketch. At the 0.707 frequency, 
the real and imaginary parts of the denominator in Equation 14.29 are equal (see 
Equation 14.42), so the phase must be +45° below resonance, and —45° above. 
These two constraints, along with the low- and high-frequency asymptotes at 
+90° and —90° respectively, and the phase at resonance of zero, form five 
constraints that allow us to draw a fairly accurate phase plot as also shown in 
Figure 14.12. 

At this point, a few observations are in order. Recall from Equation 14.47 
that Q = R/coqL. Thus, it should be clear from this expression for Q and 





796 


CHAPTER FOURTEEN 


SINUSOIDAL STEADY STATE: RESONANCE 


FIGURE 14.12 Sketch of the 
frequency plot for parallel RLC 
circuit along with the five 
constraints, namely the two 0.707 
frequencies, the resonance 
frequency a> 0 , and the low- and 
high-frequency asymptotes. 



Figure 14.12 that Q is the ratio of the peak height of the curve to the height 
of the intersection point of the asymptotes. Thus, Q is an indication of the 
“peakiness” of the frequency response curve. Several magnitude and phase 
plots illustrating the relationship between the peakiness and Q are shown in 
Figures 14.13 and 14.14. 

Next, relating to the time domain (see the discussion surrounding 
Equation 12.65 in Chapter 12), since 


Q = 


C0 o 

2a 


(14.54) 


a high value of Q means that the damping factor a is small compared to 
a>o, and the circuit will ring for a long time when excited by a step or an 
impulse. 3 


3 .111 fact, it can be shown that Q itself is an approximate measure of the number of oscillations. 
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FIGURE 14.13 High Qversus low Qcircuits. 



FIGURE 14.14 Phase of high Qand low Qcircuits. 


A high value of Q, which implies that co 0 is large compared to a, also 
means that the roots of the characteristic polynomial will be complex. Notice 
that the roots of the characteristic polynomial (Equation 14.25) are given by 


—a + yja 2 — co 2 and — a — ^/a 2 — co 2 . 

We can also see from Equation 14.54 that for Q > 0.5, the roots will be complex 
because 


a < co 0 - 

Notice, further, from our observations in Section 12.4.1, that when a < a> 0 
the circuit is under-damped. We now see the explicit correlation between com¬ 
plex roots, resonant circuits, under-damping, and pealdness in the frequency 
response. 

Finally, using the frequency response plot in Figure 14.11 or Figure 14.12, 
on the basis of Equation 14.20, it is relatively simple to visualize the filtering 
that occurs when a signal is passed through the resonant circuit. Any frequency 
components near the resonant frequency will pass through the system relatively 
unattenuated, but all other frequency components will be substantially atten¬ 
uated and shifted in phase. If, for example the filter input is a 990-Hz square 
wave, and the filter resonant frequency is 3000 Hz, the output will be nearly 
sinusoidal at 2970 Hz, because the filter will pass this third-harmonic compo¬ 
nent of the square wave and reject the fundamental and other harmonics. As 
mentioned previously, this signal-processing property of filtering is fundamen¬ 
tal to the operation of all television, radio, and cellular phone receivers, which 
must select one transmitted signal from among many present at the receiver 
antenna. 
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EXAMPLE 14.2 DETERMINING CRITICAL PARAMETERS 
Determine the values of Q, co 0 , a, the two a>o .707 frequencies, and the bandwidth, for 
the circuit shown in Figure 14.9 in Example 14.1 given that 

i(t) = 0.1 cos (27 rft) 

L = 0.1 mH 
C= 1 fiF 
R= 1011. 

Plot the magnitude and phase curves on both log and linear scales for those element 
values. Also, keeping the resonance frequency and the peak magnitude constant, show 
frequency response plots for Q = 0.5,0.75,1,2,4, 8 , and 16. 

As worked in Example 14.1, the transfer function for the circuit in Figure 14.9 written 
in standard form is 


H c = 


s/C 

1/LC + s/RC + s 2 


10 6 s 

10 10 4- 10 5 s + s 2 ' 


(14.55) 


Comparing the denominator of Equation 14.55 to the canonic form s 2 4- 2 as + ai 2 , 
we get 


co 0 = 


a — 


— = 10 5 rad/s 
LC 


1 

2 RC 




(14.56) 


The two a> 0.707 frequencies are given by Equations 14.45 and 14.46 as 4 


and 


«0.707 = + ^ + 



— = 1.618 x 10 5 rad/s 
LC 


G 

w 0.707 ~ ~Tq + 



= 0.618 x 10 5 rad/s. 


4. where G = 1 /R 
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Frequency (rad/s) 


FIGURE 14.15 Magnitude of the frequency 
response on a log scale. 



FIGURE 14.16 Magnitude of the frequency 
response on a linear scale. 




FIGURE 14.17 Phase of the frequency FIGURE 14.18 Phase of the frequency 

response on a log scale. response on a linear scale. 


The bandwidth is 

1.618 x 10 5 - 0.618 x 10 5 = 10 5 rad/s. 

The bandwidth and the resonance frequency a> 0 are marked in Figure 14.15, which 
shows the magnitude plot on a log scale. The bandwidth and resonance frequency are 
also marked on the magnitude plot drawn on a linear scale in Figure 14.16. The phase 
is plotted in Figures 14.17 and 14.18 on log and linear scales, respectively. 
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FIGURE 14.19 Magnitude for different values of Q. FIGURE 14.20 Phase for different values of Q. 

Figures 14.19 and 14.20 show the frequency response for different values of Q, keep¬ 
ing the resonance frequency and the peak magnitude constant. To keep the peak 
magnitude the same, we keep R constant at 10 Similarly, to keep the resonance 
frequency the same we keep /LC a constant at 10 5 rad/s. We obtain different values 
of Q by choosing different C/L ratios (Equation 14.56), while keeping both R and LC 
constant. Thus, for example, 


L = 0.1 mH 
C = 1 /xF 
R= 10 

yield Q = 1, while 

L = 0.05 mH 
C = 2/xF 

r= io n 

yield Q = 2, and 

L = 0.2 mH 
C = 0.5 /xF 
R= 10 


yield Q = 0.5. 
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14.3 SERIES RLC 

A second topology for RLC circuits is shown in Figure 14.21, the series resonant 
circuit. Direct analysis of the impedance model, Figure 14.21b, yields 


R s + Ls+ 1/Cs 
(s/L) V, 

s 2 + sR s /L + 1/LC 


(14.57) 

(14.58) 


Thus, 


m = 


i 


V, 


(s/L) Vj 

s 2 + sR s /L + 1/LC 


(14.59) 


Again we obtain an expression identical in fonn to Equation 14.23, so this too 
is a resonant circuit. The difference this time is that the current is the output 
variable, so here the current is maximum at resonance, whereas for the parallel 
circuit of Figure 14.1, the voltage was maximum. By comparing corresponding 
terms in the two derivations, for this series circuit, 


Resonant frequency — a> 0 = 


Bandwidth = —. 

L 


Vlc 


(14.60) 

(14.61) 


Comparing this expression for the bandwidth with the expression for the damp¬ 
ing factor a developed in our time-domain analysis for a series RLC circuit 
(see Section 12.12), we can write 


Bandwidth = 2 a. 



(a) Circuit 


(b) Impedance Model 


FIGURE 14.21 Series resonant 
circuit. 
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Furthermore, because Q is defined in this chapter as the ratio of resonance 
frequency to bandwidth, for the series circuit, 


Q = 


COoL 

Rs 


(14.62) 


the same relation we found in Chapter 12 (Equation 12.109) by examining the 
response to a short pulse. Comparison with the corresponding expression for 
the parallel RLC circuit indicates that for high Q in a parallel resonant circuit, R 
should be large, whereas in the series case, R s should be small. Confusing, but 
correct. 

The plots of the magnitude and phase of H(jco) versus w. Figure 14.12, 
again apply to this circuit, except now the system function is defined as 


H(jco) = —. 

Vi 


(14.63) 


EXAMPLE 14.3 TRANSFER FUNCTION OF SERIES RLC 
CIRCUIT Determine the transfer function H, = V r /V t for the series RLC circuit 
shown in Figure 14.22, given that 


Vi(t) = 0.1 cos(2?r ft) 
L = 0.1 mH 
C= 1 /rF 
R= 5 Q. 


Sketch the asymptotes of magnitude and phase of the frequency response. Determine 
the values of Q, a> 0 , and a. Write the time-domain expression for the steady state value 
of v r for f— 1 MHz. 

From the impedance model, we get the transfer function 



R 

Ls + R H—4; 

sC 


(14.64) 


+ v,. - 



C 


FIGURE 14.22 Series resonant 
circuit example. 


■smtv- 

L 
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Multiplying the numerator and denominator by s/L we get 


Hr = 


sR 

L 


S 1 + Sy + — 


L LC 


Substituting the actual element values, 


H r = 


5 x 10 4 s 


s 2 + 5 x 10 4 s+ 10 10 ' 
The frequency response obtained by substituting s = jco is 

j5 x 10 4 a> 


HAjco) = 


(10 10 -w 2 )+;5x 10 4 &> 


(14.65) 


To determine the form of the magnitude plot of the frequency response, we must 
find the low- and high-frequency asymptotes and the value of the response at co 0 . The 
low-frequency asymptote is given by 


H r (ja>) = 


j<0 

2 x 10 5 


and the high-frequency asymptote is 


Comparing 
we get 


HAjco) = 


5 x 10 4 


ICO 


the denominator of Equation 14.65 to the canonic form s 2 4- las + 


co 


2 

O’ 


coq = 10^ rad/s 
a = 2.5 x 10 4 rad/s 


and 


At co = co 0 , 


Q = 


<Oq 

2 a 


= 2 . 


\HAjco 0 )\ = 1. 

The corresponding low- and high-frequency phase asymptotes are 90° and —90°, 
respectively. The phase at co 0 is 0°. 

The dashed lines in the plots in Figure 14.23 show the low- and high-frequency asymp¬ 
totes, and the X symbols mark the values at co 0 . The solid lines show the actual plots. 
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FIGURE 14.23 Magnitude and 
phase of the frequency response. 




Finally, from 


Y r = H r V, 


where V, = 0.1 V, we can obtain time domain expression for v r in the steady state as 


v r (t) = |0.1H r (<w)| cos[cot + ZH r (co)). 
At f= 1 MHz, ora = 2?rl0 6 rad/s, this expression becomes 
v r (t) = 0.0008 cos(2jt10 6 £- 89.5°). 


1 cos(eor) 



FIGURE 14.24 A metal 
detector circuit. 


EXAMPLE 14.4 METAL DETECTOR USING A RESONANT 
CIRCUIT The circuit shown in Figure 14.24 can be used as a metal detector. To 
do so, the inductor is wound as a large flat coil. In the presence of nearby metal, the 
inductance of the coil changes, and so pout changes as well. Suppose that we can 
detect a 0.1-mV change in the amplitude of foUT hi the sinusoidal steady state. What 
is the corresponding minimum detectable change in inductance, and how should the 
frequency a> be chosen to maximize the sensitivity of the metal detector? 

To analyze the metal detector, we first compute the complex amplitude of pout 
in the sinusoidal steady state. The magnitude of V out is then the amplitude of t'oUT hi 
the sinusoidal steady state. Thus, using impedances 


I Vout I — 


wRC 


y/{l - co 2 LQ 2 + (coRQ 2 


IV, 


which is also the amplitude of t'oUT- Next, we differentiate the amplitude of pout with 
respect to L to determine the sensitivity. This yields 


^Voutl = u 3 RC 2 (1 - w 2 LQ 

dL ((1 - w 2 LQ 2 + (cdRQ 2 ) 3/2 
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For the parameters given in Figure 14.24, the absolute value of the sensitivity is 
maximized near 62.920 krad/s, or 10.014 kHz. This is slightly above the resonance 
frequency: 

w 0 = v 7 !/LC = 62.017 krad/s. 


At this frequency, the peak sensitivity is approximately —484.3 V/H. Therefore, given a 
minimum measurable change in voltage amplitude of 0.1 mV, the minimum measurable 
change in inductance is approximately 0.2 /zH, or about 0.001% of the coil inductance. 


EXAMPLE 14.5 ANOTHER RLC CIRCUIT EXAMPLE The input 
v z in the second-order circuit in Figure 14.25 is a sinusoid. Determine the impedance 
Z. Determine also co 0 , a, 01 and Q for the circuit. Show that the circuit is resonant 
for the element values indicated in Figure 14.25. Plot the magnitude and phase of the 
system function / 2 /V 2 as a function of frequency, and sketch the low- and high-frequency 
asymptotes. 

Using the impedance model, the impedance Z is given by: 


Z = 


R+Ls + SC 

A _l_ A 
C _ LC 

s 2 4- s- -I—— 
S + S L + LC 


The desired system function is the admittance J 2 /V z = 1/Z and is given by: 


H(s) = — = — = $1 + Sl+ r LC 
V 7 s , R 

Vz Z C + LC 


1 


(14.66) 


Comparing 


to the canonic form 


2 R 

Si + S -F 


1 

LC 


4~ 2 01 s 4~ cOq 


r= 1 a 


L= ImH 


v. 


C= 10 pF 


FIGURE 14.25 A second-order 
circuit. 
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we get 


and 


Thus, we can compute 
and 

For 


we get 



L= ImH 


C = 10 /rF 


r=iq 


a>o = 10 4 rad/s, 
a = 500 rad/s, 
a>j = 9988 rad/s, 


and 

Q = 10. 

Since Q > 0.5, or equivalently, since a> 0 > a, the roots of the characteristic equation 
are complex and therefore the circuit is resonant. 

Substituting the numerical quantities into our system function, we get 

s 2 + 1000s + 10 8 


H(s) = 


10 5 s+10 8 


(14.67) 


Let us now determine the the low- and high-frequency asymptotes, and the magnitude 
and phase of the response at the resonant frequency. For low frequencies, the system 
function in Equation 14.67 reduces to 


H(s) = 1. 

This directly yields the low-frequency asymptote for the magnitude. The corresponding 
low-frequency phase asymptote is 0°. This asymptote implies that the admittance is 
similar to that of a 1-12 resistor. 


For high frequencies, the system function becomes 

H(s) = 10 _s s, 
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FIGURE 14.27 Phase versus 
frequency. 


which gives us our high-frequency asymptote. This asymptote implies that at high 
frequencies the admittance is similar to that of a 10-/tF capacitor. 

The magnitude and phase of the response at the resonance frequency a> 0 = 10 4 rad/s 
is obtained by substituting a> = 10 4 in Equation 14.67 as 

|H(MJI« 0.01 


and 


ZH(jco 0 ) « 6°. 

The three constraints for the magnitude and phase are sketched in Figures 14.26a 
and 14.27a, respectively. Figures 14.26b and 14.27b contain the corresponding com¬ 
puter generated plots for the magnitude and phase of the system function versus 
frequency. 
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□Mi 14.4 THE BODE PLOT FOR RESONANT 
FUNCTIONS * 


E3SE3 EXAMPLE 14.6 BODE PLOT EXAMPLE 



(a) Circuit 


C 



(b) Impedance Model 


FIGURE 14.32 Resonant series 
RLC circuit. 


14.5 FILTER EXAMPLES 

Depending on where the output is taken, the series and parallel RLC resonant 
circuits can be used as highly selective filters of various types. The higher the 
Q, the higher the selectivity. Here, we revisit the series resonance circuit (see 
Figure 14.32a) and demonstrate how various types of filters can be derived from 
the same basic circuit. 

Figure 14.32b shows the impedance model of the series RLC circuit. Apply¬ 
ing the impedance method, we obtain the following relation between the 
complex amplitude of the current I and the input voltage V,: 


R + Ls+ 1/Cs 
(s/L)Vj 

s 2 + sR/L + 1/LC 


(14.68) 

(14.69) 


We can also rewrite the denominator of the expression for I in our general 
form as 


I= (■ s/L)V, 

s 2 + 2 as + ui\\ 

where a> 0 and a for the series resonance circuit are given by 



The corresponding system function relating I and Vj is 


m = 


1 


Vi 


s/L 


(14.70) 


(14.71) 


s 2 + sR/L + 1/LC 


(14.72) 
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s/L 

s 2 + 2 as + co 2 


(14.73) 


We will now show that the system function relating the voltage across each of 
the elements (see Figure 14.32b) to the input voltage represents different kinds 
of filters. For concreteness, we will plot our results using the following element 
values: 

L= 1 /*H 
C = 1 /xF 
ft = 1 S2. 

These element values result in 


co 0 = 10 6 rad/s. 


In Hertz, the resonant frequency is 10 6 /2 jr = 159,154 Hz. 
The damping factor is 


or = 5 x 10 5 s 


and the quality factor is 


Q = 


COo 

la 


14.5.1 BAND-PASS FILTER 

First, let us look at the behavior of the voltage across the resistor, V r . Multiplying 
the expression for the current in Equation 14.70 by the impedance ft, we get 

f Vi 

V r = IR= - T —t -y, 

s- + 2 as + a>Q 

which leads to the following system function relating V r to V t : 


ms) = 


Vris) 

y,{s) 


sft/L 

s- + las + 


Since a = R/2L, we can write the system function for the voltage across the 
resistor as 


HAs ) = 


las 

s 2 + 2q!S + co 2 


We can plot the frequency response for this system function by substituting 
s = jco and taking the magnitude and phase of H r [s). The computer-generated 
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FIGURE 14.33 Frequency 
response of the bandpass filter. 



Frequency (rad/s) 



frequency response corresponding to the preceding system function is shown 
in Figure f4.33. 

It is clear from Figure 14.33 that H r represents a bandpass filter as we 
discussed in Section 14.2. As also discussed in Section 14.2, notice that the 
magnitude of the bandpass system function at a) = co Q — 10 6 rad/s is unity. 

The bandwidth is 


Bandwidth = — = -= 10 6 rad 

Q 1 

as can also be verified from Figure 14.33 by taking the difference between the 
high- and low-frequencies at which the magnitude falls to 1/V2 of the peak 
value. 

It is instructive to plot the frequency response for a range of values of Q 
by choosing different values for R (see Figure 14.34). For the series resonant 
circuit, since 

— 

R 

we can hold the values of L and C constant, and choose resistance values of 
2 12, 1 £2, 0.1 12, and 0.01 12, to obtain Q’s of 0.5,1,10, and 100, respectively. 
It is easy to see from Figure 14.34 that higher the value of Q, the greater the 
“peakiness” or selectivity of the curve. Notice also that the phase curves show 
a corresponding sharper transition as Q increases. 

14.5.2 LOW-PASS FILTER 

Let us now look at the voltage across the capacitor, V c . Multiplying the expres¬ 
sion for the current in Equation 14.70 by the impedance of the capacitor 1/sC, 
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we get 


I 


rc v ' 


v ‘=fc = ? + 2« s 


2 5 
1 1" 


which leads to the following system function relating V c to V,: 

Vc(s) 


H c (s) = 


LC 


Vi{s) s 2 + las + i 


Since co° = 1/LC, we can write the system function for the voltage across the 
capacitor as 


s 2 + las + co 2 

The frequency response plot corresponding to H c is shown in Figure 14.35. 
Because it passes through low-frequency signals unattenuated, H c represents a 
low-pass filter. 
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FIGURE 14.34 Frequency 
response of the bandpass filter for 
several values of Q. 


FIGURE 14.35 Frequency 
response of the lowpass filter for 
Q= 1. 
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FIGURE 14.36 The magnitude 
curves of the frequency response 
for the low-pass filter for several 
values of Q. 



The magnitude curves of the frequency response for a range of values of Q 
are shown in Figure 14.36. As in our bandpass example, Q can be increased by 
decreasing the value of the resistance R. Notice that the response curve displays 
some very interesting behavior for values of the drive frequency co that are close 
to u>o■ Specifically, the magnitude of the capacitor voltage for drive frequency 
a) — a>o can far exceed the input drive voltage for large values of Q. This is in 
stark contrast to the magnitude of the voltage across the resistor, which never 
exceeds the input drive voltage (see Figure 14.34). Furthermore, as with the 
bandpass filter, the higher the value of Q, the greater the “peakiness” of the 
curve near co Q . 

Let us now derive the relationship between Q and the magnitude of the 
response at co Q . We know that 


V c (s) = 


<Wi 


s 2 + 2a s + co 2 


To obtain the response for any frequency co, we substitute s = jco as follows: 


( jco) 2 + 2ajco + co 2 

Substituting co = co 0 and simplifying we obtain the following response at 
resonance: 


jcQoVi 
2 a 


Taking the magnitude and substituting Q = co 0 /2a we get at resonance: 


Wc\ = QVj. 


(14.74) 
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This tells us that the magnitude of the capacitor voltage in a series RLC circuit 
that is driven at its resonance frequency is Q times the input voltage! If, for 
example, a series resonant circuit with a Q of 100 is connected to a 10-V 
sinusoidal source, then at resonance the capacitor voltage will be 1000-V! Put 
another way, even small excitations can cause massive responses in second- 
order circuits when the excitation frequency is close to that of the circuit’s 
resonance frequency. This now sheds some insight into the Tacoma Narrows 
Bridge disaster. Because the frequency of alternating winds was close to the 
bridge’s resonant frequency, the bridge began to sway back and forth and finally 
collapsed. We will have a lot more to say about Q and the response of resonant 
circuits in Section 14.6. 


EXAMPLE 14.7 RESONANT RESPONSE OF A DRIVEN 
HIGH-Q CIRCUIT The circuit shown in Figure 14.37 is a resonant circuit 
driven by a 1-Volt cosinusoidal voltage source. We wish to find: (a) the frequency 
at which the capacitor voltage vq has its largest amplitude, and the value of that ampli¬ 
tude; (b) the undamped resonance frequency (or, simply, resonance frequency) of the 
circuit, and the amplitude of vq at that frequency; (c) the damped resonance frequency 
of the circuit, and the amplitude of vq at that frequency; (d) the amplitude of vq at the 
frequency of 1 kHz; and (e) the amplitude of vq at the frequency of 100 kHz. To carry 
out the analysis, we first determine V c , the complex amplitude of vq, and then take its 
magnitude. The magnitude of V c is the amplitude of vq in sinusoidal steady state. Using 
impedances, the magnitude of the complex amplitude V c is given by: 


WM\ = 


IV 

7(1 - co 2 LQ 2 + (coRQ 1 ' 


Again, this is also the amplitude of vq in sinusoidal steady state. The phase of vq is the 
angle of V c . 

(a) To find the maximum amplitude, we take the derivative and find a> for which the 
derivative goes to zero. Doing so, we find that the amplitude of vq is maximized when 


/ 1 R 2 

W “VtC + 212 ’ 

or when to = 61.992 krad/s, or 9.8664 kHz, given the parameters shown in Figure 14.37. 
At this frequency, the amplitude of vq is 24.8120 V, considerably higher than the 
magnitude of the 1-Volt drive! 



—► 

L = 20 mH 
C= 13nF : 


V; = 1 V COS (CO t ) 


FIGURE 14.37 Series resonant 
circuit. 
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(b) Substituting the resonance frequency ai 0 = yJ\/LC for w in the preceding expression 
for | V c |, we obtain 


|Vc(a>o)| 


1 V 

a> 0 RC 


yzvciv 

R 


— Q x 


1 v. 


Recall that for a series resonant circuit Q = cn 0 L/R = [yjL/Q/R. Note from the previous 
equation that at the resonance frequency, the amplitude of the output is Q times the 
amplitude of the input. For the parameters in Figure 14.37, the resonance frequency 
ai o = 62.017 krad/s, or 9.8074 kHz. At the resonance frequency, the amplitude of vq is 
24.8069 V, which is not the maximum amplitude, but is very close it. Note too that 
Q = 24.8069. 

(c) The damped resonant frequency is ay = Jin 5 — a 2 — 7(1 /LQ - (RJ2L) 1 . This 
is the oscillation frequency of the homogeneous response, and thus the oscillation 
frequency of the response to initial conditions. For the parameters in Figure 14.37, 
ay = 62.005 krad/s, or 9.8684 kHz. At this frequency, the amplitude of Vq is 
24.8107 V, which is again very close to the maximum amplitude. 

(d) At 1 kHz the amplitude of vq is 1.01 V. It is clear that at this frequency, the input 
is being passed through without degradation to the output. However, the amplitude is 
significantly lower than those near the resonance frequency, as derived previously. 

(e) At the higher frequency of 100 kHz the amplitude of vq is 0.01 V, which is 
significantly lower than that of the input. 

Thus, this circuit is behaving like a low-pass filter as it passes low frequencies without 
degradation, while it significantly attenuates high frequencies. However, since this circuit 
has a very high Q, it probably will not serve as a useful low-pass filter, as it can produce 
voltages that are significantly higher than the input when driven near its resonance 
frequency. If a more or less flat response is desired at low frequencies (from DC to 
approximately the resonance frequency) then the circuit designer must change the circuit 
parameters to obtain a lower value of Q, for example, Q = 1 . 

One final point is worth noting: The circuit parameters shown in Figure 14.37 make 
for a high-Q circuit, with Q Fa 25. In this case, the undamped resonance frequency, the 
damped resonance frequency, and the frequency at which the circuit yields the maximum 
amplitude of vc are all very nearly equal. Further, the amplitudes at all three frequencies 
are all very nearly equal to Q times the input amplitude. 


14.5.3 HIGH-PASS FILTER 

The voltage across the inductor is obtained by multiplying the current I with 
the impedance of the inductor sL: 


s 2 Vj 

s 2 + 2 as + a > 2 ’ 


V/ = IsL = 
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FIGURE 14.38 Frequency 
response of the high-pass filter. 


which leads to the following system function relating V/ to V;: 


H/(s) = 


Vi(s ) 


s 2 

s 2 + las + w 2 


The frequency response plot for H; is shown in Figure 14.38. Because high- 
frequency signals pass through unattenuated, Hi represents a high-pass filter. 


14.5.4 NOTCH FILTER 

A notch filter is also called a bandstop filter. It eliminates a range of frequencies 
about a notch frequency. As shown here, the system function corresponding 
to the voltage V n forms a notch filter. Multiplying I with the combined series 
impedance of the inductor and the capacitor we have 


V n = I(sL - 




sC 


- 2as - 


2 5 
it- 


which leads to the following system function relating V n to V,: 


h„ ( s)= M = JL±AL 

Vj(s) s 2 + las + ft) 2 

The frequency response plot for H n as shown in Figure 14.39 clearly demon¬ 
strates that H„ behaves as a notch filter. In fact, at ft> 0 , H n goes to 0. 

The four types of filters constructed using a resonant RLC circuit are sum¬ 
marized in Figure 14.40. The general behavior of each of the filters can be 
deduced quickly by observing the behavior of each circuit element within the 
filter for low, moderate, and high frequencies. For example, because a capacitor 
behaves like an open circuit for low frequencies, and a short circuit for high 












816 


CHAPTER FOURTEEN 


SINUSOIDAL STEADY STATE: RESONANCE 



FIGURE 14.40 Filters built 
using resonant RLC circuit. The 
filters include a low-pass filter 
(LPF), a high-pass filter (HPF), a 
bandpass filter (BPF), and a 
bandstop filter (BSF). 


Vi 

1= (14.77) 

R 

Therefore, if the series RLC circuit is driven at its resonant frequency, that is at 
co — co 0 , we see that 

v«—L-- 

jco Q C jco 0 RC \ R ) 


(14.78) 
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(14.79) 


Using the expression for the Q of a series resonant circuit, Equation 14.62, 
we find 


|V C | = |V/| = QV, 


(14.80) 


That is, the voltage across either the capacitor or the inductor in a series reso¬ 
nant circuit is Q times the input voltage when the circuit is driven at its resonant 
frequency. 

However, notice from Equations 14.78 and 14.79 that the sum of the inductor 
and capacitor voltages is zero. Thus, the combination of the two elements 
appears as a short. Any solace one obtains from this fact, however, should 
be short lived because for high Q resonant circuits, the capacitor or inductor 
voltage can still be massive, and can damage an element if its voltage rating is 
exceeded. 5 On a more positive note, this principle is used in instruments for 
measuring the Q of inductors. 

Next, to better understand the goings on within the capacitor and inductor, 
let us examine the stored energy at resonance. From Equation 14.78 


v c = Re |V c t> ot 
= Re [—jViQe 


(14.81) 


(14.82) 


= Vj-Qsino)?. 

Hence, from Equation 13.162, the stored energy is 


(14.83) 



(14.84) 


(14.85) 


For the inductor, 



(14.86) 


(14.87) 


5. Note that it is not strictly necessary for the circuit to be driven with a sinusoid at its resonant 
frequency for a potentially harmful response, rather any signal that has even a miniscule component 
at the resonant frequency can cause a huge and sustained response. 
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W L = ^ ^ vj (1 + cos(2 Wot)) . (14.88) 

By substituting both Equation 14.62 and 14.76 into Equation 14.85, the stored 
energy in the capacitor can be written in a form closer to Equation 14.88: 

wc = (1 - cos(2<y 0 £)). (14.89) 

Now it is obvious that at resonance, the total stored energy in the system is 
constant: 


“'total = W L + w c = ^ vj. (14.90) 

The energy is first stored in the inductor, then in the capacitor, shifting back 
and forth at twice the input frequency. 

If the circuit is not driven at its resonant frequency, the stored energy will 
no longer be constant. w tota i will have a time dependence, requiring reactive 
power from the source. 

It is possible to define a quality factor Q based on stored and dissipated 
energy at resonance: 

B=-Swrede^rgy- (1451) 

Average energy dissipated per radian 

Because at resonance I — Vj/R, the average power dissipated in the resistor is 


P = 


n. 

2 R 


(14.92) 


The average energy dissipated per radian is this quantity divided by the frequency 
expressed in radians per second, 


= r~—■ (14.93) 

2,j\COq 


Substituting into Equation 14.91 from Equations 14.90 and 14.93, we obtain 


LVj/2R 2 co 0 L 
V}/2Ra> 0 ~ ~T 


(14.94) 


as before. 
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We have now seen three definitions for the quality factor Q of a resonant 
circuit. The first, encountered in Chapter 12, was based on the ratio of the 
undamped resonant frequency to the damping factor for transient excitation 
(Equation 12.65): 


Q = —. 

2a 

(14.95) 

The second, derived in this chapter (Equation 14.47), was based on the width 
of the resonant peak in the frequency response for sinusoidal excitation: 

Q = 600 

u>2 — <0\ 

(14.96) 

where on — o>\ is the bandwidth, and o> \ and 002 are the frequencies 
response magnitude is down to 0.707 of its peak value. 

The third is the relation in terms of stored and dissipated 
resonance, Equation 14.91: 

where the 

energy at 

Stored energy 

Average energy dissipated per radian 

(14.97) 


These definitions all reduce to the same value for second-order circuits, but they 
yield slightly different values in higher order circuits. 


EXAMPLE 14.8 TIME-DOMAIN VERSUS FREQUENCY- 
DOMAIN BEHAVIOR FOR A HIGH-Q RLC CIRCUIT This 
example uses the quality factor Q for the circuit in Figure 14.37 to deduce the general 
form of the frequency domain response and the time domain response (specifically, the 
zero input response) of the circuit. We will focus on vq and consider two cases: R = 50 Q 
and R = 500 Q. 

Using the impedance method, the magnitude of the system fimction relating V c to V) is 
given by 


I ± ±r\UJI\ — . 

7(1 - co 2 LQ 2 + [cdRQ * 1 
Q for the series resonant circuit is given by 


Q = 


1 

R 



For R = 50 Q, Q = 25. For this high value of Q, following the discussion of Q in 
Section 14.5.2, we expect to see a peaky frequency response, as can be confirmed by 
observing the magnitude plot of the frequency response of H c in Figure 14.41a. The 
plot in Figure 14.41a also shows that the peak value is 25. 
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Frequency (rad/s) log scale 

(c) 



FIGURE 14.41 Time-domain 
versus frequency-domain behavior 
of an RLC circuit: (a) frequency 
response for Q = 25 , (R = 50 £2); 
(b) transient response Q = 25 , 

(R = 50 £2); (c) frequency 
response for Q = 2 . 5 , (R = 500 £2); 
(d) transient response for Q = 2 . 5 , 
(R = 500 £2). 


In the time domain, according to the interpretation of Q discussed in Section 12.2.1, 
the high value of Q implies that the circuit will ring for many cycles if the input is set 
to 0 and an initial voltage is present on the capacitor. Figure 14.41b shows the zero 
input response for this circuit for t'c(O) = 1 V. The time domain plot in Figure 14.41b 
also shows that the circuit oscillates for approximately 25 cycles before it decays to an 
unobservable level in the graph. 

For R = 500 £2, Q = 2.5, a rather modest value. Thus, we do not expect to 
see significant peakiness in the frequency response, as can be confirmed by observing 
Figure 14.41c. 

Similarly, from a time-domain viewpoint, we do not expect the circuit to ring for many 
cycles. Rather, we expect the transients due to an initial voltage on the capacitor to die 
out quickly. Figure 14.41d confirms this observation. 
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14.7 SUMMARY 


► Resonant systems are characterized by a quadratic expression of the form 


s 2 + 2a s + with complex roots, in its system function. Systems with 
complex roots in their system functions display oscillatory behavior. 


► The impedance approach provides an analysis of resonant circuits which 


complements the time-domain calculations of Chapter 12, by showing the 
behavior of the circuit as a highly selective filter. The selectivity of the filter 
is related to the quality factor Q of the circuit. 

► The performance of a resonant circuit is summarized by its frequency 
response. The frequency response comprises plots of magnitude and phase 
angle versus frequency. 

► The following constraints provide intuition into the shape of the frequency 
response (including magnitude and phase) for resonant second-order 
systems: 

f. the low-frequency asymptote, 

2. the high-frequency asymptote, and 

3. the magnitude and phase of the response at the resonant frequency. 

► The quality factor Q, the resonant frequency &> 0 , and the damping factor a 
are three key parameters that characterize the behavior of resonant systems. 
These three parameters can be determined by inspection by writing the 
resonant system function in standard form, such that a quadratic expression 
of the form s 2 +2as+® 2 is identifiable. The parameters a and a> 0 are directly 
identified from the quadratic term, while Q is obtained from: 



2a 


The bandwidth and damped resonant frequency ojj are two other impor¬ 
tant parameters in resonant systems and are given by: 


Bandwidth = la 


and 



respectively. is the frequency at which a resonant circuit actually 
oscillates. The value of coj is close to that of w 0 for high-Q circuits. 
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► For the parallel RLC resonant structure, the voltage across the parallel 
combination reaches a maximum at 


co 0 = 1 /VlC, 

the resonant frequency. The damping factor is given by: 


(14.98) 


1 


a = 


IRC 


and the quality factor Q is 



The bandwidth for the parallel resonant structure is 

1 

Bandwidth =2 a = —. 

RC 

► hi the series RLC resonant structure, the current through the elements is 
maximum at the resonance frequency: 


a> 0 = 1 /VlC. 


The damping factor is given by: 


R 

2L 


a = 


and the quality factor Q is 



The bandwidth for the series resonant structure is 


Bandwidth =2 a — —. 

L 


► The bandwidth is related to the resonant frequency by the quality factor: 


Resonant frequency 


(14.99) 


Bandwidth 


so high Q means narrow bandwidth (or high selectivity). 
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► Other equivalent definitions for Q are 



(14.100) 


and 


Stored energy 


(14.101) 


Average energy dissipated per radian 


at resonance. 

► Using Q as the common parameter, the time-domain step response of 
a circuit can be visualized from the circuit’s frequency response, and vice 
versa. For example, a “peaky” gain versus frequency plot implies ringing in 
the step response, while the absence of peakiness implies a quick decay of 
the step response. 

► Resonant systems are the basis of second-order filters including the LPF, 

HPF, BPF, and BSF. 

► In later chapters, we will see many RC active filter topologies that exhibit 
resonance without requiring inductors. 6 

exercise 14. i EXERCISES 

a) For the circuit in Figure 14.42, assume a sinusoidal steady state at a fixed frequency 
00 0. Determine an equivalent circuit for the R — L parallel combination (Zj) in terms 
of a resistor R' in series with a suitable inductance L'. 


T ' 



FIGURE 14.42 


b) Determine the impedance Z that must be added in series with Z\ such that the total 
impedance Zi is equivalent to a pure resistance at frequency idq. What is this value 
of this resistance? 

EXERCISE 14.2 For a parallel RLC network with R = 1 kfi, L = 1/12 H, C = 
1/3 /iF, find id 0, fo, ot, Qo, wj, (d\, a>2, and f) = a>2 — (d\ . ( u>\ and a>2 are the half-power 
frequencies.) 


6. We care about tilts because inductors are hard to fabricate in integrated circuits. 
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EXERCISE 14.3 A parallel resonant RLC circuit (see Figure 14.43) driven by a 
current source, 0.2 (cos cot), (units of amperes) shows a maximum voltage response 
amplitude of 80 V at a> = 2500 rad/s. and 40 V at 2200 rad/s. Find R, L, and C. 




FIGURE 14.43 

EXERCISE 14.4 Find an expression for the value of L that will balance the bridge 
(see Figure 14.44) to make v\ — vi = 0, for an input voltage V cos {cot). 


FIGURE 14.44 



EXERCISE 14.5 One or two of the following statements made about the second- 
order RLC network in Figure 14.45 is/are inconsistent with the rest. Circle the 
inconsistent statement(s): 

a) The natural frequencies si and S 2 of this circuit are as shown in the complex plane 
(see Figure 14.46). 

b) Q = 1 . 2 . 

c) The admittance function Y{jco) = I{jct))/V s {jo}) = ;2o>/[(169 — a> 2 ) + ;10a>]. 

d) The step response for t > 0 is of the form: 


FIGURE 14.45 


i(t) = Ae 5t cos{12t + 4>). (14.102) 


,/m 


r- 

1 

-5 1 

712 

1 

- 

;12 


e) The steady-state response to v s (t) — B cos(25 1) is of the form: 

i(t) = Ccos(25f+ 4>). (14.103) 

EXERCISE 14.6 Consider the network shown in Figure 14.47. 

a) Show that by proper choice of the value of L, the impedance Vj(s)/Ij(s) = Z,(s) can 
be made independent of s. What value of L satisfies this condition? 

b) With L as determined in part (a), what is the value of Z,? 

c) Assume that the capacitor voltage and the inductor current are both zero for t < 0. 
Determine ic(t) for t > 0 when f/(f) is a unit step. 


FIGURE 14.46 
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FIGURE 14.47 


V/0) 


*2 

-WWW- 


+ 



v 0 (t) 


FIGURE 14.48 



EXERCISE 14.7 Each of the following parts makes a statement about a second- 
order system. Indicate whether the statement is tme or false. 

a) The network shown in Figure 14.48 (with both R’s and Cs positive) can exhibit 
natural responses of the form e~ at sin cut. 

b) The natural response of an RLC network is given by: vq({) = 25e~ St cos(12t+ n/7). 
The Q of the network is 1.2. 

c) For the circuit shown in Figure 14.49, the output voltage under sinusoidal steady 
state conditions is zero. 

d) The circuit shown in Figure 14.50 contains 3 energy storage elements and thus has 
3 natural frequencies. 



FIGURE 14.49 


FIGURE 14.50 


EXERCISE 14.8 The voltage-transfer ratio of a certain network is shown in 
Figure 14.51 in Bode-plot form. 

This transfer ratio can be expressed in the form: 


Vo(s) = _Ks_ 

Vj(s) (s 2 + sa>o/Q + Mq)(ts + 1) 


(14.104) 


Determine the parameters K, Q, co q, and r. 
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FIGURE 14.51 


R 



FIGURE 14.52 


+ 


ZO'w)—► 



R 

1 raH 


FIGURE 14.53 


EXERCISE 14.9 

a) In the circuit in Figure 14.52, find an expression for the complex amplitude V Q 
as a function of V; after transients have died out, assuming Vi is a sinusoid: v, = 
Vi cos(a>f). 

b) Find v Q (t) at the frequency cdq = 1/*]LC. 

EXERCISE 14.10 The impedance of the network shown in Figure 14.53 is found 
to be 2 and is purely real at all frequencies. The value of the inductor is one mH as 
shown. What are the values of R and C? 


PROBLEMS 


V/(f) 



v Q (t) 


FIGURE 14.54 


PROBLEM 14.1 For the series-resonant circuit in Figure 14.54, draw the 
impedance model, and find the transfer function V 0 /Vj. Sketch the Bode plot of log 
magnitude and phase of this function versus log frequency by sketching the asymptotes, 
then sketching the function. This is a second-order low-pass filter. 

For this topology, the maximum amplitude does not occur at the resonant frequency 
o )0 (prove this, but don’t work out all the math). However, this is a small effect for all 
but very low Q. Find expressions for the resonant frequency (defined as the frequency 
where the s 2 and the s° terms cancel in the denominator) and the Q. 

PROBLEM 14.2 Consider the circuit in Figure 14.55. 


a) Draw the Bode plot of \Z(w)\ for R = L = C = 1. What is the resonant 
frequency? 

b) Draw the Bode plot of \Z{w)\ for R = 1,L = C = 2. What is the resonant 
frequency? 

c) Comment on the results of part (a) and part (b). 
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FIGURE 14.55 


FIGURE 14.56 


PROBLEM 14.3 The circuit shown in Figure 14.56 has an input voltage v m \{t) = 

Vj cos (120 jH), and L = 500 mH, C = 80 /xF, and R = 50 £2. 

a) Compute the transfer function H(s) = V 0 (s)/V m i (s). 

b) Set v^i (t) = 0. What is the equivalent complex impedance of the circuit evaluated 
between V Q and ground? 

c) Parts (a) and (b) might lead you to believe that Thevenin’s Theorem also applies to 
complex impedances. If this is true, then we can replace the circuit between V 0 and 
ground by a complex Thevenin impedance (Z f /,) and a complex open circuit voltage 
(Voc). Taking v m \ (t) = 10 cos(1207H) compute and V oc - 

d) Having represented the circuit by its Thevenin’s equivalent, we wish to connect it 
to another circuit having v m 2 M = 10 cos(200f) as shown in Figure 14.57. 



1) Are there any problems with this approach? If so state them explicitly. 

2 ) Compute the complex V 0 for this circuit. 

3) Now let v m \ = v\ 1,2 = 10 cos(1207rf). Evaluate V 0 for this case. 

4) If v m \(t) = t'inzit) = 10 cos(120jrf) compute the real output voltage v Q (t). 


PROBLEM 14.4 

a) Determine co 0 , a, a>d, and Qi for each of the circuits in Figure 14.58 (Qi = a> 0 lla). 

b) Assume L = 1 mH and C = 10 /xF. Find values of R\ and R 2 that will yield 
Qi = 10. What is the ratio of R[ to IG? 


FIGURE 14.57 




FIGURE 14.58 
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c) Make a parallel L' — R' equivalent circuit for the L — R 2 series combination (as in 
Exercise 14.1) and use this equivalent circuit to calculate what the ratio of R\ and 
R 2 in part (b) should be for Qj = 10 in both circuits. How large is the discrepancy, 
if any? 

d) Using the values for R[ and JU found in part (b), make plots of \Z\ | and IZ 2 I versus 
frequency and ZZj and ZZ 2 versus frequency. Identify the following features of 
your plot: 

i) The maximum impedance, the frequency ai r at which this occurs, and the 
phase angle at ai r . 

ii) The frequencies co\ and a >2 at which |Z| is l/s/2 smaller than the maximum, 
and the phase angles at coj and oh. Calculate the quantity Q 2 — a> r /(a >2 — ft>i)- 

e) Now suppose that you have just been given a “parallel resonant” circuit Z, but 
you don’t know whether it is of the Zj form or the Z 2 form. Suggest a step-by- 
step experimental procedure based on measurements of |Z| and perhaps ZZ as a 
function of frequency to determine the following: 

i) which of the two forms of parallel resonant circuit is the best model, and 

ii) specific values for the three elements, R, L, and C. 

PROBLEM 14.5 

a) Write down the differential equation describing the circuit in Figure 14.59. 

b) Write the transfer function V 0 (s)/Vi[s). 

c) Solve for ij(t) assuming ztj(f) = cos(a>f) (let a> = 1). 

d) Plot the roots of the characteristic polynomial from part (b) on the complex s-plane 
(assume R 2 C 2 < 4CL). 


PROBLEM 14.6 

a) In the circuit in Figure 14.60, given that vs = Vs cos {cot), where a> = 10 6 rad/s. 
Design a lossless coupling network containing one inductor and one capacitor that 
will maximize the power transferred to the antenna at frequency co. 


h(0 R 



v o(t) 



FIGURE 14.59 


FIGURE 14.60 
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b) Now suppose that vs = Vs cos {cot) + e cos(3 cot), where e represents a small 
amount of third-harmonic distortion introduced by nonlinearities somewhere in the 
transmitter. Since the FCC forbids the broadcast of harmonics, it is important to 
check that coupling networks do not inadvertently favor the coupling of hannonics 
to the transmitter. For your design in (a), calculate how much third harmonic reaches 
the antenna. 


PROBLEM 14.7 Refer to Figure 14.61 for this problem. 
The Q of a physical energy storage element may be defined as 


Im(Z) 
Re[Z) 


(14.105) 


where Z is the terminal impedance of the element. The Q may also be defined in terms 
of energy as 


q 2 


2 7i <W> 

f'diss/cycle 


(14.106) 


where < W > is the average stored energy and Ediss/cycle is the energy dissipated per 
cycle. 


a) For the simple inductor model, calculate and compare Qj and Q 2 as functions of 
frequency. 

b) For the more complex model, and assuming Rp Rs, sketch Qj as a function of 
co making reasonable approximations. 

c) Suppose two inductors with the same Qi and Qjo are connected in series. Express 
Ql for the series combination in terms of Qio- 


r 


n 




L 


j 


Simple model of a 
physical inductor 





More complex model 


FIGURE 14.61 


PROBLEM 14.8 Communications receivers require high-Q circuits to separate 
signals broadcast on adjacent channels. Due to losses, modeled by the parallel resistance 
r, there is a limit to the Q that can be achieved with passive components. In the amplifier 
circuit in Figure 14.62, a variable resistor Rp has been added which has the effect of 
increasing the Q of the passive tuned circuit. 



+ 

r Vr 


FIGURE 14.62 


Source Amplifier 


Tuned circuit 
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FIGURE 14.63 


R s =lkn,r= 10000 11, L = — /zH, 0 = 11, Up and C variable. 

a) Consider first the tuned circuit by itself, disconnected from the amplifier. If C is 
chosen so that the circuit has a 1-MHz resonant frequency, what is its Q? 

b) Determine the overall transfer function H(s) = V 0 /V s . 

c) Select values for C and Rp so that the overall frequency response is peaked at a 
frequency 1 MHz and has a half-power band width of 2 kHz. (Note, the half-power 
bandwidth = 2a.) What is the Q in this case? 


PROBLEM 14.9 

a) Consider the two circuits in Figure 14.63. 




Determine the following transfer functions: 

Hi(s) = h/I s and H 2 (s) = h.H s . 

b) Given i s (t) = draw the circuits as they would appear in steady state. (Recall 

that u_i(t) represents a unit step at time t = 0.) What are the “forced responses” 
if and if} 

c) Calculate the “natural responses” if and if. Assume 

ii.(0) = 0, z'c(O) = 0, R » y/L/4C. 

WTiy is if not the complete steady-state response of the second circuit? 

d) Write the step response i\ = if + z^ and z 2 = + z|^ in terms of wo and Q. 

Answer: 


i\{t) = 1 — e u ‘° tll Q sin(co 0 T) + (cosw 0 l)^ 


h(t) = 1 — cos co 0 t. 


e) 


12 (f) reaches maxima/rninima at t = 
■N(mr) = 1;N(*r )? 

1 (D 0 J z (D 0 

For Q = 5,50, and 500 calculate: 


—,n = 0,1,2,.... For what value of n does 

Olo 



(14.107) 


Sketch i\ (t) for Q = 50. 
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(a) 




FIGURE 14.64 


PROBLEM 14.10 The circuit in Figure 14.64a is to be used as a bandpass filter 
having the magnitude-frequency curve shown in Figure 14.64b (linear coordinates). The 
input voltage is 


v s (t) = V s cos {cot) 

and 

w c = 1 x 10 6 rad/s 
w+ = 1.05 x 10 6 

w~ = 0.95 x 10 6 (14.108) 

a) Find the appropriate values of L and C. Using these values: 

i) Sketch ZV 0 vs. co. 

ii) Let vs= 10 cos 10 6 t. Calculate vc(t), i{t), and VQ{t). 

iii) For vs = 10cosl0 6 i, determine the total stored energy W s and the time- 
averaged power dissipated. 


PROBLEM 14.11 An RLC circuit is shown in Figure 14.65. 

The magnitude of Ij/Vi(jco) is measured and is as plotted in Figure 14.66 (on log-log 
coordinates). 
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^Q) 


—► 


i,(t ) R 


■sm^ 


L= ImH 


C =E= v 0 (t) 



Slope = -1 


CO 


10 6 rad/s 


FIGURE 14.65 


FIGURE 14.66 


a) What is the value of C? 

b) What is the value of R? 

c) What is the value of Aw? 

d) The circuit is now excited with a unit step of voltage. The values of z/(f) and vo{t ) 
are zero prior to time t = 0 . 

Sketch the signal vo(t) for t greater than zero, labeling important features. 

PROBLEM 14.12 Refer to Figure 14.67 for this problem. 

v A = A cos(400t) A = 141 kV, L = 0.25 H 

This problem examines a simple model of an electric power system. The source v A 
represents the generator in the power plant. The inductance L represents the net effect 
of all power lines and transformers. The customer’s load is represented by resistance Rl 
to which the capacitor C is added in parts (b) and (c). 

a) No capacitor. Rl — 100 £2. Find the magnitude of vg and the average power 
dissipated in Rl. 

b) In an attempt to improve on the situation in part (a), the customer adds a capacitor 
in parallel with his load. He finds that a 25-/zF capacitor works well. Find the 
magnitude of vg and the power dissipated in Rl for Rl = 100 £2 and C = 25 /iF. 


L 


FIGURE 14.67 



Power Power line 

plant 


Customer 

load 
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c) The customer is now very happy. However, before going home for the night, he 
turns off 90% of his load (making Rg = 1 k£2), at which point sparks and smoke 
begin to appear in the equipment still connected to the power line. The customer 
calls you in as a consultant to straighten things out: 

i) Why did sparks appear when the customer tried to turn off 90% of the load? 

ii Assuming a variable Rg in the range 100 < Rg < 1000 £2 provide the customer 

with a simple formula he can use to calculate the right value of C so that the 
magnitude of vg is always equal to 141 kV. 




FIGURE 14.68 


PROBLEM 14.13 Refer to Figure 14.68 for this problem. 


— = 5 
2 L 


jj, = 16 R = 25 


lk = L6 


a) Assume that i(t ) = 0 for t > 0, and that ig{ 0) = 0, vq(0) = V 0 . Find vc{t) for t > 0. 
Simplify your answer, and make a rough sketch of vq( t) showing its behavior. 

b) Find the transfer function (system function) relating V(s) to I(s). 

c) When i(t) = 2e _3t , it is known that the voltage v[t) can be expressed as: 

v{t) = Ae Slt + Be S2t + De~ 3t . (14.109) 


Find si,S 2 , and D. (You need not find A and B.) 



PROBLEM 14.14 Refer to Figure 14.69 for this problem. 
V T =1V R=lmA/V 2 


For Vi(t) a small sinusoidal voltage, choose Vi,R,L, and C to give a resonance at 
co — 10 5 rad/s, Q = 10 , and an incremental gain v 0 /vi at resonance of —2. Use 
the incremental model. 

PROBLEM 14.15 The two networks shown in Figure 14.70 are driven in sinu¬ 
soidal steady state by the voltage V[{t) = Vicos(tut). Their outputs take the form 
vo(t) = Vq cos{cot + <p). 



a) For both networks, find Vo and 0 as functions of Vi and co using impedance 
methods. 

b) For both networks, let R = 1000 Q, L = 47 mH, and C = 4.7 nF. Plot and clearly 
label Vo/Vl for 2 tc x 10 3 rad/s < co < 2n x 10 5 rad/s; use a linear axis for 
Vo/Vi, and a logarithmic axis for co. You need only plot enough points to outline 
the dependence of Vo/Vi on co. 

c) Describe the filtering function of each network, and how each network acts to 
perform its function. 



FIGURE 14.70 
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FIGURE 14.71 



I(t) 



PROBLEM 14.16 This problem examines the very simple tuner for an AM radio 
shown in Figure 14.71. Here, the tuner is the parallel inductor and capacitor. The 
injection of radio signals into the tuner by the antenna is modeled by a current source, 
while the Norton resistance of the antenna in parallel with the remainder of the radio 
is modeled by a resistor. (You can learn more about antenna modeling in follow-on 
courses in Electromagnetic Waves.) The AM radio band extends from 540 kHz through 
1600 kHz. The information transmitted by each radio station is constrained to be within 
±5 kHz of its center frequency. (You can learn more about AM radio transmission in 
courses in signals and systems.) To prevent frequency overlap of neighboring stations, 
the center frequency of each station is constrained to be a multiple of 10 kHz. Therefore, 
the purpose of the tuner is to pass all frequencies within 5 kHz of the center frequency 
of the selected station, while attenuating all other frequencies. 

a) Assume that I(t) = /cos(wt). Find v[t) where u(t) = Vcos(wf + <p), and both V and 
<j> are functions of a>. Note that v{t) is the output of the tuner, namely the signal that 
is passed on to the remainder of the radio. 

b) For a given combination of /, C, L, and R, at what frequency is V maximized? 

c) Assume that L = 365 /zH. Over what range of capacitance must C vary so that 
the frequency of maximum V/I may be tuned over the entire AM band? (Note that 
tuning the frequency of maximum V/I to the center frequency of a particular station 
tunes in that station.) 

d) As a compromise between passing all frequencies within 5 kHz of a center frequency 
and rejecting all frequencies outside that band, let the design of R be such that 
V(1 MHz ± 5 lcHz)/V(l MHz) fs 0.25 when the tuner is tuned to 1 MHz. Given 
this design criterion, determine R. 

e) Given your design for R, determine V(1 MHz ± 10 kHz)/V(l MHz). Also, 
determine Q for the tuner and its load resistor when the tuner is tuned to 1 MHz. 
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THE OPERATIONAL 
AMPLIFIER ABSTRACTION 



15.1 INTRODUCTION 

This chapter introduces a very powerful amplifier abstraction called the opera¬ 
tional amplifier or Op Amp. Much as the gate abstraction forms the foundation 
of most of digital electronics, the operational amplifier forms the basis for much 
of electronic circuit design. 

The Op Amp is a multistage two-input differential amplifier that is designed 
to be an almost ideal control device, specifically, a voltage-controlled volt¬ 
age source. An abstract representation of the operational amplifier shown in 
Figure 15.1 suggests it is a four-port device. The four ports are an input port, 
an output port, and a pair of power ports. A + Vy-voltage (for example, 15 volts) 
is applied at the plus power port and a — Vy-voltage (for example, —15 volts) is 
applied at the minus power port. An input voltage (the control) applied across 
the non-inverting and inverting input terminals of the Op Amp is amplified by 
a large amount and appears at the output port. In the operational amplifier 
abstraction, the input impedance across the input port is infinity, and the out¬ 
put impedance is zero. The gain, or the factor by which the input voltage is 
amplified, is also infinity. 

This chapter uses the Op Amp to construct more complex circuits using 
its simple, abstract model. Internally, the Op Amp itself is a moderately compli¬ 
cated circuit (see, for example, Figure 15.2) and its design is beyond the scope of 
this book. Briefly, it contains an input stage not unlike the differential amplifier 


+ Power supply port 



Output port 


FIGURE 15.1 The operational 
amplifier abstraction. 
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FIGURE 15.2 Achip 
photograph of the MAX 406 Op 
Amp from Maxim Integrated 
Products. The chip is roughly 2 mm 
on a side. (Photograph Courtesy of 
Maxim Integrated Products) 



discussed in Example 7.21 in Chapter 7, or Example 8.3 in Chapter 8. This dif¬ 
ferential input stage gives the Op Amp its high input resistance, and a high gain. 
It also converts the differential input voltage to a single-ended output. 1 Typical 
Op Amps also have a second stage similar to the second stage in Example 7.21 
in Chapter 7, which provides additional amplification and level shifts the output 
voltage to zero when both inputs are equal. Op Amps may also have an output 
stage similar to the buffer illustrated in Figure 8.40 in Chapter 8, which gives 
the Op Amp its low output impedance. 

In this chapter, initially, our discussion will be in terms of circuits con¬ 
taining Op Amps and resistors. After the basic ideas of Op Amps used as 
dependent sources and negative feedback have become familiar, circuits with 
both capacitors and resistors will be introduced. 

15.1.1 HISTORICAL PERSPECTIVE 

The name operational amplifier originates from the bygone days of the ana¬ 
log computer (1940-1960), in which the constants in differential equations 
were represented by the gains of amplifiers. Thus these amplifiers, con¬ 
structed from balanced pairs of specially manufactured vacuum tubes, had 
to have reliable, known, fixed gains. Because transistors are inherently more 
temperature-dependent than vacuum tubes, it was at first thought that satisfac¬ 
tory transistor Op Amps could not be built. But in 1964, it was discovered that 
by fabricating balanced transistor pairs close together on a single silicon chip to 
minimize thermal gradients, the temperature problems could be overcome. And 
thus were bom in rapid succession the 703, the 709, and then the ubiquitous 
741. Op Amps are rarely used for analog computers now, but instead have 
become universal building blocks in all aspects of analog circuitry. 


1. Op Amps with single-ended inputs are also useful. Example 15.1 discusses one such circuit. 
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15.2 DEVICE PROPERTIES OF THE 
OPERATIONAL AMPLIFIER 

The symbol and standard labeling for the operational amplifier are shown in 
Figure f5.3a. The two required external power supplies have been explicitly 
shown in the diagram, although showing them is not the usual practice. All five 
currents have been labeled, in addition to appropriate node voltages, referred to 
the indicated common ground terminal. In this primitive circuit, the voltage Vj 
is used to control the output voltage v 0 . Let us examine this control function in 
detail to find out both the extent of the control, and the cost of the control; that 
is, how much power must be applied from source v, to control a given amount 
of power at the v Q terminal. To address the first problem, we set up the circuit 
exactly as in Figure 15.3, and measure the output voltage v Q , both as a function 
of time and as a function of v t , assuming v, is some low-frequency sinusoid. 
The results are shown in Figures 15.3b and 15.3c. Note the difference in scale 
of the voltage axes, indicating that the output voltage is perhaps 300,000 times 
as large as the input voltage. The plot of v Q versus Vj shows a region around 
the origin where v Q is fairly linearly related to v„ but much beyond this range 
the control becomes ineffective, and v 0 stays at a fixed voltage, or saturates , at 
roughly either +12 volts or —12 volts, depending on the polarity of v t . The 
curves will also differ for different samples of the same Op Amp type. 

Separate measurements on the device, not illustrated in Figure 15.3, would 
indicate that the maximum output current i Q is about 10 mA for the 741, and 
that the input currents i~ and i + are extremely small, of the order of 10 -7 amps. 
Thus it is obvious without any formal calculation that the amount of input 
power required for the control function is orders of magnitude smaller than the 
power that can be controlled at the output. 

The curve of output voltage versus input voltage, Figure 15.3c, is nonlinear. 
But we also observe that the device has very large voltage gain, defined as 
Av 0 / Ai>i. We certainly would be willing to sacrifice substantial amounts of gain 
in return for a corresponding improvement in linearity. Fortunately, the addition 
of two resistors to the circuit results in precisely this trade-off. Figure 15.4 shows 
one possible circuit configuration, and the resulting relation between v Q and v,. 
We will have more to say about this circuit in Section 15.3.1. 

15.2.1 THE OP AMP MODEL 

To gain some insight about how the circuit in Figure 15.4 is working, we first 
need a circuit model that approximates the Op Amp behavior illustrated in the 
data in Figure 15.3. On the basis of the preceding chapters, we are led to assign 
node voltages as in Figure 15.3a, and apply KCL to the circuit. The current 
law equation turns out to be not very helpful, but it is important to understand 
why, so we proceed. From Figure 15.3a, 

A + t + ipi + ipi + io — 0. 


(15.1) 
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FIGURE 15.3 Operational 
amplifier characteristic. As 
illustrated by the dashed lines in 
(c), different devices of the same 
type might have different 
characteristics. The characteristics 
might also depend on temperature. 




As noted in Equation 15.1, i + and i are about four orders of magnitude smaller 
than i Q hence 


o 


ipl ipl- 


h 


(15.2) 
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But ipi and ipi are both power supply currents, so Equation 15.2 merely states 
that the output current comes from the power supplies. Important, but not 
very useful (except possibly for the calculation of power dissipation). 

Figure 15.3c offers more insight. We see that in the center of the charac¬ 
teristic, the output voltage is approximately proportional to the input voltage, 
or, more precisely, to the difference between v + and v~. (Note that v + and v~ 
are labels for voltages, and hence each can be positive or negative, depending 
on the circuit.) If we idealize this relationship by making it linear, then the curve 
of Figure 15.5 results. The curve can now be expressed mathematically as 

v 0 — A(v + — v ~). (15.3) 

This is the mathematical representation of a voltage-dependent voltage source, 
controlled by ( v + — v~). For this particular device the constant A, the voltage 
gain, is 300,000. 

The model in Figure 15.6 represents Equation 15.3 in circuit terms. To 
clearly distinguish the dependent source from an independent source, as before, 
all dependent sources are represented by diamond-shaped symbols. The disem¬ 
bodied wires on the left of the diagram are distressing at first sight, but merely 
indicate that the input current to this ideal voltage-controlled voltage source is 
zero by definition; that is, i + = i~ — 0. 

The dependent source of Figure 15.6 by itself is clearly an imperfect model 
of an Op Amp. The saturation so clearly present in Figure 15.3c is missing 
from Figure 15.5 and from the model of Figure 15.6, as is the temperature 
dependence. To simplify the initial discussion, we shall ignore saturation effects 
in Op Amps when discussing linear circuits by assuming that we always operate 
in the central linear part of the amplifier characteristic. We will specifically 
examine saturation behavior of Op Amps in Section 15.7. 

As a summary, the idealized Op Amp model shown in Figure 15.6 has the 
following properties: 

► The output voltage 

v 0 = A{v + — v~) 

where the gain A -* oo. The output resistance is 0. 

► The input currents i + = 0 and i~ = 0. Accordingly, the input resistance 

is infinite. 



FIGURE 15.5 Linearized 
characteristic. 



FIGURE 15.6 Voltage- 
controlled voltage source. 
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15.3 SIMPLE OP AMP CIRCUITS 


15.3.1 THE NON-INVERTING OP AMP 


FIGURE 15.7 Model of a 
non-inverting Op Amp amplifier. 


Now we are in a position to find an analytical relation between v 0 and v, for 
the circuit in Figure 15.4. We replace the Op Amp by the linear model in 
Figure 15.6, as shown in Figure 15.7, then analyze this linear circuit by the 
methods of Chapter 3. The voltage variables defined in Figure 15.7 are in fact 
the node variables for the circuit, so we can use the node method to derive 
three independent expressions relating the three unknown voltages. 

First, notice that 



(15.4) 


since v t is the branch voltage between v + and the ground node. 

Next, recalling that the model specifically assumes no input current, that 
is, i~ — 0, we write the node equation at the node with voltage v~ as 


FIGURE 15.7 Model of a 
non-inverting Op Amp amplifier. 


Ri R\ 



or, 


Ri 


(15.5) 


v 



The dependent-source relation yields our third equation: 


v 0 — A{v + — v ). 


(15.6) 


Substituting and solving, we obtain 


Avj 


(15.7) 




* v. 


O 
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Recall that A is very large, 300,000 in our case, so if the voltage divider does 
not introduce too much attenuation, 


AR 2 

Ri + R 2 


» 1 


(15.8) 


hence we can neglect the “1” term in the denominator of Equation 15.7 to 
obtain the approximate result: 


Vo 


Ri + R2 

Ri 


Vi. 


(15.9) 


This is an important result. It says that the relation between v Q and Vj, is almost 
independent of the somewhat unreliable gain constant A of the original Op Amp. 

In other words, because resistor values are stable, reliable and very insensi¬ 
tive to temperature, we expect u Q in this circuit to be a stable reliable function 
of Vj. But this reliability has come at a price: The gain is now much less than 
for the Op Amp alone—somewhere between 1 and 1,000 depending on the 
choice of R\ and R 2 (but not more than 1000, or the inequality, Equation 15.8, 
will no longer be valid). 

Several important conclusions can be drawn from this simple example: 


► It is possible to construct from a high-gain Op Amp and a pair of resistors 
a reliable amplifier with a known fixed gain. This particular configuration 
is called the non-inverting connection. 

► Negative feedback. 

The basic structure of this circuit, in which some of the output signal is 
brought back to the input of the circuit, and compared with the input signal, 
is called negative feedback. 

For the feedback to be negative in simple Op Amp circuits, the attenuated 
output signal must be fed back to the v~ terminal. If the output signal is 
fed back only to the v + input, very different behavior results, as we shall 
see. The first-order consequences of these connections will be explored in 
this chapter, but more complex issues of stability and oscillations are dealt 
with in books on Signals and Systems. 

► We have chosen to model the Op Amp by the dependent source of 
Figure 15.6, which is a voltage-controlled voltage source, for obvious 
reasons. 

► Although the +12 volt and —12 volt DC power supplies are obviously 
necessary for Op Amp operation, (they power the voltage-controlled 
voltage source), their inclusion in the circuit model we use for analysis is 
not very helpful, because the KCL calculation does not yield a 
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useful relation. Calculating the current through a voltage source rarely 
provides useful insight, because a voltage source can support any current. 

The use of feedback as a way of building stable reliable systems is so inter¬ 
twined with our daily lives that we are totally unaware of it. Familiar examples 
are household furnace controls, and cruise controls and anti-lock brakes on 
automobiles. 


15.3.2 A SECOND EXAMPLE: THE INVERTING 
CONNECTION 

Another very common Op Amp circuit, the “inverting connection”, is shown 
in Figure 15.8a. For negative feedback, the signal from the output must find its 
way to the negative terminal of the Op Amp, as shown. 

If we use the Op Amp model in Figure 15.6, hereafter referred to as the 
ideal Op Amp model, then the circuit model for the inverting amplifier is as 
shown in Figure 15.8b. Following the same analysis method as before, we will 
derive three independent equations relating the three unknown node voltages 
v + , v~, and v Q . Accordingly, by inspection: 

v + = 0. 


Summing the currents at the v node, we find, assuming the v terminal of the 
Op Amp draws no current: 


C Vi - v ) [Vo-V ) 

Ra Rb 


(15.10) 


Hence 


Rb . Ra 

- Vi H- v l 

Ra + Rb Ra 4 " Rb 
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The Op Amp output relation yields 


v 0 = A(v + — v ). 


Substituting and solving, we obtain 


—ARb/(R a + Rb) v 

1 +AR a /(R a + R b ) V " 


(15.11) 


(15.12) 


As before, if we assume A is of the order of 10 5 , and the resistor ratio RJ[R a + 
Rb) is not less than 0.001, then 


A- 


R,i 


Ra + R-b 


» 1 


(15.13) 


and Equation 15.12 can be approximated as: 

v 0 ~-^ Vi . (15.14) 

Again we have a relation between the input and the output voltage that is 
almost independent of the unreliable gain A, and dependent only on resistor 
ratios. But this time the output signal is inverted compared to the input signal, 
as indicated by the minus sign. Equation 15.14 for the inverting connection 
and the corresponding equation for the non-inverting case, Equation 15.9, are 
encountered so frequently that they rapidly become primitives in our circuit 
analysis repertoire, as with the voltage-divider and current-divider relations. 

One might be tempted to use superposition on Vj and the dependent source 
A{v + — v~) in Figure 15.8b to find v~, but as discussed in Section 3.5.1 this is 
a hazardous approach. The problem is that the value of the dependent source 
is controlled by some other variable in the circuit, so we are not free to simply 
set the source to zero. 

The safest mle to follow is: Do not set dependent sources to zero in 
superposition calculations. 


EXAMPLE 15 . 1 SINGLE-ENDED AMPLIFIER Circuits containing 
single-input amplifiers can be analyzed in much the same way as circuits containing 
Op Amps, as this example shows. Consider the circuit shown in Figure 15.9, which 
contains a single-input inverting amplifier having gain —A. Except for its finite gain, the 
amplifier is assumed to be ideal. Thus, its input current is zero, it drives i'out — — Aimiq, 
and its negative feedback makes the circuit stable. 
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FIGURE 15.9 A single-ended 
amplifier in a feedback loop. Note 
that power supply and ground 
connections to the Op Amp are not 
shown. 


*2 



Following the node method, 


tfMID - MN &MID - tr OUT 

Ri R-2 


with 


t'OUT = — 

Combining these two equations yields 


t'OUT = 


-A(R 2 /R i) 
- 

A + 1 + (R 2 /Hi) 


which is identical to the result obtained for the inverting amplifier constructed with an 
Op Amp. For example, with R\ = 1 k£2, R 2 = 100 k£2, and A = 10 5 , fouT = 99.9^. 


Further, in the limit A -*■ oo, 


R 2 

t^OUT = ~ — «4N- 

Ri 


15.3.3 SENSITIVITY 

It is helpful at this point to be more precise about just how “independent” v Q 
really is to changes in the Op Amp gain A. Let G be the gain v ( Jv, of the 
Op Amp circuit. Then for the non-inverting connection, for example, we find 
from Equation 15.7: 


G = 


Vo 

Vi 


A 


1 + A 


«2 

Rl+R 2 


(15.15) 


Taking the differential, assuming small changes in A and constant R± and R 2 , 
we obtain 


dG = 


( 1 + ' 4 iTTE )2 


dA. 


(15.16) 
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The fractional change in circuit gain is then, from Equation 15T5, 


dG 

~G 


1 +A—^r 
Ri+Ri 


dA 

~A' 


(15.17) 


Thus with negative feedback a given percentage change in the Op Amp gain A 
results in a much smaller percentage change in the overall circuit gain G, smaller 
by a factor 1 + AR 2 KR \ + Rf)- Note from Equation 15.7 that this is exactly 
the factor by which the gain is reduced as a result of applying the feedback. By 
inspection of Figure 15.7, the gain term AfG/CRi + Rf) represents the gain for 
a signal traveling all the way around the feedback loop: through the Op Amp 
with its gain of A, then through the feedback resistor network with a “gain” of 
Ri/(R\ + Rf), (hence called the loop gain). In general, for negative feedback, 
gain changes are suppressed by a factor 1 + (loop gain), and the overall gain is 
reduced by this same factor. 


15.3.4 A SPECIAL CASE: THE VOLTAGE FOLLOWER 

A useful circuit for isolating one electrical system from another is the voltage 
follower shown in Figure 15.10. Comparison with Figure 15.4a indicates that 
this circuit is a degenerate case of the non-inverting connection, in which Ri = 0 
and Ri = oo. Hence, from Equation 15.9, the input-output relation for the 
follower is 

v 0 — Vi. (15.18) 

That is, within a part of 10 -5 or so, the output voltage is equal to the input 
voltage. An obvious question: Why not just use a piece of copper wire to 
get the gain of one in Equation 15.18? To answer, we need only look at the 
currents. The current that must be supplied by the input source is i + , hence is 
a few nanoamps. The maximum current that can be supplied to some load by 
the Op Amp output circuit is a few milliamperes. Thus for a one-volt signal 
level, the circuit is drawing perhaps 10 -8 watts from the signal source, but can 
deliver 10 -3 watts to the load resistor Rj. A piece of wire obviously produces 
no such power gain. Said in another way, the Op Amp is providing isolation 



FIGURE 15.10 Voltage follower. 
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between the input and the output parts of the circuit, in the sense that the 
output resistor /\/ can be changed by many orders of magnitude, with a corre¬ 
sponding orders-of-magnitude change in output current, but the output voltage 
and the input current will be virtually unchanged. This isolation is referred to as 
buffering. 


15.3.5 AN ADDITIONAL CONSTRAINT: 

In all preceding Op Amp calculations, we have made an approximation that 
because the so-called loop gain in the denominator is much bigger than one, the 
“one” term can be neglected. This approximation is almost always valid in Op 
Amp calculations. It is the factor 1+ (loop gain) that determines how insensitive 
the circuit is to changes in the Op Amp gain constant A (see Equation 15.17, 
for example), hence large loop gain is clearly a desirable design goal. If the loop 
gain is almost always going to be large, it seems a bit clumsy (although clearly 
correct) to make the circuit calculations without taking this fact into account 
until the last line. One would hope that with some hindsight, it might be possible 
to make the “large loop gain” assumption at the start of the circuit calculation, 
thereby simplifying the math. Let us re-examine the circuit of Figure 15.8b with 
this in mind. 

We know that for most Op Amps, A will be 100,000 or larger, and the 
maximum allowed v 0 will be about 12 V (see Figure 15.3c). Hence the largest 
value of ( v + — v ~) for linear operation will be around 120 mV, a voltage orders- 
of-magnitude smaller than either the input or the output voltage. On this basis 
it is reasonable to assume, as before, i + — 0, and i~ — 0, but include an 
additional constraint-. 

v+ - v~ ~ 0. (15.19) 

Not equal to zero, just small compared to other circuit voltages. When these 
three constraints are applied to the circuit in Fig 15.8b, we find 


v + = 0 
v~ ~ 0. 


Hence KCL at the v node yields 


■*+^0 

Ra R-b 


(compare with Equation 15.10). Solving for v Q , we find 


Rb 

Ra 


(15.20) 


(15.21) 
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as before, except this time the calculation is much simpler, because the combined 
constraints of approximately zero voltage and approximately zero current are 
quite powerful. For the non-inverting circuit of Figure f 5.7, for example, we 
can write, using the voltage-divider relation, 


Vi — V^ — V 


Ri 

- V 0 - 

Ri+Ri 


(15.22) 


Hence 


Vo 


R] + Ri 

Ri 


Vi 


(15.23) 


as before. The voltage constraint of Equation 15.19 is also called the virtual 
ground constraint , 2 and can be interpreted in physical terms by noting that the 
output of a circuit with negative feedback must adjust itself to force ( v + — v~) to 
be nearly zero, because that nearly-zero voltage is in turn multiplied by 100,000 
to become the output voltage. 

The v + — v~ ~ 0 constraint can be applied only if the Op Amp is not saturated 
and the feedback is negative; that is, the net feedback signal comes from the 
output back to the negative input terminal. 


15.4 INPUT AND OUTPUT RESISTANCES 

15.4.1 OUTPUT RESISTANCE, INVERTING OP AMP 

Negative feedback has a profound effect on the Thevenin-equivalent input and 
output resistances of circuits. To illustrate, we calculate first the Thevenin out¬ 
put resistance of the simple inverting Op Amp assumed to be operating in the 
active (non-saturated) region, that is, the circuit in Figure 15.8b. Obviously if 
we model the Op Amp by the ideal Op Amp model, the Thevenin output resis¬ 
tance is by definition zero, with or without feedback. So to show any effect, we 
must use a more accurate device model that includes some finite resistance in 
series with the dependent source, as in Figure 15.11. One way of calculating the 
Thevenin output resistance is to apply a test current i h at the output terminals, 
as shown in Figure 15.11, and calculate the resulting voltage v t , when all other 
independent sources , in this case v„ are set to zero. 


2. Or more accurately, the virtual short constraint , or the virtual node constraint , since the inverting 
and non-inverting inputs need not always be at ground potential. 
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FIGURE 15.11 Calculation of 
output resistance. 



In calculating the Thevenin resistance do not casually set dependent sources to 
zero, as their value is dictated by some other variable in the circuit which may 
or may not be zero. 

The calculation of v t is straightforward. We use the node method with 
conductances in place of resistances for convenience. In other words, we use 
gi — l/n,G s = 1 /R s ,Gf= l/Rf, and ", = 1 lr t . Applying KCL at the nodes with 
unknown node voltages, we get the following three independent equations: 


v + = 0 
G f 

V = - v t 

Gf-\- G s + gi 

i t + [A (y + -v~)~ v t ] g t + (y~ - v t ) G f = 0. 


(15.24) 

(15.25) 

(15.26) 

(15.27) 


To simplify the mathematics, we now assume for this calculation that r t is infinite 
(gi = 0), because it is always mtich larger than R s or Rf. Now, eliminating v + 
and v~ from Equation 15.26, 


AGfgt GfG s 

G °~ G f +G s +8t+ G f +G s ' 


(15.28) 


Thus the output conductance is the sum of three conductances. The first term 
is the effect of the feedback, the second term is the output conductance of the 
Op Amp alone, and the third term in resistance notation is Rf + R s , hence is 
the effect of the feedback resistors in the absence of the Op Amp. For large 
A, this last term is not important, so the Thevenin output conductance with 
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feedback is 


h 

v t 


Go — gt 


AG f 
Gf+ G s 


or, in more familiar terms 


Go^gt 


1+A 


Rs 

Rs + Rf 


Hence the Thevenin output resistance of the circuit is 


R 


O 


r t 


1 + A 


R s 

Rs+Rf 


For large loop gain 



Rs+Rf 


(15.29) 


(15.30) 


(15.31) 


(15.32) 


The Thevenin output resistance r t for the Op Amp alone, without feedback is 
typically of the order of 1000 ohms, so for large A and reasonable R s and Rf, 
the overall Thevenin output resistance R 0 for this topology circuit is a fraction 
of an ohm. 

Equation 15.31 is in fact a general result. For any linear circuit in which the 
feedback resistor is sampling the output node voltage (rather than the output 
current), the Thevenin equivalent output resistance with feedback is equal to the 
output resistance without feedback, divided by a factor 1+ (loop gain), the same 
factor involved in gain calculations and calculation of sensitivity to changes in 
the gain constant A. 


15.4.2 INPUT RESISTANCE, INVERTING CONNECTION 

To calculate the Thevenin-equivalent input resistance of the inverting Op Amp 
circuit, we apply a test source at the input, and measure the resulting response. 
(There are no internal independent sources to be set to zero.) In Figure 15.12 
we have chosen to drive with a test voltage v t , and calculate the resulting current 
i t . As before, it is equally valid to apply a test current source, and calculate the 
resulting voltage. The calculations are greatly simplified if the circuit topology 
is taken into account. The input consists of two elements in series: the resistor 
R s , and a complicated circuit that will reduce to the Thevenin-equivalent input 
resistance of the rest of the Op Amp circuit. Recognizing this, we can first 
calculate the resistance to the right of the R s (just set R s to zero in Figure 15.12) 
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FIGURE 15.12 Input resistance 
calculation. 



and then add R s to this calculated value to get the complete answer. We will 
denote the resistance of the Op Amp circuit to the right of R s as R„ and the 
complete input resistance, including resistor R s , as R' t . 

Because we chose a test voltage, and R s is zero for now, the control variable 
is directly constrained: 


v + = 0 
v~ = v t . 

Now apply KCL at the input node: 

v t v t - A{v + - v~) 

h— —I- - -• 

n R f +r t 

hence 

i t ^ 1 1 A 

_i _ q . __|_|__ 

v t r, Rf+r t Rf+r t 


(15.33) 

(15.34) 


(15.35) 


(15.36) 


Again we have the sum of three conductances. So the corresponding resis¬ 
tance expression, the Thevenin input resistance for the circuit, is the parallel 
combination of three terms: 


(15.37) 

the Op Amp input resistance, the feedback resistor plus Op Amp output resistor, 
and an effective resistance generated by the feedback. For large A, 

».~ R f +r t 


Ri = ri 


C Rf+ r t ) 


Rf+ 

A 


A 


(15.38) 
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that is, we expect the input resistance to be very low. For example, for a typical 
case of Rf = 10 kO, r t = 1000 12, A = 10 5 , the input resistance measured 
at the v~ terminal will be 0.1 ohm. Simple physical reasoning serves to support 
this result. If we imagine applying a small voltage to the input, say 0.1 mV, then 
the Op Amp will immediately drive v Q to -A times 0.1 mV, or -10 volts. So 
resistor R^-has a large voltage across it, hence a large current will flow. This large 
current must come from the input source, and is 10 5 times as large as one might 
expect for such a small input voltage. Large current for small voltage means the 
effective input resistance will be very small, in fact roughly the feedback resistor 
Rf divided by A. 

In accordance with our initial assumptions, the complete input resistance 
of the inverting Op Amp, including resistor R s , is 


R' i = Ri + R s 


(15.39) 


as can be verified by calculating the input resistance directly from Figure 15.12 
including R s . Because R, is so small, 



(15.40) 


15.4.3 INPUT AND OUTPUT R FOR N 0 N -1 N V E RT I N G 
OP AMP 

The active-region output resistance of the non-inverting Op Amp circuit can be 
calculated in much the same way as for the inverting circuit. We set the indepen¬ 
dent source to zero and apply a test current source to the output terminals, as 
shown in Figure 15.13. Now calculate v t . As usual, we apply the node method 
to find three independent equations. First find expressions for v + and v~, and 
then write KCL at the output node. Again we assume r, is much larger than Rt 
to simplify the math: 


(15.41) 


R 2 


(15.42) 



v t v t - A(v+ - v ) 


(15.43) 


Ri + Ri n 


Hence 



1 1 ARt/(Ri 4- R 2 ) 

-+ - + —-- 

Ri + R 2 r t r t 


(15.44) 
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FIGURE 15.13 Output 
resistance calculation, 
non-inverting circuit. 



For large A and reasonable R i and R 2 , 


AR 2 /(Ri +R 2 )' 


(15.45) 


This is the Thevenin output resistance r t of the Op Amp alone, divided by the 
loop gain, or, more accurately, from Equation 15.44,1 + (loop gain). As before, 
the output resistance is very low. 

The input resistance for the active (nonsaturated) region can be found from 
the circuit in Figure 15.14. As before, we need expressions for v + and v~, and 
a KCL equation involving i t : 


v + = v t (15.46) 

V~ — v t - i t rj. (15.47) 


KCL at Node 1 yields 


h + 


A{v + — v ) — v 


R\ +r t 



(15.48) 


FIGURE 15.14 Input resistance 
calculation, non-inverting Op Amp. 
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Substituting and solving, assuming A is large, we find 


Ri = 



ar 2 

_Ri +r t + R 2 _ 


(15.49) 


This expression shows that for the non-inverting connection, the effective input 
resistance in the active region is very high , (roughly the Op Amp input resis¬ 
tance r ; multiplied by the loop gain) in contrast to the result for the inverting 
case, Equation 15.38. Reasoning physically, if we apply a voltage v t at the 
input, the output voltage adjusts itself so that v~ is very nearly equal to v t , 
so there is very little voltage across rj, hence much less current flowing in it 
than we might expect. Hence the circuit input resistance is large. This prop¬ 
erty enables the non-inverting connection to be particularly useful in buffering 
applications. 

This point of view suggests an alternative approach to the calculation. If 
we assume at the outset that v + — v~ ~ 0, then 


i>t — A(v + — v ) 


Ri 


R 2 + Ri 


But v + — v , although small, must not be zero for finite r t : 


(15.50) 


v + -v = i t n. 


(15.51) 


When Equation 15.51 is substituted into Equation 15.50, we find Rj as before 
(Equation 15.49). 


E3M1 15.4.4 GENERALIZATION ON INPUT 
RESISTANCE * 

15.4.5 EXAMPLE: OP AMP CURRENT SOURCE 

We have shown that both the inverting and non-inverting Op Amp connections 
have very low output resistance, that is, they approximate ideal voltage sources. 
But in some circuit applications, we may want the Op Amp to look like a 
current source, that is, we want a very high output resistance. It follows from 
the discussion at the end of Section 15.4.1 that such a design can be realized by 
a change in the topology of the output circuit. 

hi the two circuits already discussed, the feedback network sends a signal 
back to the negative input terminal that is proportional to the output voltage 
v 0 . Thus the circuit tends to stabilize this variable, thereby creating a voltage 
source. By analogy, to make a current source, we must arrange to feed back 
a signal proportional to the output current flowing in the circuit being driven 
by the Op Amp. One possible topology is shown in Figure 15.15a. The circuit 
looks, at first glance, like the non-inverting connection shown in Figure 15.15b, 
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but there is an important difference. In the new topology, the resistor R/ we 
are trying to drive is now part of the voltage divider feedback network. Thus 
in Figure 15.15a we are using the resistor R s to sample the current through 
Rl, whereas in Figure 15.15b R i and Ri sample the voltage across Rl. The 
distinction seems trivial until we think in terms of Rl varying in value, or even 
being nonlinear. Then it is clear that there is a fundamental difference in the 
two topologies. 

Once the topological issues are understood, the circuit analysis is trivial. 
Assuming v + — v~, we note from Figures 15.15a or 15.15c 

v+ = Vi (15.52) 

v~ = t,R s (15.53) 

v + ~ v~. (15.54) 


Therefore 

iL - £ (15.55) 

Rs 

independent of the value ofR l- 



Circuit being driven 
by Op Amp, here 
shown as resistor R L 



FIGURE 15.15 Op Amp current source. 
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FIGURE 15.16 Output 
resistance of current source. 


The fact that the current through Rl is independent of the value of Ri 
suggests that the Op Amp circuit looks like a current source. It is a simple 
matter to verify this more formally: Replace Rl by a test source, and find the 
Thevenin output resistance of the circuit. In this case we choose a test current 
source i t , as in Figure 15.16: 

v~ = -i t R s (15.56) 

v+ = 0 (15.57) 

v t — A{v + — v~) + i t r 0 — v~ (15.58) 

= (1 +A)i t R s + i t r 0 (15.59) 

R 0 — — — A + A)R S + r Q . (15.60) 

h 

For reasonable circuit parameters, R 0 could well be many megohms. 

Again these results can be generalized to summarize the effect of negative 
feedback on the effective output resistance of a circuit. If the Op Amp, the load 
resistor Rl and the feedback network appear to be connected in series, in a 
loop, hence sharing a common current, then the output resistance will be high. 
If the Op Amp, Rl, and the feedback circuit all appear to be in parallel, tied 
to a common node, sharing a common voltage, then the output resistance will 
be low. 


15.5 ADDITIONAL EXAMPLES 

This section contains a number of examples of Op Amp circuits. They are 
intended both to illustrate the versatility of the Op Amp as a circuit design 
building block and to serve as a review and extension of analysis techniques 
introduced earlier in this chapter. 
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FIGURE 15.17 Adder. 



15.5.1 ADDER 

An Op Amp circuit for adding two signals together is shown in Figure 15.17. 
If we assume v + ~ v~, then application of KCL to the v~ node yields 



Ri R 2 R 3 

(15.61) 

Therefore 


U / 1 £2 / 

(15.62) 


which represents the weighted sum of the two input signals . 3 Note that within 
the accuracy of the voltage constraint v + — v~ ~ 0 , the two input signals do 
not cross-couple; that is, no current from vi flows in R \, and vice versa. Thus 
the circuit is an ideal adder. 

15.5.2 SUBTRACTER 

If we wish to take the difference between two signals, then the circuit of 
Figure 15.18 is appropriate. Direct application of superposition to the inde¬ 
pendent sources yields the two subcircuits shown in Figures 15.18b and 15.18c. 
In Figure 15.18b, source V 2 has been set to zero. On the assumption of i + — 0, 
there will be no current through R 3 and R 4 , so v + — 0, and the topology is 
seen to be that of an inverting amplifier. Hence 


Ri 


Voa = V\. 

Ri 


(15.63) 


3. Because the Op Amp model is linear, the same result can be derived using superposition. 
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When source v\ is set to zero, and the circuit slightly rearranged, the non¬ 
inverting topology emerges, with a voltage divider at the input, as indicated in 
Figure 15.18c. Hence 


FIGURE 15.18 Subtracter. 


Vob = 




\R3+R4J 


(15.64) 


The total output voltage is the sum of the two voltages v oa and v 0 /,. To make 
a subtracter, the resistor ratios in Equations 15.63 and 15.64 should be equal. 
This can be achieved by setting R 3 = R] and R 4 — Ri. Then 

v 0 = ^{v 2 - v\). (15.65) 

Ri 

Now v 0 is proportional to the difference between the two input voltages. 


15.6 OP AMP RC CIRCUITS 

15.6.1 OP AMP INTEGRATOR 

The circuit in Figure 15.19 gives a much closer approximation to ideal inte¬ 
gration than the simple RC circuits discussed in Chapter 10. The analysis to 
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(a) Circuit 


(b) Active region subcircuit 



FIGURE 15.19 Op Amp 

Integrator. show this is quite straightforward. Assuming linear-region operation, we replace 

the Op Amp by the dependent-source model, as in Figure 15.19b, and ana¬ 
lyze the resulting linear circuit using the node method. KCL at the v~ node 
yields 


R 


Cd{vo-v ) _ 
dt 


(15.66) 


If we assume at the outset that the Op Amp gain A is large enough to ensure 
that 


V —V 


then because v + = 0, Equation 15.66 reduces to 


Vj Cdv Q 
R dt 


(15.67) 


(15.68) 


or, 


V n ~ 



(15.69) 


That is, the circuit calculates the (negative) integral of the input voltage. 

A more exact calculation involves substituting the Op Amp equation: 


v 0 = A{v 


v 


(15.70) 
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into Equation 15.66, again noting v + = 0: 


Hence 


Vi 

R 


— — CA^— — C^— = 0 . 

R dt dt 


(15.71) 


RC(l+A)^- + v~ = Vi . 
dt 


(15.72) 


The effective time constant of the circuit (by analogy with Equation 10.150, for 
example) is 


r = (1 + A)RC. (15.73) 

Thus the time constant associated with the passive elements alone is multiplied 
by the gain of the Op Amp. This is often referred to as the Miller Effect, originally 
in reference to the fact that a small input to output capacitance in early vacuum 
tubes seriously limited the frequency response of amplifier circuits. The time 
constant can be made very large for modest component values. For example, if 
the RC time constant is 1 second, and A is 10 5 or greater, the effective circuit 
time constant in measured in days. On this time scale almost any waveform 
lasting for less than a minute or so will seem like a “short pulse.” Thus the 
analysis of Section f0.6.3 is applicable, and on the time scale of minutes, the 
circuit acts like an integrator. 

The ultimate test of an integrator is to apply a small voltage step, V, and see 
how closely the integrator output conforms to a ramp. From Equations 15.70 
and 15.72, 


(1 + A)RC —- + v 0 = -AV. (15.74) 

dt 

For Vi a small fixed value V after t = 0, v Q will follow the usual exponential 
charging curve toward (—AV), (see Equation 10.101, for example). That is, 

v 0 = -AV (l - e - t/{1+A)RC ) . (15.75) 

This curve is plotted in Figure 15.20 on the basis that the RC time constant 
(without the Op Amp) is roughly one second. Obviously on the time scale of 
minutes, the circuit looks like an almost-perfect integrator, provided, of course, 
the Op Amp is always operating in the active region. 
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V i 

A 


FIGURE 15.20 Waveforms of 
integrator. 




15.6.2 OP AMP DIFFERENTIATOR 


The Op Amp differentiator shown in Figure 15.21 complements the integrator. 
Because v~ — v + and v + = 0, we know that the current i\ through the 
capacitor is given by: 



Since virtually no current flows into the Op Amp, i\ = h, and therefore 


FIGURE 15.21 Differentiator v =—Ri\ 

circuit. 

Eliminating A from the preceding two equations, we obtain 

Vo = -RC-. (15.76) 

dt 

That is, this circuit calculates the (negative) time derivative of the input 
voltage. 

Sample input and output waveforms for the differentiator are shown in 
Figure 15.22. For the square-pulse input shown, the outputs are a pair of 
spikes each at the time instant the input makes a transition. As illustrated in the 
example, the differentiator circuit is often used in detecting shape transitions in 
waveforms. 
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vjt) 


v t (t) 


FIGURE 15.22 Differentiator 
waveforms. 


15.6.3 AN RC ACTIVE FILTER 

An Op Amp embedded in a more complicated RC circuit is shown in 
Figure 15.23a. This is an RC active filter, with all of the useful resonance prop¬ 
erties of a capacitor-inductor circuit. To show this, we calculate the output 
voltage v 0 in terms of v,. First draw the linear-region circuit model with the 
dependent source, Figure 15.23b. Then write Node equations, taking cur¬ 
rent entering the node as positive. We assume at the outset v + — v~ — 0. 
because v + is zero in this circuit, the appropriate constraint is v~ ~ 0. For 
Node v\. 


, , n dv i d(v 0 - v{) 

(Vi - vfjgi -Ci— + C 2 - --= 0 

dt dt 


(15.77) 


and for Node v 


Ci 


dv i 
dt 


+ V 0 g2 = 0 . 


(15.78) 




FIGURE 15.23 Op Amp RC active filter. 
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Hence 


Vigi = g\v\ + (Cl + Cl) 


dv i 

dt 


-Q 


dv 0 

dt 


0 = 


n dv i 

Ci — + t'ogl- 
dt 


(15.79) 

(15.80) 


These equations can be solved by taking the derivative of both sides of both 
equations, and eliminating terms in v\ and its derivative by substitution from 
Equation 15.80 and the derivative of Equation 15.80. By so doing we obtain a 
second order differential equation for v Q : 


d 2 v 0 Ci + C 2 dv 0 gig 2 __gi 
dt 2 81 CiC 2 dt + CiC 2 V °~ Ci dt' 


(15.81) 


This equation is identical in form to that of an RLC resonator (see Equation 
12.119), but this circuit contains no inductors. The effect of an inductor is 
created by an active element, in this case the Op Amp, and the capacitors, 
hence the name RC active filter. The advantages of an RC active filter (this is 
only one realization; there are many others) are that it can provide a power 
gain unlike an RLC network and that it does not require inductors. Because 
inductors are difficult to fabricate in VLSI technology, this is an important design 
advantage for integrated circuits. Furthermore, inductors are not very ideal 
elements, especially for low-frequency applications (for example, for frequencies 
below perhaps 100 kHz). Thus in this frequency range, resonant circuits are 
often built out of Op Amps, resistors, and capacitors. 

The properties of filter circuits were explored previously in Chapters 10 
and 13. As we did in Chapter 13, the circuit of Figure 15.23 can also be 
analyzed using the impedance method by using impedance values 1/sCi and 
l/sC 2 for the capacitors (see Section 15.6.4). We will also see other examples 
of impedance based analysis for Op Amps later in this chapter. 

Since Equation 15.81 is identical in form to Equation 12.119 for the RLC 
circuit, we can readily determine the behavior of our RC active filter. Notice 
that the output response v 0 of the Op Amp RC active filter corresponds to the 
capacitor voltage vq in Section 12.5. The equation corresponding to the series 
RLC circuit in Section 12.5 was 


d 2 vc 
dt 2 


Rdvc 

L dt 


LC 


vc ■ 


LC 


*4N 


(15.82) 


with the damping factor a = RJ2L and the undamped resonant frequency 
a>o = 1/a /LC. 
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Thus, the corresponding damping factor in our Op Amp circuit is 


a =g 2 


Ci + C 2 
2CiC 2 


and the undamped resonant frequency is 


(15.83) 


C0 o = 


/ glg2 

V C,c 2 ' 


(15.84) 


15.6.4 THE RC ACTIVE FILTER- 
IMPEDANCE ANALYSIS 

Let us analyze the Op Amp active filter circuit of Section 15.6.3 for a sinusoidal 
drive. Since the Op Amp is a linear device (namely, a VCVS) we can use the 
impedance method for the analysis. 

The circuit configuration is repeated in Figure 15.24a. The impedance 
model for the circuit is shown in Figure 15.24b. The circuit is sufficiendy 
complicated that node analysis is advisable. At node Vi assuming v + ~v~. 


(Vi - Vi) gi + (V 0 - Vi) sC 2 - VisCi = 0 (15.85) 

where gi = 1/Ri. At the V~ node, 

VisCi + V og2 = 0 (15.86) 

where g 2 = 1 /R 2 . 



FIGURE 15.24 RC active filter analysis using the impedance method. 
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Now Vo can be found by Cramer’s Rule. First, rewrite with source terms 
on the left 


v& = Vi [gi + s(Ci + C 2 )] - V 0 sC 2 

(15.87) 

0 = VisCi + Vog 2 

(15.88) 

(These equations should be compared to the corresponding differential equa¬ 
tions, Equations 15.79 and 15.80.) Solving for the complex amplitude V Q , 

v ~g\sC\V, 

Lgi + s (Ci + C 2 )] gi + s 2 Ci C 2 

(15.89) 

—gisCiV 

gigi + s (Ci + C 2 ) g 2 + s 2 C iC 2 

(15.90) 

-s (gi/C 2 ) Vi 

~ s 2 +s Ci+C2 ?t + 8182 ' 

+ QC 2 g2 + QC 2 

(15.91) 

Equation 15.91 has exactly the form of Equation 14.19 (except for the minus 
sign), hence the circuit is equivalent to a parallel RLC filter. By comparing 
corresponding terms we find, as in Chapter 12, 


Resonant frequency = u > 0 = / ^ 2 (15.92) 

V C 1 C 2 

Bandwidth — g 2 ^ — . (15.93) 

CiC 2 

With these scaling factors, the frequency response plot of Figure 14.12 directly 
applies to this circuit (except for the additional 180° in the phase), along with 
all other properties discussed in Section 14.1. 

MM 15.6.5 SALLEN-KEY FILTER 

15.7 OP AMP IN SATURATION 

Thus far we have used the Op Amp in its active region. In the active region, the 
voltage-controlled voltage source model of the Op Amp shown in Figure 15.6 
applies. Furthermore, when negative feedback is applied, and the Op Amp is 
operated in the active region, we can use the input voltage constraint given 
by v~ — v + . However, the voltage-controlled voltage source model and the 
input voltage constraint no longer apply when the Op Amp output reaches 
saturation. In saturation, the Op Amp output will be close to one of the power 
supply voltages, +12 or —12 V. In positive saturation, the output will be close 
to +12 V and in negative saturation the output will be close to —12 V. 
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The Op Amp exits the active region and enters the saturation region when 
the external inputs are such that the Op Amp output is required to go above 
+12 or below —12 V. As an example, suppose the Op Amp has power supply 
voltages of +12 and —12, then if two volts are applied as the input to a non¬ 
inverting Op Amp amplifier circuit with a gain of 10, the Op Amp will be driven 
into positive saturation. Similarly, if minus two volts are applied to the same 
amplifier, the Op Amp will be driven into negative saturation. 

How do we model the Op Amp when it is in saturation? When an Op Amp 
enters positive saturation, a near-short circuit forms between the Op Amp 
output and the positive power supply. Similarly, when the Op Amp enters 
negative saturation, a near-short circuit forms between the Op Amp output and 
the negative power supply. Accordingly, simple positive and negative saturation 
models for the Op Amp are illustrated in Figure 15.28. The normal dependent 
voltage source is not shown in the saturation models because its output gets 
limited by the power supply voltages and so it turns into a simple voltage source. 

15.7.1 OP AMP INTEGRATOR IN SATURATION 


12 


Negative saturation 


v 0 


+ 

" 12 


If the Op Amp integrator in Figure 15.19 is driven into negative saturation, then 
the appropriate subcircuit is shown in Figure 15.29. Our negative saturation 
model for the Op Amp says that vq, is fixed at some voltage close to the 
negative power supply voltage, say —12 V. Because of the 12-V battery assumed 
at the output when the Op Amp is in saturation, the dependent source is no 
longer involved in the calculations, so the circuit reduces to a simple series RC 
configuration, as indicated in Figure 15.29b. 


Positive saturation 


FIGURE 15.28 Op Amp model 
in saturation. 



FIGURE 15.29 Integrator Op Amp in saturation. 
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Assuming a step input of Vj as in Figure 15.29c, the solution for vq and v~ 
can be found by inspection using the methods of Section 10.5.3. The voltage 
across vq at the instant before entering saturation is 

ni t = +12 V (15.104) 

because v~ at this point is almost zero due to the Op Amp constraint. If the 
transient went to completion, the final capacitor voltage would be 


^final = V+12V. (15.105) 

Hence from Equation 10.62, assuming a time origin at the instant of entering 
saturation, 


v c = 12e~ t/RC + (V + 12)(1 - e ~ t/RC ) (15.106) 

= V(1 - e ~ t/RC ) + 12. (15.107) 

(This is a general result for fixed voltages in series with capacitors: By super¬ 
position such problems can be solved without the fixed voltage, then the fixed 
voltage can be added back in. In other words, the transient part is unaffected 
by the fixed voltage.) It follows that 


v~ = V(1 - e ~ t/RC ) (15.108) 

(a result that an experienced analyst of RC circuits would have written down 
directly). Waveforms appropriate to these equations are shown in Figure 15.29c. 

An important issue of circuit performance is how long it takes the circuit 
to recover from the effects of saturation. To this end, assume that the input 
step is now reversed in polarity. The Op Amp will still be held in saturation by 
the large positive voltage on the v~ terminal, and will remain in saturation until 
v~ has decayed virtually to zero. Figure 15.29b remains the appropriate circuit 
representation for this interval. Thus with Vj = — V, 

ir = -V+ 2Ve~ tlRC (15.109) 

v 0 = -12 (15.110) 

where the time origin is now defined to be at the instant of negative transition 
of Vj. Appropriate waveforms are shown in Figure 15.29c. As noted earlier, this 
saturation state persists until v~ has decayed almost to zero. Only then will the 
Op Amp come out of saturation, and integrate back toward zero, as shown in 
Figure 15.29c. 

In summary, driving the Op Amp into saturation has two serious conse¬ 
quences on the performance of the integrator. First, the integration is truncated 
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FIGURE 15.30 Positive 
feedback. 


when the Op Amp saturates. Second, when the input wave goes negative, there 
is a substantial delay before the circuit recovers, and again acts as an integrator. 


15.8 POSITIVE FEEDBACK 


In every Op Amp circuit discussed thus far, the feedback network has been con¬ 
nected from the Op Amp output to the negative input terminal of the Op Amp. 
Such a connection provides negative feedback, which tends to make the circuit 
more linear, more temperature independent, more reliable. An obvious ques¬ 
tion: What happens if the feedback is connected to the positive input terminal, 
as in Figure 15.30a? 

The complete relation between vo and Vj, Figure 15.30b, shows both 
saturation and hysteresis. To understand the circuit action, assume that vq is 
initially positive and Vj is negative. Then, because of the feedback, v + is still 
at +6. 

To get the Op Amp out of saturation, Vj must be made positive enough to 
bring (v + —v~) approximately to zero, hence Vj must be approximately +6 volts. 
If vi is slightly more positive than +6, vo will be driven negative, whereupon v + 
will be driven negative, driving vo even more negative. Hence, vo undergoes a 
regenerative negative transition to —12 V. Now Vj must be made more negative 
than —6 volts to initiate a regenerative transition to +12 V. the width of the 
hysteresis region can be controlled by the ratio of the feedback resistors. 

The circuit is obviously no longer a linear amplifier: The positive feedback 
has enhanced rather than suppressed the basic nonlinearity of the unadorned 
Op Amp. One application of this circuit is as a digital comparator, to convert a 
continuous analog signal to a two-state signal. 

15.8.1 RC OSCILLATOR 



Shown in Figure 15.31 is another Op Amp circuit that uses positive feedback. _ 

Assume that the power supply voltages are Vs and — Vs- Ihis circuit behaves nrcL ,j[ 
as an oscillator, and uses positive feedback to saturate the Op Amp at both 
positive and negative values of Vs- Let’s examine how this oscillator works. 





























870 


CHAPTER FIFTEEN 


THE OPERATIONAL AMPLIFIER ABSTRACTION 


c 



FIGURE 15.32 Equivalent 
circuit for the RC oscillator when 
the Op Amp is in positive 
saturation. 


Let us first analyze the circuit qualitatively, referring to the waveforms for 
vq and Vo in Figure 15.33. As depicted in Figure 15.33, let us assume that the 
system starts from rest so the capacitor voltage vc = 0. Thus the inverting 
terminal v~ of the Op Amp is at 0 V. Let us also assume that the output is in 
positive saturation initially, in other words at the positive power supply voltage, 
Vs- Since the output is fed back to the positive input, we observe that 

+ V s Ri 

R\ + R2 

This positive voltage at the non-inverting input terminal will result in a positive 
voltage difference at the Op Amp input port (between v + and v ~), and conse¬ 
quently, the output will continue to be driven to the positive saturation voltage, 
namely Vs- The equivalent circuit is as shown in Figure 15.32. The capacitor C 
begins to charge up towards Vs through the resistor R 3 . Since no current flows 
into the v~ terminal, the charging dynamics are that of a simple RC circuit. 

As the capacitor charges up, eventually its voltage vc crosses v + = 
VsR\/{R\ + Ri ), resulting in an effective negative voltage across the Op Amp 
input port, namely across the v + and v~ terminals. The Op Amp amplifies this 
negative voltage difference at its input to a large negative voltage at its output. 
Since the negative voltage at the output is fed back to the non-inverting terminal 
by the voltage divider formed by Ri and /C, the non-inverting terminal voltage 
becomes negative, which makes the voltage difference at the Op Amp input 
even more negative, and which in turn makes the output voltage fall even more. 
This positive feedback process continues until the output reaches the negative 
saturation voltage —Vs- At this point, we have 


-VsRi 
Ri + R2 


Notice that the output voltage transitions from Vs to —Vs very quickly at the 
moment that the capacitor voltage vq crosses VsR\/[R\ + £ 2 )- 


FIGURE 15.33 Oscillator 
behavior. 


U 


v O 



(bj 


























15.8 Positive Feedback 


CHAPTER FIFTEEN 


871 


Therefore, at the instant the output reaches — Vs and v + transitions to 
— VsR\/[R\ + Ri), we can assume that the capacitor voltage is still at approx¬ 
imately VsRi/Ri + Ri, since the voltage across the capacitor changes much 
more slowly. 

Now, since the capacitor voltage vq is higher than the output voltage, the 
capacitor begins to discharge through R]. Figure 15.34 shows that the equiva¬ 
lent circuit that applies. When the capacitor voltage falls below —VsRi/Ri +R 2 , 
the voltage v~ will be lower than v + resulting in a positive voltage difference at 
the Op Amp input. The Op Amp amplifies this positive difference to a positive 
voltage at its output, which when fed back to the non-inverting terminal causes 
a larger positive voltage to appear across the Op Amp input. The resulting pos¬ 
itive feedback causes the Op Amp output to go into positive saturation. Thus, 
the output voltage reaches Vs and that at v + will again be 



FIGURE 15.34 Equivalent 
circuit for the RC oscillator when 
the Op Amp is in negative 
saturation. 


VsRi 

(R 1 +R 2 Y 


As in the beginning, the capacitor voltage is now lower than the output and 
therefore the capacitor begins to charge up. This cycle repeats and results in a 
square wave at the output of the Op Amp. 

Let us derive the time period of the oscillator in Figure 15.31. Assume that 
at time T\, vq transitions from Vs to —Vs as illustrated in Figure 15.35. We 
know that at 7 ^, vq = Vs and from the voltage-divider relationship, we know 
that v + = R\ Vs/{Ri + Rz)- We also know that v~ is lower than v + at Tj - , and 
that the capacitor voltage is increasing. 

At time Tj , v~ becomes slightly greater than v + . In other words, v~ ~ 
VsR]/{R] + ^ 2 )- Output vq, transitions virtually instantaneously to —Vs and 
v + becomes —R\ Vs/[R\ + Rz)- The capacitor now begins to discharge and v~ 
begins to decrease. We know that vo will transition from low to high when v~ 
falls below v + = —R\Vs/(Ri + Rz)- 



FIGURE 15.35 Computing the 
time period of the oscillator. 
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Thus the interval Tj ow is the time taken for the capacitor to discharge from 
its initial value of VsRi/(R\ + Ri) to its final value of —VyRi/fRi + Ri)- The 
capacitor discharge dynamics are governed by a simple first-order differential 
equation whose solution is given by 

vc = ~Vs+( —+ l) V s e~ t/R i c . (15.111) 

\R\ + Rz J 

We need to find Tj ow , the time taken for vc to drop below —R\ Vs/{R\ + R 2 ) 
from Equation 15.111. In other words, we need to solve for the time that 
satisfies 



(15.112) 


Thus, 



which yields 

T low = R 3 Cln^l + ^y (15.113) 

It is easy to verify that the duration of the high period T^gh is exactly the same 
as the low period. Thus, the period T of the oscillator is simply 



mm 15.9 TWO-PORTS 
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15.10 SUMMARY 

► The Op Amp is a widely used amplifier abstraction that forms the founda¬ 
tions of much of electronic circuit design. Op Amp devices are constructed 
using primitive elements such as transistors and resistors. 

► The Op Amp is a four-ported device. The ports include an input port 
with terminals usually labeled v + and v~, an output port with one terminal 
labeled v 0 , and the other being ground, a positive power supply port with a 
+Vs voltage applied with respect to ground, and a negative power supply 
port with a —Vs voltage applied with respect to ground. Although the 
ground terminal is not explicitly shown in the Op Amp symbol, it is very 
much a part of all Op Amp circuits. 

► The Op Amp behaves like a voltage-dependent voltage source. Its input- 
output relationship can can be expressed mathematically as 

v 0 = A(v + - v~) 


where A is a large number called the open loop gain of the amplifier. In 
most practical Op Amp applications, A is treated as infinity. 

► Most useful Op Amp circuits are built using the negative feedback connec¬ 
tion, in which a portion of the output signal of the Op Amp is fed back to 
the v~ input of the Op Amp. Examples of Op Amp circuits built this way 
include inverting and non-inverting amplifiers, buffers, adders, integrators, 
and differentiators. 

► We commonly apply the constraint: 

V + & y~ 


in analyzing Op Amp circuits, if the Op Amp is not saturated and the 
feedback is negative. 

► Op Amp circuits are sometimes built using the positive feedback connec¬ 
tion, in which a portion of the output signal of the Op Amp is fed back to 
the v + input of the Op Amp. Examples of such Op Amp circuits include 
oscillators and comparators. 

EXERCISE 15.1 Find the Thevenin equivalent for the circuit in Figure f5.4f. The EXERCISES 
circuit contains two resistors and a dependent current source. 

EXERCISE 15.2 Calculate vq in terms of h, Vf, and V 2 in Figure 15.42. You 
may assume the operational amplifier has ideal characteristics. 
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FIGURE 15.41 FIGURE 15.42 

EXERCISE 15.3 Calculate the sensitivity of the gain, dG/G, as a function of 
fractional change in Op Amp gain, dA/A for the inverting Op Amp connection shown 
in Figure 15.43. 


R b 


FIGURE 15.43 Inverting Op 
Amp. 


(a) (b) 

EXERCISE 15.4 The circuit in Figure 15.44 is called a differential amplifier. 

a) Using the ideal Op Amp model, derive an expression for the output voltage vq in 
terms of v\,V 2 , R\,R2,R3, and R4. 

b) Does connecting a load resistor Rl between the output and ground change the 
previous expression for fg? Why? 

c) Let v\ = i ’2 and R\ = 1 kf2, R 2 = 30 k£2, and R 3 = 1.5 k£2. Find R 4 so that 

vo = 0 . 

d) Let V 2 = 0 and v\ = 1 V. Using the preceding resistor values (including that 
computed for R4), find vq- 

EXERCISE 15.5 For the circuit shown in Figure 15.45, D is a silicon diode, where 

i = 1 $ ^ e qulnkT _ 3 ^ kT/q — 26 mV, and n is between 1 and 2. 



a) Find vo in terms of v\ and R \. 

b) Make a quick sketch of the answer to (a). 
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FIGURE 15.46 FIGURE 15.47 

EXERCISE 15.6 Refer to the figure in Figure 15.46 for this exercise. 

Given that = 2 cos [cot) (in volts), make a sketch of vq(I ) through one complete cycle. 
Be sure to label the dimensions of the voltage and time axes and identify characteristic 
waveform shapes with suitable expressions. (Make reasonable assumptions based on 
your lab experience.) 

EXERCISE 15.7 Refer to Figure 15.47 for this exercise. 

Diode data ip — Is ^e‘ ll ' D,kt — 1^ 

where Is = 10 ” 12 A 
and kT/q = 25 mV. 

For v\ in the range | v\ | < 575 V, how should the value of R be chosen to keep the Op 
Amp in the linear region? Make reasonable approximations. 

EXERCISE 15.8 Find the Norton equivalent circuit to the left of terminal pair 
a-a' in Figure 15.48. 

EXERCISE 15.9 In the circuits (a) and (b) shown in Figure 15.49 the operational 
amplifiers are ideal and have infinite gain. If the input to each amplifier is V\ = I V, what 
is the output voltage vq for (a) and for (b)? 




































876 


CHAPTER FIFTEEN 


THE OPERATIONAL AMPLIFIER 


ABSTRACTION 


FIGURE 15.48 




EXERCISE 15.10 You may assume that the operational amplifiers used in the 
connections shown in Figure 15.50 have very high gain and input resistance, and low 
output resistance when operating in the linear region. 

The input signals have the form shown in Figure 15.51. 

a) Plot the output voltage vo for the circuit of Figure 15.50a for A = IV. Note: In all 
of your plots, be sure to clearly indicate peak values and times when signals change 
character abruptly. 

b) Plot the output voltage vo for the circuit of Figure 15.50a for A = 10 V. 

c) Plot the output voltage vo for the circuit of Figure 15.50b for A = 10 V. 

EXERCISE 15.11 For the circuit shown in Figure 15.52 (which includes a voltage- 

controlled voltage source) determine: 

a) The input resistance v\</ij. 

b) The Thevenin equivalent resistance at the terminals a and b. 

3kQ 

1 kll 

h 

(b) 



3 k£2 



(a) 
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FIGURE 15.51 



FIGURE 15.52 



FIGURE 15.53 FIGURE 15.54 

EXERCISE 15.12 Find and label clearly die Thevenin equivalent for the network 
in Figure 15.53. 

EXERCISE 15.13 Find i in terms of v for the linear network in Figure 15.54. 
Assume an idealized operational amplifier. 

EXERCISE 15.14 Determine the Thevenin equivalent for the circuit shown in 
Figure 15.55, to the left of tenninal pair a—a'. The circuit contains a current-controlled 
voltage source. 




FIGURE 15.55 


FIGURE 15.56 


? + 
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FIGURE 15.57 


EXERCISE 15.15 

a) Draw a circuit model for the Op Amp circuit in Figure 15.56. 

b) Write the node equations for the v a and the v~ nodes, and enough more independent 
relations to specify v 0 in terms of v t . Do not solve. 

EXERCISE 15.16 For the circuit in Figure 15.57 find f out as a function of 
v\,V 2 , Ra, and Rf, in the limit of very high Op Amp gain. Assume input resistance r, = 00 , 
output resistance r t = 0 , and non-saturated operation. 


R b 



EXERCISE 15.17 For the circuit in Figure 15.58 find q as a function of i'j,Ri,R 2 , 
and the Op Amp gain A. Assume input resistance r, = 00 output resistance r t = 0, and 
non-saturated operations. 


*3 




FIGURE 15.58 FIGURE 15.59 

EXERCISE 15.18 Consider the circuit illustrated in Figure 15.59. 

Assume that the operational amplifier is ideal with input resistance r, very large and 
output resistance r t negligibly small, so that i + i~ ~ 0, and vq = A ( v + — v ~), with 
A very large. Assume it is operating in its linear range. 

a) Draw a linear equivalent circuit for this circuit valid for operation with the Op Amp 
in its linear range. 


b) Derive an expression for vq as a function of 11 , 12 , and the resistors in the circuit. 
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EXERCISE 15.19 In the circuit in Figure 15.60 determine the voltage gain G — 

V 0 /Vf. 

a) when terminal x is connected to terminal a. 

b) when terminal x is connected to terminal b. Assume the Op Amp is ideal. 


10/e 





FIGURE 15.60 


FIGURE 15.61 


EXERCISE 15.20 For the amplifier shown in Figure 15.61, find the current 
transfer ratio i 0 /i s . Assume that the Op Amp is ideal. 

EXERCISE 15.21 Find the Thevenin output resistance of the circuit shown in 
Figure 15.62. That is, find the resistance seen looking in at the terminals X X, the 
terminals that drive the load resistance Ri. (Resistor Ri should not be included when you 
make this calculation.) Do not assume v + ~ v~, as it leads to trouble here. Now, state a 
condition on the value of Rs to ensure that the circuit acts as a current source driving Ri. 


—ww- 


■w 



FIGURE 15.62 


FIGURE 15.63 


EXERCISE 15.22 For the Op Amp circuit in Figure 15.63: 

a) Assume that the Op Amp is ideal (very large gain A, zero output resistance, infinite 
input resistance, operating in the linear region) and find i/ out as a function of i m , Ri, R 2 > 
and R 3 . 


+ * 
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b) Draw the circuit model, assuming the Op Amp has finite A, keeping the other 
assumptions from (a). 

c) Analyze the circuit and find an expression for v out as a function of i m , Ri,R 2 , and R 2 
and (finite) A. 

EXERCISE 15.23 The operational amplifier circuit shown in Figure 15.64 is 
driven with a ramp. 

You may assume that the operational amplifier has infinite open-loop gain, zero output 
resistance, and infinite input resistance, and that the capacitor voltage is zero for t < 0 . 
What are the value of vo(t) at t = 0 + and t = 2 ms? 



Vj(t) = 0, t < 0 

Vj(t) = 10 3 .s " 1 ( V, t < 0 



FIGURE 15.64 


FIGURE 15.65 


EXERCISE 15.24 An operational amplifier is connected as shown in 
Figure 15.65. 


a) What is the gain of the amplifier for a> = 0?. 

b) Find the expression for V 0 (jco)/Vi(jco). 

c) At what frequency does | V 0 | fall to 0.707 of its low-frequency value? 


EXERCISE 15.25 For the circuit shown in Figure 15.66, determine V out (s) in 
terms of Vjn(s). 

EXERCISE 15.26 Ri=R 2 = 20n C = 2.4/iF L = 0.25 mH 

Find the system function H(s) = V^/Va for the circuit in Figure 15.67. 

EXERCISE 15.27 For the circuit shown in Figure 15.68, select the magnitude of 
the frequency response for the system function given. It is not necessary to relate the 
critical frequencies to the circuit parameters. 
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FIGURE 15.66 


FIGURE 15.67 


*2 



Please note that the magnitude responses, except (7), are sketched on a log-log scale, 
with slopes labeled. 

PROBLEM 15.1 The circuit shown in Figure 15.69 is very similar to the standard PROBLEMS 
non-inverting Op Amp except that Ri is some external resistor, and we are interested 
in showing that the current through Ri is nearly constant, regardless of the value of Ri, 
that is, the circuit acts like a ament source for driving Ri. 
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FIGURE 15.69 



A' 


a) Using the ideal Op Amp assumption of large gain, zero output resistance, infinite 
input resistance, show that the expression for ij as a function of V[ is independent 
(or weakly dependent) on Ri. 

b) To verify the “current source” action more directly, find the Thevenin equivalent 
resistance looking to the left of terminals AA', with Ri an open circuit. 

PROBLEM 15.2 Zener diodes are most often used to establish stable reference 
voltages, independent of power supply variations, and independent of any lingering AC 
signals that may be present in the power supply. 

a) For the characteristics shown in Figure 15.70, find vq assuming V/\ is a clean DC 
voltage of value 15 V. 


Zener 


Zener Hinrle 



FIGURE 15.70 


v z = 6.2 V,R Z =TQ. 


b) Determine the sensitivity of vo to changes in va- That is, find dvo/dvA■ If va has 
0.1 V of DC drift or so of 120 -Hz AC ripple, how much drift or ripple shows up 
on vq? 

PROBLEM 15.3 Consider the circuit in Figure 15.71. 

Find i’o assuming that all Op Amps are ideal and operating in the linear region. 

PROBLEM 15.4 You are faced with the problem of constructing a current trans¬ 
mitter, a circuit that forces a load current ii into a load under accurate control of a 
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FIGURE 15.71 Vfi — o.l V and 

V B = 0.2 V. 


source voltage us, independent of variations in load resistance. That is, you need a 
voltage-controlled current source. 

The design requirements for your problem are to achieve 


k = ~Kv s 


where K = 10 mA/V for the ranges |vs| < 1 V, Ri < 1 kfi. 

While looking through a handbook of practical circuits, you come across the schematic 
in Figure 15.72 as a proposed solution to your problem. The question is, will it work? 





a) As a first step, analyze the basic principle of operation of the above circuit. Show 
explicitly whether it is capable of performing the desired function. 

b) Next, determine whether there will be any problems in selecting resistor values R\ 
and R 2 to meet the specifications for your particular application. You should draw 
on experience with Op Amp limitations. Can you meet the specs? 

(Note: Part (a) is easy. Part (b) is endless, so look only for the larger issues, that is, 
major sources of error or failure. 

PROBLEM 15.5 Find the Norton equivalent of the circuit in Figure 15.73 looking 
into terminals A and A'. 
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FIGURE 15.73 


FIGURE 15.74 


R 



*1 



PROBLEM 15.6 You are asked to design the circuit shown in Figure 15.74 so 
that the output voltage vq is the weighted sum of v\ and v 2 ; specifically: 

vq = 3 fi + 5v 2 


It is known that the magnitudes of v\ and v 2 are never larger than 1 volt. 

a) Determine the values for Ri,R 2 ,R a , and Rj, that will make the circuit perform 
that sum. 

b) Given that the op amp is powered from +15 and —15 V, and has output current 
limits of +1 mA and —1 mA, redesign if necessary to meet these additional design 
constraints. 

c) How would you change the design to perform the sum: 


vq = —3v\ - 5u 2 


using only one Op Amp (given Figure 15.74, a two-op amp design is obviously 
trivial, but unnecessarily complicated)? 
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PROBLEM 15.7 For the circuit in Figure 15.75, assuming an ideal Op Amp with 
large A: 


a) Calculate vo in terms of vj and the resistor values. 

b) Find i in terms of vj and the resistor values. 

c) For what resistor values in (a) will the voltage gain become infinite? Explain why 
this occurs (one sentence). 

d) Find the limits on the solutions in the (a) and (b) imposed by using a real Op Amp. 


*2 



FIGURE 15.75 


PROBLEM 15.8 Choose values for R± through R$ in Figure 15.76 so that 


vq = -\-Zv\ — 5v2 — — 3v4 . 



FIGURE 15.76 


You may assume the operational amplifier has ideal characteristics. 

PROBLEM 15.9 For the circuit in Figure 15.77, find vq in terms of vj. Ana¬ 
lyze with literal resistor values, then substitute numbers: R\ = Rj = R 3 — 10 kfl, 
R 4 = 100 £2. 

PROBLEM 15.10 This question concerns the circuit illustrated in Figure 15.78: 

The operational amplifier is a high gain unit (A = 10 5 ) with high input resistance, r„ 
and negligibly low output resistance, r t . Assume that it is operating in its linear region. 
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FIGURE 15.77 


FIGURE 15.78 


The following data is given: 


vs= IV 

i+ = 10 pA = 10“ n A 
R l = 1 k SI. 


a) What is vq} (Accurate to within 1%.) 

b) What is the power delivered by the source vs ? What is the power dissipated in the 
load resistor, Ri? 

c) The power dissipated in the load resistor, Rl, is much larger than the power supplied 
by the source, vs- Where does this additional power come from? 

PROBLEM 15 . II The equivalent circuit of an amplifier is shown in Figure 15.79. 



FIGURE 15.79 


a 


a) Find the input resistance seen by the current source is at the input terminals a—d. 

b) Find the output resistance seen at the output terminals b—U (with the current source 


shut off). 


PROBLEM 15.12 For the circuit in Figure 15.80 find vq in terms of v\ and v-l- 
You can use in your analysis the ideal Op Amp model. 
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FIGURE 15.80 


2 R 




FIGURE 15.81 


FIGURE 15.82 


PROBLEM 15.13 An operational amplifier circuit is shown in Figure 15.81. 

You may assume that the operational amplifier has ideal characteristics, including zero 
input current and output resistance and further make the simplifying assumption that 
its open-loop gain is infinite. Also, assume that the amplifier does not saturate. 

a) With V2 = 0, what is the value of the gain vq/v\ ? 

b) Voltage vx is now made 3 volts. Plot the vo vs. v\ characteristics. Be sure to show 
important values and slopes. 

PROBLEM 15.14 By combining Op Amps with RC circuits, we can make circuits 
that perform elementary mathematical operations, such as integration and differentiation. 
The circuit in Figure 15.82 is, over some range, an integrator. 


a) Use the ideal Op Amp model to determiner the ideal function performed by this 
circuit. 
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b) Based on your knowledge of Op Amp limitations, indicate the constraints that must 
be placed on the component values R and C to achieve satisfactory operation, assum¬ 
ing that the input is a sine wave with angular frequency a> and peak amplitude A. 
Express your answer as a constraint on the RC product imposed by the voltage 
limit, and a separate constraint imposed by the current limit. 

c) For practical reasons, R usually should not be greater than 1 megohm. Calculate 
the value of C required to meet the voltage constraint listed above for operation at 
20 Hz and above, and A = 1 V. 

PROBLEM 15.15 The capacitor you calculated in Problem 15.14c is (or should 
be) much larger than the maximum capacitor that can be included on a VLSI chip. For 
this reason, the circuit in Figure 15.82 must usually be built of Op Amps, discrete R’s 
and Cs. To allow the circuit to be built on a chip, the resistor is replaced by a switched 
capacitor, which can produce a very large “effective resistor” with reasonable capacitor 
values. This circuit is shown in Figure 15.83. 



At time t=t\, the switch moves to position (1), and Cj charges (instantly) to voltage 
v\{t\). Then at time ti, the switch moves to position (2), and Cj discharges into Cj- 
Assuming that the usual Op Amp approximation of (v + — v~) — 0 can still be used, 
calculate the charge that is “dumped” at each cycle, hence the average current (a function 
of both vj and the switching frequency f c ), and hence the effective resistance of the 
switched capacitor. Also, show that the overall system equation relating vq to vj is the 
same as in Problem 5.14. 

PROBLEM 15.16 In Figure 15.83, what are the constraints on Ci and C 2 set by 
the Op Amp voltage and current limits? Calculate the appropriate values of Ci, C 2 , and 
f c for operation at 20 Hz and above. Can the circuit now be built on an IC chip if we 
replace the switch by MOS transistors, and C mJX =100 pF? 

PROBLEM 15.17 Design a differentiator circuit out of RC circuits and Op Amps. 
Calculate the constraints as in Problem 5.14b. 
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PROBLEM 15.18 This problem deals with switched-capacitor circuits introduced 
in Problem 15.15. Referring to Figure 15.84, assume both 5j switches are closed for 
time 1/2/t) with S 2 open, and 55 closed for 1/2 fg with s\ open. Assume no overlap, that 
is, and Si and S 2 switches are never both closed at the same time. 




FIGURE 15.84 


a) For va = A volts (constant), go through one complete clock cycle, identifying the 
charge on each capacitor and the voltage at each node. 

b) Now assume va = A cos (cot) where co 2nfg. Sketch vg. In the circuit as 
constructed, vg is zero half the time. During the other half cycles, vg and va are 
related by a simple gain expression, just as in a normal inverting amplifier. What is 
the “gain”? 

PROBLEM 15.19 Figure 15.85 is a practical implementation of a switched capac¬ 
itor circuit (see Problem 15.15). As in the previous problem, it is useful to examine the 

behavior of an “average vg” over a clock cycle. 

a) Show that if va = A volts (constant), the cycle-average of vg has a steady-state value 
equal to — (Ci /Ct)A. In other words, for low-frequency signals, the circuit behaves 
like a non-inverting amplifier with gain — (C1/C2). 

b) Show, for va a step of amplitude A volts, and assuming vg is initially zero, that 
the cycle average of vg “charges up” to its steady-state value with time constant 
r = cg/fgCi- That is, show that the cycle-average of vg obeys a first-order linear 
differential equation with time constant C3//0C2. 

PROBLEM 15.20 

a) Use the ideal Op Amp model to determine the ideal function performed by the 
circuit in Figure 15.86. 


b) Based on your knowledge of Op Amp limitations, discuss the accuracy with which 
the circuit will perform the intended function, or indicate any constraints that must 
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be placed on die component values R and C to achieve satisfactory operation, 
assuming that the input is as follows: 

i: A sine wave with angular frequency a> and peak amplitude A. 

ii: A triangle wave with period T and peak amplitude A. 

iii: A square wave with period T and peak amplitude A. 

c) The leakage of an actual capacitor can often be modeled by a large resistor in parallel 
with an ideal capacitor. What effects on circuit performance would capacitor leakage 
have? 


PROBLEM 15.21 

a) Using the “ideal operational amplifier” assumption, that is, infinite gain, infinite 
input resistance, and zero output resistance, determine the relationship between 
VQ(t) and v;(t) in Figure 15.87. 

b) If the signal vj[t) is the rectangular pulse in Figure 15.88, sketch vo(t) for t > 0, 
assuming that vq{0 ) = 0. 


C= 10 pF 



i 

v / 


10 V 


0,0 

100 ms 


FIGURE 15.87 


FIGURE 15.88 
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PROBLEM 15.22 


An operational amplifier is connected as shown in Figure 15.89. 


2kn 



The voltage i’i is 2 volts for 0 < t < 1 ms, and 0 otherwise. Assuming that vq = 0 for 
t < 0 , sketch vo for t > 0 . 

PROBLEM 15.23 Consider the two circuits in Figure 15.90. 


C, 




Use the Op Amp model to find the transfer function vo/vi for the two circuits. 

Assume only moderate gain (say 100) for the Op Amp so you cannot assume v + = v~. 
How large does C 2 have to be compared to Cj in order for the two circuits to behave 
the same? The increase in the effective size of C\ because of the gain of the amplifier is 
called the Miller Effect, and is used in Op Amp design. 

PROBLEM 15.24 Assuming an ideal Op Amp (large gain, v + — v~, r m infinite, 
r ou t zero, but including amplifier saturation effects). 


FIGURE 15.90 


a) Plot a curve of qN versus tin between —20 and +20 V for the circuit in Figure 15.91, 
assuming R 2 = R 3 . Dimension your plot. 

b) A capacitor is initially charged to 1 volt (switch in position (1)) in Figure 15.92, then 
connected to the circuit at t = 0 (switch in position (2)). Sketch and dimension the 
waveform vc(t) for t greater than zero. 


PROBLEM 15.25 An operational amplifier is connected as shown in Figure 15.93. 

a) Assuming that the amplifier has infinite gain and infinite input resistance and zero 
output resistance, determine the relationship between Vo(i) and vj(t). 
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FIGURE 15.91 FIGURE 15.92 

10 pF 



i 

V I 

l 

10 V 


0.0 

100 ms "t 


FIGURE 15.93 FIGURE 15.94 

b) The signal V[(t) is a rectangular pulse as Figure 15.94. 

Assuming that vo(0) = 0, draw vo{t), for t > 0. 

c) The operational amplifier is now connected as in Figure 15.95. 

The voltage vo{t ) is held at zero (by some means not shown) for t < 0. The switch 
is initially in the up position, connecting the 10 kfl resistor to a fixed voltage Vp. At 
time t = 100 ms, the switch is thrown to the down position. The observed voltage 
VQ{t) is shown in Figure 15.96. 




FIGURE 15.95 


FIGURE 15.96 
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Determine the relationship between Vp and r, the time required for vo{t) to return 
to zero volts. 

PROBLEM 15.26 We wish to show that the circuit shown in Figure 15.97 
behaves in a manner very similar to an RLC circuit. 


C, 


■vwwv 



FIGURE 15.97 


a) Write the node equations for V 2 and v 2 . 

b) Simplify these equations by using the Op Amp assumption, that is, v~ — v + . This 
allows you to neglect v 3 terms compared to iq terms, and dv^/dt terms compared 
to dvi/dt and dv<\/dt terms, provided Ci and C 2 are comparable. (You must later 
check on this last assumption.) 

c) Find the characteristic equation. Compare with the RLC case. 

d) For the following numerical values, is the circuit under-, over-, or critically-damped? 
What is the Q of the circuit, in literal form? 

Ci = C 2 = .01 piF 
R 1 = 10Q 
R 2 = 1 kS2 

PROBLEM 15.27 What is the differential equation relating to vq to Vj in the 
network in Figure 15.98? Assume that the Op Amps are ideal. 


6kn 



FIGURE 15.98 
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FIGURE 15.99 


R l = 10k£2 R 2 = 1 kQ 
Cj = 1 |0.F C 2 = 0.01 |lF 



FIGURE 15.100 


PROBLEM 15 . 28 The circuit in Figure 15.99 behaves in a manner very similar to 
an RLC circuit. 


a) Write the node equations. 

b) Assume 1 >a = V a e? 1 , vb = Vy^, and find the characteristic equation. 

c) Find a and co 0 in terms of C\, C 2 , Gj, and G 2 . 

PROBLEM 15.2.9 

a) Find H\{S) = V\/V s in Figure 15.100. Plot and dimension log \H\ \ and Z.H\ vs. 
log 01 . 

b) Find H 2 (.S’) = V 2 /V 1 . Plot and dimension log |J-J 2 1 and vs. log co. 

c) Find H t {S) = Vj/Vs = H\(S)H 2 (S). Plot and dimension log |H f | and ZH f vs. log a>. 
Compare with the plots you obtained in parts (a) and (b). 

PROBLEM I5.3O 

a) Find the transfer function for the network in Figure 15.101. 


*1 


r 2 

-WvW- 

—ww— 



11 c l 
[>\ 
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b) Synthesize the function Vo/Vin — — (s + 4)/(s+ 6) using the circuit in Figure 15.101. 
That is, find values of R\ , R 2 , Q , and C 2 that satisfy Vo/Vin- You may use capacitors 
of 1 /zF. 

PROBLEM 15.31 The circuit shown in Figure 15.102 is a capacitance multi¬ 
plier. It may be incorporated into circuits that might otherwise require unrealistically 
large physical capacitors. You may assume that the operational amplifier has ideal 
characteristics. 



FIGURE 15.102 


-eq 


a) Find the impedance Z looking into terminal A-A' for the circuit. 

b) Show that the model on the right corresponds to an impedance equivalent to the 


result obtained in part (a). 

c) For R[ = R 2 = 10 Mil, and R 3 = 1 kf2, what is C e q in terms of C? 

PROBLEM 15.32 Show that the Op Amp circuit in Figure 15.103 has the same 
form of transfer function as the circuit in Problem 14.1 (shown on the left-hand side of 
Figure 15.103). Find expressions for the resonant frequency and the Q. 


C, 



FIGURE 15.103 


PROBLEM 15.33 The circuit in Figure 15.104 is a switched capacitor filter. The 
switches Si and Si are driven by nonoverlapping clocks as in Problem 15.15. Both Si 
switches are closed for time \/2f c with S 2 open, and S 2 closed for 1/2 f c with Si open. 
Vjn = Acos(a)f), co Info. 
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a) Find (in the sinusoidal steady state) the transfer functions V3/V2 and V 2 /Vi. Refer 
to Problem 15.15 to see how to handle the switches. Note that there are no switches 
across C\ and C 2 . 

b) Now find a simple equation to describe the operation of Op Amp 1, that is, find an 
expression for Vj in terms of V 2 , Vjn, and V 3 . (Note that in all of our impedance 
calculations, we have been implicitly assuming that the relation among V’s for such 
a circuit is the same as the relation among the time variables v(t).) 

c) Now substitute from (a) into (b) to find the overall transfer function V 2 /Vin. Find 
expressions for the resonant frequency coq and the bandwidth Acu in terms of the 
circuit constants. The easiest way to do this is to get the transfer function into the 
form: 

Vo = ksViD (15.122) 

+ las + cOq 

and work by analogy to the parallel RLC case. How does the resonant frequency 
a >0 depend on the clock frequency f c ? 

PROBLEM 15.34 The circuit shown in Figure 15.105 behaves like an RLC circuit. 

a) Find the transfer function V4/V1. (You may assume that the Op Amp is ideal, that 
is V+ = V~ to simplify your calculations.) 

b) Sketch the magnitude of the transfer function | V4/ Vj | versus frequency. Indicate 
the frequency at which the peak occurs, the magnitude of the transfer function at 
the peak, and the Q of the resonance. Use the following numerical values: 


Ci = C 2 = 0.01 /tF R[ = 10 H R 2 = 1 k£l 
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FIGURE 15.105 FIGURE 15.106 

c) This circuit is known as an RC active filter. Is it a low-pass, high-pass, or band¬ 
pass filter? What is the expression for bandwidth in terms at Rj, Ci, etc.? That is, 
B = a >2 — a>\ where m\ and a >2 are the half power frequencies. 

PROBLEM 15.35 

a) Find an expression for the complex amplitude ratio V 0 /Vi for the active filter circuit 
in Figure 15.106, given that R 2 = 10Rj. Sketch the Bode plot, |V 0 /V|| versus a> 
and VJVi versus a>. 

b) An equivalent filter can be made with the circuit shown in Figure 15.107. Find the 
value of C 2 needed to make a filter equivalent to that in part (a), assuming that Rj 
and R 2 are the same here as for part (a). Flow does the value of C x here compare 
to that of C in the filter of part (a)? 


Ri 



FIGURE 15.107 
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FIGURE 15.108 


FIGURE 15.109 


PROBLEM 15.36 The circuit shown in Figure 15.108 behaves in a way very 

similar to an RLC circuit. 

a) Write the sinusoidal steady state node equations for the complex amplitudes V a 
and Vj,. 

b) Solve for V 0 /Vj using the results in (a), and noting that V 0 = V/,. 

c) Assuming the circuit is under-damped, sketch the magnitude of the transfer function 
IVo/Vil versus frequency. Indicate the frequency at which the peak occurs, the 
magnitude of the transfer function at the peak, and the Q of the resonance. 

PROBLEM 15.37 Plot the frequency response (magnitude and phase) of the active 

filter shown in Figure 15.109. Assume the Op Amp is ideal. 

PROBLEM 15.38 The circuit shown in Figure 15.110 has aresonance very similar 

to an RLC circuit. 

a) Write the sinusoidal steady-state equations for V2 and V3. 

b) Solve for V4/V1 using the results in (a), and noting that V3 = — V4/A, where the 
Op Amp gain A can be assumed to be very large. 



FIGURE 15.110 
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c) Assuming now that C\ = C 2 = 0.1 /tF, Ri = 10 £ 2 , R 2 = 1 k52, sketch the 
magnitude of the transfer function | V4/V] | versus frequency. Indicate the frequency 
at wliich the peak occurs, the magnitude of the transfer function at the peak, and 
the Q of the resonance. 

PROBLEM 15.39 For the circuit in the figure in Figure 15.111 



a) Find a set of equations which, if solved, would give V 0 /Vi. 

b) Assuming that these equations, when solved, yield 


Vo/Vi = 


_(ya)Ci)(ya>C 2 )_ 

GiG 2 + ja>(C 1 + C 2 )G 2 + (ja>) 2 C\C 2 


(15.123) 


Find the expression for the undamped resonant frequency (&>o) of the circuit. 

c) Find an expression for the low-frequency asymptote of V 0 /Vj. (Zero is not an 
acceptable answer.) 

d) Find an expression for the high-frequency asymptote of V 0 /Vj. (Zero is not an 
acceptable answer.) 

e) Assuming Q = 1/2, sketch the magnitude and phase of V 0 /Vj versus co. Specify 
coordinates and dimension key features. 


PROBLEM 15.40 Tech TTi-Fi advertises a car stereo system that can deliver 
10 watts average power into a 4-51 speaker. Given your demonstrated proficiency in 
electronics, you decide to build one using an (hefty) Op Amp. To save yourself the prob¬ 
lems associated with designing the receiver, you plan to use a small transistor AM-FM 
radio as the signal source. 

You try the circuit shown in Figure 15.112. 

In the following parts, you may assume that the hefty Op Amp has very high open-loop 
gain, zero output resistance, infinite input resistance, and other good features. 

a) What is the operating-point value of the voltage at the output of the operational 
amplifier? 
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FIGURE 15.112 


FIGURE 15.113 



b) Why is capacitor Cj included? 

c) Assume that the maximum signal from your radio is 1 volt peak to peak. What is 
the maximum value of Rf that ensures the operational amplifier will remain in the 
linear region? 

d) What is the maximum average power that can be delivered to the 4-Q speaker with 
Vj as a constant amplitude sinusoid? 

e) In spite of your answers to parts (b) and (c), assume that you choose Rf = 10 kf2 
and that capacitor Cl is very large. In order to reduce low frequency noise, you 
decide that you should make the lower half-power frequency 100 radians per second. 
What value of C; should be selected? You also want to filter high-frequency noise 
by making the upper half-power frequency 10 5 radians per second. What value of 
Cf should be selected? 

PROBLEM 15.41 

a) Using the ideal Op Amp assumptions, write the node equations for the complex 
voltage for the circuit in Figure 15.113. Solve for V Q . 
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FIGURE 15.114 


b) Assume V 0 is of the form: 

Vo = -2’ (15 - 12 ‘ 

s z + las + a>Q 

If a short pulse is now applied to this circuit, the output voltage after the pulse is 


v Q {t) = 3e" lote sin(1000t+ 20°). 


(15.125) 


For K = 400 [sec 2 ) find the response vo(t) in the steady state to a one-volt cosine 
wave at the resonant frequency: 


vj[t) = 1 V cos (wq t). 


(15.126) 


(Provide numbers for wo, etc.) 

c) Repeat (b), for a one-volt cosine wave at the lower 0.707 frequency wi. 
PROBLEM 15.42 

a) For the circuit in Figure 15.114 write the node equations needed to find V Q (s) in 
terms of V)(s). Your answer must be arranged with the source terms on the left, the 
unknown variables on the right, and must use conductances g(= 1/R). 

b) Solving these equations, you should obtain for Ci = C 2 , 



(15.127) 


For R\ = 1 kfi, find the values of R 2 and C that give a Q of 10 and a resonant 
frequency, defined as the frequency where the s 2 term and the s° term cancel in the 
denominator of Equation 15.127, of a> 0 = 1000 rad/s. 
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FIGURE 15.115 


PROBLEM 15.43 For the network shown in Figure 15.115: 


*2 



a) Determine an expression for the indicated transfer function. 

b) Sketch the magnitude and angle of the indicated quantity as a function of frequency. 
You may use either linear or log-log coordinates, but it is recommended that you 
learn to use both kinds of axes. 
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16.1 INTRODUCTION 

The diode was introduced in Chapter 4 as an example of a nonlinear device. 
We used its nonlinear v-i characteristic to develop several methods of analyzing 
nonlinear circuits. It turns out that the diode is a particularly useful nonlinear 
device, and merits closer examination. Figure 16.1 shows a few discrete diodes. 
This chapter explores several useful diode circuits, and develops additional 
analysis methods that are specific to diodes. 

16.2 SEMICONDUCTOR DIODE 
CHARACTERISTICS 

We will consider semiconductor diodes made out of silicon. Recall, we have 
previously seen an example of a silicon-based device, namely the MOSFET. Let 
us first review briefly the properties of silicon and semiconductors. Silicon is an 
element in the cubic crystal class of Group IV in the periodic table (along with 
germanium). In pure crystalline silicon, each atom forms covalent bonds with 
its nearest neighbors, so that at room temperature almost all valence electrons 
are involved in the structural bonding, and very few are free to move about 
the crystal. Hence pure silicon at room temperature is a very poor conductor 
of electricity. 

However, if minute amounts of impurities are added to the silicon by high 
temperature diffusion, or by ion implantation, for example, then the electrical 



FIGURE 16.1 Discrete diodes. 
( Photograph Courtesy of Maxim 
Integrated Products.) 
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properties change dramatically. Add a part per million of a Group V element, 
such as phosphorus, to the Group IV element silicon, and we obtain a crystal 
that has many “mobile” electrons not involved in covalent bonds. Hence the 
material is now a good conductor. We call this material n-type silicon (n stand¬ 
ing for negative, indicating mobile negative charge carriers, that is, electrons). 
Similarly, if we add small amounts of a Group HI element such as aluminum 
to the pure silicon, the resulting crystal will have a large deficit of electrons in 
the bonding structure. One useful way of visualizing the effect of this deficit is 
to imagine that we have created not a deficit of negative charges, but a surplus 
of positive charges, which we call holes. (A hole is thus a convenient way of 
representing the absence of an electron.) This is called p-type silicon, signifying 
mobile positive charge carriers. Both n-type and p-type silicon are electrically 
neutral, because the constituents were electrically neutral. But unlike pure sili¬ 
con, both are relatively good conductors of electricity. You may recall the use 
of both p-type and n-type silicon in the fabrication of MOSFETs. 

One way to make a semiconductor diode is to metallurgically create a 
wafer of silicon containing n-type material adjoining p-type material. In an 
n-channel MOSFET, for example, the n-type drain juxtaposed to the p-type 
channel region forms a diode. The circuit symbol for the diode, shown in 
Figure 16.2, emphasizes this asymmetric structure by denoting the p region 
with an arrow, and the n region as a line. If a battery and a resistor are connected 
to the diode to make the p region positive with respect to the n region, as in 
Figure 16.3a, large currents will flow. This is called forward bias. But if the 
battery is connected in the opposite way (Figure 16.3b), to make the n region 
more positive than the p region to reverse bias the diode, almost no current 
will flow. This gross asymmetry in electrical behavior is the essence of the 
semiconductor diode. 

An analytical expression for the relation between the voltage V£> and the 
current ii> for the diode can be derived from semiconductor physics: 

i D = I s (e VD/v ™ - 1). (16.1) 

The parameter, Vth = kT/q, is called the thermal voltage, and the constant I s 
is the saturation current. For silicon I s is typically 10“ 12 amps, q is the charge 



FIGURE 1 6.2 A semiconductor diode. 


FIGURE 1 6.3 (a) Forward bias; (b) reverse bias. 
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FIGURE 16.4 (/-/characteristics 
of a silicon diode. 


of an electron, 1 k is the Boltzmann’s constant, 2 and T is the temperature in 
kelvins. 3 At room temperature, kT/q is approximately 0.025 volts. 

Typical measured v-i characteristics for a silicon diode are shown 
in Figure f6.4. If we plot on a current scale of pico-amps (10~ 12 amps), as 
in Figure 16.4a, then the expected exponential shape appears. But if we plot on 
a more typical scale of milliamps (Figure 16.4b), then the curve looks quite 
different. The current appears to be zero until the diode voltage is almost 
0.6 volts, at which point the characteristic rises very sharply. This apparent 
knee is entirely due to the mathematical behavior of exponentials, rather than 
some physically-related threshold in the device. Nonetheless, on the scale of 
milliamperes, silicon diodes appear to have a voltage threshold of 0.6 to 0.7 V, 
(0.2 V for germanium diodes). This threshold has important consequences for 
semiconductor circuit design, some detrimental but others of great value. For 
example, recall that digital logic depends critically on the presence of such a 
threshold, as we saw in Chapter 6. 


EXAMPLE l6.I ANALYSIS OF A DIODE-BASED TEMPER¬ 
ATURE MEASUREMENT CIRCUIT To achieve the greatest possible 
computational performance, microprocessors in notebook computers and servers 
operate with a variable-frequency clock. The faster the clock, the more operations per 
second a microprocessor can perform. However, as its clock frequency increases, a 
microprocessor becomes hotter for reasons that are discussed in Chapter 11. Generally, 
the temperature of a microprocessor should be limited to about 110 °C. To increase 
its performance, the clock frequency of a microprocessor is increased until the thermal 
limit is reached. How does a microprocessor determine its temperature? 

Diodes in a microprocessor can be used to sense temperature. For example, the MAXIM 
MAX1617 device measures temperature by forcing two different currents through a 


1. The electron charge q = 1.602 x 10“C. 

2. The Boltzmann’s constant k = 1.380 x 1 0~-’’ J/°K. 

3. The temperature in kelvins can be obtained from the temperature in degrees Celsius as follows: 

T [°K] = T [°C] + 273.15 [°Q. 










' tq + 
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diode and comparing die resulting voltages. For sufficiently large voltages, the diode 
equation can be approximated by: 


i D ^ I s e^ /kT . 


Therefore, the voltage vd across the diode is given approximately by: 



FIGURE 16.5 Circuit with diode. 


v D = 



To measure temperature, the MAX1617 first forces the current iD\ through the diode, 
and next forces the current z'd2 through the diode. The resulting voltages, vdi and vdi , 
are then differenced to obtain 


kT 

VDI ~VD2= — In 
9 



Short 

circuit 


This voltage difference is proportional only to absolute temperature in kelvins if the ratio 
between ip\ and ijyi is fixed. 



Open 

circuit 


(a) 


l D 


J 


+ 



Suppose 7 di = 100 /xA and iD 2 = 10 /xA. Then, for T = 300 °K, or 27 °C, the volt¬ 
age difference is 59.5 mV. If the temperature rises to T = 383 °K, or 110 °C, the voltage 
difference rises to 76.0 mV. 


16.3 ANALYSIS OF DIODE CIRCUITS 

Given the analytical expression for the diode characteristic, Equation 16.1, how 
can we calculate the voltages and currents in a simple circuit such as Figure 16.5? 
Depending on our requirements, as discussed in Chapter 4, we can use one 
of the four methods of analyzing nonlinear circuits developed previously: (1) 
analytical solutions, (2) graphical analysis, (3) piecewise-linear analysis, and (4) 
incremental analysis. However, circuits with multiple diodes and other elements 
get algebraically complex quickly and become virtually impossible to analyze 
directly. Fortunately, it turns out that the dichotomous behavior of the diode 
under forward bias and reverse bias allows us to decompose more complex 
diode circuits into simple subcircuits, each of which can be independently ana¬ 
lyzed using one of the four methods. This decomposition method is called the 
method of assumed diode states. 


16.3.1 METHOD OF ASSUMED STATES 


(b) 4 


FIGURE 16.6 Ideal diode model. 


Recall from the graphical construction illustrated in Figure 16.6 (as well as 
from the original definition of the ideal diode outlined in Equations 16.2 and 
16.3), that the ideal diode has two mutually exclusive states: the ON state, for 
which the diode voltage vd is zero (the diode is a short circuitj, and the OFF state. 
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where the diode current ip is zero (the diode is an open circuit). This suggests 
a very simple analysis technique: Draw two subcircuits corresponding to the 
two diode states, and analyze each subcircuit. Because in each subcircuit the 
diode is either a short or an open circuit, the subcircuits are linear. Hence linear 
analysis methods can again be used to find the output voltage. Some insight is 
then required to piece together a complete solution from these two parts. 


Diode ON: 

v — 0 for all positive i. 

(16.2) 

Diode OFF: 

i — 0 for all negative v. 

(16.3) 


To illustrate, consider the half-wave rectifier circuit discussed in Chapter 4 
(redrawn in Figure 16.7). Let us analyze this circuit using the method of assumed 
states and the ideal diode piecewise linear model depicted in Figure 16.6. 

The two subcircuits for the half-wave rectifier corresponding to the two 
diode states are shown in Figure 16.8a and 16.8b. One circuit applies whenever 


E = E a cos(cot) 





FIGURE 16.7 Half-wave 
rectifier circuit using the ideal 
diode model. 


+ 

v„ 


(a) Diode OFF 


C, 

A 



FIGURE 16.8 Analysis by 
assumed diode states. 


A / 

r 

\ A . 




(c) 




















910 


CHAPTER SIXTEEN 


DIODES 


comprising an ideal diode, the 
o.6-volt source, and a resistor. 


FIGURE 16.9 Diode model 



V 



0.6 V 


/ Slope = \/R d 



the diode is OFF, the other when the diode is ON. Analysis of these two 
circuits is trivial in this case: For the diode OFF, Figure 16.8a, v m = 0, and 
for the diode ON, Figure 16.8b, v r b = v,. Now we must apply the diode 
constraints, Equations 4.34 and 4.35, to find which portions of these waveforms 
are valid. The ON circuit applies only for ip positive, hence only for v, positive, 
as indicated by the darker line segments. The OFF circuit applies only for vd 
negative, hence v, negative, so the valid parts of the v r waveform here are again 
darkened. The two parts of the solution can now be combined to yield the 
complete solution for the output wave, Figure 16.8c. 

Generalizing from this simple example, to analyze a diode circuit by the 
method of assumed states: 

1. Draw a subcircuit for each possible state (ON or OFF) of the diodes. For 
one diode there are two subcircuits. For n diodes there are 2” such states, 
and hence 2" subcircuits. 

2. Analyze each resulting linear circuit to find an expression for the desired 
output variable. Because in each subcircuit the diode is either a short or 
an open circuit, the subcircuits are linear. Hence linear analysis methods 
can be used. 

3. Establish the range of validity of each of the expressions in (2); then 
assemble the appropriate segments to form the complete output 
waveform. 


EXAMPLE 16.2. METHOD OF ASSUMED STATES WITH 
IMPROVED PIECEWISE LINEAR DIODE MODEL The method 
of assumed states can also be applied with other diode models and analysis methods. 
To illustrate, let us use the diode model comprising the ideal diode and both the 
0.6-volt source and the resistor Rj shown in Figure 16.9 (see Chapter 4.4.1 for details) 
to re-analyze the half-wave rectifier circuit of Figure 16.7. 

An appropriate circuit model is shown in Figure 16.10a. The subcircuits for the ON and 
the OFF states of the diode are shown in Figures 16.10b and 16.10c. As both subcircuits 
are linear (by definition), analysis is easy. 
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FIGURE 16.10 Analysis with 
more accurate model. 


For the ON state, 


Vra - {Vi 


0 . 6 ) 


R 

R + Rd 


(16.4) 


and for the OFF state, v r = 0. 

The regions of validity for these waveforms can be found from the constraint equations 
for the ideal diode, Equations 16.2 and 16.3. The ON subcircuit only applies for ip 
positive, hence the valid regions of v m are the positive segments. The OFF subcircuit 
must therefore fill in the gaps. More formally, the OFF circuit applies when the voltage 
across the ideal diode is negative, hence for v, less than 0.6 V. The composite solution is 
shown in Figure 16.10d. 
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16.4 NONLINEAR ANALYSIS WITH 
RL AND RC 


Circuits that contain one energy-storage element (capacitor or inductor) and 
resistive nonlinearities such as diodes, Op Amps, and MOSFETs are very 
common in electronic systems: sweep circuits in oscilloscopes or television 
sets, rectifier circuits in all types of equipment. Fortunately, such circuits can be 
analyzed and designed quite readily using a combination of two techniques we 
have already discussed. If we represent each nonlinear element by a piecewise 
linear model, then the circuit can be represented by two or more subcircuits, 
each representing one diode state. By definition each of these subcircuits is 
linear, and contains one L or one C, so can be solved by methods of Chapter 10. 

16.4.1 PEAK DETECTOR 

A simple example is shown in Figure 16.11, a circuit identical to the half-wave 
rectifier already discussed, except for an added capacitor. The output waveform 
of this circuit will follow the positive peaks of the input wave, so is more efficient 
for converting AC to DC. The node equation at the vq node is 



(16.5) 



(a) Circuit 


FIGURE 16.11 Peak detector. 



(b) Diode ON subcircuit 



(c) Diode OFF subcircuit 
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The v-i relation for the semiconductor diode can be written in terms of vq by 
noting that 


v D = Vi - vc- 


(16.6) 


Hence 


i D = Is (e q '' v ’- v c> /kr - 1V (16.7) 

Substituting this into Equation 16.5 and recasting as a state equation we obtain 

- = - l] . (16.8) 

dt RC Ci -I 


This equation could be solved by standard numerical methods, but much 
insight can be obtained from a piecewise-linear solution. 

If we model the diode as an ideal diode, then two linear RC subcircuits 
result, one for the diode ON, and the other for the OFF state, as shown in 
Figures 16.11b and 16.11c. For the diode ON, 


vc = Vi- 


(16.9) 


For the diode OFF, the drive is disconnected from the capacitor, so vq is a 
zero-input response, of the form: 


v c = Ke~ t/RC . (16.10) 

The constraints which determine the range of validity of each of these solutions 
are derived from the conditions on the diode states, repeated from Section 4.4: 

Diode ON: b positive, vd — 0 (16.11) 

Diode OFF: vd negative, iu = 0. (16.12) 

Applying Equation 16.12 to the OFF circuit, we find that to keep vd negative: 

Vi < vc- (16.13) 


In the ON state, Equation 16.11 requires that id be positive. From Equa¬ 
tion 16.5, 


b — 


vc r dvc 
R dt 


> 0 . 


(16.14) 


The solution for a sine wave v t can now be sketched. As shown in Figure 16.12, 
during the first quarter cycle, the source is charging the capacitor, so b is 
positive, and the diode is ON. Now as the sine wave comes down from its 
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FIGURE 16.12 Peak detector 
waveforms. 


Voltage 



peak, the capacitor starts to discharge, but from Equation 16.14 this forces id 
to zero, and the diode changes to the OFF state. A simple exponential discharge 
follows of the form given in Equation 16.10. At some later point in the cycle, the 
input voltage rises up to the capacitor voltage, the constraint of Equation 16.13 
is no longer met, and the diode switches back to the ON state. 

It is somewhat messy to calculate the exact voltages or times at which the 
diode switches state. But frequently in nonlinear circuit design the fundamental 
design constraints of the circuit make exact calculations of this sort unneces¬ 
sary. For example, for rectifier applications, it is desirable to have the RC time 
constant much longer than the sine wave period, as we shall see. In this case 
the diode switches to the OFF state only a few degrees beyond the peak of the 
wave. Hence the starting amplitude for vc in the diode OFF state is roughly 
the peak of the input sine wave, and the OFF state waveform is 


(t-t/4) 

VC — ype . 


(16.15) 


Note that the peak of the size wave occurs at t — r/4, where r is the cycle 
time. For the very long time-constant case, this discharge will be approximately 
linear: 

v c - Vp ^1 - ~■ (16.16) 

The return to the ON state occurs when Vj — vc, hence when 


Vp sin(tt>£) = Vp 



t-r/4\ 
RC ) ’ 


5t r 

2tt < cot < —. 
- 2 


(16.17) 


This is still a transcendental equation, but it can be solved readily on a calculator. 

Often we are interested only in an upper bound on the size of the ripple on 
the vc wave when the circuit is in the “steady state,” that is, when the waveforms 
become repetitive. In this case the first quarter cycle in Figure 16.12 is ignored, 
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and attention is focused on the repeating waveform thereafter. This would be 
the case if we were using the circuit as a rectifier to convert a 60-Hertz AC 
signal to DC to supply DC power to Op Amps and MOSFETs. Rather than 
solving Equation 16.17 for the turn-on time, and then calculating the capacitor 
voltage at turn-on, we just assume the transient continues for the complete 
period of the sine wave. This gives a slightly larger ripple than the actual value, 
so designs based on this approximation will be conservative. We are in effect 
assuming that Equation 16.16 applies for the entire period r of the input sine 
wave, and at the end of one cycle, vq instantly jumps to Vp, then decays 
again. Under this assumption the peak-to-peak value of the ripple will be, from 
Equation 16.16, 


Peak-to-peak ripple ~ . 


(16.18) 


If, for example, the RC time constant is chosen to be ten times the period of the 
sine wave, the peak-to-peak ripple will be 10% of Vp, the peak of the input sine 
wave. The DC voltage from the rectifier is the average value of v(\ This can be 
found by inspection of the vq waveform in Figure 16.12, again, assuming that 
the transient continues for the complete period of the sine wave: 



= V P (1 - r/2 RC). 
For RC — lOr, the DC is 0.95 Vp. 


(16.19) 

(16.20) 


16.4.2 EXAMPLE: CLAMPING CIRCUIT 

A simple diode clamping circuit is shown in Figure 16.13. Assuming that the 
diode can be modeled by an ideal diode, then the two subcircuits for the ON 
and OFF states have a very simple form, as shown in Figure 16.13b and c. In 
the ON state, 


v c = Vi (16.21) 

v 0 = 0. (16.22) 

Any time v\ is less than vq, the circuit will be forced into the ON state. The 
degenerate nature of the circuit, which is modeled here as having zero resis¬ 
tance in this state, may be troublesome. Think of adding a small resistance 
associated with the source, or with the forward-biased diode. Now to keep the 
diode ON, the diode current iu must be positive, so 


v, < VQ- 


(16.23) 
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FIGURE 16.13 Diode clamping 
circuit 



(a) Complete circuit 
+ v c ' 



(b) Diode ON subcircuit 


+ v c - 



(c) Diode OFF subcircuit 


In the OFF state, the circuit reduces to the linear RC circuit discussed in 
Chapter 10. If we assume v, is a square wave to simplify the problem, then 
in this state vq will be 


vc = V mit e~ tlRC + V fmal (l - e~ t/RC ). 
The resistor voltage can be found from the capacitor voltage: 


(16.24) 


V 0 = i C R 


(16.25) 


RC 


due 

dt 


(16.26) 


For the square-wave input case, this can be evaluated from Equation 16.24: 

Vo = [ V final - V lnlt ] e- t/RC . (16.27) 

To keep the circuit in the OFF state, vp must be negative, hence from KVL 


vc ~ Vi = v D < 0 . 


(16.28) 
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Hence the circuit constraint is 

v c < Vi 

Now the wavefonns can be sketched. Assuming that the capacitor is ini¬ 
tially uncharged and the input voltage goes positive to +10 V on the first 
half cycle, as suggested in Figure 16.14, then the initial circuit state is the OFF 
state, from Equation 16.29. Hence the capacitor will charge toward +10 volts. 
Here V init = 0, and V fina i = 10, so 


(16.29) 


FIGURE 16.14 Diode clamp 
waveforms. 


v c = 10 (l - e~ t/RC ^j . (16.30) 

At the same time 

v 0 = 10e~ t/RC . (16.31) 

The Figure 16.14 show these waveforms for the case where the transients 
only go part-way to completion, that is, for the RC time constant long 
compared to the period of the square-wave. 

The input waveform undergoes an abmpt transition at t\, at the end of 
the first half-cycle, dropping to —10 volts. Because vq had been positive, the 
constraint of Equation 16.23 now applies, and the circuit is forced into the ON 
state. Physically, the diode is ON, so the capacitor is connected directly across 
Vi, and v 0 is zero. Note that for this over-idealized circuit the capacitor voltage 
is forced to change instantaneously from some positive voltage to —10 volts 
in response to the input transition. A more realistic model which included 
either diode forward resistance or a resistance associated with the source would 
eliminate this anomaly, and produce a rapid transition in vq rather than an 
instantaneous jump. 

As noted in the waveforms, the ON state persists until the input wave 
undergoes a transition back to +10 volts. As soon as v, moves away from 
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—10 volts, the constraint of Equation 16.29 will be satisfied, and the circuit 
will be forced to the OFF state. The capacitor starts at —10 volts, and would 
charge to +10 volts if the input remained at +10 for long enough, so from 
Equation 16.24 

v c = 10 - 20e~ tlRC . (16.32) 

Also, from Equation 16.27, the output voltage must be 

v 0 = 20e~ tlRC . (16.33) 


Reasoning physically from the circuit, right after the transition the capaci¬ 
tor is still charged to —10 volts, and the source is at +10 volts, so the voltage 
across the resistor at this point is 20 volts. If it were not for the intervening 
transition, the resistor voltage would decay to zero; hence Equation 16.33. 

At £ 3 , Vi moves abruptly to —10 V, and forces the diode to the ON state, 
as before. From here on, the waveform patterns repeat. 

The waveforms in Figure 16.14 have been drawn for the case where the 
capacitor discharges appreciably during each half-cycle. This case was chosen 
for clarity rather than functionality. When the circuit is used as a DC restorer in 
a television set, the RC time constant would normally be chosen to be much 
longer than the period of the input wave. In such designs, the output wave 
has the same shape as the input wave, except that the waveform is shifted so 
as to be always positive. The most negative value of the input voltage is now 
clamped to 0 V. 
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16.6 SUMMARY 

► The following is an analytical expression for the relation between the 
voltage vd and the current for the diode: 

i D = I s (e v D /v ™ - 1). 

The parameter, Vth — kT/q, is called the thermal voltage. The constant 
I s for silicon is typically 10 -12 amps, q is the charge of an electron, k is 
the Boltzmann’s constant, and T is the temperature in kelvins. At room 
temperature, kT/q is approximately 0.025 V. 

► The ideal diode model approximates the v-i characteristics of a diode using 
two straight-line segments given by: 

Diode ON: v = 0 for all positive i 
Diode OFF: i = 0 for all negative v. 

► A more accurate diode model comprises an ideal diode in series with a 
voltage source, and can be summarized as: 

Diode ON (vertical segment): vj) — 0.6 V for ip > 0 

Diode OFF (horizontal segment): ?/) = 0 for vd < 0.6 V. 

► An even more accurate diode model comprises an ideal diode in series 
with a voltage source and a resistor, and can be summarized as: 

Diode ON (vertical segment): vd = 0.6 V + ioRd for > 0 

Diode OFF (horizontal segment): id = 0 for vd < 0.6 V. 

► The method of assumed states to analyze a diode circuit has the follow¬ 
ing steps: 

1. Draw a subcircuit for each possible state (ON or OFF) of the diodes. 
For one diode there are two subcircuits. For n diodes there are 2" such 
states, and hence 2 " subcircuits. 

2. Analyze each resulting linear circuit to find an expression for the desired 
output variable. Because in each subcircuit the diode is either a short or 
an open circuit, the subcircuits are linear. Hence linear analysis methods 
can be used. 

3. Establish the range of validity of each of the expressions in (2), 
then assemble the appropriate segments to form the complete output 
waveform. 
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EXERCISES 



FIGURE 16.27 



FIGURE 16.28 



FIGURE 16.29 


EXERCISE 16.1 Determine and graph the v—i relation imposed at its port by the 
network shown in Figure 16.27. Assume that the diode is ideal. 

EXERCISE 16.2 Consider the circuit shown in Figure 16.28. Determine and 
graph i'out as a function of 14 N for the following two diode models. Clearly label the 
breakpoints between neighboring piecewise-linear regions in the graph. In addition, indi¬ 
cate the regions of the graph that correspond to the different on/off state combinations 
of the diodes. 

a) Assume that each diode is ideal. 

b) Model each diode as an ideal diode in series with a 0.6-V source, as shown in 
Figure 16.29. 

EXERCISE 16.3 The diode in the circuit shown in Figure 16.30 is ideal. Assuming 
that ^(t) = 1 V sin(27rl00 rad/s t), determine and graph 1 /qut for 0 < t < 20 ms. 

EXERCISE 16.4 Determine and graph foUT as a function of tin for the circuit 
shown in Figure 16.31. hi doing so, model the diode as shown in Figure 16.29, and 
assume that the Op Amp is ideal. Also, contrast the input-output behavior of the circuit 
shown in Figure 16.31 with that of the half-wave rectifier studied in the chapter on 
nonlinear analysis. 

EXERCISE 16.5 This exercise explores the use of superposition to analyze net¬ 
works containing diodes. For this purpose, assume that the diodes in Figure 16.32 are 
all ideal. 

a) Let = 0. Determine t'ouT as a function of 14 ^ 1 . 

b) Let t>iNi = 0. Determine foUT as a function of 14 ^ 2 - 

c) Finally, determine foUT for the general case in which both tpji and 14^2 are nonzero. 

d) Your answer to Part (c) should not be a superposition of your answers to Parts (a) 
and (b). Why not? 




FIGURE 16.30 FIGURE 16.31 
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PROBLEM 16.1 For the two circuits shown in Figure 16.33, determine and PROBLEMS 
graph pqut as a function of pjsj. Assume that all diodes and Op Amps are ideal. 


rVW-Bww— 

r 3 




v OUT 



—AAA 
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FIGURE 16.32 


FIGURE 16.33 


PROBLEM 16.2 The diodes in the networks shown in Figure 16.34 are ideal. 


Both networks are driven by a voltage source which produces a pulse of amplitude V 0 
for a duration T. Prior to t = 0, both networks are at rest. 


a) Find vc(t) and ii(t) for 0 < t < T. 

b) Find vc(t) and ii{t) for T < t. 


HI —M - 

R 2 


vw- 





FIGURE 16.34 


PROBLEM 16.3 The diodes in the networks shown in Figure 16.35 are ideal. 
Both networks are driven by a current source which produces a pulse of amplitude J 0 
for a duration T. Prior to t = 0, both networks are at rest. 

a) Find vc(t) and ijlf) for 0 < t < T. 

b) Find vc(t) and ii{t) for T < t. 



FIGURE 16.35 
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PROBLEM 16.4 This problem studies the construction of multipliers, dividers, 
and exponentiators using diodes and Op Amps. Throughout this problem assume that 
the diodes exhibit the relation ip pb I$e ^d/^T, anc j t }- ia [ t [ le Op Amps are ideal. 



FIGURE 16.37 


a) For both circuits shown in Figure 16.36, determine foUT as a function of zzin. Also, 
in view of the approximation used to describe the behavior of the diodes, state the 
range of over which the analysis holds. 

b) Multiplication can be performed by adding logarithms. Using this fact, construct a 
circuit that produces an output voltage that is proportional to the product of two 
input voltages. State the input-output relation of the circuit, and state the range of 
input voltages over which the circuit will act as a multiplier. 

c) Division can be performed by subtracting logarithms. Using this fact, construct a 
circuit that produces an output voltage that is proportional to the quotient of two 
input voltages. State the input-output relation of the circuit, and state the range of 
input voltages over which the circuit will act as a divider. 

d) Exponentiation can be performed by scaling logarithms. Using this fact, con¬ 
struct circuits that produce an output voltage that is proportional to the square 
and cube, respectively, of an input voltage. State the input-output relation of the 
circuits, and state the range of input voltages over which the circuits will act as 
exponentiators. 

PROBLEM 16.5 Determine pout for the circuit shown in Figure 16.37 given 
that iln is a 100-kHz square wave that switches between 0 V and 5 V. The buffer in 
the circuit produces an output of 0 V for an input of 2.5 V and below; it produces an 
output of 5 V for an input above 2.5 V. Assume that the diode is ideal. 


PROBLEM 16.6 The circuit shown in Figure 16.38 is a very simple power supply 
for a resistive load. With a sufficiently large value for C, it produces a reasonably constant 
t'OUT from a 60-Hz input of the form ztn = 10 V cos(27r 60 rad/s f). 


a) Also shown in Figure 16.38 is a graph of ztn and pout- Assume that C = 10 3 /rF. 
Determine Tj and T 2 , the times at which pout breaks away from and returns to 
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fIN> respectively, as shown in the figure. Also find vqjjj(T 2 ), the minimum value 
of k'OUT- 

b) Repeat Part (a) for C = 10 4 fi F. 

c) Approximately how large should C be if t'oUT is to drop no more that 0.1 V? 





















APPENDIX A 


maxwell’s EQUATIONS 
AND THE LUMPED MATTER 
DISCIPLINE 


This appendix develops the constraints of the lumped matter discipline and 
demonstrates that the constraints result in a simplification of Maxwell’s 
Equations into algebraic equations. 



o 


A.l THE LUMPED MATTER DISCIPLINE 

Tumped circuits comprise lumped elements connected by ideal wires. A lumped 
element has the property that a unique terminal voltage V{t) and terminal current 
I(t) can be defined for it. As depicted in Figure A.l, for a two-terminal element, 
V is the voltage across the terminals of the element, and I is the current through 
the element. As we will show shortly, the voltage and the current are defined 
for an element or for points within a circuit only under certain constraints that 
we collectively call the lumped matter discipline. 

Let us use our familiar lightbulb as an example and derive the conditions 
under which we can treat pieces of matter as lumped elements for inclusion 
in electronic circuits. Suppose for the sake of discussion the lightbulb is made 
out of a cylindrical piece of filament of length l and cross-sectional area a as 
depicted in Figure A.2. 

As shown in Figure A.3, let us assume that the terminals labeled x and 
y are attached to the end surfaces of the filament, and that the end faces are 
equipotential surfaces. Let us determine the set of conditions under which (1) a 
unique voltage V can be defined across x and y and (2) a unique current I can 
be defined through x and y. 

A.1.1 THE FIRST CONSTRAINT OF THE LUMPED 
MATTER DISCIPLINE 

Let’s begin with the voltage. We define voltage as the line integral of the electric 
field E according to 1 

V yx = - f E dl. 

Jx 


FIGURE A.l A lumped circuit 
element 



FIGURE A.2 Resistive bulb 
filament. 



FIGURE A.3 Defining a voltage 
and current for the terminals of the 
filament. 


qE ■ dl, 


1. Alternatively, observing that 


qVyx=- r 
Jx 
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TABLE A.1 Maxwell's Equations 
(for a vacuum). The fifth equation is 
the continuity equation implicit in 
Maxwell's Equations. It can be 
derived by combining the time 
derivative of the first equation with 
the divergence of the fourth 
equation. E is the electric field, B 
the magnetic flux density, p the 
charge density (note that this p is 
different from the resistivity used in 
computing the resistance of an 
element), J the current density, eo 
the permittivity of free space, /ig 
the magnetic permeability of free 
space, <t>£ the electric flux, and 
<I>g the magnetic flux. <t>£ is 
defined as the area integral of E 
and <t>£ as the area integral of B. 



FIGURE A.4 The voltage 
between the x and y terminals. 


3<K b 



FIGURE A.5 Pictorial depiction 
of <f E ■ dl. 


maxwell’s equations and the lmd 


DIFFERENTIAL 

I N T E GRAL 

POPULAR 

FORM 

FORM 

NAME 


V • E = — 

eo 

V • B = 0 


V x E = —- 


3B 

dt 


3E 


V x B = fi 0 e 0 - F MoJ 

dt 

v-J=-^ 

dt 


E • dS = — 

eo 


B • dS = 0 


E • dl = — 


dt 


Gauss’s law for electricity 
Gauss’s law for magnetism 
Faraday’s law of induction 


3<1>E 


B • dl = yigeg- F pio i Ampere’s law (extended) 

dt 


j.dS=-^ 

dt 


Continuity equation 


Note that E is a vector. As illustrated in Figure A.4, the preceding equation 
indicates that the voltage depends on the path x —f y. However, for our 
lumped abstraction to apply, we require that we be able to assign a unique 
voltage between the x and y terminals. Clearly, this voltage cannot be a function 
of the specific path between the x and y points. It seems we have already hit a 
snag in our attempt to create the abstraction of a lumped element to which the 
lumped parameters V and I apply. 

Put another way, we know from Maxwell’s Equations (summarized in 
Table A.l) that 


E ■ dl = 


d® B 

dt 


where E is the electric field and <t>g is the magnetic flux which passes through 
the surface outlined by the closed path of the integral, as depicted in Figure A.5. 
We also know the preceding equation as Faraday’s law of induction. Notice 
that if we choose the two points x and y to be the same, then we can obtain a 
nonzero value for E ■ dl = ji E • dl. Thus it appears our definition of potential 
difference or voltage has no useful meaning in this case. However, are there 
constraints that we can apply for which a unique voltage can be defined? 

In the absence of a time-varying magnetic flux, we can write 


f 


E 


dl = 0. 


the voltage Vy X at point y measured relative to point x can also be defined as the energy required 
to move a particle with unit charge against the force due to the electrical field from x to y. 
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The preceding equation says that integral of E over a closed circuit vanishes 
in the absence of a time-varying magnetic flux. Suppose we choose the closed 
circuit to include the points x and y as shown in Figure A.6. We can then write 


or 


or 


ry r* 

/ E dl+ / E dl = 0 

J X J V 


Path 1 


Path 2 


/V-- -f 

J x J y 


E • dl 


Path 1 


Path 2 


ry ry 

/ E dl= / E dl 

J X J X 

Path I Path 2. 


Notice that for this equality to hold even when Path 1 and Path 2 are chosen 
independently, each integral must be independent of path. It follows from this 
that the computed voltage V yx between any pair of points x and y given by 
— E • dl is independent of the path. 2 Thus, we have our desired outcome: 
We can ascribe a unique potential difference or voltage across the terminals x 
and y, provided 


dt 

Additionally, we assume that the rate of change of flux is 0 for all time, so that 
the voltage can be a uniquely defined function of time. This directly leads to 
the first constraint of our lumped matter discipline. 


First constraint of the lumped discipline Choose lumped element bound¬ 
aries such that 


9<Pb 

dt 


= 0 


for all time, through any closed path outside the element. 

Since we have assumed that the rate of change of flux is 0 for all time, and 
because any flux build up would require a non zero rate of change of flux, it 
follows that the flux must also be 0. 3 



FIGURE A.6 Line integral of E 
over a closed circuit that includes 
the points a and y. 


2. Notice that the internal behavior of the element can be arbitrarily complicated, but the spe¬ 
cific relationship between the voltage and current at the terminals will completely characterize its 
behavior to any circuit to which this element is connected. 

3. We can arrive at the same property in a different way, as follows: A nonzero but constant flux 
external to an element can be the result of a current flowing internal to the element, or produced 
by an external source. 
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A. 1.2 THE SECOND CONSTRAINT OF THE LUMPED 
MATTER DISCIPLINE 

Now, let us focus on the current I. The current I through some cross-sectional 
surface (S z ) of the filament at some point z is given by 

1= f J dS 

Js z 



where J is the current density at a given point within the filament. Note that 
J is a vector. If we choose the surface of the filament S x at the terminal x, 
then we get the amount of current entering the filament. Alternatively, if we 
choose the surface S y at the y terminal, then we get the amount of current 
leaving the filament. What can we say about the current entering and leaving the 
filament? 

It turns out that J can be a complicated function of position. So let us 
try to answer the preceding question using the continuity equation (derived 
from Maxwell’s Equations), which gives the following relationship between the 
surface integral of the current out of a closed surface and the time derivative of 
the charge enclosed by the surface (see Figure A.7): 


FIGURE A.7 Pictorial depiction 
of § J ■ dS. 



3 q 
3t 


In the preceding equation , q is the total amount of charge within the closed 
surface. If we choose the closed surface to envelop the entire filament as depicted 
in Figure A.8, then q will be the total charge within the enclosed volume. Let 
us assume that the faces of the filament at the terminals x and y are the only 
entry and exit points for the current, and that there is no charge outside the 
element. It is clear from the preceding equation that the current into the element 
will not equal the current out of the element in the presence of a time-varying 
total charge within the element. Thus, it makes no sense to define a current 
“through” the element in the presence of a time-varying total internal charge. 


If an internal current produces a significant amount of flux, then a time-varying current will 
produce a nonzero time-varying flux — a situation we have explicitly disallowed. Thus, the flux 
resulting from an internal current must be negligible. If the flux is significant, then we will introduce 
a new lumped element called the inductor and capture the flux inside it, thereby adhering to the 
constraint. 

Next, consider the case where there is an external source producing a temporally-constant 
amount of flux. Clearly we would like to be able to define a fixed voltage across the terminals 
of our element even when the element moves. However, since a moving element would create 
the same effect as a time-varying flux — a situation we have disallowed, the external flux must 
also be 0. 
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FIGURE A.8 Integral of J over a 
closed surface. 


However, consider the situation in which there is no time-varying charge 
within the element. In other words, consider the situation in which 



for the element taken as a whole. With this situation, we derive the nice result 
that 

<j> JdS = 0. 

Simply stated, when there is no total time-varying charge within an element, 
the total current into the element is 0. Returning to our filament example, if 
there is no current flow across the curved cylindrical surface of the filament, we 
can rewrite the total current flowing into the element as the different between 
the current flowing into the end surface at x and the current flowing out of the 
end surface at y: 


<fj dS = - f J dS + [ J • dS = 0. 

J JS X JSy 

Since the sum of the two components of the current must be 0, it follows they 
must be equal. Thus we are able to define a meaningful current flowing through 
the element when there is no net time varying charge within the element. 
This outcome directly leads to the second constraint of the lumped matter 
discipline. 
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Second constraint of the lumped discipline Choose the lumped element 
boundaries so that there is no total time varying charge within the element. In 
other words, choose element boundaries such that 



dt 


for all time, where q is the total charge within the element. 

Notice that we have assumed explicitly that the rate of change of charge is 
zero for all time so that the current can be an arbitrary function of time. Since 
we have assumed that the rate of change of charge is zero for all time, and 
because any charge build up would require a nonzero rate of change of charge, 
it follows that the net charge within any element must also be zero. 4 

A. 1.3 THE THIRD CONSTRAINT OF THE LUMPED 
MATTER DISCIPLINE 

Finally, let us consider the practical matter of the propagation speeds of elec¬ 
tromagnetic waves. The lumped element approximation requires that we be 
able to define a voltage V between a pair of element terminals and a current 
through the terminal pair. Defining a current through the element means that 
the current in must equal the current out. Now consider the following thought 
experiment. Apply a current pulse at the terminal x of the filament at time 
instant t and observe both the current into terminal x and the current out 
of terminal y at a time instant t + dt very close to t. If the filament were 
long enough or if dt were small enough, the finite speed of electromagnetic 
waves might result in our measuring different values for the current in and the 
current out. 

We fix the problem created by the finite propagation speeds of electro¬ 
magnetic waves by adding a third constraint. We include the constraint that 
the timescale of interest in our problem be much larger than electromagnetic 
propagation delays through our elements. Put another way, the size of our 
lumped elements must be much smaller than the wavelength associated with 
the V and I signals. 5 

Under the preceding speed constraints, electromagnetic waves can be 
treated as if they propagated instantly through a lumped element. By neglecting 
propagation effects, the lumped element approximation becomes analogous to 


4. If an element does store charge, then we will collect equal amounts of charges of opposite 
polarities inside a new lumped element called a capacitor , so that there is no net charge inside the 
element. 

5. More precisely, the wavelength that we are referring to is that wavelength of the electromagnetic 
wave launched by the signals. 
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the point-mass simplification, in which we are able to ignore many physical 
properties of elements such as their length, shape, size, and location. 

Third constraint of the lumped discipline Operate in the regime in which 
signal timescales are much larger than the propagation delay of electromagnetic 
waves across the lumped elements. 

A.1.4 THE LUMPED MATTER DISCIPLINE APPLIED 
TO CIRCUITS 

Circuits are sets of lumped elements connected by ideal wires. A node is formed 
at the junction point at which the terminals of two or more elements are con¬ 
nected. We choose the wires such that they obey the lumped matter discipline, 
so the wires themselves are also lumped elements. For their voltages and cur¬ 
rents to be meaningful, the constraints that apply to lumped elements apply to 
entire circuits as well. In other words, for voltages between any pair of points 
in the circuit and for currents through wires to be defined, any segment of the 
circuit must obey a set of constraints similar to those imposed on each of the 
lumped elements. 

Accordingly, the lumped matter discipline for circuits can be stated as: 

1. The rate of change of magnetic flux linked with any portion of the circuit 
must be 0 for all time. 

2. The rate of change of the charge at any node in the circuit must be 0 for 
all time. A node is any point in the circuit at which two or more element 
terminals are connected using wires. 

3. The signal timescales must be much larger than the propagation delay of 
electromagnetic waves through the circuit. 

Notice that the first two constraints follow directly from the corresponding 
constraints applied to lumped elements. Remember that a node is simply a 
junction point of a set of wires, which are themselves lumped elements. So, the 
first two constraints do not imply any new restrictions beyond those already 
assumed for lumped elements. 6 The third constraint for circuits, however, 
imposes a stronger restriction on signal timescales than for elements, because a 
circuit can have a much larger physical extent than a single element. The third 
constraint says that the circuit must be much smaller in all its dimensions than 
the wavelength of light at the highest operating frequency of interest. 


6. As seen in Chapter 9, it turns out that voltages and currents in circuits result in electric and 
magnetic fields, thus appearing to violate the set of constraints to which we promised to adhere, 
hi most cases these are negligible. However, when their effects cannot be ignored, we explicitly 
model them using elements called capacitors and inductors. 



934 


APPENDIX A 


maxwell’s equations and the lmd 



FIGURE A.9 Simple resistive 
network. 


A.2 DERIVING KIRCHHOFF’S FAWS 

This section uses the lumped matter discipline to derive Kirchhoff s laws from 
Maxwell’s Equations. To illustrate the basic ideas, let us suppose that we are 
interested in deriving the voltages across and the currents through each of the 
elements in the circuit in Figure A.9. 

In general, we can resort to Maxwell’s Equations and the related continuity 
equation to solve the circuit. The relevant equations are: 


i 


E 


•dl = 


90b 

dt 


and 



3 q 
dt' 


Recall that according to the lumped matter discipline we have agreed to 
constrain ourselves to the circuit domain in which 


3 

dt 


= 0 


for closed circuit loops, and 


a -l = o 

dt 


for circuit nodes. In this constrained domain, the general equations can be 
simplified to the following: 


E ■ dl = 0 


(A.1) 


and 

j) JdS = 0. (A.2) 

Equation A.l says the line integral of the field around any closed path must 
equal 0. Similarly, Equation A.2 says that the surface integral of the current 
over any surface must be 0. Of course, Equations A.l and A.2 are valid only 
under the lumped matter discipline. 

Applying Equation A.l to the closed loop defined by the three circuit edges 
a —x b, b —»■ c, and c —* a, as depicted in Figure A. 10 we obtain 


^Edl = fVdl + r Edl+ f 

J J a J b J c 


E ■ dl = 0. 
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FIGURE A.10 The line integral over a closed loop in the FIGURE A.11 The surface integral over a closed surface 

network. in the network. 


Since we know that f E • dl = 0 along an ideal wire is 0, and since the potential 
difference V^y across the xy terminals of an element is given by 

V*y= [ V dl, 

J X 

we can write 

pb pc pu 

/ E • dl + / E • dl + / E ■ dl = v\ + vi + V 3 — 0. 

J a J b Jc 

In other words, the sum of the voltages along any closed path in the circuit 
must equal 0. Accordingly, we can write KirchhofPs voltage law: 


KVL The algebraic sum of the voltages around any closed path in a network 
must be zero. 


We will now derive Kirchhoff s current law. Let us apply Equation A.2 to the 
closed box-like surface depicted in Figure A.11. We notice that there are currents 
flowing only through surfaces S a , >S/„ and S c . Therefore, 

(fj dS= [ J dS+ f J dS+ f J dS = 0. 

J Js a Js b Js c 

Since our currents are confined to the wires entering the three surfaces we 
obtain 


/ J dS + f J ■ dS + [ J ■ dS = -ia - i b - ic = 0. 

J S a J Sfj J S c 
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In other words, the sum of the currents flowing into any closed surface must 
be zero. Simply put, the preceding statement is a statement of the conservation 
of charge. We can now write KirchhofPs current law: 

KCL The current flowing out of any junction or node must equal the current 
flowing in. That is, the algebraic sum of the currents flowing into any node 
must be zero. 



FIGURE A.12 A cylindrical-wire 
shaped resistor. 


A.3 DERIVING THE RESISTANCE OF A 
PIECE OF MATERIAL 

The resistance of a piece of material depends on its geometry. As illustrated in 
Figure A.12, assume the resistor has a conducting channel with cross-sectional 
area a, length /, and resistivity p. This channel is terminated at its extremes by 
two conducting plates that extend to form the two terminals of the resistor. 

For lumped elements that both obey Ohm’s Law and satisfy the lumped 
matter discipline, we can obtain a lumped resistance value from the microscopic 
form of Ohm’s Law: 

E = pj (A.3) 

where J is the current density, p is the resistivity, and E is the electrical field at 
any point within the resistor. 

As the current i enters the resistor through a terminal, it spreads out to 
conduct uniformly through the channel. This current is given by 



■dS 


evaluated at any cross-sectional surface. 7 

The voltage across the resistor 8 is defined as 

v= J E • dl. 


We can substitute the expressions for v and i into Ohm’s Law to get 


v J Edl 
~i~ / J • dS 


(A. 4) 


For a cylindrical-wire shaped resistor with cross-sectional area a and 
length /, with the terminals taken at the circular end surfaces (see Figure A.12), 


7. We are able to obtain i in this fashion directly as a result of our second constraint. 

8. We know this voltage is unique because of our first constraint. 











A.3 Deriving the Resistance of a Piece of Material 


APPENDIX A 


937 


the Equation A.4 reduces to the following equation through cylindrical 
symmetry: 

J a 

where E and / are the magnitudes of the electrical field E and current density J, 
respectively. From Equation A.3 we know that E/J — p, so we get 


R = p- 


l 


(A .5) 


Similarly, the resistance of a cuboid shaped resistor with length /, width w, and 
height h is given by 


R = p- 1 - 
wh 

when the terminals are taken at the pair of surfaces with area wh. 


(A. 6) 
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TRIGONOMETRIC FUNCTIONS 
AND IDENTITIES 


This appendix briefly reviews the three trigonometric functions cos {9), sin(0), 
and tan(0), and various identities involving them. These functions are often 
encountered during the analysis of transients in second-order linear circuits, 
and during the analysis of any linear circuit in sinusoidal steady state. 

Consider a point located on the unit circle in the x—y plane. If the angular 
position of the point around the circle is the angle 9 measured from the x-axis, 
then the x and y coordinates of the point are cos {9) and sin(0), respectively. This 
defines the functions cos(0) and sin(0), as shown in Figure B. f. Additionally, we 
consider here the ratio of these two functions, namely tan(0) = sin(0)/cos(0). 
All three functions are shown in Figure B.2. 

In the identities that follow, 0 is treated as a constant angle, specified in 
radians. 1 However, the identities hold whether 6 is constant or not. It could 
just as well be a function of time or any other variable. In fact, it is often a 
function of time. 



B.l NEGATIVE ARGUMENTS 


FIGURE B.l The definitions of 
cos(0) and sin(S) as the x and y 
coordinates, respectively, of a point 
on the unit circle in the x-y plane. 


cos(—0 ) = cos(0) 

(B.l) 

sin(— 9) = — sin(0) 

(B.2) 

tan(— 9) = — tan(0) 

(B.3) 


1. Angles measured in degrees can be converted into radians using 


^ rails 


2 71 
360' 


aegs 


Notice, 2tt radians is equivalent to 360 degrees, or one cycle. 
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FIGURE B.2 The functions 
cos(0), sin(S), and tan(0). 



B.2 PHASE-SHIFTED ARGUMENTS 


cos (e ± |) 
sin (e ± |) 


= COS 


= sin 



= =F sin(0) 
= ± cos(0) 


tan 


7T 

e±- 


-l 


V 2 / tan(0) 
cos(0 ± n) = — cos(0) 
sin(0 ± jt) = — sin(0) 
tan(0 ± tc) = tan(0) 
cos(0 ± 2 n) = cos(0) 
sin(0 ± 27r) = sin(0) 
tan(0 ± 27r) = tan(0) 


(B.4) 

(B.5) 

(B.6) 

(B.7) 

(B.8) 

(B.9) 

(B.10) 

(B.ll) 

(B.12) 


B.3 SUM AND DIFFERENCE ARGUMENTS 


cos(0i ± 62 ) — cos(0i) cos( 02 ) T sin( 0 i)sin( 02 ) 
sin(0i ± 6 t) = sin(0i) cos( 02 ) ± cos(0i) sin( 02 ) 
tan(0i) ± tan ( 02 ) 


tan(0i dz 62) 


1 =F tan(0i) tan(0 2 ) 


(B.13) 

(B.14) 

(B.15) 
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B.4 PRODUCTS 

1 

cos(0l)cos(02) = -(cos(0l — 62 ) + cos(0l + @ 2 )) (B.16) 

1 

sin(0i) cos(02) = - (sin($i - O 2 ) + sin(0i + 62 )) (B.17) 

—-S-« 


B.5 HALF-ANGLE AND TWICE-ANGLE 
ARGUMENTS 


cos(0/2) = ± 


/1 + cos (0) 


sin(0/2) = ± 


/1 — cos(0) 


tan(0/2) 


2 

1 — cos(0) 
sin(0) 


sin(0) 

1 + cos(0) 


= S. 


j 1 — cos(0) 

1 + cos(0)" 


S = 


+1 for 0/2 in Q1 or Q3 
— 1 for 0/2 in Q2 or Q4 


cos(20) = cos 2 (0) — sin 2 (0) 
sin(20) = 2 sin(0) cos(0) 

,an(2S) = 2lan( f 
1 — tan“(0) 


(B.19) 

(B.20) 


(B.21) 

(B.22) 

(B.23) 

(B.24) 


B.6 SQUARES 


9 1 

cos”(0) = -(1 + cos(20)) 

(B.25) 

sin 2 (0) = -(1 — cos(20)) 

(B.26) 

cos 2 (0) + sin 2 (0) = 1 

(B.27) 


B.7 MISCELLANEOUS 

The scaled sums and differences of sinusoidal functions are among the most 
common identities we will use. Notice from the following equations that 
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the scaled sums and differences of sinusoids (of the same frequency) are also 
sinusoids: 


A\ cos(0) 4- Ai sin(0) = 


A\ cos(9) — A 2 sin(0) = 



(B.28) 

(B.29) 

(B.30) 

(B.31) 


B.8 TAYLOR SERIES EXPANSIONS 


e 1 


0 * 


6 ° 


cos (0) =1-1- 

2! 4! 6! 


sin(0) = 


9 


1! 

, x 9 3 2 9 s 

tan(d) = 9 H-1- 

3 15 


9 3 9 5 9 7 

-1-— 

3! 5! 


7! 

170 7 62 9 9 


315 2835 


B.9 


RELATIONS 10 e’ e 



= cos {9) + jsin(9) 

Equation B.36 is called the Euler relation. 

e>° 

cos (0) = — 
e > 9 

sin(0) = — 
e ) e 

tan(0) = — 


+ e i 6 
2 

— e~i 9 
~2 

+ e~i 6 

— e~ft 


(B.32) 

(B.33) 

(B.34) 

(B.35) 


(B.36) 

(B.37) 

(B.38) 


(B.39) 












C.2 POLAR REPRESENTATION 

C.3 ADDITION AND SUBTRACTION 

C.4 MULTIPLICATION AND DIVISION 

C.5 COMPLEX CONJUGATE 

C.6 PROPERTIES OF e/ 9 

C.7 ROTATION 

C.8 COMPLEX FUNCTIONS OF TIME 
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COMPLEX NUMBERS 


A complex number, z for example, takes the form: 

z = a + jb (C.1) 

where a and b are both real numbers, and / is the imaginary unit defined 
according to: 


7 2 = -1. (C.2) 

Here, a is referred to as the real part of z, and b is referred to as the imaginary 
part of z. These two parts can be extracted from z using the real-part function 
1)1 () and the imaginary-part function T(), respectively. Thus, we write 


a = St(z) (C.3) 

b = 3(z) (C.4) 


and more generally, 


z = 9f(z) + /3(z). 


(C.5) 


If 3 (z) = 0, then z is a purely real number. If 91(z) = 0, then z is a purely 
imaginary number. Otherwise, z is a complex number. 

C.l MAGNITUDE AND PHASE 

A complex number can be viewed as a point in the two-dimensional complex 
plane, as shown in Figure C.l for z as given in Equation C.l. The distance r 
measured from the origin to the point is referred to as the magnitude of z, and 
the angle 0 measured from the real axis to the radius on which the point lies is 
referred to as the angle, or phase, of z. Thus we write 


(C.6) 

(C.7) 


lm(Z) 

b - A (a, b) 

/' I 

I 

'\e 1 

_ <L -1-.- ^Re(Z) 

a 

FIGURE C.l The location of the 
complex number z in the complex 
plane. The distance r is the mag¬ 
nitude of z, and the angle 8 are 
referred to as the angle, or phase, 
of z. 


r= |Z| 
9 = Zz. 
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C.2 POLAR REPRESENTATION 

Similarly, a complex number can be viewed as a vector in the complex plane. 
In this case, its components are a and b, or Stt(z) and 3(z), and its magnitude 
and direction are r and 0 , or |z| and Zz. 

From the geometry of Figure C.l it is apparent that 


r = cP- + bZ 

(C.8) 

II 

1 

(C.9) 


In Equation C.9, the tan _1 ( ) function is understood to be a two-argument 
inverse having full range such that 0 < Zz < 2it or — n < Zz < tt; the 
choice of range is a matter of convenience. From Equations C.8 and C.9 we 
can identify the more general expressions: 


|z| = y 9f(z) 2 + 3(z) 2 

(C.10) 

Zz=,an- 1 (ZMY 

VSR (z)j 

(C.ll) 


Equations C.10 and C.ll express |z| and Zz in terms of Stt(z) and ,3(z). It is 
also possible to invert these expressions. Again from the geometry of Figure C.l, 
this yields 


a — r cos(0) (C.12) 

b — rsin(d), (C.13) 

from which we may identify the general expressions 

9t(z) = |z| cos(Zz) (C.14) 

£s(z) = |z| sin(Zz). (C.15) 


In summary, lft(z) and 3(z) are the Cartesian coordinates of z in the com¬ 
plex plane while |z| and Zz are the polar coordinates of z in the same plane. 
Correspondingly, Equations C.10 and C.ll are a Cartesian-to-polar coordi¬ 
nate transformation, while Equations C.14 and C.15 are a polar-to-Cartesian 
coordinate transformation. 

We can now use the polar coordinates |z| and Zz to form an alter¬ 
native expression for a complex number. Beginning with z as presented in 
Equation C.l, 

z = a + jb = rcos(0) + jrsm(9) = r{cos(8) + jsm(6)) = re ,e . 


(C.16) 




C.3 Addition and Subtraction 
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The first equality in Equation C.16 follows from the substitution of Equations 
C.12 and C.13. The last equality follows from the substitution of the Euler 
identity: 


cos(0) + /sin(0) = e ;0 , (C.17) 

which is derived in Equation B.36 using Taylor Series expansions for the func¬ 
tions e *■ \ cos() and sin(). From Equation C.16 we can identify the more general 
expression: 


z = \z\e> Zz . (C.18) 

Equation C.18 is the polar equivalent of Equation C.5. We will use these two 
expressions interchangeably. Which one is preferred depends on the application. 
For example, we shall see shortly that addition and subtraction are most easily 
carried out using complex numbers in Cartesian form; while multiplication, 
division, and determining a magnitude are most easily carried out using complex 
numbers in polar form. 


C.3 ADDITION AND SUBTRACTION 

Mathematical operations are performed on complex numbers just as they are 
on purely real numbers. For example, the addition and subtraction of the two 
complex numbers ( a\ + fa ) and ( ai + fa) proceeds according to: 

(fl\ + fa) + fa + /AU = a X + jb 1 + <22 + fa = ( a l + a l) + fa\ + ^ 2 ) 

(C.19) 

fa + fa) - fa + fa) — a\ + fa -a. 2 - fa = fa - ai) + fax - bi). 

(C.20) 

Thus, the real and imaginary parts of complex numbers add and subtract 
separately, just like the components of a vector. This is because the real 
and imaginary parts are defined along orthogonal axes of the complex plane. 
Because of this the addition and subtraction of complex numbers in polar form 
is less convenient. 


C.4 MULTIPLICATION AND DIVISION 

The multiplication and division of complex numbers proceeds as directly as 
does their addition and subtraction. The only difference is that we com¬ 
monly substitute —1 for each occurrence of j 2 , as permitted by Equation C.2. 


950 


APPENDIX C 


COMPLEX NUMBERS 


For example, the multiplication and division of the two complex numbers 
{fl\ + jb \) and ( a 2 + jb 2 ) proceeds according to: 


(«! + jb\){a 2 + jb 2 ) = a\a 2 + jaib 2 + jb\a 2 +j 1 b 1 b 2 

= {a\a 2 - byb 2 ) + j(a\b 2 + a 2 b \) (C.21) 


a\ + jb\ 
a 2 + jb 2 


a\ + )b\ a 2 - _ (fli ai + ^ 1 ^ 2 ) + /(^i^2 ~ ^ 1 ^ 2 ) 

2 + jb 2 a 2 - jb 2 a\ + 


121^2 + ^ 1^2 .b\a 2 — a\b 2 

a^ + b^ 1 + b^ 


(C.22) 


Note in particular the use of [a 2 —jb 2 ) in Equation C.22 to clear the denominator 
of terms involving j. While multiplication and division of complex numbers in 
Cartesian form is not inconvenient, it is much more convenient using complex 
numbers in polar form. For example, 


r\e’° x r 2 e’° 1 = rir 2 e’^ x+01 ^ 

r i gA = r l e i(e i-%)_ 
r 2 e’ e2 r 2 


(C.23) 

(C.24) 


Equations C.23 and C.24 demonstrate that magnitudes multiply and divide, 
and that angles add and subtract, during the multiplication and division of 
complex numbers, respectively. Taking powers of complex numbers is equally 
convenient when the numbers are in polar form. 


C.5 COMPLEX CONJUGATE 

The complex conjugate of z, denoted here by 2 * is defined such that 


9t(z*) = 111(2) 

Js(z*) = —3(2). 


For 2 as given in Equation C.l, 


z* — a — jb 

while for z as given in Equation C.l6, 


z* = re -’ 0 . 


(C.25) 

(C.26) 


(C.27) 


(C.28) 


In general, 2 * can be derived from 2 by replacing each occurrence of j in z by —j. 
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By combining z with 2 *, several useful relations can be expressed. In 
particular, 


= \ 4 2 

(C.29) 

- = SRfe) 

(C.30) 

-=3M 

(C.31) 

2* 2* 

(C.32) 


22* |2| 2 


Each of these relations can be readily proven with the substitution of Equations 
C.l and C.27. Equation C.29 is a particularly useful means of computing |z| 
when z is expressed in Cartesian form. In fact, it was used in Equation C.22 to 
clear the denominator of terms involving j. 


C.6 PROPERTIES OF ^ 

In Equations C.16 and C.17 we introduced the complex number e ,e . As we 
shall see shortly, numbers of this form are very important for our purposes, and 
to this end it has several important properties. First, 

|e^| = l (C.33) 

Ze> e = 0. (C.34) 

This can be seen by comparing e ,e with Equation C.17, or by substituting 
Equation C.l8 into Equation C.29. Second, 

%e’ 6 ) = cos (9) (C.35) 

%{e> e ) = sin(0). (C.36) 


These relations can be seen by comparing Equations C.18 and C.5. 


C.7 ROTATION 

Finally, the multiplication of another complex number by e ,e acts to rotate that 
number in the complex plane by the angle 0. To see this consider that: 


( r x e ^) (e^ 2 ) = rie^i+fh) 


(C.37) 
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Here, the multiplication of r\e ,ei by e ;02 preserves the magnitude r\ while adding 
02 to the angle 9\. Thus, the complex number r\e ldl is rotated in the complex 
plane by the angle 0 2 . 


C.8 COMPLEX FUNCTIONS OF TIME 

Our discussion of complex numbers to this point has focused on constant 
complex numbers. However, none of the discussion has actually relied on z 
being constant. Indeed, the entire discussion applies to complex functions of 
time, and in particular to the time function e ,Mt , in which the substitution 6 = jcot 
has been made. This time function is central to our study of the sinusoidal steady 
state operation of linear electronic circuits. Following Equations C.33 through 
C.36, we see that: 


\e jcot \ = 1 

(C.3 8) 

3 

II 

to 

.3 

N 

(C.39) 

= cos(cot) 

(C.40) 

= sin(atf). 

(C.41) 


Equations C.3 8 and C.3 9 show that is a unit vector in the complex plane that 
rotates with the angular frequency co. Equations C.40 and C.41 are projections of 
this vector onto the real and imaginary axes, respectively. An angular frequency 
co measured in radians per second is equivalent to the angular frequency coIItz 
in cycles per second. 


C.9 NUMERICAL EXAMPLES 

We close this appendix with a several numerical examples. For these exam¬ 
ples, let 


Zi =-2+ jl (C.42) 

z 2 = 1 + /V3. (C.43) 

We can find the complex conjugates of z\ and zi using Equations C.25 and 
C.26. This yields 


z\ = -2-jl 
4 = 1 -;V3. 


(C.44) 

(C.45) 


C.9 Numerical Examples 
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We can find the real and imaginary parts of z\ and z 2 by association with 
Equation C.5, or by using Equations C.30 and C.31. By either method, 

St(zi) = -2; 3(zi) = 2 (C.46) 

SR(z 2 ) = 1; 3fez) = V3. (C.47) 

We can find the magnitude and angle of z\ and zi using Equations C.10 and 
C.ll. This yields 

|zi| = 2V2 ; Zzi = — (C.48) 

4 

|Z 2 | =2 ; Zz 2 = |. (C.49) 

We can find the polar form of zi and z 2 using Equation C.18. This yields 

Zi = 2V2e 7 t (C.50) 

z 2 = 2e ; t. (C.51) 

Following Equations C.19 and C.20, the sum and difference of zi and z 2 are 

z\ + Z 2 — — 1 +/ ^2 + V3^ ; zi — z 2 = —3 j ( 2 . — V3^ . (C.52) 

Following Equations C.21 and C.22, the product and ratio of Z\ and z 2 are 

ZiZ 2 = -(2V3+2)-;(2V3-2); | +’ ' 

(C.53) 


Alternatively, following Equations C.23 and C.24, the product and ratio of zi 
and z 2 are 


ZlZ 2 


= 4V2e>^: 


^=Vle'n. 


(C.54) 
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LINEAR EQUATIONS 


The need to solve a simultaneous set of linear algebraic equations is a common 
occurrence during the analysis of electronic circuits. Of course, such equations 
are easily solved for special cases with numerical analysis packages, but at times 
the insight gained from an analytic solution is more valuable. To this end, this 
appendix reviews the analytic solution of equations of the form: 

Mx = y 

where A4 is a known matrix, y is a known vector, and x is a vector of 
unknowns. 1 From the start, we assume that the equations have a unique 
solution, and so A4 is a square matrix with det(y\4) ^ 0. 

Consider the case of two equations and two unknowns. In this case, 


1SA\\ 

Mn 

Xl 


'yi 

M 21 

Mh_ 

_X 2 _ 


n_ 


The solution to Equation D.l is 


Xl 

1 

M 22 

-M\2 

~yi 

x 2 

~ A 

-M 21 

Mu 

yi 


(D.l) 


(D.2) 


A = M 11 M 22 — M 12 M 21 ; (D.3) 


here, A = det(.Ad). The validity of Equation D.2 can be verified by direct 
substitution into Equation D.l. Consider next the case of three equations and 


1. For a more detailed treatment, the reader is referred to G. Strang, Linear Algebra and its 
Applications ;, Academic Press 1988. 
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three unknowns. In this case, 


Mu M12 M13 

XI 


yi 

M21 M22 M23 

X 2 

= 

yi 

_M31 M32 M33_ 

_ x 3_ 


.73 _ 


(D.4) 


The solution to Equation D.4 is 


xi 

x 2 

*3. 


M 22 M 2 3 — M 23 M 32 M 32 M 13 — M 12 M 33 M 12 M 23 — M 22 M 13 


~yi~ 

AVT 31 AT 23 M 21 M 33 M 11 M 33 — M 31 M 13 M 21 M 13 — M 11 M 23 


yi 

_M2lM32 — M 31 M 22 M 31 M 12 — M 11 M 32 M 11 M 22 — M2lMi2_ 


.73. 


(D.5) 


A = M 11 M22M33 + AT 1 ? M23 M 31 4 - JVh 3 .M 21 .M 32 — M 31 M 22 M 13 

— M 32 M 23 M 11 —M 33 M 21 M 12 ; (D. 6 ) 

again, A = det(AT). The validity of Equation D.5 can be verified by direct 
substitution into Equation D.4. 

Finally, for higher-order cases, we can turn to an elimination process, or to 
Cramer’s Rule , 2 although the algebra may be excessive in either case. Cramer’s 
Rule states that: 


_ det(ff„) 
Xn ~ det(Ml) 


(D.7) 


where B„ is the matrix formed by replacing the nth column of A4 with y. 


2. Again, see G. Strang, Linear Algebra and its Applications, Academic Press 1988. 
















ANSWERS TO SELECTED 
PROBLEMS 


CHAPTER I 

Exl.l R = 12 Q 

y 2 


Exl.3 


DC 

R 


CHAPTER 2 

Ex2.1 (a) 2.5 S2 (b) 1 Q (c) 2R 

Ex2.3 (a) 10 Q (b) 1 Q (c) 2Q. (d) 2 

RlR-2 + R-3(Rl + R 2 ) 


Ex2.5 (a) R[ + R 2 + R 3 , (b) 


Ri + Rj 


(c) 


Rl{R2 + ^ 3 ) 

Ri + R 2 + R 3 


(d ) RlJ * 2 + ^ 
Ri + R 2 R 3 +R 4 


(e) 


(Rl + R 2 XR 3 + R 4 ) 

+ 1?2 + ^3 + ^4 


Ex2.7 R 2 and R 3 

Ex2.9 (b) 2 (c) 3 (d) (Depending on your assignment of branch variables, your answer may be different.) KVL: V a + V b 4- 
Vc + Vb = 0,Vc~ Vd = 0 KCL: ip - z'c - *D = 0 ,i A - i B = 0, —i A + = 0 (e) /a = 13 = = 0.2A z'c = 1 A 

i D = -0.8 A (f) V D = -2 V, V c = -2 V, V £ = 2 V, V B = 1 V, V A = -1V 


Pr2.1 0.5 £2 

Pr2.3 


4 

5 Q 


Pr2.5 (a) Rp — l\ \ R 2 + R 3 (b) Rf = 

(e) Rp = 


R 1 R 2 R 3 


I\ | /\) + R3R3 -+■ R2R3 
R3R3 + R\R^ -+■ R2R3 + R2R4 


R[Ri + R\Rt, R 2 R 3 

(c) Rr = —V- (d) R T = Ri + 


Ri + R 2 + R 3 


R 2 + R 3 


Pt'2.7 z 3 = - 


Ri + R 2 4- R 3 4- R 4 
vR 2 


R 1 R 2 + R\ R 3 + R 2 R 3 


Pr2.9 Power = 2W 

V A R2 + v A R3 ~ VBR 2 


Pr2.13 (a) z, = 
Pr2.15 v 4 = 


*2 = 


V A R3 + v B Rl 


R1R2 + R2R3 + R1R3 ’ ^ R1R2 + R2R3 + R\R 3 ’ 
VR2R4 4 “ IR1R2R4 + IR1R3R4 + IR2R3R4 


13 = 


V B R2 + ^£#1 - 

Rlfo + R 2 R 3 + R 1 R 3 


R 4 R 2 4- R 3 R 3 + R 4 R 4 + R 2 R 3 4~ R 2 R 4 
Pr2.17 i/ c = 225 V 

CHAPTER 3 
Ex3.1 8/53 A 

Ex3.3 Left: Vqc — 7.s'R2j Rt = Ri 4- R 21 Right: Vqc — 


75 R 2 R 3 


Rl 4- R 2 4- R 3 


J Rr = R 3 IKR 1 4- R 2 ) 
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ANSWERS TO SELECTED PROBLEMS 


Ex3.5 

Ex3.7 

Ex3.9 

Ex3.11 

Ex3.13 

Ex3.15 


Ex3.17 

Ex3.19 

Ex3.22 

Ex3.24 

Ex3.26 

Pr3.1 

Pr3.3 

Pr3.5 

Pr3.7 

Pr3.9 

Pr3.13 


1/3 V 

Isc = 1 mA, and R-T = 8 kfi 

(a) i{t) = i {v\{t) + v 2 (t)) (b) Energy = ^ /^ 2 {v\(t) + v 2 [t)) 2 dt (c) /^ 2 v\-v 2 -dt=0 

Rj = 2. Q, and Vqc — 6 V 
Rj’ = ,R 2 and t'x = J 3 • R 2 + V 3 

(1) (gl + g3 + gs) fa - © ■ Z'fc + 0 ■ V c - gl ■ V, (2) -g 3 ■ Va + (g3 + §4) Vb ~ g4 ' V c = I, 
(3) 0 • v a ~ g 4 ' V b + [g 2 + g 4 + gg) -V c = g 2 -V 


n ^l (&2 + ^ 3 ) , , RlRl ' 1 + {R 2 + R 2 ) v 
T ~ Ri+R 2 +R 3 ’ V ° C “ Rl + R 2 + R 3 

R7 = 100 Q ., Vqc = 16— V, /5c = 1/6 A 

(a) Rt = R6 + R 7 + Rg and Voc = I-R&, (b) Rt = R 4 || (Ri + R 3 ), and Isc = V/(R 2 + R 3 ) 
R T = 5 k£2, Voc = 49 V 

v-gi = Va (gl +g2 + gl) - V b -g 4 , and V-gj -1= +v a (-§ 4 ) + v b (gj + £ 4 ) 


15 A 
8.57 V 

(a) R eq = R, (b) vj h = 0.125 V, % = lfi 


(a) 0 , b) i) v( 

— — 4 V 
2 


R 


R + Ri 


1\ ... V(R-«i) 

- I, n) -, 

2 / 3 R + 5 Ri 


c) Rth = K, V^h = 0. 


(a) Rth = 100 k£2, = — 10/8 Vy (b) R^ = Rj 


CHAPTER 4 

Ex4.3 io = 4.7 mA, t© = 5.7 V 

Ex4.5 (a) i = 2 ■ £ - 1), (b) i = / s ( e ^ Vn/2KT _ ^ 

Ex4.7 Diode on: i(t) = (Vi(t) + 5 V)/R; Diode off: i(f) = 0 


Pr4.1 (a) za = 


2Rc 2 vj + Rci + 1 — y (Rci + l) 2 — 4Rc 2 (Rcq — vf) 


v A = 


2R 2 c z 

V(Rc i + l) 2 - 4Rc 2 (Rcq - vj) - (R Cl + 1) 
2Rc 2 


for p/ > Rcq; /a = 0 otherwise, 


for t// > Rcq, Va = V/ otherwise 


V(Rcj + l ) 2 - 4Rc 2 (Rco - Vi) - (Rc\ + 1 ) 2Rc 2 V/ + Rq + 1 - V(^i + l ) 2 - 4Rc 2 (R Ct) - V/) 

(b) va =- — -, 'a =- 


2Rci 


1 


(r) — i_ |1 _ 

a Vi - R \ ^/(Rci + 1)2 + 4R 2 coc 2 + 4Rc 2 Vi 


(d) 1 — 


2R 2 c 2 

1 


7(Rci + 1)2 + 4R2C0C2 + 4Rc 2 Vi 


(e) A *a = 


1.02R 


vi- - 


2 c 2 (1-0211)2 



/ 

8 

' 


2 c 2 R 2 
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(f) 4^ = 2 c 2 V A + ci; Va > 0 (g) r N = 1 -, 4 = - 

uva 2c 2 Va + ci 


vq cos a>t 


R + 


R 


,,, n , 20Rcz + Rc i + 1 - yOki + l) 2 - 4Rc 2 (Rco - 10) .... . 
(h)(l) lA= -- W * - 


..... . 20Rc? + Rci + 1 - 7(R C1 + l) 2 - 4Rc 2 (Rc 0 - 10) 

(in) ia =-—r-+ 


s/(Rci + l) 2 - 4Rc 2 {Rcq - Vi) - 1 
1 


R + 


R 


V(Rci + l) 2 - 4Rc 2 {Rcq - 10) - 1 
1 


(iv) *a = 

(v) 4 = 

(vi) — 


2R 2 c 2 


22Rc 2 + r Ci +1 - ycRcTTTj 23 ^^^ 7 !!) 
2 R 2 c 2 


R + 


R 


y/(Rc ! + l) 2 - 4Rc 2 (Rco - 10) - 1 


2Rc 2 - y/(Rc i + l) 2 - 4Rc 2 (Rco - 11) + V(Rci + l) 2 - 4Rc 2 (Rco - 10) 

2R 2 c 2 


2 Rc 2 - 7(R Cl +1) 2 -4Rc 2 (Rcq -1 l)+y(Rcj +1) 2 -4Rc 2 (Rcq -10) 


R+ 


R 


2R 2 c 2 


y(R Cl +1) 2 -4Rc 2 (Rco -10) -1 


Pr4.3 (a) i ~ 1.4 A; v ^ 2.8 V (b) i « 1.9 A; v ^ 2.9 V (d) r^l A; v ~ 3 V 
Pr4.5 (a) v 0 = 0.024Av (b) DC: 4.5 V AC: 1.2 mV (c) 25 fl 


2V? — 


Pr4.7 Assume Ip ss = 5 mA and Vp = 5 V. (a) i = 

Vs < Vp + IpssR 


RIdss 


+ 2V ? + 


N 


JL + 2Vp) 

RIdss ) RIdss 


2 R 


for 


(b) Vs — 5 V; iaverage — 3-1 mA, Vs — 10 V; iaverage — 5 mA, Vs — 15 V; iaverage — 5 mA 
Pr4.9 (a) ii; if S current source, i (b) 1 A 

Pr4.11 (a) R th = 0.5 kS2, V 0 c = ' vj (b) v D = 0.6 V, i D = 0.8 mA (c) r d = — exp ( ~ Vd ) = 9.44 x lO" 4 !! 

4 Is s Vth I 

(d) v d = 7.55 x 10~ 9 cos(cot) 

R 


Pr4.13 v„,, f = 


R + 500 


10 3 sin(a)f) 


CHAPTER 5 

Ex5.1 Z = X+Y 
Ex5.3 Z=WXY 
Ex5.5 100,0100 

Ex5.7 (c )BCD,BD,B + D,BCD (d) BCD, 0,1, BCD 

Ex5.9 (c) 0.5 V (d) 4.4 V (e) 1.5 V (f) 3.5 V (g) Yes. NMq = 1 V and NM 1 = 0.9 V 
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Pr5.1 (a )AB+CD (b ) AB + CD (c ) AB + BC (d) B + C ( e)AB + AC + BC (f) 1 

Pr5.3 OUT 2 = A BCD, OUTi =_ACD + BCD + BCD + ABC + A B-CD + ABC ■ / ), OUT 0 = A • B ■ CD + A • BCD + 
ABC-D + ABCD + AB-C-D + ABCD + ABCD + ABCD 
Pr5.5 OUTO = IN-Si-Si, OUTI = IN-Si-So, OUTI = IN-S 1 -S o, 01/73 = IN - S\ ■ SO 

Pr5.7 Z = _A3 • A2 • A1 • AO + A3^ A2_- A1 • AO + A3 -_A2 • AT • AO + A3 • A2 ■ A1 ■ AO + A3 • A2 • AT • AO + 
A3 • A2 ■ A1 ■ AO + A3 ■ A2 ■ A1 • AO + A3 ■ A2 • A1 ■ AO 
Pr5.9 OUTO = INO, OUTI = EVO/M + INOINi 

Pr5.11 Ci = AiAqBiBq + AiAqBiBq + A 2 Bi + BiBqCq + A 1 A 0 Q) + A\BqCq + AqBiCq 
Pr5.13 (c) 0.5 V (d) 4.4 V (e) 1.6 V (f) 3.2 V (g) 8 (f) NMq = 1.1 V, NMj = 1.2 V, unchanged 

CHAPTER 6 

Ex6.3 (b) yes (c) no (d) 2 (e) 2 

Ex6.5 2.27 mW 

Ex6.7 (b) 0.5 (c) 4.4 (d) 1.6 (e) 3.2 (f) 1.1 (g) 1.2 (h) 2.4 


Pr6.1 (a) Z = A + B (b) Z = ABC 
1006 


Pr6.3 N = 

Pr6.5 n < 


(Vs-I)Bon 

VolR 


, Pmax = 


V 2 

v s 


100k + NRqn 


V 2 


, m :any value, Pmax = — as m becomes large 

(Vs - Vol/Ron R 


1 3 

Pr6.7 Area = -— 4-— 

12^2 2^2 

CHAPTER 7 
Ex7.1 v 0 =V s -{RK) 3 
RbVs - K 


Ex7.3 v B = 


Ra + Rb 


Ex 7.5 (a) Bqn = 


K{ 5 - V T ) 

KR L Vj 


c -—1 , U1 A „ 1 + KR l Vs — VI + 2KR l V s ~yi + 2 KR l Vs — 1 

Ex7.7 (a) v 0 = V s -z— ! - (b) 0 < i DS < -—y- (c) Vj = --—-, 


4 kr 2 l 


„ 3BB L Vs - 1 + Vi + 2BB L Vs _ 1 + BB L Vs - VI + 2KR B Vs 

V °=-4BBZ-’ fo5 = 

Rl (c) 

= 20 /xA and *£ = 20.2 /xA. 


t/r - 0 6 V 

Ex7.9 (b) v 0 =V s - icRl (c) *c = P —5 - (d) = ib(P + 1) (e) = 6.2 - 2p/ (f) v 0 = 4.8 V, i B = 0.2 /xA, 

Pi 


Pr7.1 Vq = Va- V T-yjz^WB-Vtf 


, 2V S 2V t 2 
Pr7.3 (d )J-±--l + 


KR KR K 2 R 2 
Vt < hn < Vs + Vr 


4 8 Vs 


2 Vs 2 V t 
Zb ~~ BB 


Pr7.5 
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Pr7.7 (a) vs = -Vj - y y vo=Vs —y (b) y = —, Vg = Yr + y — - Ys 

Pr7.9 (b) V S- y T > ^ Vs-Vt-Vl 

Rc ~ ~ Rc-Rl 

Pr7.ll (b) io = — (Vs — tlN — V r f)~ , wqut = Ys -y^ (Ys - W[N — Vt) 2 (c) -Vj < WQUT < Ys 


Pr7.15 wqut = win — Vt + 


1 


KR S 

Pr7.19 (b) /S' = 08 + 2)/S (c) 1.2 V 


2 (win + Vs - Vt) 1 


KR S 


K 2 Rj 


dvp l 

dvj 


CHAPTER 8 

Ex8.1 (a) Vo = Ys - ^y 1 (V/ - Vt ) 2 (b) =£ l^y, = ~KR L (Vi - Vf) 

Ex8.3 current source ig>s = — so that the small signal model is an open circuit 

cor ,, lr KRl, t , , 2 Jl+2KR L V S -1 , ^ Tr „ x Tr „ , V1+2RR L V s -1 

Ex8.5 (a) w/-V T < V s ~ — -(wj-V T ) z ,- 

Z A.i\J 


<vq< Yv (b) Vi=Vt+- 


V 0 = 


3RR L Vs+V l+2RR L Vs-l 


A 


4RR L 


(c) 


VI+MlVH 

2KR l 


(d) 


2KR L 

1-J1+2KR l V s 


(e) w 0 = - (1 - Vl + 2KR L Ys) sin (&>£) 


Ex8.7 (a) Vo = 10 V (c) —50 (d) wo = —0.05 sin(&i£) (e) r< = 100 k £2 and r 0 = 50 k Q (f) — = —50 and — — = 1250 

l b Vi i b 


Pr8.1 

Pr8.3 

Pr8.5 

Pr8.7 

Pr8.9 


(a) V Mro =^™ + w T) V IN =^™ + w r (b) G m =X 2 H 2 [Vs-.51fR(Vi N -wr) 2 -w r ](Y N -wr) 
(c) 136 

-3 RKVlt 

Vo = ~PRg ,,, Wo __ -pRgRi 
3 Wi “ Yr b w, “ R b (R 1 +R 2 ) 

J2V S KR - 2V r KR 

(b) Vout = y^+Y-Vp-^yy (Yn + Vs - Vt) + k2r2 (d) = l-(2-Kl?s [Vest + Vs - Vt] + l) 2 

(e) = Rs (f) infinite 

'test 


Pr8.ll 

Pr8.13 


w- o RlR o m in-vt) 


Rl + Rfi 


(a) Vo = 


V; - 0.6 


1 + 


Ri 


and Ig = 


V/ - 0.6 


(/S + 1)R £ 


Re + 

and ri = Ri + PRg (f) - = (P + 1) 

r/, R £ + Ro 


Ri 


, . Vo 

(c) — = 

Vi 


1 


1 + 


Ri 


(d) to = (R £ ||R/)/ 1 + f$ 


(P + D (P + 1 )R E 

and Power Gain = (/S + l) 2 




1 


(Re + Ro) 2 #i + (P + 1)Re IIRo 


R £ ||RA 

Ri ) 







































964 


ANSWERS TO SELECTED PROBLEMS 


CHAPTER 9 

Ex9.1 (a) 3/4 /xF (b)4/xF (c) 4/3 /xF 


CHAPTER IO 

4 / \ 1 

ExlO.l h[t) = - (l - e t/z J mA for t>0; x = - ms 

Exl0.3 —5 volts 

Exl0.5 (a) v = 6e" i/T , r = 500/xs (b) / = (6 x 10“ 3 )e“* /T , r = 2/xs (c) v = 6 e~ tlz , r = 1ms 
(e) * = (6 x 10 _3 )e _t/T , r = 1 /xs 

Exl0.7 (a) For 0 < t < to, v = Rfo ^1 — e~ t,RC \ , and for t > to, v = R/o ^1 — e ~ to/RC ^ e~^~^/RC 
Exl0.9 2A 

ExlO.l 1 Vq = 2(l- e" t/T V for r = — ms 
Exl0.13 v c = 1 + e~ i/r 

Exl0.15 (a) Ceq = 1 /xF (b) r = 1 ms, i'o(f) = 1 • e~ tlz (c) vq{ t) = fl — e~ t/z ^ ; r = 1 ms for t > 0 
Exl0.17 t. 0 (f) = ^ (l - e ~ t/z ) , r ^ 

Exl0.19 (A) voit) = 10 V (l -e~ t/z y, x — R ■ C, (B) v 0 (*) = 10'V (l - e~ f/r ); x — R ■ C, 

(C) V 0 (f) = 10 (l - ; r = L/R, (D) v 0 = 

Exl0.21 (a) (i) r = Is (ii) vq = 10e _i/T ; r = 1 s (b) (i) x = 1 /x s (ii)foM = 5 ^1 — e~ t/z ^ ; r = 1 /xs 
Exl0.23 (a) = [a(£- RQ+(V 0 + ARQe~ t/RC ] u _ 1 (f) (b) i/ c = B (1 — e - f/RC ) 

(c) t/ c (f) =AT+ [ARC (e~ T/RC - l)] e - {t ~ T)/RC 


/ 


PrlO.l (a) fose = - T In 
(b) t pd = 8.2iis 


Vs-Vr 


V S -Vs 


Ron 
Rqn+Rl ) 


: ~Rj. C’g.S'i tfall = — T In 


/y L _y, R on \ 
"Ron+Rl 




^ON 
^ON + ^L / 


t = Cgs 


RqnRl 

Rqn+Rl 


Prl0.3 (a) A, B, C, and E must all be high and D must be low (b) tf a ii=—Xf a n\n 


/y L _y, 4R ™ \ 

^Rqn+Rl 


/ 


_ ^ 4R 0 nRl ,„ w _ _ 

^/a// — ,, r, , 7 -, (Q +rise — fyise Aft 


4Ron+^l 

/ 


\ 


V 5 -V S 


4Rqn 
4Rqn+^l / 


Vs—Vh 


V S -Vs 2Ron 

A 2R on +Rl / 


Prl0.5 (a) t r ise~ —tin 


\ 


V S -V H 


Vs—Vs RoN 
V Rqn+Rl/ 


/ 


r = hCgsRl (b) fo se = «8.2/xs (c) trise= —rln 


\ 


V S -V H 


V S -V S R ° N 

^ON + ^L / 


r = (C\y+CG5) («R^+R\y) (d) W = (0-9+«90.3)/xs 
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Prl0.9 v=— 1 V for 2 < t < 3 and v= — \/2 V for 3<t<5 

V Vu Vu 

PrlO.ll 0< i 1 :i/ 0 M=— t,t x <t<t 1 +t 1 : u o(t)= 

Prl0.13 (a)i AVG = CV A f 0 (b)R=^= 1 

*A Wo 

Prl0.17 y L = rfC(l-rT i/T ), y R = to-rK(l- e - f/T ) r = L/R 
Prl0.19 (a) not true (b) true 

Prl0.21 First: vo = e~ t/z , Second: vq= 1 — e~ t/x , r = 0.5 ms 


Prl0.23 {a)vB = v A J^(l-e-^),r= 

Prl0.27 v R = (K 2 -K 1 )e- t/x +K 3 z 

Prl0.29 (a) V s (b) T mm = -C m (R L +Ro N )ln(l-^) (c) R ‘^ R[ Vs (d) T mm = -C M (r ok + 


^i^2(Q + Ca) ^ n , n _3 n r -^ ^ A r 2 

- (b) (i) v B (0 ) = 0 (n) oo) = v A 

R 3 +R 2 


In 


( Vl - ^- Vs \ 

R ON +R L 


Rl 


-V.S 

V Rqn+Rl / 


(e) -C M Rph 


CHAPTER II 


Exll.l (a) F steady—state,® — 9, (b) F steady—state,! — 


Vf 


Ron + Rl 


j ( c ) Fstatic — 


Vf 


2 (Ri + Ron) 


3 F d- 


VjRiC L 


lynamtc 


(d)(i) halved, (ii) quartered, (iii) halved, (e) Maximize Ri wliile looking out for dynamic constraints 


(Rl + Ron)~ T 


Prll.l (b) ^ ( Ti+ T 4 2 + T4 ) (c) Y a (Cg + 2Ci) (d) Psm,c = 2 ' 9 mW ’ Pd y mmk = 875 mW ’ (e) °' 18 J (f) 51% 


N 


Prll.3 (b) P static = — • 


v| 


2 Ri+R qn 


CHAPTER 12 

1 1 /- 

Exl2.1 (a) 2a = a> 2 = —, since a < u> 0 , underdamped, (b) vq = Ke~ at cos (ayi4- <t>), a>d — y « 2 — “ 2 ) 

0 = tan -1 ( — ) , o > 0 = 10 x 10 6 ,cr = 3.33 x 10 6 , (c) v G in RC circuit decays as e~ t/RC , while vq in RLC circuit 

(OdJ 

-t/2RC 


decays with “envelope” e 

Exl2.3 t = 0 + : i\ = 2A, v\ = 6 V, 6 = 3A, v 2 = 6 V, Z 3 = 4A, 13 = 4V, 4 = 1A, 1/4 = 4V. At i = 00 : 
z'l = 10A, t>i = 0, h= 0, v 2 = 0, 23 = 10A, 1/3 = 10V, £4 = 0, v 4 = 10V 

Exl2.5 ^ | f _ 0+ = 2V/s, ^ = 1 A/s 
c* * dt 3 

Exl2.7 (a) x\ = e _2t 4- e _4f , 2*2 — — e _4? , (b) x\ = 2 cos(4 1), x 2 = 2 sin(4i) 
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LIR =M IR 3 C =L l =l \ 

Prl2.1 with small inductor: vq( t) = IR --— e l 4 - - —esc, without inductor: vq M = IR \ 1 — e«c ). 


Prl2.3 (a) = 


Li 


M 


M2 - 1,L 2 


Sii,-lS + 


L-R 2 C 

RiR\J-2 


L — R 2 C 


M M(M 2 - LiL 2 ) 


ii ~ 


L-2 


M 2 - L\L 2 


vs, h = 


-M . R 1 L 1 
0 + 


M 2 - LjL 2 


M 2 - LjL 2 


h + 


M 2 - L\L 2 
u(t — 0.005) 

dvA , I’A - V B 


vs, (c) v 2 {t) = ^0.05e- 20202 ' - O.05e- 20000f ) u(t) - (o.05e- 20202(t -° 005) - 0.05e- 20000(? - 000s) ) x 


Prl2.5 (a) C A — 22 + 
at 


= K(V 0 - v B ) 2 , Cb-tt + TT = ©4 = -2K(V 0 - VbH, (c) Overdamped 

'm <# Kb R a 


CHAPTER 13 

Exl3.1 (a) MAG = 16.8, PHASE = 13.75 deg, (b) MAG = 45.47, PHASE = 18°, (c) MAG = 2136, 
PHASE = 78°, (d) MAG = 47.3, PHASE = -15° 


Exl3.3 

Exl3.5 

Exl3.7 

Exl3.9 


Vl 

I Ls + R 
R 

Z = 


RLs RLIw _i 

= - • cos(&>74- 0 ),</> = tan 


y/{Ld}) 2 + R 2 


1 


, — = 10 4 rad/s,R = 100 Q, C = 1 /xF 


jcoRC +1 KC 

Zi=y = 7! e (?r/4)/ 

— = 2 x 10 6 rad/s, 2 = R + Lcoj 

L Hjco) 



Exl3.ll 


Exl3.13 


Exl3.15 


Exl3.17 


(a) 


V 0 


1 


-e$, (f) = tan 1 (—RCco), (b) 


Vi y/( coRQ 2 + 1 
„ Vo rc« « , . -1/ M 

V y/{RC(v) 2 + 1 
, , Vo 

(a, T- 


(d)V = 


V 0 _ 01 L 

V, ~ J{coL) 2 + R 2 
R 


’*• * ~ '“'{i 1 )• 


V v'( w L) 2 4-H 2 


e^, </> = tan I —— 


cuL 


R 


== Q) ^ = tan_1 (“Tm)’ (b) Vo{t) = 2^ cos(100i - 45 ° } + 20S0I cos ( 10 ’ 000i - 


'14- 


100 2 


89.4°) 


() Vo = _ Z 2 Z 4 _ 

V (Z 2 + Z 3 + Z 4 ) • Zj + (Z 3 + Z 4 ) ■ Z 2 
<i , laid) _ Z 3 +Z 4 

[ W) - (z 3 + Z 4 )Z 2 + Zj(Z 2 + Z 3 + Z 4 ) 
4(S) V|| y V 2 (V 3 + V 4 ) 

J*(s) Y|| + Yi ’ 11 Y 2 + Y 3 + Y 4 


Prl3.1 (a) (i) Z = R (ii)Z = 

1 4- j coRG 

Prl3.3 (c) H(ja>) = 0 db at ft) = 10 5 
V409 

Prl3.5 (a) 12 (b) 7 = ( c) k = 


jwRL ^ _ _ j o>RC 2 + 1 _ 

R + ja>L jo>C\ — a> 2 C\C 2 R +ja>C 2 

(d) 1 ; 10 ; 100 ; 1 , 000 ; 10,000 
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CHAPTER 14 
Exl4.1 (a) L' = 


Pi-14.7 


R 2 L 


R'= , ,(b)C= R2 t ( «f )2 

' ’ R 2 w G 2 L 


(L w D ) 2 + R 2 ’ ( Lco 0 ) 2 +R 2 

Exl4.3 R = 400 L = 23.7 mH, C = 6.7/iF 
Exl4.5 (b) is inconsistent with the other statements, Q = 1.3 actually 


Exl4.7 (a) False (roots are real and negative), (b) False (Q = 1.3), (c) True (at s = , | Fff/w) | = 0), 


Exl4.9 (a) Vo(s) = 


Vo 


(d) False (system is second order) 
1 + LCs 2 


Vlc’ 


Prl4.1 -T 2 = 


1 + RCs + LCs 2 

1 


Vi (1 — cd 2 LQ + jcoRC ’ 
Prl4.3 (a) --(b) Z eq = 


Vi(s), (b) v 0 (t) = 0 


1 n 1 L 

"o = Q = iv/ 7; 


vtc RV C 
R + / wL 


(1 - w 2 LC) + jcoRC 

Pt-14.5 (a) yv'ffl = *" + (b) ’ ( 


(1 - co 2 LQ +jcoRC 
L ' L ' LC' 


(c) V oc = 2.03eR 120jrf +°- 311 >, Z th = 39.6e' (L622) 


LCs 2 + RCs + 1 


(c) i{t) = 


C 


•v/(l - LQ 2 + R 2 C 2 


t + tow 


-1 


1 - LC 
RC 


1 R 2 
LC ~ 4L 2 


(d) -£ ±£ 


a) Qi = Q 2 = ^ (b) Qi 


RpLo) 


Rs 

Prl4.9 (a) Hi(s) = 


2/<s 

R 


R + RLs + RLCs 2 


RsRp + L 2 w 2 

, H 2 (s) = - — * ^ (b) if = l,if = 1 (c) if 1 = -e _at sm(<uo^ + 
cos(wof), = — cos(wot) (d) ij(t) = 1 — e -®»f/2Q sin(w 0 t)^ + cos(w 0 t), * 2 W = 1 — cos(w Q t) 

Prl4.ll (a) C = 10“ 9 F (b) R = 100 « (c) Aw = 100,000— (d) v Q {t) = l-g- 5000 ' [0.005 sin(988,749t) + cos(988,749t)] 

s 


Prl4.13 (a) vq = 


Pi-14.15 (a) (i) Vq = 


(b) 


RLCs 2 + Ls 
LCs 2 + RCs + 1 
1 - LCw 2 


(c) si = —2, s 2 — — 8, D = —42 


VU - LCw 2 ) 2 + (wRC) 2 


V/, cj> — tan 


-1 


^ (a) 


wL 


__- Vi, 4> = ZVo(;w) = — — tan 1 

VR 2 (1 - LCw 2 ) 2 + (wL) 2 I 2 


w RC 

1 - LCw 2 7 
wL \ 
R(1 - LCw 2 ) j 


Vo 

= |V 0 (;w)| 

tan -1 

/ R(1 - LCw 2 ) 

( wL 


(c) (i) notch (ii) band-pass 
CHAPTER 15 


Exl5.1 R t k = 

dG 

Exl5.3 — = 


Rz 


gRi +1 


,Vth = 0 


1 


G 1+AR a /(R a + R b ) 

v\ 


_ n feY 

Exl5.5 vo = -lit 

q 


i s Ri 


+ 1 
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Exl5.7 

Exl5.9 

Exl5.ll 

Exl5.13 

Exl5.15 

Exl5.17 

Exl5.19 

Exl5.21 

Exl5.23 

Exl5.25 

Exl5.27 

Prl5.1 

Prl5.1 

Prl5.3 

Prl5.5 

Prl5.7 

Prl5.9 

Prl5.ll 

Prl5.13 

Prl5.17 

Prl5.21 

Prl5.23 

Prl5.25 

Prl5.27 

Prl5.33 


R < 1539 S2 

(a) vo = -Vi, (b) v 0 = - y vj 
(a) 2 S2, (b) 2/3 Q 

t = v {r 1 r 3 -r 2 r 4 ) 

(Vi - V a )gi + (■ v~ - Va)g3 + (vo - v a )g2 = 0 and (v a - V~)g3 + (0 - V~)g4 = 0, and either vo = A(v + 
v + = 0 , or v + ~ v~ and v + = 0 
71 

Zi = -1/,- 

Ri + ( 1 +A)R 2 

, 10 

(a) Vo = -10 Vi, ( b)v 0 = -—Vi 
Rth = (1 + A)Rs, Rsi 1 + A) » Rl 


Do(f = 0 + ) = —2 V and fo(t = 1 m s) = —4 V 
RiC 2 s 

out (RiC 1 s+ 1 )(R 2 C 2 s+ 1 ) m 
( 2 ) 


v ) and 


= 


Ai/j- 


AR 2 + R? + Rl 


v// 

R 2 


ARi 
1.5 V 

R 

(a) VOUT = l lN 
VoUT 


(R 2 )(R 3 +R 4 ) 


—Ri(R 3 + R4) + R 4 (Ri + R2) 
(R2||R4) + R3 


, b) i — riN 


l <3 


-R\{R 3 + R 4 ) + R 4 (Ri 4 - r 2 )’ 


c) RiR 3 = R2R4 


n n 

(a) Rin = 


Rl 


Ri 

l + p’ 


= -1.9091. 


1 Rout = Ri 


, s v 0 

(a) — = -2 
VI 

~ lL DC 

Am Am 
(a) vo = —10 / fjcfr 
C 2 = C 4 (A+ 1 ). 

(c) r = - 

100 

T 1n _6^0 ^ c 1n _6^V? 

vo — 2 * 10 —— =7.5*10 ——. 

dt dt 


-1 


V 3 


n V 2 

laj Vi RiQs’ V 2 

1 

Aa) = „ „ , a>o 


1 

RiCis 


, (b) Vi = v 2 — v 3 


v ( \ XL = RlClS 

IN ’ Vin RiR 2 Cis 2 -R 2 C 2 s+1’ 


Ri C, 


1 


RiR 2 CiC 2 ‘ 
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Prl5.35 

Pi'15.37 

Prl5.39 

Prl5.41 

Prl5.43 


, , V 0 
(a) — = 


-10 


Vi 10RiCs+1 
C2L2S 2 + 1 


, (b) C x = 40 C. 


Vo = Vi 

, v Vo 
(a) — = 


C 2 L 2 S 2 


R1R2QC25 2 


Vi R 1 R 2 C 1 C 2 S 2 + Ri{C\ + C 2 )s + 1 


, (b) w 0 = 


l G1G1 (d 

Vo 

/ C1C2’ 

V, 


= 2(w - (D 0 ) + 1, (d) 


= 1 . 


(a) 


-R 2 Cis 


RiR 2 Ci(Ci + C 2 )s 2 +RiC 2 s +1 
(c) vo(t)= 1.3758 cos(1005l— 47.5 degrees) 


, (b) t'o(f) = 2cos(1005f), 


Vo _ -Ri 
Vj jwR^C+Ri 
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INDEX 


NOTE: Web-based material is listed by chapter and page range (WWW Chapter NumberrPage Range). 


Special characters 

S (imaginary-part) function, 947—948 

8(t), 485-488 

8(t; T), 485-487 

//, 466 

\i 0, 928 


Numbers 

0.707 frequency (break frequency), 738 

1- V source, 154 

2- V source, 154-155 
741 Op Amp, 838 


A 

absolute electric potential, 26 

abstract digital memory element, 562—563 

abstraction, circuit, see circuit abstraction 

abstract representations, 4 

A-B terminal pair, 93 

across variables, 36 

active pullups, WWW 6:321a—6:321g 

active region, 371—372 

actual output voltage ( v 0 (t )), 726 

adder circuit, 135 

addition, 949 

admittance, 714 

algebraic equations, 8, 59, 708, 765, 935 
Alpha microprocessor, 13 
a, 646 

alternative expressions, 948—949 
aluminum, 906 
ampere-hours, 16 
amperes, 9 
Ampere’s law, 928 
amplifier design, 353 

amplification, 318—319, 331—402, 705, see also 
MOSFET amplifier 
characteristics, 335—340 
overview, 331 

review of dependent sources, 332—335 
signal amplification, 331—332 
switch-current source (SCS) MOSFET model, 
340-344 


amplifier gain, 346, 838 

amplifier response relation, 729—730 

amplifier transfer curve, 355 

amplitude, 41, 804 

analog computer, 838 

analog signals, 41 

analog transmission, 243 

analytical solutions, 197 

AND function, 256 

AND-OR configurations, 288 

angle (phase), 948, 951—952 

angular frequency, 952 

answers to selected problems, 959—969 

arbitrary nodes, 58 

associated variables, 25 

assumed states, 209, 909—910, 919 

asymmetric noise margins, 250 

attenuated output signal, 843 

attenuation requirement, 318 

attenuator response, 754 

average power, 597 

average stored energy, 762 

average value (DC offset), 41, 215—217 

averaging circuit, 149 


B 

band-pass filters, 742 

bandstop filter (notch filter), 815—816 

bandwidth, 793 

base-collector diode, 372—373 

base current, 370—371 

base-to-collector diode, 375 

basic circuit analysis method, 

WWW 2:97a—2:97c 
basic method of circuit analyses, 15—16 
batteries, two-terminal elements, 16—18 
battery model, 36—40 
battery power equation, 28—29 
beehive network, superposition applied to, 
WWW 3:153a—3:145d 
bias current, 408—409 
biasing MOFSET amplifier, 349—352 
bias point, 217, 351 
bias voltage, 438 
bimodal gate voltage, 300 
binary digit, 244 
binary numbers, 269 
binary representation, 44—45, 244—245 


binary signal, 245 

bipolar junction transistor (BJT), 370—381, 
438-443, WWW 7:381a—7:381b 

bit, 268 

Bode plot, WWW 13:742a—13:742g 
for resonant functions, 

WWW 14:808a—14:808e 
for RL circuits, WWW 13:742a-13:742g 
Boltzmann’s constant, 907, 919 
boolean equation, 256 
boolean expression, 257 
boolean logic, 256 
boosting signal, 350—352 
branch currents, 55 

branch variables, 73-74, 92, 106-107,121, 633 
definitions, 102 
labeling, 67 
polarities of, 69—70 
branch voltage, 55 

break frequency (0.707 frequency), 738 
bridge circuit, 173—174 
buffer, 565—566 
buffer circuit, 349 

buffer gate (identity gate), 259, 314—315 
buffering, 847—848 
buffer output stage, 838 
buffer transfer characteristics, 318—319 


c 

canonic form (standard form), 261, 265—266 
canonic state equations, 539, 542 
capacitance, 14-15, 457-458, 471-472 
capacitive load, 729—731 
capacitor charges, 490 
capacitor charging dynamics, 596 
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inductance, 457-458, 467, 470, 472-473 
inductive effects, 14—15 
inductor combinations, 473 
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log magnitude, 766, 783 
log plots, 734 
log scale, 734 
long-time behavior, 660 
loop, 54 

loop current, 145,177, 249 

loop gain, 848, 855, 873 

loop method, 177, WWW 3:145i—3:1451 

loss, 30 

lossless circuit, 761 
loss mechanisms, 640 

low-frequency asymptote, 788, 790-791, 803, 
806, 821 

low-pass filters, 739, 742, 810—814 


low voltage threshold, 247 
lumped circuit abstraction, 5—9, 46, 458-460 
lumped circuit elements, 9—12, 46, 54 
lumped circuit model, 8 
lumped circuits, 12—13, 46, 927 
lumped elements, 7, 9,11—12, 492, 927, 929 
lumped matter discipline (LMD), 8-9, 25, 46, 
458-459, 462, 467, 492. see also 
Maxwell’s equations and lumped matter 
discipline 

lumped-parameter summary, 32 
lumping, 4 

L/W, 21-22, 305, 326-327, 536, 699, 
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magnetic flux, 9-10,12, 466-467, 928-929, 933 
magnetic permeability, 466, 928 
magnitude, 947, 953 
magnitude curve, 736, 788, 812 
magnitude of complex numbers, 948 
magnitude of gain, 316—317 
magnitude of response, 812—813 
magnitude of slope, 319 
magnitude plot, 731, 736-740, 749, 766, 785, 
790-791, 798-799, 803, 807, 819, 821 
mA-hours, 17 
mapping, 252 
mathematical grunge, 72 
mathematical solutions, 198 
MAX807L microprocessor supervisory circuit, 5 
MAXIM MAX1617 device, 907-908 
maximum amplitude, 814—815 
maximum current, 801, 847 
maximum input swing, 380—381 
maximum power dissipation (pmax)> 38 
maximum power transfer, WWW 13:764c 
Maxwell’s equations and lumped matter 
discipline, 927—937 
deriving KirchhofPs laws, 934—936 
deriving resistance of piece of material, 
936-937 

first constraint of lumped matter discipline, 
927-929 

lumped matter discipline applied to 
circuits, 933 
overview, 927 

second constraint of lumped matter discipline, 
930-932 

third constraint of lumped matter discipline, 
932-933 

mechanical pressure, 288 
memory, 561—567 
memory element, 562—567 
memory property, 463—465, 468—469, 

492-493, 538 

metal connections, 304—305 
metal detector, 804—805 

metal oxide semiconductor field-effect transistor, 
see MOSFET amplifier 

method of assumed states, 209, 909-910, 919 
method of homogeneous and particular solutions, 
505-508, 510-514, 519, 542-544, 
546-547, 559-560, 568, 628-629, 
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micrometer, 301 
microphone model, 37 
microprocessors, 13—14, 614—615 
Miller Effect, 861 
milliamps, 907 

minimum sum-of-products form, 266 

MIPS microprocessor, 14 

model accuracy, 37 

modeling physical elements, 36—40 

modeling physical systems, 29 

model simplicity, 37 

MOSFET amplifier, 344-353 

amplifier abstraction and saturation discipline, 

352- 353 
biasing, 349—352 
exercises, 390-394 
large-signal analysis of, 353—365 

alternative method for valid input and 
output voltage ranges, 363—365 
overview, 353 

valid input and output voltage ranges, 
356-363 

versus t'oUT i 11 saturation region, 

353- 356 

nonlinear input-output relationship, 405 
operating point selection, 365—386 
overview, 344—349 
problems, 394—402 
small-signal circuit for, 418—420 
switch unified (SU) MOSFET model, 386-390 
MOSFET characteristics, 291, 300, 335—340, 

387 

MOSFET drain, 289-291, 293,300, 303-304, 
335-336, 340-345, 359-360, 371, 

373 

MOSFET gate capacitance, 473—476 
MOSFET physical structure, 301-306, 341, 473 
MOSFET - S model, 289-293 
MOSFET - SCS model, 339-345 
MOSFET source, 289-291 
MOSFET-SR model, 300 
MOSFET - SRC model, 475 
MOSFET switch model, 289—293. see also 
MOSFET -S model 

MOSFET transconductance, 410, 420, 436, 444 
MOS inverter, 610 
motion detector circuit, 563 
motion detector logic, 257 
multiple-cell batteries, 16 
multiple-digit binary numbers, 268 
multiple sources, 199-201 
multiplication, 949—950 
multi-terminal devices, 99. see also MOSFET 
amplifier 

“mutual” conductances, 132 


N 

natural frequencies, complex, 646 
n+ (n-type semiconductor), 302 
NAND function, 259 
NAND gate, 293-294, 311-313 
narrow operating range, 214, 446 
native and non-native signal representation, 
42-43, 45-50 
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natural frequency, 507, 630, 642, 646, 781 

natural response, 506 

n-channel MOSFET (NFET), 289 

negative arguments, 941—942 

negative binary numbers, 268—269 

negative branch voltage, 61 

negative feedback, 843—844 

negative input terminal, 869 

negative number, 268—269 

negative power supply port, 873 

negative saturation, 866—867 

negative slope, 634 

negative voltage, 870 

net current, 56—57 

network resistance, 91 

network theorems, 119—189 

loop method, WWW 3:145i—3:1451 
node method, 125—145 

conductance and source matrices, 

WWW 3:145f—3:145h 
and dependent sources, 139—145 
floating independent voltage sources, 
135-139 

overview, 125—130 
Newton’s laws of physics, 4, 8 
NFET (n-channel MOSFET), 611-612 
Nickel-Cadmium battery, 17 
NMq, 251-252 
NMi, 251-252 
NMOS logic, 611, 618 
node, 54 

node voltage, 119—125 
Norton equivalent network, 167—171 
determining IN, 170—171 
determining RN, 171 
examples, 171—189 
overview, 167—170 
overview, 119 
superposition, 145—157 

1- V source acting alone, 154 

2- V source acting alone, 154—155 
applied to beehive network, 

WWW 3:153a—3:145d 
first method, 150-151 
overview, 145—150 
rules for dependent sources, 153—154 
second method, 151—153 
vl acting alone, 155—156 
v2 acting alone, 156—157 
Thevenine quivalent network, 157—167 
determining RTH, 166—167 
determining vTH, 166 
examples, 171-189 
overview, 157—166 
node analysis, 125—128,135—138 
node charge, 933 

node equation, 132,198, 202—203, 842, 
863-864, 912 
node method, 125—145 

conductance and source matrices, 

WWW 3:145f—3:145h 
and dependent sources, 139—145 
floating independent voltage sources, 135—139 
overview, 125-130 
node voltage, 119—127 
noise, 243-244, 248-249 
noise decoupling, 315 


noise immunity, 248—249 
noise margins, 249—252 
nominal current capacity, 18 
nominal voltage, 16, 40 
non-electrical quantities, 43 
nonhomogeneous, first-order differential 
equation, 503—507 
non-interaction, 10—11 
non-inverting connection, 843, 847, 859 
non-inverting input, 429 
non-inverting Op Amp, 842—843 
nonlinear analysis, 197—203 
nonlinear circuits, analysis of, 193—239 
analytical solutions, 197—203 
graphical analysis, 203—206 
incremental analysis, 214—239 
introduction to nonlinear elements, 193—197 
overview, 193 

piecewise linear analysis, 206—214 
improved piecewise linear models for 
nonlinear elements, 

WWW 4:214c—4:214h 
overview, 206—214 

nonlinear device voltage regulator, 225—228 
nonlinear elements, 205 
nonlinear resistor, 24,193, 387 
nonlinearity, 314—320 
nonzero noise margins, 315—316 
non-zero resistance, 7, 300 
NOR operation, 259, 267 
Norton equivalent network, 167—171 
determining IN, 170—171 
determining RN, 171 
examples, 171-189 
overview, 167—170 
notch filter (bandstop filter), 815—816 
notch frequency, 815 
NOT function, 257 
NOT gate, 259 

N-resistor current divider, WWW 2:83a—2:83b 

N resistors, 77-78 

n-type channel, 474 

n-type semiconductor (n+), 302 

n-type silicon, 906 

number representation, 267—282 

numbers, see also complex numbers 

numerical analysis, 386 

numerical examples, 952—953 

numerical quantities, 720—724 
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octave, 735 

OFF state, 908-911, 913-916, 919 

Ohm’s law, 18 

one-bit full adders, 271—273 

on-resistance, 301 

ON resistance, 567 

ON state, 908-911, 913-914, 917,919 
OP Amp circuits, 842—849 
Op Amp current source, 855—857 
non-inverting OP Amp, 842—844 
overview, 842 

second example : inverting connection, 
844-846 

sensitivity, 846—847 


special case : voltage follower, 847—848 
v+-v~ = 0, 848-849 
OP Amp RC circuits, 859—866 
OP Amp differentiator, 862—863 
OP Amp integrator, 859—862 
overview, 859 

an RC active filter, 863—865 
RC active filter — impedance analysis, 
865-866 

sallen-key filter, WWW 15:866a—15:866d 
Op Amp saturation, 573, 841, 866—871 
open circuits, 24, 32,146, 290, 415, 509, 616 
open circuit segment, 208 
open-circuit voltage, 174 
operating point, 217, 351, 380—381, 418—419, 
431 

operating point selection, 365—386 
operating point variables, 716 
operational amplifier, 384—386, 443—446 
operational amplifier abstraction, 837—902 
additional examples, 857—859 
device properties of operational amplifier, 
839-841 

OP Amp model, 839—841 
overview, 839 
exercises, 873—881 

input and output resistances, 849—857 
generalization on input resistance, 

WWW 15:855a 

input and output R for non-inverting OP 
Amp, 853-855 

input resistance, inverting connection, 
851-853 

OP Amp current source example, 855—857 
output resistance, inverting OP Amp, 
849-851 
overview, 849 
introduction, 837—838 
historical perspective, 838 
overview, 837—838 
OP Amp in saturation, 866—869 

OP Amp integrator in saturation, 867—869 
overview, 866—867 
OP Amp RC circuits, 859-866 
OP Amp differentiator, 862—863 
OP Amp integrator, 859—862 
overview, 859 
an RC active filter, 863-865 
RC active filter — impedance analysis, 
865-866 

sallen-key filter, WWW 15:866a-15:866d 
overview, 837 
positive feedback, 869—872 
overview, 869 
RC oscillator, 869-872 
problems, 881—902 
simple OP Amp circuits, 842-849 
non-inverting OP Amp, 842—844 
overview, 842 

second example : inverting connection, 
844-846 

sensitivity, 846—847 
special case : voltage follower, 847—848 
v + - v~ ^ 0, 848-849 
two-ports, WWW 15:872a—15:872f 
opposite resistor, 81 
OR configuration, 288 
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OR function, 257, 261 

OR gate, 259 

oscillating voltage, 649 

oscillation, 634 

oscillation cycle, 654 

oscillation frequency, 637, 651, 680, 815 

oscillator model, 38 

oscillatory behavior, 645, 657, 777, 779, 821 
oscillatory waveform, 627 
output circuit topology, 855—856 
output conductance, 850 
output current, 839-841, 855 
output impedance, 837 
output port, 99, 322, 837, 873 
output power, 334 
output relation, 845 
output resistance r out , 425—427 
output response, 712, 864 
output signal, 331—332 
output terminal, 285 
output thresholds, 298 
output voltage ( v 0 ), 250, 297, 345-349, 
365-367, 676, 719, 724, 730, 

747, 839 

output waveform, 910, 919 
over-compensation, 753—754, 756—757 
over-damped dynamics, 656 


p 

p"*" (p-type semiconductor), 302 
parallel conductances, 82 
parallel-connected elements, 62 
parallel connected switches, 288 
parallel connections, see series and parallel 
connections 

parallel plate capacitor, 466 
parallel-plate capacitor, 474 
parallel RC circuits, 504—509, 511—515 
parallel RLC, sinusoidal response, 777—783 
homogeneous solution, 778—780 
overview, 777-778 
particular solution, 780—781 
total solution for parallel RLC circuit, 
781-783 

parallel resistors, 80, 82-84, 470 
parallel simplification, 724 
parasitic inductance, 664—666 
parasitic inductors, 545, 625—626 
parasitic resistances, 566 
parasitics, 459-460, 473, 492 
particular integral, 547, 549 
particular solution, 508, 510, 513—514, 542, 544 
path independence, 62 
p-channel MOSFET (PFET), 385-386, 611, 
615-616 

peak amplitude, 42 
peak detector, 912—915 
peakiness, 796, 810, 823 
peak magnitude, 798, 800 
peak sensitivity, 805 
peak-to-peak swing, 41, 368, 422 
peak-to-peak value, 41, 915 
peak-to-peak voltage, 365 
peak values, 635—636 
Pentium chip, 23 


Pentium II, 14, 24 
Pentium IV, 14, 23—24 
chip photo, 23—24 
period, 41—42 
periodic voltage signal, 42 
permeability, 466, 470, 477, 928 
permittivity, 461, 466, 474, 477, 928 
PFET (p-channel MOSFET), 385-386, 611, 
615-616 

phase (angle), 948, 951—952 
phase constraints, 789 
phase offset, 41 

phase plot, 731, 739-741, 766, 785, 788-789, 
795, 798-799, 807, 821 
phase shift, 41 

phase-shifted arguments, 942 
phosphorus, 906 
physical device, 199 
physical quantities, 42—43 
physical signals, 43—44 
pico-amps, 907 

piecewise linear analysis, 206—214 
piecewise linear device model, 214 
piecewise linear diode model, 372—375, 910, 
WWW 4:228c—4:228d 
piecewise-linear graph, 209 
piecewise-linear modeling, 338, 374—375, 
438-439, 446 
pipelining, 13—14 
planar layers, 301—302 
planar materials, 22—24 
planar resistance, 18, 20—23, 47, 84 
planar resistor, 84 
point-mass simplification, 12 
polar form, 709, 950, 953 
polar representation, 948—949 
polar-to-Cartesian coordinate 
transformation, 948 
pole, definition, WWW 13:741a 
poly-crystalline silicon resistor, 19 
polysilicon, 18, 303, 461 
ports, 15, 35 

positive branch voltage, 61 

positive feedback, 870, 873 

positive input terminal, 869 

positive integer, 269 

positive power supply port, 873 

positive quantity, 25 

positive saturation, 866—867, 870—871 

positive slope, 634 

positive voltage, 871 

potential difference, 61,120,122,125 

Pq versus Pj , 334 

power, 595-618 

power absorption, 28 

power and energy in impedances, 757—767 
arbitrary impedance, 758—760 
overview, 757-758 

power in RC circuit example, 763—767 
pure reactance, 761—763 
pure resistance, 760—761 
power dissipation, 17, 25, 28-29, 38, 42 
power equation, 16 
power factor (cos 6), 759 
power gain, 331, 334, 427—431 
power in digital circuits, see energy and power in 
digital circuits 


power ports, 837 
power ratings, 29, 38 
power relation, 27 
power supply, 28 
primary sources of energy, 30 
primitive rules, 262—263 
primitives, 148 

printed-circuit-board trace, 478 
processing, 40—41 
process shrink, 22—24 
propagation delay, 10,12, 545, 932—933 
propagation delay and digital abstraction, 
525-537 

computing tpd from SRC MOSFET model, 
529-537 

definitions of propagation delays, 527—529 
overview, 525—526 
propagation delay (gate delay), 527 
propagation effects, 13 
propagation speeds, 932 
p-type semiconductor (p+), 302 
p-type silicon, 906 
p-type substrate, 302-304, 473-475 
pulldown circuit, 615—616 
pulldown network resistance, 320 
pulldowns, 611 
pullup circuit, 615—616 
pullups, 611 
pulse function, 485—489 
pulse voltage, 552 
purely imaginary number, 947 
purely real number, 947 


Q 

Q, 647 

quadratic equation, 686 
Quality Factor (Q), 647, 680, 794-797, 800, 
802, 809-810, 812, 815, 817-820 
quasistatic operation, 12 


R 

ramping, 861 

ramping unit step function, 484—487 

ramp function, 484—485 

ramp inputs and linearity, 545—550 

ramp notation, 485, 574 

range of resistivity, 20 

rate of change, 12 

rate of delivery of energy, 16—17 

ratio of resistances, 22—24 

ratio of resonance frequency to bandwidth, 794 

ratios, 953 

RC active filter, 863-865 
RC circuits, 517—520 

average power in, 597—603 

energy dissipated during interval Tl, 
599-601 

energy dissipated during interval T2, 
601-602 

overview, 597—599 
total energy dissipated, 603 
frequency response of, intuitively sketching, 
737-741 
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OP Amp, 859-866 

OP Amp differentiator, 862—863 
OP Amp integrator, 859—862 
overview, 859 
an RC active filter, 863—865 
RC active filter — impedance analysis, 
865-866 

sallen-key filter, WWW 15:866a—15:866d 
overview, 504, 517 
parallel, step input, 504—509 
RC discharge transient, 509—511 
RC response to decaying exponential, 

WWW 10:558a—10:558c 
response to short pulses and impulse response, 
550-553 

series, square-wave input, 515—517 
series, step input, 511-515, 517-520 
series, with sine-wave input, 558—561 
RC oscillator, 869—871 

RC response to short pulse, 550-553, 568, 802, 
861 

RC time constant, 507 

RC transient, 509—511. see also RC circuits :RC 
discharge transient 
reactance, 758 
reactive power, 759 
real amplitudes, 716 
real denominator parts, 795 
real input, 705 

real part, 709-710, 947, 949, 953 
real roots, 687, 725, 784, 786 
receiving inverter, 307, 666 
reciprocal capacitances, 471 
reciprocal inductances, 473 
reciprocal resistance equation, 31 
reference direction, 25, 35 
reference ground connection, 331—332 
reference node, 119 
regenerative transition, 869 
relays, 484 

repetitive exchange of energy, 634 
reset signal, 563, 565 

resistance, 6-7,18-23,127-128,146,159-162, 
166-167, 612 

resistance calculation, 851—853 
resistance equation, 6, 18—24, 42, 47 
resistance ratio, 7—8 
resistive networks, 53—115 

circuit analysis: basic method, 66—89 
energy conservation, 71—73 
more complex circuit, 84—89 
overview, 66—67 

quick intuitive analysis of single - resistor 
circuits, 70—71 

single - resistor circuits, 67—70 
voltage and current dividers, 73—84 
dependent sources and control concept, 
98-107 

circuits with dependent sources, 102—107 
overview, 98-102 

formulation suitable for computer solution, 
WWW 2:107b—2:107c 
intuitive method of circuit analysis: series and 
parallel simplification, 89—94 
KirchhofPs laws, 55—66 
KCL, 56-60 
KVL, 60-66 


overview, 55 

more circuit examples, 94—98 
overview, 53—54 
terminology, 54—55 
resistivity, 936-937 
resistor-capacitor circuit, 568 
resistor-capacitor networks, 618 
resistor current, 168—170 
resistor current equation, 29 
resistor-inductor circuit, 568 
resistor power equation, 27 
resistor ratio, 845, 859 
resistor ratios, 93—94 
resistors, 18 
adding, 640 

frequency response of, 732—736 
two-terminal elements, 30—32 
resistors in parallel, 94,108,151. see also parallel 
resistors 

resistors in series, 73, 76—80, 84,108, 470 

resistor self-heating, 38 

resistor voltage, 916, 936 

resonance, see sinusoidal steady state: resonance 

resonance frequency (center frequency), 787 

resonant circuits, 797, 804—805, 821 

resonant curve, 795 

resonant frequency, 777-788, 816-818 
resonant response, 813—814 
resonant RLC circuit filters, 815—816, 823 
resonant systems, frequency response for, 
783-800 

overview, 783—792 

resonant region of frequency, 792—800 
response amplitude, 711, 720-721 
response magnitude, 711 
response phase, 711 
restoring circuit, 565 
restricted range, 214 
result verification, 72—73 
reverse bias, 906 
reverse injection region, 374 
ringing, 627 
ripple-carry adder, 273 
rise time, 527—528 
rising transition, 667 
RLC circuits 

driven, parallel, 678 
driven, series, 654—677 
overview, 654—657 
step response, 657—661 
parallel, sinusoidal response, 777—783 
homogeneous solution, 778—780 
overview, 777-778 
particular solution, 780—781 
total solution for parallel RLC circuit, 
781-783 

stored energy in transient, series, 651—654 
undriven, parallel, WWW 12:654a—12:654h 
critically-damped dynamics, 

WWW 12:654h 
over-damped dynamics, 

WWW 12:654g-12:654h 
under-damped dynamics, 

WWW 12:654d-12:654g 
undriven, series, 640—651 

critically-damped dynamics, 649—651 
over-damped dynamics, 648—649 


overview, 640—644 
under-damped dynamics, 644—648 
RL circuits 

Bode plot for, WWW 13:742a—13:742g 
frequency response of, intuitively sketching, 
737-741 

series, impedance example, 718—728 
RL transient, 511, 517, 545, 673-674 
rms (root mean square) value, 41—42 
rms (root-mean-square) voltage, 760—761 
R n , 305 

R on , 301, 305-307 
R ON pd> 609 

role reversal, WWW 9:489a 
root mean square (rms) value, 41—42 
root-mean-square voltage (rms), 760—761 
roots of the characteristic equation, 507. see also 
natural frequency 
rotation, 951—952 
R square, 21-22, 47 
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Sallen-Key filter, WWW 15:866a—15:866d 

saturation, 373, 839, 841 

saturation conditions, 361—363 

saturation current, 906 

saturation discipline, 352 

saturation region, 337—339 

scaled differences, 943—944 

scaled sums, 943—944 

scaling factors, 305 

SCS equation, 409 

SCS (switch current source) model, 338—339 
secondary sources of energy, 30 
second-order circuits, 724—727. see also 
transients in second-order circuits 
“self” conductances, 132 
selectivity, 777, 808, 810, 821-822 
semiconductor diode, 463, 905-908, 913 
sequential approach to circuit analysis, 103—104, 
108 

series and parallel connections, 470—473 
capacitors, 471-472 
inductors, 472-473 
overview, 470 

series-connected diodes, 202 

series connected switches, 288 

series impedance, 815 

series LC circuit, 664 

series-parallel reductions, 213 

series-parallel simplifications, 92—93,108 

series RC circuits 

square-wave input, 515—517 
step input, 517-520 
series resistances, 76—78 
series resonant circuit, 801, 808—809 
series RLC, 801-807 
series RLC circuit, 650—651 
series RL circuit, 673, 718 
series simplification, 724 
sheet resistance, 536 
short-circuit current, 174—175 
short circuits, 24 
short pulse response, 550—553 
short pulse signal, 568 
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Siemens, 31, 48 
signal clipping, 357 

signal fanout, See clock signals and clock fanout 
signal representation, 40—50 
signal restoration, 314—318 
analog signals, 41—43 
digital signals, 43-50 

native and non-native signal representation, 
42-43, 45-50 
overview, 40—41 
signal speeds, 13—14 
signal timescales, 10,12, 933 
signal transmission, 332 
signal type, 43 

silicon dioxide, 13, 301, 303, 474, 46 
silicon properties, 905—906, 919 
simplifying logic expressions, 262—267 
simultaneous linear equations, 957—958 
sine wave, 14-15, 756, 913—915 
single-ended amplifier, 352, 845—846 
single-ended output, 838 
single-resistor circuit, 68—69 
sin(0), 941-944 
sinusoidal component, 759 
sinusoidal drive, 759 
sinusoidal equation, 41 
sinusoidal functions, 633 
sinusoidal inputs, 766, WWW 9:482a-9:482c 
sinusoidal response, 650, 703, 777—782. see also 
frequency response 
sinusoidal signal, 41—42 
sinusoidal steady state 

power and energy in impedances, 757—767 
arbitrary impedance, 758—760 
overview, 757—758 

power in RC circuit example, 763—767 
pure reactance, 761—763 
pure resistance, 760—761 
problems, 771—774 

time domain vs. frequency domain analysis 
using voltage divider example, 751—757 
sinusoidal steady state: impedance and frequency 
response, 703-774 

analysis using complex exponential drive, 
706-712 

complete solution, 710 
homogeneous solution, 706—707 
overview, 706 

particular solution, 707—710 
sinusoidal steady-state response, 710—712 
exercises, 767-771 
filters, 742-751 

decoupling amplifier stages, 746—751 
design example: crossover network, 
744-746 

overview, 742—744 
frequency response, 731—742 

of capacitors , inductors , and resistors, 
732-736 

of general functions, sketching, 

WWW 13:741a—13:741d 
overview, 731-732 

of RC and RL circuits, intuitively sketching, 
737-741 

impedances, 712—731 

analysis of small signal amplifier with 
capacitive load example, 729—731 


another RC circuit example, 722—724 
overview, 712-718 

RC circuit with two capacitors example, 
724-728 

series RL circuit example, 718—722 
overview, 703-706 

sinusoidal steady state: resonance, 777—834 
bode plot for resonant functions, 

WWW 14:808a—14:808e 
exercises, 823—826 
filter examples, 808-816 
bandpass filter, 809—810 
high-pass filter, 814—815 
low-pass filter, 810—814 
notch filter, 815-816 
overview, 808-809 

frequency response for resonant systems, 
783-800 

overview, 783-792 

resonant region of frequency, 792—800 
overview, 777 

parallel RLC, sinusoidal response, 777—783 
homogeneous solution, 778—780 
overview, 777-778 
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